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FOREWORD

Shri Jawaharlal Nehru, Prime Minister of India, inaugurated in November
1954 in the Indian Statistical Institute studies on planning for national development.
Since then the Institute has been actively engaged in studies on planmng in collabo-
ration with the Planning Commission, the Central Statistical Organization and other
government agencies and a considerable amount of work has already been done. A
part of the work was done either dlrectly by foreign experts who visited the Institute
during the last four or five years or in cooperation with them. Indian scholars were
responsible for the remaining part of the work. Some of these papers, particularly
those by the visiting experts, are of considerable interest from the methodological and
theoretical point of view. Some others are of value because they contain interesting
estimates and analyses. A close collaboration of the Planning Commission, the Central
Statistical Organization and the Economic Wing of the Finance Ministry was available
for the preparation of a number of these studies and the findings are something more
than abstract speculations by isolated research workers. On the other hand there
are papers which are mere exercises by junior staff.

All these studies were incorporated in our mimeographed series. ‘‘Studies
Relating to Planning for National Development” as well as in other mimeographed
reports and papers. As there has been continuing demand for the mimeographed
papers it has been decided to bring them out in a prmted form: to make them
available to all research workers interested in this matter.

This should be of help in promoting studies on planning in the country:
Experience of the last few years has shown that for progress of planning it is
necessary that persons outside government agencies should participate in thinking
on planning in concrete terms. In India it is now generally accepted that planning
is necessary and desirable. We have now the task of putting across to the public
what planning really implies, and this has to be done at a technical and ‘techno-
logical level. Wider dissemination of ideas is, therefore, essential.

The present publication is the third in the printed series. We propose
bringing out in this series selected papers based on both the older and current

s‘t_udie‘s., We hope this series will add something of value to the growing body of
literature on planning in India.

22 February 1960 P. C. Mahalanobis



PREFACE

During my stay at the Indian Statistical Institute from the end of 1954 to the
spring of 1955 I wrote a number of memoranda on virious technical aspects of
national planning.

The selections and excerpts from these memoranda that are presented here,
have been made by the editors at the Indian Statistical Institute. What to include
and what to leave. out is definitely a matter of taste, and the selection here made
is probablv as good as it would have been if I had ‘made it myself.

On reading the general parts of this material in galley proofs, I find that
the gist. of the planning phllosophy, as I developed it at that time, is stlll valid. It
is my firm convmtlon that a substantial development in this direction is bound to
come, not least in underdeve]oped‘ countries.

Since my stay in Calcutta I have devoted most of my time to the further
developmenb and streamhnmg of the relevant methodology, and a number of memo-
randa descrlbmg these efforts have been w1dely circulated from the Institute of Eco—
nomies, at the Unlvers1ty of Oslo, and to some extent from the National Plannmg
Committee, Cairo. A systematic presentatlon ‘of the methodological results .and
practical experience is in preparation.

For the account of my logarithmic potential method of linear programming
which is contained in the present material, the Editor Shri S. Sankar Sengupta is
responsible.

I have had reports from various quarters that the method has been success-
fully used on medium sized problems. The method depends, however, very much on
the skill of the computor and therefore, is not suitable for automatic computations,
at least not in the form which I have been able to give it so far.

For big problems on electronic computers I put great faith in my multiplex
method. In its original form it was first published in Sankhya, the Indian Journal
of Statistics 1957. Subsequently it has been streamlined and shaped into a form
well sulted for automatic computation (Memorandum of 12 September 1958 from
the Instl‘oute of Economics at the University of Oslo). It has been very successfully
coded for the Norwegian electronic Mercury computer Frederic by Mr. O.e-Johan
Dahl, research associate at the Norwegian Defence Research Establish_fnent (Report:
F-375, March 1959). A flow diagram is included as an appendix. A sufficient
number of problems have been solved on Frederic to verify that the coding works.
The computing time seems to bé proportional to m3 or n3:® where = is the number
of degrees of freedom.

Work is going on to code the method for the Deuce machine of the Central
Bureau of Statistics, Oslo.

I believe that the multiplex method compares favourably with the simplex
method in the case where there is a moderate number of degrees of freedoni (say not’

“larger than 32) and a large number of equatlons and many variables are bounded
upwards as well as downwards and there are structural relations which make many
of the variables nearly linearly dependent.

April 1959 Ragnar Frisch
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PLANNING IN UNDERDEVELOPED ECONOMY

1. CAN PEACEFULNESS AND SPEED BE COMBINED ?

Peaceful planning for national development is the burning question of the
day in a large number of underdeveloped countries in Asia and Africa and it is also
an important issue in many countries of Europe and Latin America.

At the same time, speed is essential in all the underdeveloped countries.

Can these two objectives - peacefulness and speed be combined ? - The ques-
tion is pertinent because basically the two objectives' are antagonistic. They can
be combined, however, on one condition, a condition which is a sine qua non: A
streamlined rational methodology for the planning work must be developed, a metho-
dology that utilizes deep-ploughing scientific procedures not only for the gathering
of technical and statistical data but also for selecting the optimum way in which to
combine the various kinds of development.

It can safely be said that the First Five Year Plan of India has been an un-
questionable success in the sense that great things have been accomplished under
the Plan. However, a constructive question may be raised whether it would not
have been possible to achieve still more or to achieve the same results by means of
a smaller amount of human sufferings if the individual parts of the plan had geared
better into each other,—if 'more scientific analyses had gone into finding out
which was the best possible combination of specific targets to be found amongst the
virtually infinite number of combinations which were realistically conceivable at
the time when the Plan was worked out.

What is of crucial importance today is to insist that a definite attempt be
made to assure that the next plan shall come as close to the optimum solution as is
possible to get with the available statistical and technical information. In order
to do this, it is necessary to apply existing scientific techniques fully. But this must
be done in such a way that the responsible political authorities maintain complete
control over the whole thing at every stage of the work. It is possible to assure
this if the successive phases of the work are arranged in an appropriate way.

2. PLANNING IN REAL TERMS, BUT NOT AD HOC ESTIMATES

Many orthodox economists have lived so long in an atmosphere of banking,
money and money-cost way of thinking, that they seem to be unable to see that all
these concepts only pertain to a special case of institutional set up. Behind these
symbols there is a world of realities which will persist no matter what sort of econo-
mic institutions man devises. We must begin by planning in terms of these real
things. Of course, the monetary aspects of the problem do come in; but they form
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PLANN NG FOR INDIA

only a system of tools which we may find convenient to use in implementing the plan.
We have considerable freedom of choice in shaping and reshaping this system of
tools, but we have very little freedom with respect to these physical means. It is,
therefore, in the physical systems that the essence of the problem lies.

Scientific planning means coordinating everything in one simultaneous (and
integrated) piece of analysis and doing it on some optimum basis. It is solving the
whole nexus as one simultaneous problem where everything determines everything
-else, much in the same way as all the unknowns in a system of equations determine
each other simultaneously.

This is the only way in which the existing physical possibilities can be fully
utilized with optimum speed.

This means that not only are all sorts of demand effectively balanced against
one another, but the quantitative ratios between these demands (and more generally,
the. quantitative ratios between any of the projects) are determined in an optimum
manner, i.e., in that particular way which permits us to fulfil the desired ends most
effectively. For instance, there will be one particular ratio between the rates of
expansion in the producer goods and consumer goods industries, and again one parti-
cular ratio between the rates of expansion in the heavy and light producer goods
industries and particular ratio between the rates of expansion of individual indus-
tries in these categories which are such that if this particular set of ratios is chosen
we shall be able to realize the desired ends more closely than by choosing any other
set of ratios of expansion. It is the optimal determination of these ratios that
constitutes the essence of scientific as distinguished from guess-work planning.

3. LOGICAL STEPS IN FORMULATING THE PLAN

‘3A. Statement of desired ends

The first phase of any redsoned economic plan is to state explicitely what
one wants to obtain.

But it is equally important to emphasize that to plan an economic develop-
ment is not simply to write out a list of things we like : More rice, more cotton and
wool, more cement and machine tools, etc. To take action on the basis of such a
list may lead to enormous losses because the list may be lacking in inner consistency
or may lead to unexpected results which may force us to make last minute improvised
changes. In this manner we would learn it the hard way, by trial and error.

To do real planning means to foresee as far as possible all repercussions, to
take account of them beforehand in a consistent way and amongst alternative courses
of action to choose that one which comes nearest to realizing what we really want.
It may, for instance, well be thateverything taken into account, this optimal solution
does not include the use of tractors in Indian agriculture in the first years to come
although even a layman will understand that a tractor is generally a good thing in
agriculture. How far to expand the sectors A, B, C,... etc., must in general be a
matter of compromise. And this compromise should not be made by an a priori guess
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PLANNING IXN UNDERDEVELOPED ECONOMY

at how far and how rapidly the expansion in thése sectors should be for best total
results, but by formulating certain requirements of a very general sort, and then
leave it to the analytical machinery to find a solution that satisfies simultaneously
these various requirements and at the same time tells us how far and how rapidly
to expand sectors A, B, C,...etc., in order to comply with the requirements formulated.

For instance, we may formulate the requirements in some such terms as
these :

1) In no single year in the planning period should consumption decrease.
In the course of the first 10 years it should increase by at least 7 per cent, in the
course of the next 10 years by 15 per cent.

2) Unemployment, open or disguised, as measured by some statistical indica-

tor; should never increase. And it should never reach a level hlgher than such and
such a figure.

3B. Specifying the list of activities

The preparatory work for planning in a democratic society will consist in
making up a list of possible activities:. The inclusion of any activity in this list does
not mean that one has as yet made any commitment to make this activity a part
of the final plan. And still less is any commitment made regarding the level at which
this activity might be operated under the final plan. This list of contemplated acti-
vities should be looked upon as a list of alternatives. The meaning of this can be best
explained by some illustrations. For each specific development project, the view-
point should not be that we first estimate how large the effective demand for this
sort of product will be and then work out the detailed capacity-plans accordmgly
To proceed in such a way is really not to be planning, but to start by a specific sort
of guessing and subsequently computing the detdils that correspond to the overall
guess adopted. The list should contain not only such conspicuous and much-talked-
about labour saving and capital intensive projects as modern steel production, alumi-
nium production, heavy fertiliser production, etc.” Also a number of labour intensive:
activities should be included such as road building, slum clearing, minor ‘irrigations,
construction of open air schools, handloom weaving, ete. Only by including a suffi-
ciently large spectrum of such activities will it be possible at a later stage to find

optimal solutions that can really satisfy the desired conditions on employment in
a transition period.

It is, of course, not enough to have @ list of the possibilities. 'I'o actually
incorporate an activity in the analysis it must be technically described.

- As one goes further and increases the list of projects considered, there is, how-
ever, another aspect of the problem that comes more and more into the foreground
and ends by becoming an overwhelmingly important part of the whole nexus : as
the list of projects increases it becomes more and more impossible by mere common
sense to follow the innumerable ways in which the various things mutually depend

3



PLANNING FOR INDZA

on each other and influence each other. In particular it becomes impossible by mere
common sense to find out what the total effects will be on employment, consumption
and the balance of payment situation.

There exists, however, a well-worked-out technique for laying bare all these
repercussions and for doing it in way which gives automatic checks, much in the
same way as automatic checks are furnished by the double entry book-keeping system
in an individual enterprise. 7The planning chart is the formal frame around which this
technique centres. The chart is an expansion and generalisation of the now classical
inter-industry table.

The planning chart may be applied for various purposes. One is to accumu-
late technical coefficients that describe the established production methods in the
various sectors and also new projects that have been proposed. Another is to balance
the final plan out in rupees.

For the production sectors this balancing is important because it will check
that the economy can proceed in a harmonized way with no single sector as a bottle-
neck.

For consumer demand the balancing is even more important. If political
and social unrest is to be avoided, the development of consumer goods and producer
goods industries must be harmonized with each other in such a way that effective
consumer demand can be satisfied. In checking this one must take account not
only of the technical relations within the production sectors but also of the way in
which changing levels of production in the production sectors change the flow of
purchasing power going to the consumers, thereby affecting consumer demand in a
specific way which depends on the nature of the price, wage, tax, subsidy policies
that are followed and on the behaviour of the consumers. The planning chart is ¢
framework where information abeut these relations is organized and collected.

3C. Determining the optimum combination of targets

When the desired ends have been formulated by. the appropriate political
organs, and the list of contemplated activities—that is of alternatives of production—
have been fixed through the work of the technical and economic experts—finally
passed on by the political organs—an entir‘ely different aspect of the problem emerges,
namely how to find which particular combination of the rates of development of the
various activities that should be chosen in order to realize the desired ends to the
highest possible degree.

To find this optimum combination of targets is a work which in its character
is entirely different from that involved in the other phases of the planning.

Indeed, the number of possible combinations is virtually infinite and it would
be a hopeless task to proceed by trial and error. For each combination that could
be tested in this way there would be hundreds or thousands of other combinations
that still remained untested.



PLANNING IN UNDERDEVELOPED ECONOMY

Fortunately the field of scientific analysis which has now come to be known
as operational analysis—to a large extent based on what is called linear programming
—provides us with tools by which this search for an optimum solution can proceed
in an orderly and systematie fashion.

The work involves very large computations. When a large capacity electro-
nic computer becomes available in the Indian Statistical Institute or in some other
Indian institutions, these problems can be handled with comparative ease. For the
time being it will be necessary to use more man.power and more machine-power of
the classical punched card sort. In any case the necessary man-power and machine-
power is available so that the problems can be handled.

To get an idea of how sensitive the solution is to the inaccuracy of the data
the calculations can be carried through on slightly different set of data and the results
compared.

In view of the special character of this work it must be organized in a special
unit. It is imperative that its administrative affiliation is so organized that the
unit can have the closest possible connection with the centre where the relevant
scientific technique is being cultivated.

3D. Some typical problems

Some typical problems which can be solved by the approach outlined earlier
are indicated below.

Type I question. If an additional investment of a given size is made in
any of the following 22 production sectors :

1. Primary products :
1. Agriculture

2. Animal husbandry, fishery and forestry
3. Mining

B. Large-scale manufactures :
4. Metal and engineering

Chemicals

Buildingk materials and wood manufacture
Fuel oil and power

Food, drink and tobacco

© ® N e w;

Textile and textile products
10. vCeramics and glass
11. Leather and rubber
12, Paper and printing

5



PLANNING FOR INDIA
C. Small-scale manufactures :

13. Textile and textile products

14. Metal

15. Food, drink and tobacco

16. ]‘Suilding materials and wood manufacture

17. Miscellaneous

D. Others :

18. Railways and communication
19. Trade and other transport
20. Banks, insurance, professions
21. Construction

22. House property

what will be the probable effects on any of the basic magnitudes that characterize
the economy, provided the following assumptions are made :

(a) The input coefficients for materials produced in domestic sectors and the
labour input and import input coefficients (all expressed as percentages of the total
production in the sector in question) are not appreciably affected by the additional
investment considered.

(b) The taxes levied on the various sectors remain constant in relation to the
total output of the sectors and similarly taxes on households remain constant in
relation to the income of the households. Similar assumption is made for the gross
savings within the various production sectors and within the households. '

(c) The proportions in which households current use of goods and services is dis-
tributed, over the domestic production sectors and over imports, are not appreciably
effected by the additional investment considered.

(d) Similar assumption as in (c¢) is made for government use of goods and
services on current account, and

(e) For the proportion in which exports are distributed ovér the various
production sectors.

Type I1I question. If the pattern of investment—that is to say the propor-
tions in which gross investment is distributed over the sectors, remains constant,
how will all the basic magnitudes that characterize the economy most likely be affected
by a given increase or decrease in fotal gross savings ?

Other assumptions are the same as specified under (I).

6



PLANNING IN UNXDERDEVELOPED ECONOMY

Type I1I question. If the pattern of investment—that is to say the propor-
tions in which gross investment is distributed over the sectors—remains constant,
how will all the basic magnitudes that characterize the economy most likely be
affected by a given increase or decrease in total exports ¢ Or in total factor income ?
Or in {iotal government expenditure ?

Other assumptions are the same as specified under (I).

However the analysis is shaped, a fairly exhaustive list of assumptions must
always be made explicity for the analysis to have a satisfactory standard of clearness
and precision. It is easy to produce simplicity of exposition by not facing the assump-
tions, but such a procedure is not conducive to the clearness and precision which is
needed in discussing numerical conclusions pertaining to the ecnomy as a whole,

4. A MODEL OF BALANCED EXPANSION
1. The meaning of balanced expansion

Some fundamental factors which must claim attention under a policy of ex-
pansion in an underdeveloped country are: The capacities in the various production
sectors as determined by the capital outfit of the sectors, the need for invesiment in
these sectors in order to cover the depreciation on ‘the capital outfit and to expand
the capacities, the maturity lags for the investments in the various sectors, i.e., the
length of time that will elapse between the moment when the actual investment input
is made and the moment when the corresponding capital goods are ready to function
as factors of production (this lag is very different for different types of investment);

finally and most important of all the employment in the various sectors, and the pro-
duction of consumer goods.

These various factors are connected in a great number of ways which must

be clarified and taken account of if the development is to proceed in an orderly and
balanced fashion.

Two conditions are essential in order that we shall be able to say that the
development proceeds in a balanced way:

In the first place, the capacity in each sector must at any time be neither too
large nor too small but just in harmony with the total production which is needed from
this sector at that time. This total production will be used for three purposes: (a)
input in other sectors, that is cross-deliveries on current account, (b) investment in other
sectors in order to maintain in the future years the exact capacity balance in these
other sectors, and (c¢) consumption goods delivered on current account to cover final
demand. For simplicity we shall disregard exports.and imports. It would not be
difficult to include these items, but the formula would become a little unwieldy.

7



PLANNING FOR INDIA

In the second place, the labour force attached to each sector should at any
time be neither too large nor too small but just in harmony with the total production
needed from this sector at that time.

These conditions of balance express an ideal which will of course never be
reached completely in practice, but it is well to keep in mind that in point of principle
these conditions must be fulfilled if we are to characterize the development as
“balanced’’.

It is entirely impossible to carry through an analysis of these complicated
relations by a verbal argument alone. We must base the reasoning on a mathematical
theory.

2. Derivation of the conditions

We shall make certain assumptions. They may not cover all the variety of
details that could be found by a meticulous investigation of the economy but they
do give all the essentials needed in a first approach.

We use the following notations

1=1,2...0rj=1,2...0or k=1,2... or A =1,2 ... are used to denote sectors.

X% = cross-deliveries from sector ¢ to sector j on current account in year ¢. The
“year” may be a time period of conventional length. It is convenient to
choose it in such a way, (for instance, six months or a quarter) that all the
the maturity lags can be indicated by integer numbers.

C{ = consumption goods on current account delivered from sector  in year ¢

-

J%; = investment goods delivered from sector i to sector j in year ¢

J} = Z;J}; = total of investment goods delivered from sector i in yeart .
J?; = X; Ji; = total of investment goods delivered fo sector j in year ¢
Xt = 5, X440+ Jt = total production, ie., total level of activity in sector 4
in year t, e (1)
X = A;X} . (2)

where the cross-delivery coefficient A;; is assumed to be a constant, independent of ¢,
and also independent of the magnitude of X,

Inserting (2) into (1) we get
Zife;— A XL = Ci4-Jt, for all ¢+ . (3)
where
1ifi=y
¢;; = unit numbers = e ()
0if ¢ #3

8



PLANNING IN UNDERDEVELOPED ECONOMY

The formula (3) express a system of linear equations, equal in number to the number
of sectors. Solving it for the levels of activity X¢, X5%... we get

Xt = 3, a,(Ci+J%) for all ¢ .. (5)

where matrix a;; = inverse of matrix (e;,—4.;:). ... (6
i ] )

By (5) the total levels of activities X4, X4 .... are expressed in terms of the final deli-
veries (‘“the bill of goods”) from the various sectors, that is (C}4-J4%). Inversely by
(3) the final deliveries are expressed in terms of the total levels of activities.

For policy making purposes the investment items classified by receiving
sectors, i.e., the magnitudes J%; are even more important than the investment items
classified by delivering sectors, i.e., the magnitudes Ji. To bring J¥; into the formulae
we introduce the investment coefficientsB; defined by

J4 = B; J% for all ¢ and j. e (7
The coefficients B;; have a similar meaning as the cross-delivery coefficients 4, the

B;; indicate how large a fraction of the investment in sector j will have to come
from sector i. We assume the B; to be constants.

From (7) follows

Ji =3, By, Jb, for all k o (8)

which can also be written

JL = Zycin —2; A )l for all k. v (9)
Introducing (8) into (5) we get

Xt = 3, a, Ch+-2ie, J4 for all ¢ e (10)
where

€5 = Zyg @y, By for all ¢ and j. - (11)

We assume that the capacity Ki, when fully used, stands in a certain propor-
tion to the total production in sector %, that is

Kt = b, X, for all b e (12)

where the b, are constants,

o



PLANNING FOR INDIA

We also assume that the depreciation D}, stands in a certain proportion to the
total poduction in sector %, that is

D} = d, X4, for all % . (13)
where the d, are constants.

Finally we assume that the labour requirement N¥ stands in a certain propor-
tion to the total production in sector A, that is

Nt = n, X}, for all 2 .. (14)
where the n, are constants.

The way in which the capacity in any sector evolves over time is given by
Ki =Kt 4 gimo—t _ pi—l for all b .. (15)

where s, is the maturity lag in sector &.

Note the way in which the time affixes are used. . The time affix on the stock
concept K indicates the exact point of time to which the stock is associated and the
time affix-¢ on a flow concept, i.e., a current account, concept, indicates that the flow
concept in question measures what has happened befween the points of time ¢ and ¢-4-1.

Equation (15) shows how the capacity at time t is determined by what.
happened before t, whilée equation (12) shows how the capacity at time ¢ determines
what will happen after {. This follows from the assumption about a balanced
development.

From (12) and (14) follows

by

Kt =22 N} for all A. ... (16)
Ny,
And from (13) and (14) follows
D, =% for all
L =L N, or all h. ... (17)
y,
Inserting (16) and (17) into (15) we get
Tty =2u Npras B A e, forallh. ... (18)
ny, 7y,

10



PLANNING IN UNDERDEVELOPED ECONOMY

This is a remarkable formula. It shows that if the population growth curves
are given, and if one decides to maintain certain given proportions of the working
population in the various sectors, then there is no more room for policy decisions about
investment. If the development goes on in a balanced fashion, the total investment
which has to be made in any year is uniquely determined. It depends on some of the
technical coefficients in a well defined way as given by (18). If this is not followed
there must sooner or later develop unemployment of men andfor capital capacity,

or labour will have to be moved rapidly so as to produce a population distribution
over the sectors different from the one originally envisaged.

The cross-delivery coefficients do not enter the formula (18), nor do they come
in when we ask how the total levels of activities depend on the distribution of the
working population. But they do come in when we ask the all important question
of the consumer goods production that will follow from a given distribution of the
working population under a balanced development.

This consumer goods production can be computed in different ways. The
simplest is perhaps to use the expression

¢ = Z;:—? ‘"EjAijXi—-Eh By, Jt, for all k. e (19)
4 ;
The first term in the right member of (19) expresses the total production in sector
k in year ¢, the second represents all cross-deliveries on current account from sector
k in year ¢, the last term being expressed by means of the investment items classified
by receiving sectors. These items themselves are given in terms of the distribution
of the working population by (18).

Instead of the matrix By, in (19) we can also, if we like, use

Bkh = Ckh-—-zi ‘Aki C’I:h fOI‘ all k a:nd h. e (20)

The latter expression is more complicated to use if we start from scratch, but it may
be advantageous if certain intermediate results are already available, c;, having

perhaps been estimated independently. The formula (20) may also be used as a
check on the numerical work.

3. The conditions in relation to operational planning

The above argument has a special application in formulating the preference
function in an operational planning problem.

First suppose that the preference function is tentatively taken in the form

= 16utdvtw .. (21)

wheré % = millions of new jobs created annually, » = annual rate of investment,
and w = net annual increase in India’s net foreign assets (liquid or non-liquid), ex-

pressed as a percentage of the national income.
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PLANNING FOR INDIA

In a situation where unemployment exists and immobility of labour
and other practical and humanitarian reasons prevent a rapid redistribution of the
population over the produétion,sectors, one will have to be satisfied with a gradual
evolution towards a solution giving balanced development. For such a transition
period the preference function! (21) expresses some of the considerations to make.
If the analysis is made by including simultaneously a number of years, the optimal
solution based on this preference function will have gone a long way towards solving
explicitly the investment policy problem. But it is practically impossible to include
$0 many years as to cover the complete transition to a balanced development. There-
fore it may be indicated to add to the preference function still one more term that
would exfrress the ideal investment activity as given by (18). One may, for instance,
consider a term expressing an aggregation of the ratios of actual investment achieved
in the various sectors to those expressed by (18), where the distribution of the working
population is taken according to some pattern which for social and humanitarian
reasons is accepted as desirable®

How much emphasis should be put on this term, that is to say, how large a
weight it should have as compared to the other weights would have to be decided by
the top level political authorities.

1 For a fuller treatment of the preference function, see section 7, p. 56.
2 Or a compromise made between this population pattern and a desired consumption pattern,
Such a compromise would involve the eross-delivery coefficients as is seen from (19).
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ORGANIZATION OF INFORMATION AND THE
MATHEMATICAL METHOD

1. THE PROGRAMMING MATRIX

The usual input-output analysis gives fundamental and indispensable data
for the programming work. But the input-output table itself does not give us all
that is needed. ' In realistic planning a number of other things must be taken account
of. In particular it is necessary to take explicit account of the capacity lLimita-.
tions due to restricted fixed capital in the various sectors. To insert a certain
“bill of goods” in the usual input-output equations and to figure out the levels of acti-
vities in the various sectors, does not give a concrete solution, but only a hypothetical
solution, namely the solution that would emerge if there were no capacity limitations.
There are also other important limitations which must be taken account of and which-
forms a fundamental part of the problem in an expanding economy like India:
limitation on the available amount of foreign capital, for instance. We also have
to focus attention on the optimal determination of the ratios between the expansion
of producer goods and consumer goods industries and other ratios. And we must
consider the monetary and fiscal aspects of planning in order not to run into an un-
controlled inflation.

What is needed is a framework that can include all these various factors in
one compact and complete exposition which is built up logically in such a way that
we know exactly where to find any given relevant figure and where we can read off
immediately the relation between any figure and the others. Experience has shown
that in programming work very much depends on such an effective and logical way
of arranging the figures. The programming matrix is a tool for obtaining this. An
illustrative chart of this type for India is appended at the end of the section.

In the production sectors of the programming chart a distinction must be
made between established enterprises and contemplated enterprises. For the former
the levels of activity cannot be changed as easily as they can be for the latter. In
programming terms : An extra set of linear inequalities will have to be imposed
for the established enterprises.

For programming purposes it is probably best to have all established enter-
prises placed in a first main part of the programming chart (which will then have
very much in common with a usual inter-industry table), and the contemplated
enterprises placed as a second part of the programmihg chart. This means that the
nomenclature for the production sectors in the production chart will have to be—
partly or wholly—reproduced twice in the enumeration of the rows of the table.

For machine computation work the items will have to be put on punched
cards so that the concepts of “row” as distinguished from “column’ do not have
any strict meaning. In the explanatioh for the principles involved.it is, however,
a help to think in terms or “rows” and “columns” as exhibited in the accompanying
draft of the chart.

13
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When the data are organized in the programming matrix, the specific equa-
tions and inequalities that will enter into the operational anpalysis problem (linear
programming) will have to be worked out through which the Plan-frame will emerge.

It might not be feasible to attack the problem at once in the complete form
given by the programming matrix. One may start by aggregating the programming
matrix more or less heavily and solve the operational analysis problem in the reduced
size which thus emerges. In a next step more details can then be included. In
any case it is essential to have a programming matrix that can describe the problem
in its real complexity.

2. THE DOUBLE GRADIENT METHOD : AN INTRODUCTION*

The problem of Linear Programming is the problem of solving a system
of equations x; = b+ X by, (j = n+1, ..., ntm), subject to the conditions that
k=1 '

(a) ; > 0, (b) some function of the form f(zy, %, ..., z,) shall be maximum. The
system, together with the condition (a) generates a convex set. This convex set
defines the admissible region, and the function f is known as the preference function.
In most practical instances, this function can be written as f = p,a;+paxy+... +p,2,.
The weights p; are called price-coefficients. The price coefficient p, attached to the
basis variable x; denotes the change in the value of the preference function as one
xy is slightly altered while other z;’s are held constant. (Each concrete problem
will have a special operational identification of these price-coefficients.) The z; are
called basis variables, and the x; are called dependent variables. It should be clearly
understood that an optimum solution is a set of xz; (¢ = 1,2, ..., n+m) which remains
within the admissible region defined by the condition (a), and fulfil (b) along with
the given system of equations. Tt is equally fruitful to remember that one does
not know which variables are to be proper basis and which the proper dependent
variables, i.e., basis and dependent variables respectively in the optimum situation.
In fact, it is the object of any method of solution to proceed step by step, to locate
the proper basis (and, hence, proper dependent) variables. The classical simplex
method elaborated by Dantzig and the Double Gradient method of Professor Frisch
both purport to hit at these proper variables. The scope of the present note forbids
any reference to the comparative merits of these two methods and, therefore, we
proceed to state precisely what the Double Gradient method is.

Suppose that we assign two sets of magnitudes for the x, viz., af, j.

Then, the difference in the values of the preference function at #d and «} is given by

fl—f = ZL Pi@i—2f) which reduces to £ p,x} when all the «) = 0. This shows
: - :

that if all the price coefficients are negative we cannot choose any set of non-nega-
tive x; that can make f1—f0 > 0. That is to say, at the point where f attains its
maximum, the price coefficients of x, (k  basis set) shall be < 0.

* by editor, S. Sankar Sengupta.
16
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This argument implies that in the optimum we have to have certain
coefficients linearly connecting the proper dependent variables with the proper basis-
variables, such that the proper prices, p, and p;<< 0. In particular, these proper
prices are for the proper dependent and proper basis variables respectively.

I

pp=pt+ Z pibyl = Pr— b2 p;bjh? h 1,2,..n
k=A,B,... " =B, k=A4,B, ...
p;= Z pbit, j=a,p, ... of the dependent set.
k=4,B,....

To pick up the % and j is to solve the problem of linear programming which is to deter-
mine which of the n+4m variables will be prbper basis and, hence, zero in the opti-
mum and which will be the proper dependent and, therefore, positive non-zero. The
essence of the Double Gradient method lies precisely in furnishing an algorithm for
determining the proper basis and dependent vairables.

As we make a move away from the starting point, (i.e., the point defined
by the initial values of x; obtained from any concrete problem) towards the point
where f is maximum, we come up against three sorts of difficulties:

(A) 1In making such a move, the directions of normals make sudden jumps
at the corners of the polyhedron;

(B) One does not know if the move is within the prescribed bounds ; and

(C) One does not know if the value of f is increasing (or, at the worst, not
diminishing).

To tackle with the first problem, Professor Frisch devises his logarithmic
potential function in the free variables z,, ..., z,,

ntm n+m

V(xy, ..., ) =X logxy, (or, T p; logay),
i=1 =1

continuous for z; > 0, (i.e., away from the boundary and towards the interior of the
polyhedron).

To deal with the second and the third difficulties, Professor Frisch considers
the gradient components .V, = g_V and the price vectors respectively. In fact,
L
these two issues are but conflicting desiderata and, therefore, some compromise has
to be struck. = This is done by taking the projection
PiVit - 2V,
Vi, v= -5 -
PetVes v VIE . VI
of the price vector on the tangent-plane to the equipotential surface through, say, the
initial point. This idea is further refined by insisting that the move shall be confined
within the plane

& = w(Pk-l‘VVk)-i-(lf-w)Z’k,

unfolded by the vectors p;+vV; and p,. Taking —o0 < w < 400, one obtains
dy, = pp-+uV,, where x is a multiple of w. This g can be interpreted as a magnitude

17
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indicating the average projection of the price vector on the tangent-plane to the equi-
potential surface through the initial point.

A journey from one point to another in the space of the basis variables
has, then, the components z; = x;+Ad; and corresponding to these, we shall have

When a move is made with direction-components d; = p,+xV; and is defined by
x;, = ¥;+Ad;, the magnitude of the preference function changes by f'—f = A(Zpi
+pZp Vi) = AZp(pr+-n1Vy). We are free to choose that value of which will make:
(1) the line 2, = z;+Ad, pass through the .admissible region and
(2) the move to continue until f attains its maximum.

The first of these two considerations implies that A shall be made as. large
as possible, provided that x;++Ad; >> 0 for all j. This again involves a restriction,

A > xil , for those j for which dj < 0. The optimal value of A, say, A, is given by
Y
z. >0
Min % _ =Min % ___ |’
i —d i —(pAVy) | p;uV; <0
Aop! =
x>0
— Min _ %

i piteV; p+pV; > 0.
To deal with the second consideration, let us write
f’-—f: I Aopt ‘ . l Ep%-!—,uZkaL l >

and substitute for A We thus obtain

opt*

. z;>0
M@x M}_ | !
Pl = - %i p+uV; < 0; Zpi+pZpV, >0
| ZpE+uZp Vs |

| DiHnV; > 05 Epid-pZpV < 0.

This expression stands for the largest increase in f attainable when we choose a g
for determining the direction of movement and like to make sure that all the a; which
were positive in the initial point do not become negative.

The next step consists in observing howtthe F(y) changes with x. This is
done in the so-called Boundary-line Diagram drawn with the lines Y= 561 -t %" 2;>0,

where i, is the separation point of the two domains ’ ’

Zpi+uZpV, < 0, Zpi+t+uZpV, >0 (or, A <0, A>0).

18
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This value of y,, given by 0 = Zp2+p,2p,V,, is chosen for the reason that by choos-
ing 4 so as to make 0 = Sp2-+uZp,V, we cannot improve the value of f. Consider,
now, any two consecutive joints defined by the interesction of two of these lines. Let
M1, U, be the values of 4 at these joints and let ; = | ¥, |, &, = | y, | be the corres-

ponding absolute values of the ordinates at these joints; also write K = ;2-21 .
2 M1

le?v, differentiating F(x) w.r.t p, we obtain

d K2p,V, % .
du F(p) = —Bgn(Zpi+pZp,Vy) CpiFnZp, VL2 { K —'(/‘1—/40)} .

Since this expression retains constant sign throughout the interval, u, < ¢ < ¢,
therefore, in our search for Min. F(u) it will suffice to restrict attention to the joints
determined by the intersections of these lines. The optimum value of u, say u,,,, is
given by the minimum joint where F(y) is minimum, ie., f'—f is maximum.

Professor Frisch makes this rest upon the convexity of the function, Max f@_tv_—ﬂ—@{ .
J i

Pa_ Do

With the determination of u,, = :;; x]i” (o and £ being the suffixes for
8 _Ta
xg Lo

the variables defining the minimum joint) we come to know at least two variables
that must be proper variables (basis or dependent, as the case may be). Just as we
aseertain f,,, we can also ascertain the corresponding y,, which is nothing but

— A—l— In particular, we now suspect that probably some more variables (besides the
opt

two by which the minimum joint was defined) might be given the status of proper
variables. This suspicion is not unfounded because the function F(u) is, in practice,
not continuous, so that other variables too may compete with the two in defining
the s¢,,,. The final step in the search for proper dependent and proper basis variables
lies in looking out for some measure of the degrée of relative optimality,

14

'Zi'*—la’opz‘]

r = 1— Y 1% %
yoz‘t yo;nt

Those j for which this magnitude will be nearer zero are expected to be proper vari-
ables (dependent or basis, as the case may be).
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3. A SEQUENCE OF CALCULATIONS FOR DETERMINING AN OPTIMAL PLAN—FRAME
BY MEANS OF LINEAR PROGRAMMING

The place which an optimally determined plan-frame holds in a complete
-national planning system, is- described earlier. In the memorandum ‘“‘Principles of
Linear Programming” of 18 October 1954 from the University Institute of Economics,
Oslo, are described various tools that can be used for solving different types of linear

programming problems. References in the following are to the formulae in this
work.

Until extensive experimental computations have been made it is not possible
"to say for certain which of the various linear programming tools will prove to be
the most advantageous ones to use on the type of data which one will confront in
Indian national planning. A certain estimate can, however, be made. On the basis of
present knowledge of the type of data one will most likely encounter, and of the nature
of the linear programming tools referred to, I shall make a suggestion of what I believe
will be the most advantageous sequence of calculations. This suggestion will apply
equally to the case where the work is to be done on desk machines, multiplying punches
or small or medium sized electronic ‘COmputors.

The following suggestion is based on the assumption that the successive
rounds of the Double Gradient method used without freedom truncations, do not turn
out to require such a rapidly increasing number of digits that an approach without
freedom turncations becomes impracticable. If this assumption holds, it ought
to be possible to carry the work to final completion, including the final test for opti-
mality, without making any inversions of the order of magnitude of the number of

degrees of freedom in the system. Only one way solutions of this order will be
-necessary.

This is computationally extremely important, particularly, if the system
of coefficients contains many zeros—which it seems safe to assume that it will in the
data one is likely to encounter in national planning work. Indeed, in this case the
most labour saving method for a one way solution (or even for an inversion if it should
be necessary) is, as far as my experience goes, the one indicated in (16.1)* to (16.12).
Here the forward solution involves only multiplications and no divisions. In the
back solution there will come in one division for each variable.” If the system of
coefficients contains many zeros, the number of multiplications and divisions for a
complete one way solution by the method will be of the order of n» , when = is the
number of unknowns. - If the data are put on punch cards, it is easy to sort out the

cards that do not lead to any multlphcatlons so that one can profit fully by the fact
that there are many zeros.

For a straight forward application of, say, the Gaussian method of solution,
described in (17.1) to (17.23) the number of multiplications and divisions involved

* These references relate to formulae given in the Principles of Linear Programming by the author.
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in a one way solution is in principle of the order of n , and there does not seem to
be any easy way of profiting by the great number of zeros in the original matrix.
Since the.back solution will in any case consist in the solution of a triangular system,
regardless of which method is used for the forward solution, the back solution will
involve a number of multiplications and divisions which is of the order n® for an
inversion and n? for a one way solution. For an inversion we will, therefore, always
have to face a work of the order #® even though we use the method (16.1) to (16.12)
for the forward solution. For that part of the work which consists in the forward
solution the saving by (16.1) to (16.12) will always exist, even in an inversion, but
it is only in the case of a one way solution (or a solution with a small number of right

members) that the method (16.1) to (16.12) is capable of changing the picture funda-
mentally.

1. Bringing the equations over into a basis form

This should be done by the method of (3.1) to (3.8)." A real effort must be
made to get through by the simple procedures suggested in that section. If that
is not possible, one faces an inversion of the order of the number of degrees of freedom,

and this would increase enormously the magnitude of the task.

As basis variables should be selected a set of variables which we guess will
be an optimum set, i.e., a set of variables that are all zero in the optimum point,
and can be used as a basis.

II. Eliminating redundant bounds

This should be done immediately after the equations have been brought
over into a basis form. The method to be used is indicated in (5.1) to (5.8).

III. How to get info the admissible region

If a point in the admissible region, i.e., a point where all variables are non-
negative, cannot be found by a simple inspection of the figures (as, for instance, in
the case where all the constant terms in the expressions are non-negative or even

positive), the method of (6g.4) to (6g.33) should be used, starting from an arbitrary
initial point where the variables may have any signs.

To use the method (6g.4) to (6g.33) one must first chose a set of direction
numbers dy(k=1,2...n) for the basis variables, and from these compute all the d,

(7=12,...(n+m) ) by d; -——=k§1 byd,.

If one is prepared to spend in each round the computational cost involved
in a one way solution, one should determine the d, by (6e.1). In this case it does
not matter whether the initial point contains variables that are zero.

If one wants to avoid the work involved in a one way solution for each round,

one may determine the d, for any round by (IIL.1)

dp= 2 by (k =1,2,..n) ... (IILI)
Il <0
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where the z; (j=1,2,...,(n+m) ) are the values of the variables in the initial point
of the round. In the formula k may be the affix of any of the basis variables and
the summation over j runs through all the values (j=1,2,...,(n+m) ) for which z; is
effectively negative. This formula is developed heuristically on the assumption
that the initial point only contains variables that are effectively different from zero
(positive or negative). While the formula as it stands may formally be applied to
any case, it would be well to confine its use to the case where the initial point does
not contain any variable that is zero.

It is to be expected that one round using (ITI1.1) will be much less effective
than one round using (6e.1). Whether this is more than compensated by the expe-
diency of determining d; by (IIL.1) instead of by a one way solution, will depend
on the circumstances. One may perhaps start by using (III.1) and revert to (6e.1)
if the convergence by (III.1) turns out to be too slow.

Whatever method is used, it will be an advantage to move to.a point in the
interior of the admissible region, that is, to a point where all the variables are effectively
positive, not zero. The subsequent application of the Double Gradient method will
then be simpler.

IV. One round of the double gradient method starting from a point in the interior of
the admissible region

The computational steps in one round of the Double Gradient method is ex-
plained in (13.1)—(13.32), and the use of the boundary line diagram in the case where
there is no side condition on x is explained in (12.29)—(12.33) and (12.41).

The explanations in (13.1)—(13.32) are given so as to cover the general case
where one or more of the variables may be zero in the initial point from which the Double
Gradient method is applied. In this general case the explanations must necessarily
be more complicated than in the case where all the variables are effectively positive
in the initial point. Since this latter case will be the usual one in practice—it is indeed
possible and may be advisable to go through the whole work in this way —it will be
useful to give a version of the explanations of (13.1)—(13.32) in a reduced form where
one makes use of the assumption that all the variables are effectively positive in the
initial point. The following is such a reduced explanation.

A table of the basis coefficients b, (j=1,2...(n+m); k=10,1...7n) is
supposed to be given with the row sums

b;. =k21 bjx (j=1,2.. (r+m)) ... (IV.)
and the column sums
n+m nt+m
bk == 2 b]k b-k == 2 bjk (k =_0, l, 2 . n). eae (IV.2)
i=1 J=n-1
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A single dot is by convention used to denote a summation either over the basis
variables as in (IV.1) or over the dependent variables as in the expression to the right
in (IV.2). A double dot is used to denote a summation over allthe variables.

Table (IV.4) indicates the form of the main work sheet to be used for one
round of the Double Gradient method when the work is done on desk machines
(calculators supplemented by listing-adding machines).

In the first cell in the bottom appendix is indicated the value of the preference
function in the initial point. This value is useful amongst others as an indication of
which point we are working with. This initial value of the preference function is

copied from a previous work sheet, or it is computed from the definition of the prefer-
ence function.

The values of the variables z;(j = 1, 2 ... (n+m)) for the initial point are re-
corded in column (1). All these values ; are supposed to be effectively positive. The
first » of them —supposed given— are sufficient to define the point. The following
m of them are—if they are not easily available from previous computing—

computed by (3.6) and listed in the lower part of column (1). They are checked by the
zero test

b.ot k% b.yzy—x. = 0. .. (IV.3)
=1

This check should be applied even in the case where the figures in column
(1) are simply copied from some other work sheet. It is essential that these basic
data for the following work are verified beyond doubt.

TABLE (IV.4). MAIN WORK SHEET FOR ONE ROUND BY THE DOUBLE GRADIENT METHOD
WHEN ALL THE VARIABLES ARE EFFECTIVELY POSITIVE IN THE INITTAL

POINT
(0) (1) 2) 3 4 (8) (6) (N (8)
initial 1 ) . V; pj Y ranking
point x Vi P @ zj 1 Yort order
x5 r
Jj=1
2
n
n+1
n+2
n+4-m
s
apg?n- Sinit P M Lo R IPPTOT Eopt Yopt Jopt.
ix
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The reciprocal ﬁgures;— are computed, listed in column (2) and checked by
4

nt
', (i) = ntm. ... (IV.5)
=1\

Next the basis gradient components V,(k = 1,2...n) are computed by
(12.5), each of them being simply the product-sum of the figuresin column (2) by b;;.
The V. (k= 1,2 ... n) are listed in the upper part of column (3). They are checked

by

1 1 1 ntm b,
V1+ V2+...+Vn = ——-"I“——~+...+——+ Z _3 (IV.G)
[y .’1)2 x, F=n41 xj
The V, for j = n+1, n-+2...n+m are computed by (12.15) are checked by
Vit Vet o+ V= El bV .o (IV.T)

The prices pi(k = 1, 2...n) associated with the basis variables are also supposed
to be given. If they are not already easily available on some other sheet, they are
listed in the upper part of column (4). The prices p; for j = n+1, n+2...n+m are
computed by (12.17) and checked by

Pri1tPnret o Prsm = 151 b.;py- e (IV.8)

V .
The ratios ;" for k =1, 2...n, are computed, entered in the upper part of
3

column (5), and checked by

% 2, (%f) = V- Vbt T, . (AV.9)

k=1

.V .
The ratios Fm—l for j = n+1n+2 ... n-+m are computed, entered in the lower

2

part of column (5) and checked by

nt+m :
Y (%) = Vot Vst Vi ... (IV.10)
J

j=nil

For subsequent checking purposes one may also compute the complete column
sum

(K) "5V L vy
z i=1

and list it in the bottom line of table (IV.4).
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The ratios 2% for k = 1, 2...n are computed, listed in the upper part of the
Tk

column (4), and checked by

k=1

ﬁ xk (%) = p1+pz+.---+27n- s (IV.IZ)
k

The ratios 24 for j=mn+1,n+42...n+m are computed and checked by
x

J

ntm i )
z T; (&) = pn+1+.pn+2+"-+pn+m‘ e (IV'I?’)

J=n4l x]

For subsequent checking purposes one also computes the column sum

ndn
YD ... (IV.14)

X j=1 :Ej

and lists this sum in the bottom line of table (IV.4).

If the operator has confidence in his ability to work correctly, he may cut
short the checks (IV.9)—(V.9)—(IV.10) and (IV.12)—(IV.13) by first forming on a

listing-adding machine the sums (QJ' 4+ Y’) for each j=1, 2...(n+m) and then

x]
check that
ntm ; n
NI AN ... (IV.15
e (x,. H,.) Z b (0t V) .. (IV.15)

If the number of variables—basis or dependent—is very great, it may be
necessary to split the checks up into parts by introducing subtotals for different
groups of the variables.- The test principles for such groups are exactly the same as
those expressed above.

When the figures in the body of the table (IV.4) are computed and checked
as described above, the first coefficients in the appendix below the table are computed.
P and M are computed by (12.18) and (12.19) respectively and p, is computed by
(12.20). A round approximation to g,, say, with one or two digits only, is also com-
puted and entered as p, approx.

All the data for performing an optimal movement from the initial point are
now collected. This work proceeds as follows.

We want to draw the straight lines (12.30). For any such line we need the
ordinate of two points.
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One of the ordinates may be taken as the ordinate for 4 = 0. This ordinate

is simply D5 | ‘The other we take at ugerror, To do this we compute for all j = 1,
€.
7

2, ..., (n+m) the ordinates

Y, = Di - ygoves g; , ... (IV.16)
] ]

For each j = 1, 2...(n+4m) we draw in a (y, p) diagram the straight line whose

ordinate for g = 0is ?;, (read off from column (6) of the main sheet) and whose ordi-
x:

3
nate for u = ug* is (IV.16) (read off from the adding machine tape). Bach
line is drawn as one continuous line over both parts of the diagrams, i.e., to the left
of uy as well as to the right of #,. Immediately after a straight line is drawn, it is
marked with the number j. The marking is done before one proceeds to drawing the
next line. . (IV.ID)

Occasionally one might for better orientation need to compute also the
abscissa of the point where the line intersects the u-axis. This point is given by

% _ P
W = v = —7 .. (IV.18)

x)
By means of the straight lines thus drawn, we first determine graphically the
value p,,. The method used is that of (12.41).

When the value u,, has been determined approximately by the graphical
method just described, the value is computed exactly and with a number of digits
sufficiently large to utilize all the accuracy carried in the preceeding steps. The
formula to be used is

Py Ps
x?’ xs

ﬂopt = V_—V.—* cen (W.lg)
z, "

where j = r and j = s are the affixes of the two straight lines that give the optimum
point in fig. (12.31), or any two of the lines that pass through this point if there are
more than two. There must always be at least two. In the case of a horizontal opti-
mum segment the optimum point is conventionally taken as the end-point of this seg-
ment that comes nearest to y, The case of horizontal optimum segment is an initial
case in this connection because the optimum in fig. (12.31) cannot be horizontal unless
it coincides with a part of the u-axis which means that the value of the preference
function can be rendered arbitrarily great.
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In fig. (12.31) a vertical straight line should be drawn for the abscissa p =
Moy determined by (IV.19). The intersection- pomt between ‘this vertical and the
broken boundary line of fig. (12. 31) will determine the ordinate Yope 'Which by defi-
nition is the ordinate of the two straightlines, nos. r and s, that intersect in this point.
(Compare (IV.23).) Looked upon from the view point of the adm1ss1b1e region as a whole
this ordinate characterizes the breaking out point, that is to say the point where we
hit the boundary when we move in a direction given by ,um. The value y,, is the
negative of the inverse of the value A,, in (12.12) that gives the largest possible in-
crease in the preference function which is compatible with the condition that d shall
be of the form (12.16) (where x4 is a parameter to be disposed of) and the point
reached shall belong to the admissible region; i.e., we have ;

1
— o - ... (IV.20)

/]

cont ___
Awt -

Indeed the optimal A considered is determined by the formula for one or any number
of the variables that become zero in the breaking out point. We have (at least) x,
= 2, = 0 where r and s have the same meaning as in (IV.19). By (12.12) this gives

wr+;\opt(pr+/’60ptvr) =0
x:+Aopt(ps+/‘optVs) =0

where x, > 0 and «, > 0. Except for the trival case A,, = 0 (which would mean
no movement at all away from the initial point) (IV.21) is equivalent with

(IV.21)

1 — __pr"l‘auop& Vr — _;_ps’l‘/'(’optvs. (IV22)

Aapt X, s

Since any of the two expressions to the right in (IV.22) is equal to —y,,,, that is,

Y — pr+ﬂoptVf _— ps'*‘/"op;:vs
opt =
Xy Ty

(IV.23)

we have (IV.19).

Once the affixes r and s are determined from the graph, the value y,,, should
be computed from (IV.23) with as high an accuracy as the data will permit.

Next we compute

y = &+ﬂ0pt£_i (=1, 2... (n4m)). e (IV.12)

z; i
If only a ranking order of the variables is wanted for making a guess about which one
of them will most likely be zero in the optimal point; (IV.24) need only be computed

for those values of j for which the ordinate y; of the intersection point of the boundary
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line j with the vertical through u = p,,, are the largest in absolute values and of
the same sign as y,,. These values of j are the only ones that can compete for high
ranking order,

In most cases it is, however, wanted not oniy to determine a ranking order for
the variables of highest priority but it is wanted to compute the complete set of values
zi(j = 1, 2 ... (n4m)) in the new point, and then it is most convenient to do it by means
of all the ;. We have indeed.

x;=mj(1—,_?;yii-) (G=1,2, ... (n+m)). ... (IV.25)
op

In the main work sheet (IV.4) the multipliers to be used in (IV.25) are listed
in column 7.

An ordinal number r is entered in the last column of table (IV.4) in the
work sheet to indicate the ranking order. The variables that turned out to be zero
in the new point, are given the ordinal number 0 and the others a ranking number
according to the value of Yie

In the new point #; the value f’ of the preference function is equal to

= f— Pt ... (IV.29)
yopt

this new value ' = f, , is entered as the last item in the bottom appendix to the main
work sheet.

V. What to do after a round of the double gradient method

The course to follow after akround of the Double Gradient method is to some
extent a matter of subjective judgement.

The most radical step is to start from the top of the ranking order and proceed
downwards the exact number of places to get a number of variables equal to the number
of degrees of freedom, and such that these variables form a basis set, i.e., a set
such that when the values of these variables are fixed, all the other variables are
uniquely determined. Having done that, we might guess that this set of variables is
an optimum set, that is to say, is such that when these variables are put equal to zero
we get a value of the preference function which cannot be exceeded in any point in
the admissible region or on its boundary. To test whether the set of variables
considered is actually an optimum set, one has to apply the optimality test described
in section VI below. (A test which only involves two one way solutions and no
inversions.) Such a procedure may in-certain cases be completely successful,
léading in one step to the final solution. An example of such a happy situation
is given in (13.49).
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In other cases the structure of the problem may be more difficult and several
rounds of the Double Gradient method may be needed. . A first idea would then be
simply to recede a little from the point where one hits the boundary when using.
the Double Gradient method (following the straight-line from the initial point) and
then take the point thus obtained as a new starting point for the Double Gradient
method. Experience has shown, however, that this does not lead to a practical solution
because the convergence is too slow. An entirely different procedure must be used.

We must try to change as much as possible the locality from which we make
a shoot by the Double Gradient method.

There are several ways feasible. One is to determine the fentative optimum
point. This is the point where the # first ranking variables that form a basis set,
(i.e., determines the point uniquely) are equal to zero. This involves a one way solu-
tion. The work to be done in this connecton is at the same time part of the work
that has to be done if we want to test for optimality. We can, therefore, play on
two possibilities: If the tentative optimum point turns out to fall outside the admi-
ssible region, we can proceed as described in section .VII below and thus reach a new
initial point for the Double Gradient method, and if the tentative optimum point falls
on the boundary of the admissible region, we can proceed to test for optimality (pos-
sibly after one round of the inward method as explained in section VIII). The test-
ing for optimality will involve another one way solution. By following such a procedure
in the example (13.49)* we will be led straight to the optimum point, and no part of
the computations will have been wasted.

If we do not want to spend the cost of a one way solution involved in the
method of the tentative optimum, we can instead use the tnward method described
in section VIII below. From a point obtained by one round of the inward method
we can again start with the Double Gradient method. '

If we can continue in this way, using between each round of the Double Gra-
dient method either the method of tentative optimum or the inward method,
or a combination, without having to use too great a number of decimal places, we
ought to approach the optimum point at a speed roughly of the order indicated
in (13.37).

If the above procedures do not lead to a satisfactory result, one will have to use
freedom truncations as described in (13.33)—(13.53). Each freedom truncation neces-
sitates an inversion, but this inversion is only of the order of the number of variables
truncated or, rather, something like half of this because in general some of the vari-
ables to be truncated will-be in the basis set, and the truncation of such variables
does not involve any computational cost. If truncations are made in stages

we can very roughly assume that at each stage 2%, variables are truncated which

* (13.49) contains a typographical error; the figure 8 shall be omitted so that the list contains
exactly 15 figures. (The variable no. 8 actually becomes zero in the optimum point but it does not come
within the first 15 ranking places.)
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3 . . :
give a computational cost of the order (%,) for the inversion, so that a total inver-

- 1 3 .
sion work of the order 7 < ;szﬁ( g )., will be involved. Apart from the factor

1 2 - . . ) : cq
g this can be written (%) n. If T increases with n, the cost item here considered

will not be excessive, but we must also reckon with the other parts of the Work involved
and this will in general increase with 7'. In any case freedom truncations will involve
an additional amount of thinking.

VI. Testing for optimality

In “Principles of linear programming” different ways to approach the problem
of testing a given point for optimality are discussed. The differences between these
approaches are only formal. When it comes to the actual computations, the methods

are practically the same. I shall here only discuss what is essential from the compu-
tational viewpoint.

Consider a set of n variables such that there is nothing in the structural equa-
tions that prevents these variables from being zero simultaneously and further such

that when these n variables are arbitrarily given all the other variables are determined
uniquely.

Such a selected set of n variables is, by definition, an optimum set if and only
if the point obtained by putting these n variables equal to zero, is a point such that
there are no other points in the admissible region (or on its boundary) that can
produce a higher value of the preference function.

One method of testing whether the point considered is an optimal one, is to
express the preference function as a linear function of the n variables that are suspected
to form an optimum set, and to test whether the n “prices’ that then appear, that is
to say the n coefficients of the variables in the linear expression obtained for the pre-
ference function, are all non-positive. Furthermore it must be verified (if it has not
been done previously) that the point obtained by putting the n7selected variables
equal to zero, actually belongs to the admissible region (its boundary), that is to say
gives non-negative values for all the variables. These conditions form a set of

conditions that are necessary and sufficient for the n variables considered to be an
optimum set.

If all the prices obtained are effectively negative, the optimum is unique,
that is to say, any other point than the one obtained by putting the » variables consi-
dered equal to zero, must give an effectively smaller value of the preference function.
If N of the n prices are zero, the optimum is a linear manifold of a dimensionality
N. Thisisseen from the fact that by changing any of the N variables we do not change
the value of the preference functions. The condition that these N variables must
only be changed in such a way that the point obtained remains in the admissible
region, does not take out any of the N degrees of freedom (except in extreme cases).
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If the preference function was already previously expressed in terms of the
n variables that are suspected of forming an optimum set, and all the other variables
were also expressed in terms of these n variables, the problem is simple. We then
simply have to read off the prices appearing in the linear function that expresses the
preference function and also read off the constant terms in the expressions for all
the other variables. The condition is then that all these prices shall be non-positive
and all the constant terms referred to shall be non-negative.

If one or more of the n variables, which we suspect of forming an optimum
set, were not previously used as basis variables to express the preference function and
all the other variables, some computation will be necessary to test whether these n
variables really form an optimum set.

We will first discuss the case where we know already from previous computa-
tions that the point considered—where all of the n suspected variables are zero—
belongs to the admissible region.

Let numbers 7, s, ... t be those of the variables in the suspected set, that
were not amongst the original basis variables. There will then be an equal number of
variables, let it be numbers, 4, B ... C, that belong to the original basis set but

not to the set which we suspect of forming an optimum set. Indeed, both sets
contain exactly n variables.

The prices p,(k = A,B...C) that appear in the original expression for the pre-
ference function are supposed to be known.

This being so, consider the linear system

I phu=p (b=4,B..0) .. (VLY

where the b;, are the coefficients of the original equations. (Compare (3.1), as exempli-
fied in (3.4)).

This is a linear system in the magnitudes pjj =r,s...t). To solve it we
only have to perform a one way solution. In view of the special nature which can

be foreseen for the matrix by, the best method to use for this one way solution is pro-
bably (16.1)-—(16.12).

A first condition that must be fulfilled in order that the set of variables consi-

dered shall be an optimum set, is that all the prices p; (§ = rys ... t) determined by
VI.1) are non-positive.

If this condition is not fulfilled, there is no use to go any further, because we
then know that the set of n variables which we suspected of forming an optimum set,
can not in fact be such a set. Possibly there may be only one or two variables which
we have guessed incorrectly, but at any rate the set in its totality cannot be correct.

If this first criterion s fulfilled, we proceed to compute the new prices of the
other variables in the new basis set, that isthe new prices of those variables that were
not taken out of the old basis set. We have to test that these prices also are non-
positive. This is done by the last formula in (4.20).
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Tn this formula we use the new prices p; (j = 7, s ... t) that were just computed.

If not all these new prices p, are non-positive, there is no use to go any further,
but if all of them are non-positive, we can conclude that the point considered is an
optimum point, provided we know already that it belongs to the admissible region
(its boundary).

If this is not known— in the case where all the p, turned out non-positive
s0 that it is worthwhile to proceed further—we check it in the following way.

The values Z(k = A, B ... C) of those of the old basis variables that do
not belong to the suspected optimum set are, at the point considred, the same asthe
values of the constant terms by, which we would get if we computed the expresss-
sions for these variables in terms of tlie new basis set (which contains the variables
r,s...t, but not A, B... C). These values are determined by the system of

equations

S bybre=—bi (=150 ... (VL3)
k=4,B,... :
To solve (VI.3) we only have to perform a one way solution, and in view of the nature
of the matrix b;;, which we can foresee, it is again the method (16.1)-(16.12) that will
probably be the most advantageous.

When the values %, = b;, (k = 4B...C) are determined, we have the values
of all the » old basis variables in the point where all the » suspected variables are zero.
For numbers 4.B...C these values are given by by, b3, ... by, and all the other of the
old basis variables are 0 in the point considered. Therefore, from the old expressions
of all the variables in terms of the old basis variables, we can, without computing any
other of the new coefficients b;; verify whether all the varibles are non-negative in the
point now considered. We simply use the formula

@, = b+ k~§B bybro (9 = 1,2 ... (n-+m), except the affixes in the ... (VL.4)

(suspected optimum set).

If all the x, determined in this way turn out to be non-negative, we can  con-
clude that the point considered is actually an optimum point. But if one or more
of them turn out to be effectively negative, the point is-not an optimum point.

If we are at a point on the boundary where the n variables that could form a
basis set are equal to zero we can proceed directly to test for optimality by the above
method of (VI.1). But we can also proceed a little differently: We can first use one
round of the inward method described in section VIII. If such a round increases the
value of the preference function, we know that the original point was not an optimum
point and we have at the same time proceeded further. On the other hand the fact
that the inward method does not succeed in increasing the preference function is not
in itself a proof that the point is optimal. The only safe verification of an optimum
is through the prices as explained above.
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VII. The method.of the tentative optimum

The method of the tentative optimum consists in guessing at a certain optimum
set, and then computing the consequences of this guess. This may, in particular, be
done if we have applied the Double Gradient method and reached a breaking out point
and used the ranking order in this point to form a guess about the optimal set. This
is illustrated in fig. (10.1). If we move from = to the breaking out point 4, tentative
optimum is A’, and if the breaking out point is 4”, the tentative optimum is A”.

The calculations involved in the method of the tentative optimum are very
much the same as in the testing for optimality, the only difference being that we may
now perform the operations in another order.

In the method of the tentative optimum we first determine the values of the-
old basis variables that are not included in the set which we suspect of being an opti-
mum set. These variables are the ones we denoted by A, B...C in section VI.
Let z;(k = A, B...0) be the values which these variables assume in the point that
is determined by the condition that all the variables in the suspected optimum set
are zero.. These values Z(k = 4, B...C) are the same as b,(k = 4, B...0) and
will, therefore, be determined by the system,

S buEy = —by (j=r15.. 1) ... (VIL1)

Compare (VIL.3). In other words the values z; (k = 4, B ... ) are determined by a
one way solution, and again it will, because of the particular nature of the matrix
by, most likely be advantageous to use the method (16.1)—(16.12).

When the z, (k = 4, B ... ) are determined by (VIIL.1), the values of all the
old basis variables are known in the point now considered, because all of these old
variables that are not contained amongst the z, (k = 4; B ... C), are zero. Therefore
the values of all the variables in the point considered can be computed by (VI.4).

If the point turns out to be situated in the admissible region (on its boundary)
one should proceed to testing by the method of section VI whether the point is optimal.

If this test is negative, i.e., if the point is situated on the boundary without
being optimal, one should move into the interior by the method of section VIIT and
then make a round by the Double Gradient method.

If the tentative optimum point falls outside the admissible region as, for ins-
tance, 4’ or A” in fig. (10.1), one shouldmove along a straight linetowards the break-
ing out point (4’ or 4” in fig. 10.1) that served to determine the tentative optimum
point. . Moving along this line one should stop when the boundary of the admissible
region is reached. In fig. (10.1) this will lead directly to the optimum whether one
starts from 4’ or 4”.
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In formulae this procedure is expressed by
xp = B+ L(x,—%) (k=1,2...n) ... (VIL2)

x, being the coordinates of the moving point on the line, i.e., the values of the basis
variables along the line x; are the values of the basis variables in the breaking out
point from which the tentative optimum was determined; and Z, the values of the
basis variables in the tentative optimum.

The z, (k= A, B ... C) were determined by the one way solution and the
z, for the other values of the affixes k = 1, 2 ... n, are zero.

In the course of the movement from #, to x; none of the variables z,(j =
1,2 ... (n-+m) ) that were positive or zero in #,, can become negative. Indeed all
along the line considered the changeisa monotonic one, andall the variables are actually
non negative in the point ;. The point where we hit the boundary is consequently
determined as the point where the last one of the variables x; that are negative in
%, becomes zero.

For all the variables the movement is defined by

o =w4+Ld; (j=1,2... (nEm)) ... (VIL3)
where
G= X bai—s) (= 1,2..(ntm). .. (VIL4)

For L = 0 we get «; = Z; whatever be the affix j. Further
xy, = T+ L(x,— %) (k=1,2,...n) ... (VIL5)

i.e., L = 1 corresponds to Z; = x;. In other words the movement from the tentative
optimum point back to the breaking out point from which the tentative optimum
was determined, is generated when the parameter L varies from 0 to 1. This being
so we have for any j = 1, 2 ... (n-}+m)

&) = E+1.d;, v (VIL6)

ie., d; = x;—%;. (j=1,2... (n+m)). ... (VIL7)

In other words, all the direction numbers—and not only the basic ones are simply
given by the difference between the value which the variable in question assumed in
the breaking out point and in the tentative optimum point. This shows amongst
others that d; is positive for all the affixes j for which z; is negative.

The value of L for which we hit the boundary, is determined by

L, = Max _;f %<0 ... (VILS)

J
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In the maximum form of (VIL.8) j runs through all the affixes j = 1, 2 ... (n+m) for
which z; is effectively negative.

The point x; determined by (VII.3)—(VIL.8) is a point on the boundary. In
this point at least three of the variables are zero if # was determined as the breaking
out point of the Double Gradient method and the two leading variables, (i.e., two vari-
ables that were zero in the breaking out point) are included amongst those that were
put equal to zero in order to determine the tentative optimum point, Indeed both
these variables will then be zero all along the line leading from the tentative optimum
point back to the breaking out point so that there must be at least one other variable
that determines the point where- we hit the boundary when moving back from the
tentative optimum point towards the breaking out point.

In all cases the above procedure leads to a point on the boundary.

An alternative procedure which does not necessarily involve one round by
the inward method for "each round of the tentative optimum method, consists in
receding a certain distance—let us provisionally say 10 per cent—from the breaking
out point and then let this recession point take the place of the breaking out point
in the procedure described above. Informulae, this alternative procedure is charac-
terized as follows:

The recession point is defined by
a) = a,—b(x,—a) = (1—0)a;+bay (k'=1,2...n) ... (VIL9)
xd = Zh byal (j = n+1, n+2 ... (ntm)) ... {VII.10)

where ; and #;(j =1, 2 ... (n+m)) are respectively the breaking out point and the
initial point from where this breaking out point wasreached, b is a constant, say b = 0.1.
Since (VIL.10) is linear in the variables, the two formulae (VII.9)—(VII.10) are equi-
valent with

2 =(1—bjxj+bx; (j=1,2...(n+m)). ... (VIL11)
If the initial point had all the variables effectively positive, the same will be true of
the recession point provided b is positive and less than unity. Therefore, if we

let the recession point x, take the place of the breaking out point z; (¢ = 1,2 ... ») in
the above formulae, which means using (VIL.3) with

d; = x)—%; (G=1,2..(n+m)) ... (VII.12)

we get into the interior of the admissible region provided we replace the value L,
which results from (VIL.8)—where now d; = 2)—%,—by a somewhat larger value,
let us provisionally say a value obtained by adding to L, 10 per cent of the incre-
ment that would lead from the boundary to the recession point. Since this
increment is (1—Ly,), the procedure amounts to determining the new point «7 by

g = %+(a+(1—a)Lp)(@?—2) (j=1,2..(n+m)). .. (VIL13)
where a is a constant, say, 0.1.
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The last formulae can also be written
z; = (l—a)((l——Lhit)a'cj—}—(a—}-(lf—a)Lhit)x‘} (I=12..(ntm)). ... »(VII.14)
This shows that the value of each variable in the new interior point can be computed
as a positively weighted arithmetic average (sum of weights equal to unity) of the
values which this variable assumed in the recession point and in the tentative
optimum point respectively. A similar interpretation- applies” to (VIL.9) and
(VIL.11).

Inserting from (VII.11) into (VII.14) we get
:c;' = (1_3’)(1_Lh15)7j+(1“"b)(a'*‘(l—a)Lhit)x;'—f—b(a-Hl—a)L,m)xJ-
(j=1,2..(n}tm)). ... (VIL15)

This is a positively weighted arithmetic average (with weight-sum unity) of the values
in the initial point, in the breaking out point and in the tentative optimum point.

Heuristically it seems natural to choose @ and & all the smaller the smaller
Ly, is in comparison to unity. Indeed unity is a measure of the. distance from the
‘tentative optimum point to the recession point and L,, is a measure of how large a
part of this distance we have to go before we hit the boundry. If this latter distance
is small (even exactly zero) the tentative optimum is not far from the boundary, and
being not far from the boundary it might not be very far from the actual optimum
point. In other words only small and refined adjilstménts should be considered.

Therefore, it might even seem quite plausible simply to put

a=>5b=1L,, ... (VIL16)
If this is done (VIIL.15) reduces to

@) = (1—b)? & +-b(1—b)(2—b)z}+-b¥2—b)w; (j =1, 2... (n4-m) ...-(VIL17)

If b is small, as compared to unity, the three terms of -(VII.17) are of
descending order of magnitude, which is very plausible.

For any value of the coefficient b in (VIL.17) which is effectively positive and
not larger than all the values x; determined by (VIL.17) will be effectively positive
provided all the values x; have this property.

According to the above reasoning the value 6 should be equal to L, and
will, therefore, have to be determined implicitely from (VII.8), that is by solving the
equation in b :

b = Ma,

<0 19
i (1—.b)x}+bxj‘7—wj{ %<0 (VIL.19)

If we are not too far from the optimum point, b will be small as compared to unity.
We may, therefore, use (VII.18) for an iteration process by inserting first b = 0 as an
initial value in the right member of (VII.18) and determining the value.of the right
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member which this will lead to and then taking this value asa new improved value of
b.. 'This is the same as to use (VIL.8). The ensuing value of b.is already a value which
would make all the z effectively positive if it is inserted in (VII.17). This simply
follows from the fact that this value of b is effectively positive.

At least one more step in the iteration process might, however, be performed,
inserting the newly found value of b in the right number of (VII.18) and determining
the new value of b which this will lead to. Perhaps even a third step may be used,
but as a general rule it will not pay to go very far since any pos1t1ve value of b (less

than unity) inserted in (VIL17) will produce a point in the interior of the
admissible region.

If it is fairly apparent that the affix j for W‘hich‘ the maximum occurs, is rela-
tively stable as b changes the exact value of b can be computed from the equation

(', —x;)b*4(%,—2',)b = —=%,, j = affix corresponding to maximum. ... (VIL.19)

Since the solution of such an equation—or even one more step in the iteration
by means of (VIL.18)-—only makes up a negligible per cent of the whole work when
n and m are large, it will in general be worthwhile to perform the computation here
discussed. It is more satisfactory to determine the coefficients by some principle
than just conventionally.

To summarize: If the method of the tentative optimum is worked out on
the lines here suggested, the steps will be as follows:

From a point z in the interior of the admissible region we have performed
a round’ of the Double Gradient method and have thus reached the breaking out point
z'. From this the tentative optimum point Z is determined. If Z falls in a corner of
the admissible region, we test for optimality. If it falls on the boundary but not in
a corner we use the inward method. If it falls outside the admissible region : ‘we deter-
mine the coefficient b using (VIL.18) as an iteration formulae, and taking b = 0 as
aninitial value. Perhaps also- (VIL 19) may be found usefil. A great accuracy
in the determination of b is not needed. With the value of b thus determined we
compute a new point z” in the interior of thé admissible region by (VIL.17). This
point may be taken as a new starting point for the Double Gradient method.

VIII. The inward method

Suppose we are in a point on the boundary of the admissible region, i.e.,a point
where all the variables are non-negative and at least one of them is zero.. We want
to make a move from this point towards the interior of the admissible region utilizing
only data belonging to the boundary point from where the movement starts. - And
we want to do it in a Way which brings us as far as possible to an entirely new locality

without;, however, decreasing the preference function too much, rather increasing it
if that is feasible.

~We shall assume that there is picked out a set of variables; let it be the vari-
ables, r, s ... { such .that we are particularly interested in making the movement
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in a-direction which will increase, or at least not decrease these variables. A typical
case where such a set of variables 7, s ... ¢ is given, is the case where we have
performed one round by the Double Gradient method and have reached a breaking
out point on the boundary, with the determination of a ranking order of the variables,
We may then take as the set r, s ... t the first #» variables of this ranking order, or more
precisely the first n of the variables which are such that they can be used as a basis set,

i.e., a set such that all the variables can be expressed uniquely in terms of these
n variables,

Amongst the first variables in the ranking order there will always be some
that are exactly zero in the point considered. As a matter of fact when the ranking
order has been determined by a round of the Double Gradient method at least the two
first variables in the ranking order will be exactly zero. We must, therefore, be pre-
pared to handle the case where some of the variables 7,s...¢ are exactly zero
and some are effectively positive. None of them can be effectively negative since we
are in a point belonging to the admissible region.

Let x;, with k = 1, 2 ... n denote the basis variables and z; with j = 1,2 ...
n, n+1, n42 ... n4+m denote all the variables.

Determine the inward basis components

b by by,
b, = —rk . sk e 4+ 2t =1,2.., .
& Br—,*_ B, + ..+ B, (k=1 n) (VIIL.1)
where
Bj= /b2 +02,+ ... +b}, (j=r,5...1) ... (VIIL2)

the b, being the coefficients by which all the variables are expressed in terms of the
basis variables. Compare (3.6).

By means of the inward basis components determine the inward dependent
components

jkbk . (j =178... t). e (VIII.3)

The definitions (VIIL.2) and (VIIL.3) are valid for any j = 1, 2... (n4-m), but at this
stage it is only necessary to perform the computations for j =r,s ... ¢.

It should be checked that all those of the components b,, b, ... b, that corres-
pond to variables that are exactly zero in the boundary point considered, have the
same sign, either all of them positive or all of them negative.

Let ¢,,, be determined by

Min b; P, <0 if those of the .components b,, by ... b, that cor-
i =D J respond to variables that are exactly zero in
the boundary point, are positive
Popt = .. (VIIL4)
—Min b P <0 if those of the components b,, b, ... b, that cor-
p o 7 respond to variables that are exactly zero in the
boundary point, are negative
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In the minimum forms, Min in (VIII.4) the affix j only runs through the values
p .

corresponding to the variables that are zero in the boundary point from which we start.

When ¢,,, is determined by (VIIL.4), we reduce it by a conventional fraction,
say 10 per cent so as to get an effective value

Pegr = 0.9 Py oo (VIILS5)
With this effective value we determine the basic direction numbers

dp = b+ Doy D (k=1,2,..n). ... (VIIL.®)
By means of these we determine the dependent direction numbers.

n

d; = ] b (j =n+1,n42 ... (n4m)).

k=

This gives a total set of direction numbers di(j =1,2..(n+m)). ... (VIIL7)

If all those of the b,, b, ... b, that correspond to variables which are zero
in the boundary point from which we start, had the same sign, then all the corres-

ponding direction numbers d; will also have the same sign, namely, the sign of the
corresponding b;.

Next determine the parameter

. . if we have the wupper
M % PP
;n —d; ¢ <0 alternative in (VIIL.4)
Loy= .. (VIILS8)
—Min % d. > 0 if we have the lower
i 8 d; \[ 5= alternative in (VIIL.4)

In the minimum forms of (VIIL.8) j runs through all the values j=1,2...
(n-+m), for which d;, has the sign indicated.

When L, is determined by (VIIL.8), we reduce it by a conventional fraction,
say 50 per cent, so as to get an effective value

Ly = 0.5 L,y ... (VIIL9)
With this effective value we determine the new point
o= 4Ly d, (j=1,2... (n+tm)). ... (VIIL10)
These computations are checked by

n+m m

, nE utm
= x,-==_21 Zi+Ly Z d; ... (VIIL1l)

i=1 i= =1
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The point z, determined by (VIII.10) will be a point in the interior of the ad-
missible region.

The increase in the preference function from the boundary point to the interior
point will be

J'=f =2 pay—a;) = Ly (Z Piby + Pop Z sz) ... (VIIL12)
k=1 k=1 : k=1

This formula may be used independently or as an extra check (which will
however, involve only the affixes k = 1, 2...n).

The interior point thus obtained may be taken as a starting point for ‘another
of the Double Gradient method.

IX. The elimination method

The elimination method may be used e_ither'for a one way solution or for an
inversion. As stated previously the method is advantageous if the matrix contains
many zeros, and it is particularly advantageous if only a one way solution is needed.
Here some suggestions will be made for how to handle the eliminations.

In (16.9) is given an example where the method is used for an inversion. In
a one way solution the lower part of the table contains only onerow, (apart from the rows
¢/, and forward check) but this one row may contain numbers all through. An example
is given in (IX.1). The upper part of this table is identical with (16.9).

Before one starts the regular elimination work, it will be well to investigate
whether there are some simple partitions that can be made, that is to say, whether
there are some sub-systems that can be separated. A sub-system . is .a system
consisting of a certain number of the equations which are such that these equations
only contain a set of variables equal in number to the number of equations in the
sub-system, and further such that these variables are uniquely detérmined by the
sub-system. In general it will only pay to look for the simplest forms of partitions.
When looking for partitions one should scrutinize the data column by column (when the
data are organized as in (16.9) and (IX.1)).

First of all one should locate the colnmns—if any—that contains only one item
(apart from the constant term and the check terms),i.e., equations which contain

only one variable each. Each such equation can be solved separately for the variable
in question.

Second, one may try to locate a pair of two columns which are such as'to con-
tain only two variables and the same two variables in both columns. Suppose, for
instance, that the two equations » and s contain only the variables, A and B, besides
constant terms. The sub-system then is as indicated in table (IX.2).
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TABLE (IX.2). SUB-SYSTEM OF TWO EQUATIONS

equations
r s
variables A ard as4
B arB asp
constant
term (trans- aro as0

ferred to same
member as the

variables)

If the determinant is non vanishing, the solution of this sub-system can be
written in the following explicit form :

Ty = D(a’saarB'fa'roa’sB ) .. (IX.2)

Ly = D(aroasA—asaa’TA )

where

D o r .. (IX.3)

Qpg Agp — Oy A p

This form is applicable for machine computations directly as it stands.

When all separate systems of one or two variables each havebeen partitioned
and solved separately, each of the remaining equations is rearranged sothatthe values
of the variables which are now already known are included in the constant term of this
equation (after multiplication by the coefficients with which these known variables

occur in the equation in question). This being done, the regular elimination work
starts on the remaining reduced system.

Even the case where a partitioning can be done to start with, there is no
necessity to perform it. In the tables (16.9) and (IX.1), for example, the variables
3 and 4 could have been found by partitioning to start with, but it was not done in this
small example. When the number of variables is great and there are many variables
that can be determined by a partitioning to start with, it should be done for economy
of computation.

When the elimination work starts, one considers the data row by row (when
the data are organized as in (16.9) or (IX.1)). In the example (IX.1) we start from the
top and note that the structure of the equations happens to be such that on the row
k = 12 there are only two items. These items occur in columns 19 and 22. This
means that all the équations are free from the variable no. 12, except the equations
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19 and 22. Therefore, if we combine the equations 19 and 22 in such a way as to eli-
minate the variable no. 12, we will obtain an equation which together with the (n—2)
remaining unused equations 13, 14, 15, 17, 18, 21 (n = 8 in the example) form a
system of (n—1) equations not containing the variable no. 12.

To eliminate no. 12 from the twoequations 19 and 22, wemultiply the former
by --13.6 and the latter by 8.0 and add, (the former of these two numbers being
the negative of the coefficient of no. 12 in equation 22 and the latter the coefficient
of no. 12 in equation 19). This operation is carried through on the two columns
19 and 22 clear down to the bottom, including the row @,. The figures obtained are
recorded in the new column 23 (which is also marked 19.22 to indicate that it has been
obtained by combining the columns 19 and 22). As a check on the computations re-
corded in the new column 23 we only have to verify that the sum of the elements in
the column is zero. 'This golumn 23 together with the (n—2) columns 13, 14, 15,16
18, 21 form a set of (2 —1) columns not containing the variable no. 12.

Looking at these (r—1) equations we see that not only are they free from the
variable no. 12, but the structure of the system happens to be such that all these
(n—1) equations are also free from the variable no. 11 except the two equations 18
and 21. Therefore, we combined the equations 18 and 21 in such a way as to eliminate
the variable no. 11, that is to say we multiply equation 18 by -13.6 and equation
21 by 17.0 and add. The result is recorded in column 24. Again a check on the
computation is obtained by verifying that the sum of the figures in the new column
is zero. This new equation 24 together with equation 23 and the (»n—4) remaining

unused primary equations 13, 14, 15, 17 form a set of (n—2) equations containing
neither the variable no. 12 nor the variable no. 11.

Looking at these (n—2) equations 24, 23, 13, 14, 15, 17, we see that not only
are they free from the variables no. 12 and 11, but the structure of these equations
happen to be such that they are alsofree from the variable no. 9, except the equations
15 and 23. So we combine the equations 15 and 23 in such a way as to eliminate the
variable I. The result is recorded in column 25 and checked by the zero sum in this
column. This equation, together with the remaining (n—4) equations 24, 13, 14,

17 form a set of (n—3) equations, namely 25, 24, 13, 14, 17 that do not contain
either of the three variables 12, 11, 9.

In this way we continue. Inthe example the structure of the system happened
to be so simple that as we proceed to eliminate one variable at a time we always found
that it was sufficient to handle onre pair of equations to get rid of one more variable.
In other words in the right part of the table —where the derived equations are recorded
—there is only one column for each of the successing levels of height.

Sometimes we may need to handle two or perhaps a small number of pairs
in order to get completely rid of one more variable. 1In other words in the right part
of the table—where the derived equations are recorded—there will be one or more
levels of height for which there is more than one column. In the extreme case where
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the original system of equations contains no simplification at all, there would be
(n——yl) columns of height (n——l),' (n—2) columns of height (r—2) and so on. In this
extreme case the elimination method would not be an advantageous method to use.
Then some other method must be relied upon, for instance, the Gaussian algorithm.
But if we can get along with one or a small number of new columns for each variable
that is eliminated, the method expounded above is decidedly superior so far as
machine time is concerned.

The above only concerns the forward solution. The back solution will consist
in solving a triangular system and this is done in the standard way which is common
to all methods that lead to a triangular system. It is performed by successive insertions:
First one variable is found from an equation that only contains this variable. Then
this value is inserted in an equation that contains this variable and one other variable
and so -on.

The final check is performed by insertion in the original equations.
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SOME APPLICATIONS: THE EXPERIMENTAL
PLAN-FRAME NO. 1

1. THE INTERFLOW MATRIX.

The set up is based on a 26 x 26 interflow matrix. The first 22 sectors of the
matrix represent the productive enterprises. The remaining 4 rows and columns
used in the present set up—also termed sectors—are organized so as to conform as
much as possible to the principles underlying the interflow matrix produced by the
University Institute of Economics, Oslo.

For all sectors, also the four additional ones, the following two principles have
been applied strictly :

1) The sum in any row shall be equal to the sum in the corresponding column
when the figures are expressed as Rupee values.

2) The diagonal elements shall be zero, i.e., only the net input-output of
each sector is considered.

The four additional sectors are defined as follows :

sector designation of the row designation of the corresponding column
no.
23 primary factor input households current outlays
(wages, salaries, distributed ownership (consumption of goods and services, domes-
income), the total of this is by definition tic or imported, gross savings, disreg.arding
the income of the households’ depreciation, and tax payments)
24 taxes government current outlays

"{use of goods and services on current account,
domestic or imported, and gross savings,
disregarding depreciation)

25 gross savings gross investment, privafe and government
{(of enterprises, households and govern- (gross investment in fixed capital whether
ment) from domestic sources or imported, plus net

investment in inventories, plus the balancing
item export surplus)

26 import export
(including—under column 25—ithe balangc-
ing item export surplus)

From the matrix of Rupee values are determined the interflow coefficients
by dividing each element by the corresponding column sum (which is equal to the row
sum). In the matrix of coefficients thus obtained each column adds up to unity, but
the sum on any column is not necessarily equal to the sum in the correspondingfrow.
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The complete 26 X 26 table of coefficients is given in table (1)*. The data per-
tain to the period 1950-51.

2. THE CASE OF CONSTANT COEFFICIENTS EXAMINED.

The most important feature which characterizes the structure of the model
is the set of assumptions describing which one of these coefficients we take as constanis.

To assume all of them constant would mean that the table of Rupee values
would have only one degree of freedom. All the figures in this matrix can then be
multiplied by an arbitrary common factor, but otherwise the whole content of the

table of Rupee values will be fixed. This is the case which is some times called the
case of a closed model.

Indeed, let the Rupee value element in row 7 and column j be denoted by X,

i=1
to the ¢th. column sum—and let the input-output coefficients 4;; be defined by

the number of sectors », the ith. row sum X,= £ X,;; —which by definition is equal

le = A’lj X]. e (1)

)

We then have X, =3 A,X,, ie
i=1

1ifi=35 - e (2)
n
% (g5 —A;)X, =0  wheree; = 0 otherwise
js=

In other words the values X;, X, ... X, would have to satisfy a system of homogenous
linear equations. The matrix of this system is singular because all the row sums are
zero. ‘We have indeed E’: (6; — 4 ) = 1— _%IX_U = 0. Therefore, values of X,
ie i= ;

X, ... X, not all zero, exist such that the system is ]satisﬁed. If the matrix (e;—4,,)
is not of lower rank than n—1, these values X, X, ... X, are determined apart from
a common multiplier, because by the theory of linear equations all these values must
be proportional to any row in the adjoint of the matrix (e;—4;). If the matrix is
singular, all the rows of the adjoint are proportional to each other. If the matrix
A;; has the properties of an input-output matrix it can even be proved that there
exists a set of non-negative values X;, X, ... X, that satisfy the equations (2).

The concept of a closed model —as defined by (2)—will not be applied in
the present case; it would mean petrifying the whole structure of the system. We

just want to investigate what possibilities there exist of making some changes in the
system,

* This table which appears at the end of the paper together with the estimates of investment

coefficients and the formulations for the upper and lower bounds are due to T.P. Chowdhury and his
associates.
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3. THE WORKING HYPOTHESES.

For simplicity in working out the first experimental computations on a plan-
frame we shall here assume that a fairly large part of the system is constant. We
shall assume that all the interflow coefficients are constant except those in the in-
vestment column. This means that we can take the Rupee-figures in column 25 as
free variables and consider all the other elements as functions of the 25 gross invest-
ment figures that occur in column 25. In the column 25 there are, of course not 26
but only 25 figures because by definition the diagonal element is zero.

Assuming the coefficients in all the 25 columns to be constant involves not only
constant relations in the flow from any production sector to any other, but it also
involves a constant percentage input of primary factors—labour, services of salaried
personnel and ownership work (all reckoned on a value basis); further a constant
percentage of imports and also of taxes, and it involves that consumption (and savings,
in the households changes proportionally to income, that is in such a way that the
percentage expenditure pattern remainsthe same; finally, it involves that a similar per-
centage expenditure pattern holds for government expenditure and also for exports.
Several of these assumptions are of course very unrealistic, and in a realistic approach
to the computation of a plan-frame the change in some of these.patterns—optimal
changes in them-—are exactly what we are after. When these assumptions are made
bere, it is only in order to approach the complexities by steps, considering in this
first experimental computations the isolated effect of an imwvestment policy, and an
optimal determination of this policy.

‘The fact that all the elements in the complete 26 x 26 Rupee values table are
determined when the 25 gross investment figures are given, is seen as follows.

We use a single dot(.) to designate a summation over the 25 sectors 1,2..., 26
except no. 25 and a double dot(:) to designate a summation over the 26 sectors 1, 2...,
26 without exception. The inverted parenthesis is used to denote ‘“‘exclusion of”.

By definition we have

X, = X, 4+ X0 where X, = £ X, (i =1,2,..., 26). G)
j)ZS(

This equation holds even for ¢ = 25 (in which case the last term will be X,;,; = 0),
but we now only use it for ¢ =1, 2, ... )25(,26.

Inserting from (1) into the last equation in (3) we gét

X, =3 A,X;, and hence we have the linear system in 25 variables

Des
Xl: X27 "')X25(7X26

Tley— AX; =X, 55 1=1,2,...)25,26 e (4)
Drzst
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The 25 rowed (not 26 rowed) matrix (e; —A;;) is in general not singular.
Therefore, the system (4) has a well determined solution in the 25 magnitudes X;, X,...
)X,5(Xo. When these 25 magnitudes are determined as functions of Xy o500 )X 0505
all the n(n—1) elements in the corresponding 25 columns nos. 1, 2 ...)25(26
are determined by (1). This even applies to the elements inthese columns which are
listed in the row 25. Indeed, if we assume that all the 25 coefficients A4,;, 4,; ...
)45 ; (Asg ; in the row mo. j are constant, the coefficient A4,;, must also be constant
because it is equal to 1—[4,; 44, +"~)425,7 (+As]. The elements in the column
25 are, of course, given by the free variables themselves. Thus, the complete 26 x 26
table of the Rupee values are determined as homogenous linear functions of the 25

free variables X, 55, Xo,05...)X 05, 25(Xogs 25-

The coefficients of the linear forms that express X, X, ...)X (X, in terms
of the free variables are determined by inverting the 25X 25 matrix written in the
left member of (4).1

The result of the inversion of the 25X 25 matrix to the left in (4), that is, the
matrix obtained by leaving out row 25 and column 25 from the 26 X 26 matrix given
in left (1), is given in table (2)appended at the end of the paper.

4. THE INVESTMENT MATRIX.

From the economic-political viewpoint it is not the investment subdivided
by delivering sectors, i.e., the elements of column 25 in the interflow table of Rupee
values, that are the pertinent figures, but it is the investment- subdivided by
receiving sectors, i.e., by the sectors into which investment is made, that we mustfocus
attention on. In order to exhibit the connections that exist between investment
by delivering sectors and investment by receiving'seetors we must consider another
matrix: the tnvestment matriz which in so far as formal appearance is concerned,
resembles the interflow matrix given in table (1).

The delivering sectors in the investment matrix are exactly the same as those
in table (1), except for no. 25, which is absent in the investment matrix. The receiv-
ing sectors are also the same as in table (1) except for the absence of no. 25. In
other words the investment matrix has the same rows and columns as the matrix in
the left member of (4). Or we may segregate export surplus as in table (3).2

Let J;; denote the elements of the investment matrix—when it is worked out
in Rupee values—which indicate the amount delivered from sector ¢ to be used as
investment in sector j , where ¢ and j may be any of the numbers 1, 2,...)25(,26. Or
in table (3),¢=1,2,...)25(,26; j = 1,2 ... 24,

1 The work of inverting this matrix in the present case was done by Messrs. D. Bose, A. Roy,
A. Halder, M. Bhattacharya and associates of the Machine Section, using two IBM 602 calculating punches,
together with tabulators, etc.

2 See section 5.
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We have to consider in some detail the logical implications of the investment
matrix, and in so doing we shall provisionally take the elements of column 25 in the
current account interflow table, i.e., the investment items classified according to
delivering sectors as representing the degrees of freedom of our model. Subsequently,
the transformation to the investment items classified according to receiving sectors
will be made.

When the investment matrix is conceived of as containing the rows and
columns 1, 2,...)25(,26 (the sectors being the same as in the current account
interflow table), it will include not only investmentin domestic sectors, butalso invest-
ment in the rest of the world, this last item being conceived of as export surplus (in-
cluded in the item in cell 26 of column 25 in the current account table).

There is a perfect formal consistency in this. Indeed, when the items in
the production sector cells of column 25 in the current account table are designated
as gross investment, it is only to indicate that they express figures in which no deduc-
tion has been made for depreciation. It does not mean that these items express a
total output from the sector in question before deduction of the input into the sector.
On the contrary, in the case now considered where the coefficients of the 25 columns
1,2,...,) 25 (,26 are considered as constants and therefore, the flows within the system
of these 25 sectors are considered an infernal matter deseribed by the solution of
the 2525 system (4), the items in the twénty-two first cells (the produection sectdrs)
of the column 25 of the current account table express the met deliveries that go
outside the current account interflow system definied by (4). This applies to ahy
of the 25 sectors that belong to this system, and consequently, it also applies to the
sector 26, i.e., the ‘rest of the world’ (which is now through our assumption of the
constancy of the coefficients in column 26 and the inclusion of this column in the
system of equations (4), included in the interflow system itself). That is to say it
is the export surplus that should logically appear in the cell 26 of the columh >2‘5.
As an additional element in this cell is entered the import of invgstmenﬁ goods (é_x—
clusive of import duties on investment goods which are entered in investment
column as taxes).

This viewpoint is also in keeping with the idea that we now consider the
Rupee value elements of column no. 25——designated gross investment—in the current
account table as the free variables. This applies also to sector no. 26 (the rest
of the world). This means that in the present set up the export surplus (added to the.
tmport of investment goods) ts one of the free variables that is to be disposed of with a
view to achieving whatever goals we may want to formulate. The other variables to
be used for this purpose are the other elements in the investment column of ‘thé
current account table, namely the investment parts of the output of the 22 produc-
tion sectors as well as no. 23: The primary factors input to be used directly for
investment purposes, (for instance, labour used to install machines which are them-
selves delivered from some production sector) and no. 24, the faxes on investment,
(for instance, import duties, on investment goods).
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This way of handling the export surplus as in investment in the rest of the
world does not only give a scheme that is satisfactory from the view point of principles
but it has also a plausible practical justification. Indeed from the view point of an
individual production sector, it will in many cases not matter very much whether
its goods are sold for investment purposes at home or they are exported, provided
only that they are sold.

-

5. THE MATRIX MULTIPLIER

The home investment matrix is given below :

TABLE 3. HOME INVESTMENT MATRIX IN RUPEE VALUES J

investment
production sectors into which investment —m8 —M total
is made in in home invest-
" house- govt. ment from
holds admn. delivering
sectors
h=1 2 2] 22 23 24
k=1 J1s J1s2 . J 1521 J1s22 J 1523 J1s2¢ Ji. =Xy,05
2 Jan Jas2 .. J 2401 Joszs  Ja03 Ja,0 Ja. =X 405
production
sectors deliver-
ing investment — -— — —_ — — — —
goods
21 Ja1n Jats2 .- Jatser Jatese Javes Jeras Jae=Xaies
22 Jaen Jasse .- J20s01  Jas02 Joses Jases T2 =Xaoes
use of primary
factors for invest-
ment purpose 23 J 23,1 J 25,2 .. Jo3s01 Joagezz  Jotes Jazes Joa.=Xoa0s
taxes on investment
or investment
goods 24 Jagst NEYR: .- Jasso1 Jossra  Jogss Jages T2 =Xogs
imports for invest-
ment purposes 26 J 2651 J2652 . Jasor  Jasize 262z Jeer21 Jas.=Xg605—F
total investment
at home by - J.1 o J.2 J.21  J.22 J.23 J.24

receiving sectors

E =export surplus, Jg, = Zh Jen (h=1,2, ..., 24), J.p = Z Jgp, (K =1, 2, . ..,24)25(;‘26)
k

Each row sum in table (3) involves 24 items and each column sum involves. 25 items.
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If the elements of each column in table (3) is divided through by the column
sum, we get a table of investment coefficients B,, defined by

Ju = Byd s (&= 1,2,...,24)25(26) . (B)
(h = 1,2,...,24).

Rough numerical estimates of the coefficients defined by (5) are given in
table (4) which ig attached at the end of the paper.

Inserting the expressions (5) in the definition of J;. given at the right side
of the table (3), we get

J,. = By 4 (k=1,2,..,) 25(26) e (6)
\h = 1,2,...,24).

By this formula the investment items classified by delivering sectors are expressed
in terms of the investment items classified by receiving sectors,

The solution X,, Xy, ... X59)Xp5(Xs6 of (4)
can be written in the form

X, = Sle—Au) X0 (G = 1,2,...)25(26) e (7)
(k = 1,2,...)25(26

where (¢;—A4,)~1 is the inverse matrix whose elements are given numerically in
table (2).

For instance, if such a change in the economy occurs as will increase the.
use of investment goods from the sector no. 4 Metal and engineering by an amount
X405 and the use of investment goods from the sector no. 21 Construction by an
amount X, .-—while the use of investment goods from other sectors are not changed,
the increase in total imports (denoted as sector no. 26) which this will entail (provided
the coefficients in all the columns of the 26 X 26 interflow matrix given in table (1)
remain constant except those in column 25), is estimated at

‘X26 == 0.3517X4,25+0.3239X21,25 oo (8)

the coefficient 0.3517 is recorded in the cell (26,4) and 0.3239 in the cell (26,21) of
the inverse given in table (2). The increase (8) in imports includes not only the
direct import needs of the sectors immediately involved namely nos. 4 and 21, but
also all import needs created indirectly by the fact that many of the other sectors
in the economy will have to increase their production for current account use when
sectors 4 and 21 are to increase their total production.

Inserting into (7) the expressions for the X 05 in terms of the Jy, as given by
the last column of table (3) we get

X; =2 (e—Au) Wy +(epe—Ai26) B (v = 1,2,...)25(26) e (9)
where F is the export surplus (positive, negative or zero).

51



PLANNING FOR INDIA

Finally, inserting into (9) the expression for J,. taken from (6), we get

X, = IM,d 3+M 50 (i = 1,2,...)25(26) .. (10)
ho=1,2,..,24
where :
My, = B(ey—Ay) By, (¢ =1, 2,...)25(26)
(h=1,2,..,24) . (11)
k=1, 2,...)25(26)
M o = (€1506— A pr) 2 (i = 1,2,...)25(26). . (12)

The coefficients M, are multipliers that indicate what change can be expected
in the total levels of activity in the various sectors, as a consequence of a given invest-
ment into any individual investment-receiving sector or as a consequence of any
given total pattern of investment defined by the way in which the investments are
distributed over the investment.receiving sectors. The values of these multipliers
are basic data for any reasoned investment policy.

If the investments into investment-receiving sectors J, are given arbitrary
values, the corresponding investment deliveries from delivering sectors Jy. can be
computed unambigously by (6), but the inverse will in general not be true. Not
only will by (6) the magnitudes J,. in general be linearly dependent amongst them-
selves, but even if they are attributed values compatible with these linear dependen-
cies, it may not be possible to determine the corresponding magnitudes J;. uniquely
because of the special structure which the matrix B,, may have. In general it will
‘therefore, be more satisfactory to formulate any given problem in terms of the J.,
than in terms of the J;. This means, amongst others, that it will in general be more
satisfactory to use the equations.(10) than the equations (7). The only weak point
in (10) as compared to (7) is that (10) depends on more date and data that may be
‘even more difficult to obtain than those involved in the current account interflow
matrix of table (1). This is only an expression for the obvious fact that the more
and better information we have, the more satisfactory will be the analytical machinery.
Since the first purpose of the present study is to éxemplify a rational type of analysis,
we will build on (10) rather than on (7).

" In the linear programming approach discussed below, the non-negativity
‘of all the Jy is assumed through the non-negativity of all the J , because all the
coefficients By, in (6) are non-negative. This is another reason why it is an advantage
to use the J ;. '

The fact that the expression to the right in (10) is a homogeneous one, i.e.,
not involving any term independent of the J., and #, shows that according to the
‘present set up no activity on current account is possible without some home invest-
ment or export surplus being present. This is a realistic aspect of the scheme. It
exhibits a basic feature in a capitalistic. economy where consumption has to be dis-
posed of through a consumeér demand mechanism which operates by means of pur-
chasing power distributed as remuneration to primary factors of production.
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6. THE ADMISSIBLE REGION : UPPER AND LOWER BOUNDS

The equations (7) or (10) express what would emerge as solution for the levels
of activity in the various sectors if the capital capacities, the labour force and the
import itéms were available in sufficient magnitudes to make these levels of activity
possible. These various items are in the present set up determined through (1) as
uni-valued functions of the levels of activity. For a realistic approach we must
take account of the fact that the capital capacitiés in the various sectors may be
limited so that the levels of activities have certain upper bounds. Therefore, the
solution (7) or (10) may be entirely unrealistic if arbitrary values are inserted for the
variables in the right members. Similarly immobility of the labour force and the
ensuing limit to the particular kind of labour available for use in a given sector, may
create an upper bound to the total output from that sector. Also the restrictions
on the imports to a given sector, introduced by. considerations of a limited supply
of foreign exchange, may put an upper bound to the product of a given sector. And
there may be other bounds introduced for technical, financial or political reasons.
The introduction of such linear bounds to be considered simultaneously with the
structural linear equations—for instance, equations of the form (10)—is an essentially
new element in the analysis. It is the first step towards linear programming.

Some of the bounds introduced may be redundant. For instance, the exist-
ing capital capacity in sector ¢ may be such that the level of activity X, is subject to
the upper bound X, and considerations on the immobility of labour may lead to the

upper bound 2=(i for this output, the latter is redundant if )Z.)Xi, and the former
redundant if X, < X,.

In the present study of the current year programming problem, the upper
bounds indicated in table (5) were introduced by taking account of the existing
‘capital capacities in the various sectors, and the upper bounds indicated in table
(6) were introduced by taking account of the immobility of labour.

Finally, a condition was introduced to the effect that the consumption in
the current planning year, should not fall below the total 1950-51 level of consump-
tion. Similar bounds were specified for each of the three consumption groups :
1) agriculture plus animal husbandry, 2) textile consumption (from large-scale and
small-scale production together), 3) services of house property. These bounds
are specified in table (7).

Now for the way in which the structural variables and the bounds are to be
expressed in terms of basis variables. In our set up government consumption on
current account is not related in any explicit way to the productive activity, as are the
‘other sectors (through the introduction of input coefficients of a more or less technical
nature). It will, therefore, be natural to leave the variable X,, out of the optimality
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consideration of the present set up. We shall simply consider X,, as a constant
set at the 1950-51 value. That is we put '

XZG =Xg‘ ae (13)
where the superscript o denotes 1950-51.

In doing this we have taken out one degree of freedom from our system.
We choose to express this fact by not considering  as a basis variable but as a depen-
dent variable. E will be expressed in terms of the remaining 24 basis variables
Jpy Jegs ooer J gy by writing out the equation (10) for ¢=24, which, in conjunction
with (13), gives, ‘

X(‘)..’L - 2'2”24,]) J.h o (14)
A

E = =12 .. 24 )
M gy,

This expression for £ will then have to be introduced into all the expressions for
the dependent variables X,, X,, ..., Xo5)Xs, Xo5(Xps which gives

Xy= M+ = MpJ, (=12..23)242526) .. (15)
-], 2. .28 . )
where
Xo. .
M, = -S2a M, (i = 1,2,...,23)24,25(26) . (18)
. Moy 06 ’

M= o, — Mawn gy (i=12,...,23)24,25(26)

26 7 __ (17)
o V% h=1,2,..,24

We need not consider (14) separately as part of our system because we do
not impose any condition of non-negativity on E.

The equations (15) form the fundamental part of the total system. We
now have to add to (15) a set of new equations expressing the bounds listed in table

(5), (6) and (7).

In order to do so we must express also the consumption items C,, C,, ...,
Cyy, where C; = X,,,5, in terms of the same 24 basis variables which are used in
(15). This is done simply by noting that we have

C‘i-= Ai’23X23 (1; == 1, 2, ceey 22). ore (18)
Inserting into (18) the expression for X, taken from (15), we get
Oz = (Ai’23M,23,0)+ ZAi,23M’23,hJ'h (": = ls 2’ sy 22) (19)
he=1,2,...24

This is the expression for all the consumption items in terms of the 24 basis variables
now considered, viz., J 5, J o, ..., J .0
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Each of the bounds considered can be expressed by introducing a slack vari-
able equal to the linear function whose non-negativity expresses the bound in ques-

tion. For instance, the upper bound X——i > X, may be expressed by introducing the
slack variable

=

Y, = X,~X, . (20)
and requiring that Y, shdll be non-negative.

In this way all the bounds considered in table (5), (6), (7) may be reduced

to a standard form consisting in requiring the non-negativity of all the variables
considered, structural as well as slack.

In order not to give rise to confusion the slack variables have been designated
by numbers above 70.

It should be remembered that the inclusion of bounds does not change the
number of degrees of freedom. Indeed each definition of such slack variable brings
in one more variable (namely this slack variable) and one more equation (namely
the equation. expressing this slack variable in terms of the selected basis variables).

The fact that we have assumed total government outlay (including the
balancing item government gross savings) fixed at the level X9, as expressed in (13),
which is the same as to assume that total government infake (including the taxes
on investment or investment goods) is fixed at the level X3, together with the fact
that we have assumed (6) to hold with non-negative coefficient By, (and non-nega-
tive J ;) also for k = 24, which means that Xy4,5(=J5,) must be non-negative,- put
a strong limitation on the total levels of activity in the economy. Indeed, consider-

ing the items in row 24 in the current account table we see that when (13) is fulfilled
we have

A24’1 X1+A24'2X2+"'+A24’22X22+A24523X23+X24:25+A2L'26X26=Xg4' e (21)

In this equation all the terms in the left number are expresséd by means of non-
negative current account coefficients A4,,,,, except the term X,,,; for which no
current account coefficient is assumed as a constant. By the above reasoning about
the investment coefficients B, for k=24, the term X,,,,; becomes, however, non-
negative. Therefore, a general and simultaneous increase in the levels X, X,,...,X,,
can only occur if either X,; = total consumer outlay (including consumers’ gross
savings) or total exports X,s become very small.

It would have no realistic economic meaning to consider a negative value of
total exports. If the current consumption coefficients had not been assumed as
non-negative constants, we might have admitted a negative X,;. It would have
meant a great negative gross savings in the households or great negative taxes on
the households. The assumption about the constancy of total government intake
in taxes, ete., could then have been maintained even under a great general expansion
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of - the activity levels in the production sectors. Government could, through the
negative taxes on household have left the n‘ecessary spending to the consumer instead
of doing part of it itself. The equation in (15) that expresses the non-negativity
of Xy, i.e., the equation (15) for ¢ - 23, would then be left out as an element in the
determination of the admissible region in J.,, J ., ..., J.g9" Such an approach is, how-
ever, realistically impossible when the current account consumption coefficients
Ay (B=1,2,..,22) are assumed given as non-negative constants, because a
negative X,; would then mean many negative consumptien levels. The approach
through (13) -and (15)-(17) with given non-negative current account coefficients
Agyp(h = 1,2, ..., 24)25(26) and given non-negative investment coefficients By,
(h =1, 2, ..., 24), only serves to show how far it is possible-to go when government
outlay does not follow suit with other developments in the economy. = This problem
in itself is interesting, although, of course, it does not cover all aspects of the
planning.

Modifications in the set of assumptions which may be made to analyse the
probable results of other types of action, if all the current account coefficient except
those in column 25 of table (1) are still assumed constant—can be exemplified as
follows.

One modification may be to drop (13) and consequently consider the system
(10)—(12) with 25 degrees of freedom instead of the system (15)—(17) with 24
degrees of freedom.

Another modification may be to drop the 24 equations (5) for k = 24, which
implies dropping the equation (6) for k = 24, so that X,,,,; in (21) may become posi-
tive negative or zero. All the 24 variables Jyy,1, Joss9 .., Jospee in the Tow 24 in
table (3) could not be used as additional basis variables to express the additional
degree of freedom that comes- in through the dropping of the 24 equations (5) for
k = 24. This approach is interesting because it will throw light on what can be
achieved through changing taxes on investment, possibly using negative taxes on
investment.

All the above considerations pertain to the definition of an admissible region.
The non-negativity of the basis variables J.;, J.,, ..., J.yy in (15) or (10) (but not
necessarily a non-negativity condition on  if it is retained as a basis variable) and
the non-negativity of the dependent variables X in (15) together with the non-nega-
tivity of certain slack variables will together define the admissible region.

7. THE PREFERENCE FUNCTION IN THE COMING YEAR PROBLEM

Now for the definition of the preference function. At this point we must
state explicitly that we now consider the coming year planhing-problem as dis-
tinguished from the problem of the asymptotic pattern (the future pattern) of the
economy. This latter problem. is considered in detail below. Here it suffices to
indicate that as a result of an optimality analysis of the asymptotic pattern we will
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have reached the conclusion that there are certain capital capacities K (k =1, 2,

.., 22) in the various production sectors which would be the ideal ones at the end
of the coming year or period, i.e., the year or period for which plans are now being
made. 1 stress the expression “would be” because the capacity K, do not express
an actual target set for the coming year but only something that would fit in with
a balanced expansion in line with the population ’growth and with exactly full em-
ployment for men as well as for machines as explained below.

In principle the coming period may be something different from a year,
perhaps half a year or perhaps a little more than a year, but in practice a year might
be a fair compromise. The period in this connection should be S0 short that the
target contained in the plan for this period can be considered as something definite
on which action is to be taken more or less immediately after the beginning of the
period, without awaiting new information or analysis. This means that the “coming
period’” cannot be something as long as, say, five years. Realistic planning in the
changing world of today must be a continuous process. It must be influenced by
the newest and best information that is available at any time. A plan cannot be
petrified for, say, five years in advance. The future possibilities are taken account
of in the asymptotic pattern, while the immediate action is decided on by means of
the “‘coming year” plan.

The asymptotic capital capacities K, (k =1, 2, ... 22) are defined as real-
capital, in the sense of fixed real capital as well as whatever inventories may be deemed
necessary for a smooth running of the. production.

We only consider the capital capacities K, for the 22 production sectors.
This means that we do not consider any capital capacity bound for sector 23 (the
import of primary factors), or sector 24 (the levy of taxes), or- sector 24 (gross
savings), or sector (26 exports.) We may have to consider bounds for any of these
items but these bounds will not be in the nature of a capital capacity that can be
increased by investment.

Let KQ(k = 1, 2, ..., 22) be the capital capacities that actually exist in the
beginning of the year for which planning is made. Consequently,

KL' = K%+JL_DL (k = 1‘3 2, tees 22) e (22)
is the capital capacity that will actually exist in sector k at the énd of the coming
year, where J, and D, and respectively the gross investment and the depreciation
in sector k in the coming year.

In general K; will be different from the asymptotic value K, because it will

be impossible in the course of one single year to pass from the actual situation to
one that is compatible with the asymptotic pattern.

The discrepancy between the two patterns K,, K,, ... K, and K, Ky, ..., K,

can be measured in different ways, for instance, by the square deviation

E (E—K) = % [E~K)—(J,—DyP

£=1,2,...,22 k=1,2,...,22

..... 6233
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In order to be able to work with linear expressions we approximate (23) by

S [(B—KR)P—2K—K)(J—Dy)]... e (24)

5=1,2,...,22

which can also be written

by (K,—Kg)2—2 X (E,—KR)(J—Dy). ... (25)
E=1,2,+44,22 F=1,2,¢..,22

This approximation is all the better the further the initial situation is from
being equal to the asymptotic pattern.

We are interested in minimiziﬁg the difference (23) when the K, and K3 are
given and the (J,—D,) are variables. This is the same as to maximize

S (BE—KY)(J—Dy). . (26)

k=1,2,...,22

There are, however, also other goals to be considered. The rate at which
unemployment is reduced in the coming year and the amount by which the country
draws on its foreign exchange reserves. V

In approaching this problem we begin by considering provisionally the
following three variables :

u =millions of new jobs created annually. For instance, if the optimal
solution gave u = 2.5, this would be considered satisfactory because
1.8 million jobs annually would be needed to cover the population growth,
so that one would absorb 0.7 millions annually of the unemployed.

(27)

v ==annual rate of investment, that is the annual increase in India’s real
-capital, expressed as a percentage of the national income (or of the net
national product) regardless of whether the investment is achieved through
foreign loans or not. For instance, if the optimal solution gave v.= 10
per cent, this would be considered quite satisfactory. ... (28)

w =net annual increase in India’s net foreign assets (liquid or non-liquid),
expressed as a percentage of the national income (or of the net domestic
or national product). This is identically. equal to the foreign balance
net export surplus) of goods and services defined in an exhausitive way
including not only the trade balance in the classical sense, this balance

expressed as a percentage of national income (or of net domestic or
national product). . (29)

Regarding the definition (29) we note that the measurement of the net annual
increase in India’s net foreign assets can be approached either from the financial
or from the physical side, and the two measurements should, in principle, give the
same result (apart from unilateral international transfers, if any). For instance,
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the. visible balance of trade would be one of the most important items in w. . A nega-
tive balance of trade, that is, an import surplus, would give a negative item in w.
If there are no other items, the trade balance would simply be equal to w (when
expressed as a percentage of national income or of the net domestic or national pro-
duct). In this case the correspondence between the financial and the physical
measurement is seen very clearly. Indeed, an import surplus must be paid for in
some way or another. Either by depleting the holdings of liquid assets or by increas-
ing indebtedness (or decreasing non-liquid assets). Perhaps sometimes the import
surplus manifests itself financially simply as an overdraft on a certain account or
by some foreign firm not receiving settlement as early as they had figured on, but
in all cases where there are no other items to take account of than the trade balance,
it must be true that if net foreign assets (liquid or non-liquid) are defined exhaustively,
the net change in net foreign assets is equal to the export surplus, i.e., is negative
in the case of an import surplus.

If a steel plant is built in India by a foreign firm, we can reason as follows.
Viewed from the financial side that part of the annual deliveries towards the com-
pletion of the steel plant which is paid.in cash, will deplete the holdings of liquid
assets, and that part of the annual deliveries which is made on credit, will increase
India’s indebtedness. In all cases it is true that the fofal deliveries will go in as a
negative item in w. In other words if we include total deliveries together with the
other items in the trade balance we will again have correspondence with the financial
definition of w. Quite generally if we define the foreign balance (net export surplus)
of goods and services in an exhaustive way including not only the trade balance in
the classical sense, then this balance will be identical with the physical w as defined
in the first part of (29).

It will be plausible to let all the three variables u, v, w as defined by (27)—(29)
—or some modifications of these variables—enter into the preference function for
the coming year plan. How large should be the corresponding weights be ?

Consider first only the relative importance to be attributed to « and v, dis-
regarding temporarily w.

Since 2.5 million annually would be a satisfactory achievement in « and
10 per cent a satisfactory achievement in », one may say that a given increase in

- . 1]
2u5 would be considered roughly equivalent to an equally large increase in 0 In

other words §£5 + I% would be a preference function in the two variables u and v.

Since the preference function can be multiplied by an arbitrary positive factor we
can tentatively take

f=4dutv ... (30)
as a preference function in « and wv.

59



PLANNING FOR INDIA

In order to consider the weight to be attributed to w we consider some
examples.

An annual rate of investment of 10 per cent achieved by means of big foreign
loans would not be looked upon with so much satisfaction as an annual rate of invest-
ment of 10 per cent achieved without foreign loans. That, of course, does not mean
that an investment carried out by means of foreign loans is not in itself a very good
thing. TPerhaps after all not very much less satisfactory than as investment carried
out without foreign loans.

The problem is to find some sort of evaluation which can define the ratio of
preference between an investment carried out with or without foreign loans. For
jnStance, would the nation rather have one steel plant built entirely by Indian means
without any foreign loans (br, which amounts to the same, without any easy terms
of pdyment) than two steel-plants (of the same capacity) built with loans (or easy
terms of payment). Certainly one would rather have the two steel plants.

To make the questioning more precise let us consider two steel plants of
different capacities, say one of a million ton annually and another of a million and
a half annually: Would one be more satisfied by a million ton plant built entirely
with Indian means than by a million and half tons plant built by means of foreign
loans ? One probably would prefer the million and a half tons plant, but the deci-
sion now would not be so quick as in the first question above.

If the choice is between a million ton plant built entirely with Indian means
and a million and a quarter tons plant built by foreign loans one would probably
prefer the former. In this comparison one would, of course, disregard any thought
of what could ‘be obtained by using these foreign loans in other sectors. If thoughts
of that sort enter, one would probably in any case prefer a plant built by means of
loans to a plant of the same capacity built entirely by Indian means. In thinking
of the above alternatives, one should concentrate on the specified alternatives,
assuming everything else to be the same. One should, so to spea.k, look upon the matter
as one would when reading a progress report after the end of the year. Andin so
doing one should imagine two alternatives of this progress report and the choice
would be between the two alternatives.

My guess is that the coefficient of equivalence is somewhere in the neighbour-
hood of 1.3. That is to say, one would be equally satisfied with a progress report
telling of a million ton steel plant built entirely by Indian means, and a progress
report telling of a 1.3 million ton steel plant built entirely by means of foreign loans,
everything else being the same.

Thesé questions are not simply academic questions without practical impor-
tance. They express the crux of the matter also from a political and practical view
point. The fixation of the weights cannot easily be made the object of general
political discussions—at least not before politicians and the public have been educated -
to be more ‘“‘operational planning” minded—but the meaning and essence of the
decision about how to distribute the emphasis on the several good ends must be
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‘stated as clearly as possible beforehand, otherwise it will not be possible to avoid
afterwards endless discussions about whether a given result has been a success or
not. When the goals have been described as clearly as possible in general terms by

the politicians, the programming expert will be also to translate the opinion in quan-
titative terms.

If the above evaluation coefficient 1.3 is accepted, the result is that instead
of having simply v in the preference function, we will have

v4-0.244. e (31)

In (31) the figure 0.24 is the approximate value of (1 — 113)

That (31) is in accordance with the abovereasoning can be tested, for instance,
by the following example. Consider first the alternative of one steel plant of a mil-
lion ton capacity built entirely with Indian means. Using conventionally in this
example the capacity of producing one million ton of steel annually as the unit of
measurement both for v and w, the case just considered would be characterized by
v = 1 and w = 0, hence the expression (31) would be equal to 1. As another example
consider a plant of a capacity of 1.3 million tons, built entirely by means of foreign
loans. This would be characterized by » = 1.3 and w = —1.3. In this case the

: 1
expression (31) becomes [1.3~ <l—i~3)1.3] = 1, that is to say, the same as in the

first alternative, which checks with our assumption that these two alternatives should
be equally satisfactory.

The last term in (31) indicates that if India is able to have some export surplus
this is considered. with satisfaction because it means that she is able to work up a
foreign reserve which can be used “on arainy day”’. But the emphasis on this reserve
aspect is not very great, indeed only of such a magnitude that an investment would
be looked upon with satisfaction even if it were achieved entirely by increasing
India’s indebtedness correspondingly. This is expressed by the fact that in (31) the
coefficient of v is greater than that of w.

Introducing (31) instead of » into the provisional expression (30) we get
f = 4u+v+40.24w, or roughly,

[ = 16u+dvtw. e (32)

The use of v in the above argument was only provisional. Instead of v we
now want to introduce the weighted aggregate (26) witha coefficient that will roughly
maintain the order of magnitude of the coefficients of (32). Similarly v and w will
have to be translated into the symbols used in our general analysis. These transforma-
tions are done as follows. '

The 1950-51 employment is estimated at 142.339 million and X,; is estimated
at. 8422,45 crores of rupees. That is to say, the rupee values of the interflow table

61



PLANNING FOR INDIA

must be multiplied by 142.339

8422.45
figures. We will consequently have to put

in order to give the corresponding employment

142.339
U= i (Xo3—X%,). ... (33)
To determine the equivalance of v in terms of the interflow variables we first

note that the national product can be measured by total factor remuneration—which
in 1950-51 was 8422.45 crores of rupees—plus the gross saving that took place out-
side the households (because the total income of the households including their
gross savings is the same as total factor remuneation). Total gross savings was esti-
mated at Rs.1259.57 crores in 1950-51, out of which Rs.30.00 crores was estimated
to take place in the households, so that the figure for total gross savings outside the
households, can be put at Rs.1229.57 crores, giving a national product of Rs.9652.02,

crores. Total net investment expressed as a percentage of national output will,
therefore, be of the order of

3 (J3—Dy)
100%=12,..22 .. (34)
9652.02

TIf we retain in the preference function net investment taken literally accord-
ing to the definition (38), the expression (34) would have to be inserted for » in (32).
Instead of doing that we now want to aggregate the items (J,—Dy)(k =1, 2 ... 22)
in a weighted manner so as to take account of the discrepancies (K,—KQ)(k=1,
2 ... 22), between capacities K at the beginning of the year for which planning is
made, and the ideal asymptotic capital capacities K,. [Compare (26).] We can do
this by introducing in (34) the weighted sum

S (E—K)J—Dy)

k=1,2..22

L (K—K3)

F=1,2..22

(35)

instead of X (J,—D,). - If we do this, the expression to be inserted for v in
k=1,2..22 . )

(32) becomes
. (Ey—EKN(Jy—Dy)

p — k=1,2..22 _ .
96.5202 = (E,—KJ)

=1, 2..22

(36)

From the view point of planning for the coming year all the differences (K;,— K,) are

given constants, therefore, the expression (36) is linear in the planning variables
(J,—D,) (k= 1,2,...22).

Theoretically a difficulty may arise if the sum in the denominator of
(36) should approach zero, as it ‘'may in principle do because no assumption is made
about all the differences (K,—K9) (k= 1, 2 ... 22) being non-negative, The case

62



SOME APPLICATIONS: THE EXPERIMENTAL PLAN.FRAME NO. 1

of a vanishing denominator in (36) has, however, only an academic interest, it would
indeed mean a state of affiairs where there is surplus capacity not only in some sectors
but on the average in the economy. Such a situation may perhaps arise under an acute
liquidity and underconsumption crisis in a laissez-faire economy, but certainly not
In a rationally planned welfare state.

If w as defined literally by (29) is expressed in terms of the variables used for
our general analysis, we would get a non-linear expression. A rough linear approxi-
mation sufficiently exact in the present model where export coefficients are assumed
constant, will be obtained by putting w proportional to total exports X,; and deter-
mining the coefficient of proportionality in such a way that the expression obtained

gives the export surplus as actually observed in the basis year 1950-51. This leads
to

X, .. (37
675.33 ~ ¢ (37)

When the three expressions (33), (36) and (37) are introduced into (32) we get
the prefeence function in the linear programming problem for the coming year.

This expression will finally have to be transformed into a linear function of
the basis variables. If we want to formulate the coming year problem as a problem
with 24 degrees of freedom as expressed by the 24 basis variables in the right member
of (15), the procedure will be as follows.

X,; in the right member of (33) is expressed in terms of J. , J.,...d .5 by
using (15) for ¢ = 23.

Dy, in the right member of (36) is expressed in terms of the corresponding
X, by the proportionality

D,=d, X, (k=1,2,..22) .. (38)

where d is the depreciation coeflicient for the sector k. This coefficient is supposed
to be given. Next X, in (38) is expressed in terms of the 24 basis variables by means
of (15) used fors = k (k = 1, 2... 22). In this way all the D, are expressed in terms
of the basis variables. Further we note that J; in (36) is the same thing as J,. which
means that it is immediately expressed in terms'of the 24 basis variables by (6).

In this way all the three variables u, v, w are expressed linearly in terms of the
24 basis variables, and inserting these expressions into (32) we get the preference
function expressed in terms of the basis variables.

8. THE ASYMPTOTIC PROBLEM

We shall now consider the way in which the population and the economy may
develop in the course of time partly under the impact of objective natural forces and
partly as the result of a planned activity.

Many aspects of this problem are similar to corresponding aspects of the com-
ing year problem which we considered in the first part of this paper but there are
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also may aspects that are different. We must always remember that in principle the
two problems are different, and the assumptions we make when studying the problem
of development, for instance, assumptions about the constancy of certain coefficients
—need not have any counterpart in or be 'equé,l to corresponding assumptions in the
current year problem.

Suppose that the population increases at a certain constant rate, say 1 per cent
a year —a rate which is not. very far from that which can be forcasted as the aver-
age rate of increase of the Indian population over the next decades—and further
suppose that the expansion of the economy should be steered in such a way that it
tends towards a balanced state, i.e., a state where there is neither under-employment
nor over-employment of men in any sector of the economy and where the capital
capacity in each sector is at any time exactly equal to that which is needed for the
actual production that is carried on in this séctor at that time. Finally, suppose that
in this balanced state that consumption pattern remains constant, i.e., the amount
that are consumed of the various goods remain in the same proportion to each other,
and similarly the production pattern remains constant as well as all the technical
coefficients that characterize production and all the behaviouristic coefficients that
describe the way in which the consumers and producers react. In this state all the
various consumption and production activities must increase at exactly the same
constant rate per unit of time as the population so that these various items are
constant when reckoned per head of the population. This state we shall call the
asymptotic state.

While there are many things in the asymptotic state that are determined by
the technical and behaviouristic coefficients which are assumed as given constants,
the state may also have many degrees of freedom. For instance, if the ratios of con-
sumption, that is the ratios which the production of the several consumer goods bear
to each other, are not assumed as given, these ratios represents degrees of freedom.
They must be constant over time but their magnitudes may be chosen in different
ways. Therefore a problem of policy decision arises. Which particular combination
of these ratios shall be considered the best and what shall be done in order to achieve
this best combination? This leads to a linear programming problem which compu-
tationally is of exactly the same sort as the linear programming problem of determin-
ing a plan for the coming year, only the concrete meaning of the variables involved
in the computations are different.

(i) Definitions and assumptions

In what follows we shall designate by K% the size of the capital that is present
at the point of time ¢, and by J¢, the (total) gross investment into the sector % in the
year between t and t4-1. Similarly D} will be used to designate the total depreciation
that takes place between ¢ and ¢-1, and X%, Xt ete., will indicate flows in the period
extending from ¢ to {+1 etc. The period from ¢ to t-+1 will for shortness be called
“the period ¢”.
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The use of the superscripts is such that K3 designates a capacity that is needed
for the production of X%, while D41 is the depreciation that contribute to determining
K.

We shall consider an asymptotic problem characterized by the following
assumptions '

K = b, X% (B =1,2...22 but not 23, 24, 25, 26) o (39)
Di=d, X4 (h=1,2..22but not 23,24,25,26) .. (40)
Nt=m, X4 (h=1,2.. 22)23(24, 25, 26) e (41)

where b, d,, n, are given constants independent of time, and Nt is the employment
in sector 4 in the period . This employment can be measured in number of people
employed or in man-hours or in some other physical terms.

When the assumption (41) is made, there is no need for considering N}, expli-
citly in the formulae, we may let N% be represented everywhere by its equivalent
in X¢, but much of the concrete considerations will still involve references to the
labour-force aspect of the problem.

Let s, (h =1, 2 ... 22) be the investment lag in sector b, that is, the average
length of time which can be expected to pass between the point of time where an invest-
ment is made in this sector and the point of time where the resulting capital goods are
in operating order and can be used in the production in this sectors. For a steel
factory this delay is perhaps 3 or 4 years, for textile machinery pérhaps 12 or 18
months and for an handloom 3 or 6 months. We assume that these investment lagé
are given constants. '

In terms of these lags the time relation between éapital capacity, gross invest-
ment and depreciation is

t— K Jbole DiL (h=1,2,..22) . (42)
The relation (42) is graphically depicted in the following figure for a case where s, > 1.
K-t K,
1
1 |
1
| |
[ N L S——
Ty e
‘ i
t—s,—1 t—s, t—1 -t

A simple rearrangement of the terms in (42) and the substitution of t+1
for ¢ gives

I = K — K +Dj, (h=1,2.. 22 . (43)
and hence by .(39) and (40) .
Jt = b, (X4 — X4y +-d, X5 (h =1, ... 22) e (44)
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The equations (39)—(42)—together with the rearrangement (44)—from
starting point for an analysis of the asymptotic problem.

We shall take the levels of activity X4, X% ... X%, amongst our basis variables
in this problem and will, therefore, here not need to invert any matrix—as we had to in
the coming year problem, [compare (10)-(12) and (15)-(17)]. We can now formulate
the basis equations by building on certain computations performed directly on the
current account production coefficients, the investment coefficients, etc. These coeffi-
cients themselves can be looked upon as the same in the asymptotic and the coming
year problem, when these two problems are worked out approvimately at the same
moment so that the state of factual knowledge is approximately the same.

If the various coefficients in the asymptotic problem are not taken as the
values of the coefficients as they exist at the moment when the computations are made,
but taken with values that are forcasted by scientific or technological experts, the
period for which the coefficients are forcasted being roughly the time horizon that
enters into the mind of the planner who is to use the results of the programmihg ana-
lysis for the asymptotic structure—which may indeed by a very reasonable procedure

—then the coefficients of the asymptotic and those of the coming year problem need
not be the same. ‘

We now want to express the consumption delivery from sector %k, namely
C%, in terms of X!, X, ... X%, and some other basis variables. To do this we note
that according to the definition of the total product X% in sector k(k = 1, 2,..., 22)1

which can also be written X} = X, X! where the ¢, are the unit numbers—
h=1,2 .. 22
we have
t
L gy Xj= e (45)
h=1,2,..,22
cross-delivers from £k : % A,XE
h=1,2..22

+consumption deliveries from %k :C% (which is the same as Xi,,,)
-+government’s current use of goods and

. . ¢
services from k . Ay 24Xy
+investment deliveries from & : Z By, JY,
h=1,2 .. 22,2324
- o o t
-+exports from k : Ay 05 Xbg

In the above equation (45) we have assumed as given constants all the coe-
fficients in the 26X 26 current account interflow table (1), except the coefficients in
columns 23 (household outlays) and 25 (investment by delivering sectors). That is
to say in the present asymptotic set up we ha\(e not only refrained from any assump-
tion about the constancy of the coefficients in column 25 of the interflow table (1), but
we have also dropped the assumption of constant consumption coefficients. To assume
constant consumption coefficients would have been too unrealistic in the asympto-
tic problem. It would—through the conditions we have put on the asymptotic pat-

66



SOME APPLICATIONS: THE EXPERIMENTAL PLAN.FRAME NO. 1

tern to make the development a balanced one—have fixed the whole structure of

the asymptotic economy in such a way that practically no scope would be left for
relevant policy decisions about this structure.

In the investment delivery term in (45) we take out separately the two last
items Jiy; and Ji, because they do not correspond to an activity which increases

one of the 22 capacities K which we are considering. The investment delivery term
in (45) we shall, therefore, write

h=1,2

XL"25 = EBk§2th+Bk’23 Jf23+Bk,24 sz4- (46)

If the development is a balanced one in the sense described above, so that
all the various items of production and consumption activity in the asymptotic state
will increase in the same rate as the population increases, we have

Xt = X (k=1,2...22,)23,( 24, 25, 26) v (47)

where ¢° is the factor by which the total population is multiplied each year, say
¢ = 1.01 .. (48)

and X, is a constant that expresses the Rupee value of the total production in sector
k in the year t = 0, for instance, in the year 1950-51.

Similarly we have for all the other time functions
Ot = O, et (k= 1,2 ... 22)23(24, 25, 26) e (49)
Jt, = Jet  ete. (h=1,2, ... 22 23,24) oo (50)

where C, is the rupee value of the consumption of goods from sector k in the basis

year t = 0 and J., is the Rupee value of the total investment into sector A in the
basis year ¢ = 0, ete.

Through the assumption of a balanced expansion the whole problem of the
asymptotic pattern is in this way reduced to a corresponding problem regarding
a theoretical alternative for the structure of the economy in the basis year { = 0.
Instead of reasoning in terms of time curves, we can now reason in terms of this theo-
retical structure of the economy in the basis year as described by the X, the Cy, the
J.;. ete. By this device we have reduced the calculations to the same kind of
calculations as would be used for a genuinely static problem.

(ir) A suggested generalization for any shape of time-path

This method may be generalized in such away as to take account of any shape
of time curves with a sufficient degree of approximation. We may, for instance,
assume that each of the production and consumption activities is an exponential
polynomial, that is to say an expréssion of the form

Zt = Z) ert-1- 7, eeat ...+ Z,, eCmt v (81)
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where Z,, Z, ... Z,, are m constants characterizing the production or eonsumption
level Z' (which is changing with time) and ¢,, ¢y ... C,, are m constants characteristic
of the expét_nsion of the economy as a whole (they are independent of which
particular. production or consumption level we consider). By admitting complex
values of ¢, ¢, ... ¢,, we may even produce a movement that contains damped or
undamped oscillations. In all cases the programming problem can be handled in a
static way by formulating it as a problem in the magnitudes Z,, Z, ... Z,, and the
corresponding m magnitudes referring to each of the other productlon and consump-
tion levels considered. All these magnitudes are constants in the sense of being
independent of ¢, but they may assume an alternative set of values for each particular
pattern of the economy which we chose to consider. The linear programming problem
would consist in deciding which one of these alternative patterns of the economy
is the optimal one. In the present setup we only consider the case m = 1, that is the
case where each experimental polynomial (51) contains only one single term.

From the above assumptions we get

JY = (e, —(b,—d, )X, (h=1,2...22) ... (62)
and hence’
2 B, J4, E B,L,Ze“/z( e%b —(b —d NX} ... (83)
h=1,2..22, 23 N h

+Bp0s Jlog T B Sy (E=1,2...22),
Inserting this in the investment delivery term in the above expresssion for
X4, we get

¢
O"_h_zz‘Méh X —~ Bioy Jlas — B0y J%4 . (54)

— Apsng X24 — Ay Xbg (k=1,2... 22)
‘where _ . _
My, = (e, — Apy) — Bye®n (b, — (b, — d;)) (k=1,2... 22) ... (55)

(h=1,2...22)
In (54) we insert the expressions for the various production and consump-
tion act1v1t1es as exponential functions of time. This being done we can divide

through by ¢ and get an equation in the constants C,, X,,ete. This equation is
obtained simply by dropping the superseript ¢ in (65). This gives

Cy :1i=1,22..éz MpXs — Brogs a5 — By J a4 . (56)

— Apron Xog — Agos Xog (b =11, 2 ... 22)
where the coefficients 7;, are the same as those given in (55).

The equations (56) can be taken as a set of basis equations through which
practically the whole pattern of the economy—as expressed by the time-indepen-
dent theoretical production and consumption levels—are determined in termsofthe 26
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basis variables X;, X, ... Xy, J.g3, J.py, Xy, and X,,. Indeed, when these variables
are determined and all the coefficients in the current account table are supposed
to be given except those in columns 23 and 24, we can determine .J,., J,. ... J,,. as
the residual in each of the rows 1, 2, ... 22 after the elementsin any such row (in the
columns 1, 2,...23, 24, 26) have been determined through X;, X,, ... Xy, Xa4, Xy
and the current account coefficients, and C;, C,...C,, have been determined through
(56). This givesall the Rupee value elements in rows 1,2,...22 of the current account
table. For the complete determination of the elements in the four rows 23, 24, 25,
26 we need three more data, for instance, Oy Cy5 Cps. In rows 23, 24, 25, 26 the
elements in columns 1, 2,... 22 will be determined by X,, X,,... X,, and the current
account coefficients, the elements in column 23 will be determined by C,,, Cy;, Cy,
the elements in column 24 will be determined by X,, and the coefficients, and the ele-
ments in column 26 are determined by X,, and the coefficients. The three remain-
ing elements X3 05 Xyg o5 and Xypg o5 (X5 55 being by definition zero) are finally deter-
mined as follows: X, 55 is determined as the residual in row 23, the sum X,; in this
row now being known as the sum of the elements in column 23. X, ,; is determined
as the residual in row 24, the sum in this row being one of the basis variables of (54).
X 6,05 is determined as the residual in row 26, the sum in this row being one of the
basis variables of (54).

As in the coming year problem we shall also now assume that government
administration does not increase. In the present dynamic case this should be speci-
fied as ‘“‘government administration per head of the population does not increase’.
To express this condition in terms of the symbols adopted we note that the condition
mentioned is equivalent to saying that X,, shall be equal to 792.0 crores of Rupees
when ¢ is put equal to 1950-51. This is the same as to say that X,, e shall be equal
to 792.20 when ¢ is put equal to 1950-51. If this period is conventionally denoted
t=0, we get back to the condition (13). This condition takes out one degree of freedom
and this reduction can simply be expressed by putting X,, equal to the fixed value
X9, = 792:20 in (56), which means that the equation gets the constant term —A4;,,,
X9,. That is to say we now have

C, = Mg+ EMy X+ My J oot Myon J gatMroe Xog (B=1,2...22) ... (57)

where M, is given by (55), and

My = —A4;,,, X9, with X9, = 792.20 .. (58)
Mys03 = —Byoos e (89):
M}mu = _'Bk’24 B (60)
Mkaze = — Ao . (61)

The 22 equations (57) are taken as the structural equations of our problems

with X, X,, ... Xy, J .03, S5y and X, as the basis variables. This gives a total of 25
degrees of freedom,
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(¢32) = The problem of bounds
Let us consider the bounds to be imposed. We impose three conditions on
consumption, namely:
The sum of agricultural and animal husbandry production shall not be less
than in the basis year. This is equivalent to requiring
C;+C, > 4167.67 (crores of rupees). ... (62)
The sum of large-scale and small-scale textile production shall not be less
than in the basis year. This is equivalent to requiring
Cy+4-Cy5 > 445.83 (crores of rupees). ... (63)
The services of house property shall not be less than in the basis year. This
1s equivalent to requiring
Cyy = 521.70 (crores of rupees) ... (64)

The conditions (62)-(64) can be expressed by introducing the following three
slack variables

variable no. 67 = C;+C,—4167.67, ... (65)
variable no. 68 = 09—{—013—'445.83, ... (66)
variable no, 69 = C,,—521.70, ... (67)

and requiring these slack variables to be non-negative. For practical computational
reasons these three slack variables are numbered from 67.

Finally, we shall introduce a bound on the sum (Cyy+Chs-+Che).. This sum
is the total amount which the households spend on taxes, gross savings and imported
consumption goods. We will require that this sum shall be not less than CJ, i.e.,
what the households spend on imported consumption goods in the basis year. This
means that if government put no taxes on the households, the households should have
at disposal after consumption of domestically produced consumer goods, a sum large

_enough to purchase imported consumer goods to the same extent as in the basis year.
Or they may choose to consume less imported goods than in the basis year and set
the rest aside as their gross savings. Whatever taxes government may put on the
households would correspondingly restrict the amount available for consﬁmption of
imported goods and/or for savings.

‘As we have seen the sum (Cy,+Cys+Chy) is not determined by the fact that
the 26 basis variables in (56) are given. And a similar reasoning would apply to the
case of 25 basis variables in (57). The sum in question would, however, be determined
if we know the value of X,s, that is, of the total income of the households (the sum
in row 23). We have indeed

(024+O25+C26) = Xo3—(C1+Cp+...+Cp) _ .. (68)
where Cy, C,, ..., Uy, are given by (57). As an estimate of the value of X,, that will
describe the aisymptotic pattern—where full employment is assured-—we may take
the basis year value X, inflated to correspond to full employment in the basis year.
This amount can be estimated at 1.21X9;, where X9 = 842245, Thecondition in
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question can, therefore, be expressed by saying that 1.21X9, —(0;4-C,+...+-Cy,) shall
be not less than €%, = 111.95.

This is the same as to introduce the slack variables

variable no. 70 = 1.21X9,—C% —(C;+Cy-+...4+C,,) .. (69)
and to require this variable to be non-negative.

Finally, as a preference function we introduce

f=0+Co+...-+ 0y «. (70)

which means that we simply want to maximize total consumption of home produéed
consumer goods.

When-C;;—the consumption of services of house property—is required to be
not less than what it was in the base year (as expressed by the non-negativity of the
variable no. 69) it is superfluous to require C,, to be non-negative. The equation
(67) for k = 22 may, therefore, be dropped from consideration. This leaves us with
the 21 equations (57) for k¥ = 1,2 ... 21, and the four definitional equations (65)-(67)
and (69) , giving a total of 25 dependent variables that is, 50 variables altogether.

It is only accidental that the number of dependent variables here become equal to the
number of basis variables.

The expressions for (65)-(67) and (69)-(70) in terms of the 25 basis variables,
is easily obtained when all the C,, C,, ..., Uy, a e expressed in terms of these
variables by (57).

Extending the meaning of ), also to k= 67,68,69 and 70 (the last
“variable” being the preference function), we have

Moo = —4167.674- M, -1, .. (71
My, = M, +M,, (h=1,2,.. 24)2526) e {72)
Mgy = -445.8:3_+M9,0+M13,0 . (73)
Moy = My 5-+-My,, (= 1,2 ... 24)25(26) e (74)
Mgy =—521.70-F My, . (75)
Mgy = My, (b= 1,2... 24)25(26) . (76)

These coefficients are collected in table 8.

Strictly speaking we should also have introduced non-negativity conditions
for Xou,05, Xogoos and Xy5,05 when these variables are expressed in terms of the basis
variable. Compare the above argument about the necessity of introducing three
more basis variables in order to have all the variables in the asymptotic pattern
determined. In the present experimental computation it was decided to carry the
computations through without taking account of these three conditions.

The present paper has given the theoretical set up and the basis numerical
tables for formulating an asymptotic problem and the corresponding coming year
problem on Indian data. The solution of the asymptotic problem will furnish the

values (K,— KY) which enter into the coming year problem through (32) where v is
given by (36).
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TABLE 1. 26x26 CURRENT ACCOUNT INTERFLOW TABLE OF COEFFICIENTS FOR INDIA
1950-51

List of the 22 production sectors are given at the end of the table. The meaning of sectors 23-26 is
explained in section 1 of the present paper.

The inversion of the 25 X 25 matrix obtained from the present 26 X 26 matrix by leaving out row 25
and column 25, is given in table (2).

continued on next page

deli-
vering receiving sector no. )
sector - .
no. 1 o2 3 4 5 6 7 8 9
k=1 0 .3506 .0000 .0000 .0040 . 0002 .0000 .4330 .2434
2 .1694 0 . 0000 .0012 . .0152 . 1866 .0000 .0027- . 0005
3 .0000 .0000 0 .0208 .0090 L0125 .0567 .0029 .0042
4 . 0001 .0002 L0194 0 .0085 .0059 .0281 .0025 .0000
5 .0004 .0010 . 0065 . 0049 0 L0171 .0000 .0014 . 0051
6 .0000 .0003 .0000 .0019 .0002 0 L0453 .0034 .0008
7 .0000 .0001 .0130 .0083 .0078 . 0268 0 .0023 . 0062
8 .0004 . .0745 . 0000 .0000 .0152 .0000 .0000 0 .0000
9 .0002  .0003 .0000 .0105 .0149 .0114 . 0000 . 0040 0
10 .0000 .0000 .0000 .0024 -0008 .0000 .0040 .0050 . 0000
11 .0000  .0000 .0000 .0042 L0014 .0015 - .0000 .0018 .0000
12 .0000 .0000 .0000 .0008 .0006 .0110 .0000 .0017 .0021
13 .0000 .0003 . 0000 . 0000 .0211 . 0000 .0000 .0010 .0026
14 .0014 .0003 .0130 L0494 .0035 . 0044 .0013 .0000 .0002
15 .0001 .0164 .0000 .0000 . 0076 .0000 .0000  .00l11 .0000
16 .0000 .0000 .0000 .0020 .0000 .0132 .0025 .0017 .0002
17 .0016 .0006 0176 .0058 .0243 . 0022 .0040 .0003 . 0606
18 . 0002 - 0047 .0389 .0639 . 0380 .0988 .0253 .0170 .0185
19 . 0064 .0337 - .0648 .1081 .1948 .1758 .0253 .1036 . 1096
20 . 0089 .0092 0778 L1179 . 0766 L0703 L0202 L0535 .0648
21 .0000 .0000 .0000 .0000 .0000 . 0000 . 0000 .0000 .0000
22 . 0000 .0000 .0000 . 0000 .0000 . 0000 .0000 . 0000 .0000
23, .7479 .4322 .3174 .2795 .1106 .1153 2124 .1163 .1641
24 .0232 .0200 L1177 .0787 . 1186 .0988 - L0951 .0835 L0952
25 L0372 .0549 .2207 .1954 .1559 . 0926 L1578 .1083 L1394
26 .0026 . 0004 .0936 . 0446 .1720 . 0558 .3220 .0576 . 1425
total 1 1 1 1 1 1 1 1 1
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SOME APPLICATIONS:; THE EXPERIMENTAL PLAN.FRAME NO. 1

TABLE 1: 26x26 OURRENT ACCOUNT INTERFLOW TABLE OF COEFFICIENTS FOR INDIA
1950-51

List of the 22 production sectors are given at the end of the table. The meaning of sectors 23-26 is
explained in section 1 of the present paper.

The inversion of the 25 X 25 matrix obtained from the present 26 X 26 matrix by leaving out row 25
and column 25, is given in table (2).

continued. continued on next page
deli.- .
vering receiving sector no.
sector - - .
no. 10 11 12 13 14 15 16 17 18 -
k=1 .0215 L0112 .0080 L0083 . 0006 .3683 0241 ‘ .0301 .6465
2 .0019 .0933 .0125 .0019 .0034 .0036 2794 .0232 .0043
3 L0570 .0018 .0142 .0035 - .0034 .0012 0135 .0003 - 0506
4 .0000 . 0000 .0000 . 0000 L1372 ' . 0006 0095 .0012 L0757
5] . 0355 . 0267 ©.0151 .0028 ©.0000 . .‘0000 0011 .0019 0027
6 .0336 . 0613 .0000 - .0009 .0001 .0007 . 0268 .0000 . 00v13A
7 .0289 .0061 - L0144 .0006 . 0007 - ,0001 . 0003 .0001 L0052
8 . 0000 .0000 ~  ,0000 .0000 . 0000 .0083 .0000 .0000 L0000
-9 . 0000 .0000 .0000 4760 .0000 .0000 .0000 .0000 .0008
10 0 .0000 .0000 .0000 .0000 - .0000 .0000 .0000 .0000
11 .0006 0 .0000 ..0000 ©.0000 L0000 .0000 .0}75 0005
12 .0327 .0079 0 .0045 .0003 .0007 ~ 0000 .0000 .0062
13 .0000.  .0000 .0000 0o .0000 .0000  -.0000 .0000 .0000
14 .0047 .0000 . 0000 . 0026 0 .0006 .0085 .0078 . 0000
15 .0000 .0000 .0000 . 0000 .0000 0 . OOQO .0000 .0000
16 L0047 .0000 .0000 .0046 .0001 .0000 0 . 0000 . 0000
17 .0131 .0533 .0215 .0039 .0017 .0005 0000 0 .0008
18 ' . 0467 . 0092 .0142 - ,0100 . 0090 .0033 .0133 .0027 0
19 .0467 .1153 .1301 .0077 .0782 .0413 .0398 .0692 0240
20 . 0467 .0562 .0828 0107 . 0337 10154 .0164 L1167 .0686
21 .0000 . OOOQ . 0060 .0000 .0000 .0000 .0000 .0000 . 0000
22 .0000 .0000 . 0000 . 0000 . 0000 -.0000 10000 .0000 . 0000
23 . 1494 .1955 .2105 .3914 .5633 .4385 :4132 .6265 .4184
24 .0514- .1065 L1294 L0278 0317 .0290 .0199 .2080 .0691
25 ngfg L1077 .135.3 .0378 .1016 . 0605 10631 .0616 L1643,
26 .3343 .2075 .2119 .0049 .0351 .0274 0713 .0133 . 0620
total 1 1 1 1 1 1 1 1 1
73
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PLANNING FOR 1INBIA
TABLE 1: 26x26 CURRENT ACCOUNT INTERFLOW TABLE OF COEFFICIENTS FOR INDIA
1950-51

List of the 22 production sectors are given at the end of the table. The meaning of sectors 23-26 as
explained in section 1 of the present paper.

The inversion of the 25 X 25 matrix obtained from the present 26 X 26 matrix by leaving out row 25
and column 23, is given in table (2).

continued
deli-
vering receiving sector no.
sector
no. 19 20 21 22 23 24 25 26
k=1 .0260 .0003 .0878 . 0008 .3981 .0067 .0060 .0813
2 .0000 0000 . 0090 .0090 .0968 .0044 . 0054 .0811
3 . 0000 .0005 . 0083 .0018 .0035 .0001 .0000 L0175
4 .0025 .0016 . 121(5 .0027 .0029 .0040 . 0492 .0179
5 0000 .0005 .0007 L0004 .0054 .0020 . 0000 .0056
6 . 0006 .0002 . 0509 .0106 .0000 . 0059 .0028 . 0009
7 . 0026 .0001 . 0009 .0001 . 0024 . 0030 .0000 .0000
8 . 0000 .0010 . 0000 .0000 .0431 . 0000 .0000 L1307
9 .0051 .0021 . 0000 .0000 .0404 .0101 . 0000 . 3266
10 . 0000 .0001 .0007 .0001 .0006 . 00387 ‘ .0000 - .0012
11 .0028 .0001 L0004 .0000 .0007 . 0044 .0000 .0358
12 .0008 .0002 . 0000 .0000 .0021 .0202 .0000 .0016
13 . 0000 0002 . 0000 L0000 L0125 L0124 .0000 .0151
14 .0004 - .0002 .0029 .0004 .0006 .0038 L0579 .0007
15 .0000 .0009 .0000 .0000 .0682 .0000 .0000 .0000
16 .0000 .0001 .0000 .0000 .0005 .0000 .0250- .0000
17 .0037 .0004 .0035 .0003 .0249 -0388 .0180 .0012
18 .0016 .0023 .0545 0263 .0170 .0044 . 0189 .0237
19 0 .0050 .0919 0442 .0908 .0818 .0539 .0388
20 . 0429 0 .0348 0282 .0996 . 0401 :0000 .1428
21 .0000 .0000 0 .0000 .0000 . 0000 . 3657 .0000
22 . .0000 .0000 .0000 0 .0619 .0133 . 0000 .0000
. 23 6317 .8503 72798 .7345 0 L0617 .1975 . 0000
24 .1123 L0412 . 0472 .0484 .0111 0 .6303 L0775
25 . 1530 L0539 . 1846 .0995 .0036 - 1792 0 . 0000
26 .0139 .0387 .0298 .0001 .0133 .0000 . 1935 0
total 1 1 1 -1 1 1 1 1
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SOME APPLICATIONS: THE EXPERIMENTAL PLAN.-FRAME NO.

APPENDIX TO TABLE (1)

LisT oF 22 PRODUCTION SECTORS

A. Primary products :

1.
2.
3.

Agriculture

Animal hushandry, fishery and forestry
Mining

B. Large-scale manufactures :

4.

©®as e

10.
11.
12,

Metal and engineering

Chemicals

Building materials and wood manufacture
Fuel oil and power

Food, drink and tobacco

Textile and textile products

Ceramics and glass

Leather and rubber

Paper and printing

C. Small-scale manufactures :

13. Textile and textile products
14, Metal
15. Food, drink and tobacco
16. Building materials and wood manufactures
17. Miscellaneous.

. Others :
18. Railways and communication
19. Trade and other transport
20. Banks, insurance, professions
21, Construction
22. House property
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PLANNING ‘FOR INDIA

TABEE 2: 25x25 INVERSION OF MATRIX TO THE LEFT IN EQUATION (4), WHICH IS THE

SAME ‘AS THE MATRIX OBTAINED BY LEAVING OUT THE ROW 25 AND THE
COLUMN 25 IN THE 26 x26 CURRENT ACCOUNT INTERFLOW TABLE (1)

List of the 22 production sectors are given at the end of table (1). The meaning of the sectors 23-26 is

explained in section 1,

continued on next page

;(;?il-l as & consequence of the use of investment goods from the following sectors
;’ritrslro. 1 2 3 4 ) 5 6 7 . 8 9
1 5.4719 4.6161 3.2089 3.3691 3.4373 . 3.7237 3.4583  4.2589 3.8958
2 1.7584 2.5757 1.1865 1.2113 1.2490 1.5121 1.2606 1.4441 1.3528
3 0.0572 0.0553 1.0488 0.0707 0.0606 0.0697 0.1121 0.0551 0.0562
4 0.0632 0.0613 0.0754  (1.0632 0.0669 0.0713 0.0900 0.0607 0.5800
5 0.0588 0.0569 0.0514 0.0508 A 1.0473 0.0671 0.0497 0.0527 0.0547
6 0.0164 0.0163 0.0140 0.0159 0.0149 1.0166 0.0600  0.0186 0.0157
7 . 0.0334  0.0324 0.0394 0.0356  0.0359 0.0570 1.0301 0.0322 0.0351
8 0.5344 0.5772 0.4024  0.4054  0.4417"  0.4555 0.4487 1.4622 0.4508
9 0.5215 0.5502 0.4287 0.4330 . 0.4953 0.4752 0.5242 0.4774 1.4843
10 0.0090 0.0087 0.0075  0.0098 0.0086 0.0083 0.0121 0.0087 0.0081
11 0.0304 0.0295 0.0281 0.0309  0.0341 0.0315 0.0378 0.0313 3.0318
12 0.0363 0.0352 0.0305 0.0314 0.0331 0.0449 0.0330 0.0354 0.0351
13 0.1181 0.1132 0.0911. 0.0921 0.1164 0.1004 0.0978 0.1046 0.1031
14 0.0238 0.2224 0.0319 " "~ 0.0680 0.0230 0.0251 - 0.0226 0.0208 0.0199
15 0.5794 0.5672 0.4272 0.4372 0.4459  0.4752 0.4393 0.4959 0.4704
16 0.0062 0.0060 0.0047 - 0.0068 0.0050  0.0184 0.0081 0.0071 0.0053
17 0.2476 0.2365 0.2062 0.1982 .- 0.2203 0.2120 0.2009 0.2167 0.2078
18 0.2115 0.2076 0.2030 0.2307 0.2103 0.2815 0.2098 0.2025  0.1985
19 1.1166 1.1014 0.9156 0.9751 1.0836 = 1.1261 0.9375 1.0738 1.0440
20 1.1473 1.1047 0.9608 1.0156 1.0081 1.0529 0.9799 1.0575 1.0383
21 0.0000  0.0000 - 0.0000 0.0000  0.0000 0.0000 0.0000 0.0000 0.0000
22 0.5380 0.5139 0.4068 0.4141 0.4189 0.4489 0.4188 0.4667 0.4457
23 8.0391 7.6644 §5.9519 6.0924  6.0092 6.5732 6.1109 6.8785 6.5421
24 0.6458 0.6321 0.6153 0.5922  0.6639 0.6741 0.6508 0.6559 0.6529
26 0.3679 0.3563 0.3898 0.3518  0.4886 0.3991 0.6487 0.3872 0.4654
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SOME APPLICATIONS: THE EXPERIMENTAL PLAN.FRAME NO. 1

TABLE-2: 25X25 INVERSION OF THE MATRIX TO THE LEFT IN EQUATION (4), WHICH IS
THE SAME AS THE MATRIX OBTAINED BY LEAVING OUT THE ROW 25 AND THE
COLUMN 25 IN THE 26x26 CURRENT ACCOUNT INTERFLOW TABLE (1)

List of the 22 production sectors are given at the end of table (1). - The meaning of the sectors 23-26 is
explained.in -section 1.

continued continued on mnext page
total .
acti- as a consequence of the use of investments goods from the following sectors
;gtgd. S 10 11 12 13 14 15 16 17. 18
1 3.7022 3.7664 - 3.5994 4.0716 3.8920 4.6014 4.2178 4.2659 3.6é72
2 1.3459 1.4429 ~ 1.3086 1.4402 1.3992 1.6779 1.7712 1.5467 1.2978
3 0.1187 0.0563 0.0676 0.0008 0.0589 0.0566 0.0698 0.0560 0.1014
4 0.0689 0.0604-  0.0594 0.0607 0.1966 0.0619 0.0730 0.0637 0.1314
5 0.0884 0.0781 0.0646 0.0582. 0.0528 0.0;561 0.0565 " 0.0585 0.0506
6 0,0503 0.0173 0.0156 0.0169 0.0153 0.0165 0.0425 0.01569 ‘ 0.0158
.0.0611 0.0361 0.0435 0.0343 0.0320 0.0323 0.0328 0.0325 0;0344
8 0.4796 0.4730 0.4516 0.4767 0.4652 0.5137 0.5138 0.5041 0.4329
9 0.5620 0.5167 0.5032 0.9705 0.4777 0.5073 0.5094 ~0.5075 0.4522
10 1.0086 0.0084 0.0083  0.0084 0.0085 0.0087 0.0086 0.0087 0.0087
11 0.0407 1.0361 0.0300 0.0308 0.0296 0.0302 0.0315 0.0476 0.0289
12 0.0670 0.0421 1.0336 0.0399 0.0335 0.0359 0.0348 0.0355. 0.0377
13 0.0000 0.1001 0.1007 1.1086 - 0.1051 0.1132 0.1105 0.1137 0.0976
14 0.0261 0.0206  0.0199 0.0236 1.0269 0.0226 0.0306 0.0295 0.0232
15 0,4669 0.4790 0.4604 0.5126 0.5072 1.5502 0.0000 0.5526 0.4652
16 0.0104 0.0053 0.0051 0.0103 0.0058 0.0059 1;0061 _ 0.0059 0.0052
17- . 0.2225 0.2655 0.2271 0.2269 0.2211 0,2365 0.2288 1.2376 0.2046
18 0.2424 0.1963 0.1949 0.v2108 0.2058 0.2057 0.2163 0.2081- 1.1814
19 1.0224 1.0845 1.0609 1.0619 1.0746 1.1034 1.0884 1.1345 0.9459
20 1.0727 1.0676 1.05677 1.0786 - 1.0667 f;1107 1.0923 1.2146 1.0221
21. 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
22. 0.4427  0.4542 0.4396 0.4826 = 0.4757  0.5137 0,4967 0.5164 0.4389
23- °6.4885 6.6444 6.4061 7.1388 7.0718 7.6566 7.3915 7.6983 6.4813
24. 0.6578  0.6878 0.6913 0.6524  0.6081 0.6381 0.6266 ‘ 0.6382 0.6049
26 0.7044 0.5470 0.5417 0.4133 0.3728 0.3803 0.4232 0.5743 0.3815

U
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PLANNING FOR INDIA

TABLE 2: 25x25 INVERSION OF THE MATRIX TO THE LEFT IN EQUATION (4), WHICH IS
THE SAME AS THE MATRIX OBTAINED BY LEAVING OUT THE ROW 25 AND THE
COLUMN 25 IN THE 26 x26 CURRENT ACCOUNT INTERFLOW TABLE (1)

List of the 22 production sectors are given at the end of table (1). The méaning of the sectors 23-26 is
explained in section 1.

continued

total

acti- as a consequence of the use of investment goods from the following sectors

ﬁ?go. 19 20 21 22 23 24 26
1 3.8441 4.3672 3.4607 4.0883 4.6969 3.6814 4.1473
2 1.3733 1.5650 1.2407 1.4681 1.6826 1.3235 1.5234
3 0.0504 0.0581 0.0600 0.0566 0.0607 0.0496 0.0745
4 0.0581 0.0649 0.1783 0.0636 0.0665 0.0585 0.0804
5 0.0510 0.0585 0.0474 0.0548 0.0619 0.0515 0.0614
6 0.0155° 0.0165 - 0.0645 0.0260 0.0171 0.0205 0.0176
7 0.0320 0.0333 0.0301 0.0317 0.0353 0.0318 0.0339
8 0.4533 0.5215 0.4040 0.4834 0.5549 0.4355 0.6082
9 0.4636 0.5311 0.4144 0.4850 0.5537 0.4545 0.8240
10 0.0082 0.0091 0.0083 0.0085 0.0094 0.0113 0.0099
11 0.0302 0.0316 0.0265 0.0285 0.0319 0.0310 0.0671
12 0.0343 0.0366 0.0305 0.0346 - 0.0379 0.0508 0.0385
13 0.1036 0.1178 0.0912 0.1099 0.1254 0.1108 0.1228
14 0.0203 0.0224 0.0273 0.0215 0.0235 0.0231 0.0231
15 0.4989 - 0.5713 0.4378 0.5347 0.6155 - 0.4794 0.5061
16 10.0054 0.0062 0.0057 0.0059 0.0066 0.0053 0.0059
17 0.2204 0.2444 0.1952 0.2297 0.2668 0.2444 0.2265
18 0.1855 0.2120 0.2311 0.2233 0.2237 0.1840 0.2254
19 1.9668 1.1018 0.9703 1.0732 1.1726 1.0139 1.0966
20 1.0350 2.1316 0.9409 1.0882 1.2078 1.0022 1.2079
21 0.0000 0.0000 1.0000 0.0000 0.0000 0.0000 0.0000
22 0.4713 0.5334 0.4126 1.5009 0.5723 0.5090 0.4793
23 6.9561 7.9545 6.0955 7.4570 8.5855 6.6825 7.0193
24 0.6530 0.6565 0.5654 0.6296 0.6531 1.5356 0.7184
26 0.3357 0.4025 0.3240 0.3430 0.3864 0.3194 1.4102
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SOME APPLICATIONS: THE EXPERIMENTAL PLAN.FRAME NO. 1

TABLE 4. INVESTMENT COEFFICIENTS

continued on the next page

deli-
::gégg investment receivirllg sector no.
no. 1 2 3 4 5 6 7 8 9
1 .0000 .0000 .0000 .0000 .0000 .0000 .0000 .0000 . 0000
2 .0000 .0000 .0000 .0000 .0000 .0000 .0000 . 0000 . 0000
3 .0000 .0000 .0000 L0000 .0000 .0000 .0000 . .0000 . 0000
4 .0075 .0000 .0699 .1410 L1242 L0997 L0793 .1690 . 0389
5] .0000 .0000 .0000 .0000 . 0000 . 0000 .0000 .0000 .0000
6 .0000 .0000 .0000 L0113 .0002 L0044 .0159 .0178 .0176
7 .0000 .0000 . 0000 .0000 .0000 .0000 0000 .0000 .0000
8 .0000 .0000 .0000 .0000 .0000 . 0000 .0000 .0000 .0000
9 .0000 .0000 .0000 .0000 .0000 . 0000 .0000 .0000 .0000
10 .0000 .0000 . . 0000. . 0000 .0000 . 0000 .0000 .0000 .0000
11 .0000 .0000 .0000 .0000 .0000 . 0000 .0000 .0000 .0000
12 .0000 .0000 .0000 .0000 .0000 .0000 .0000 .0000 . 0000
13 .0000 .0000 - .0000 .0000 .0000 . 0000 .0000 .0000 . 0000
14 .2598 .0434 .0000 .0282 .0306 .0081 .0319 .0165 .0181
15 .0000 .0000 .0000 . 0000 .0000 .0000 -+.0000 . 0000 .0000
16 .0149 .0611 .0349 .0056 - .0306 . 0437 .0207 .0330 .0671
17 0125 +0611 .0070 .0206 . .0642 . 0437 .0096 .0815 .0543
18 .0013 .0031 L1048 L0451 .0306 L0437 L0478 .0165 L0724
19 .0063 0367 .1048 .0016 .0428 L0525 .0367 .0660 L1267
20 .0000 .0000 .0000 .0000 . 0000 . 0000 .0000 . 0000 .0000
21 .0815 #1222 .0839 .0688 L0373 0464 .0245 L1304 .0371
22 . 0000 L0000 L0000 . 0000 . 0000 . 0000 .0000 .0000 . 0000
23 5720 6724 . 0699 2257 .3670 .4374 .1593 .2641 . 1810
24 .0191 0000 ..1090 .0731 L0477 . 0455 .1156 .0416 L0775
26 .0250 .0000 .4158 .2959 .2159 .1767 4317 .1634 .3093
total 1 1 1 | 1 1 1 1 1
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PLANNING FOR INDIA

TABLE. 4. INVESTMENT COEFFICIENTS

continued continued on the next page
deli-
vering investment receiving sector no.
sector-
no. 10 11 12 13 14 15 16 17 18
1 .0000 .0000 .0000 .0000  .0000 .0000 .0000 .0000 . .0000
2 .0000 .0000 - ' .0000 .0000 .0000 .0000 .0000 .0000 .0000
2 .0000 .0000 .0000 .0000 .0000 .0000  .0000 .OQOO .0508
3 .0000 .0000 .0000 .0000 .0000 .0000 .0000 - .0000 .0000
4 . 0860 .0399 L1571 L1541 .2504 L1172 1271 .0732 ~ .0462
5. .0000 .0000 .0000 .0000 .0000 .0000 .0000 .0000 -0000
6 .‘0000 .0000 . . . .0000 .0000 .0000 .0000 .0000 .0000 .0061
7 .0000 .0000 .0000 .0000 .0000 .0000 .0000 . 0000 .0000
8. .0000 .0000 .0000 .0000 .0000 .0000 .0000 .0000 .0000
9 .0000 .0000 .0000 .0000  .0000 .0000° .0000 .0000 .0000
10 .0000 .0000 .0000  .0000 .0000 ~  .0000 .0000 - .0000 .0000
11 . 0000 .0000 .0000 .0000 ..0000 .0000 .0000  .0000 .0000
12 .0000 -0000 . .0000  .0000 .0000 . .0000 .0000  .0000 .0000
13 .0000 .0000 .0000° .0000 . 0000 .0000 .0000 .0000 .0000
14 .0000 .0689 .0000 . 1454 1745 . .1046 .1603 . .1003 .0000
18 .0000 .0000 .0000 .0000 .0000 .0000 - .0000 .0000 0000
16 .0292 .0413 .0399 .0484 .0436 .0146 .1068 .1003 .015¢4
17 .0073 .0275 .0080 .0484 = .0436 .1046 .0534 1003 .0031
18 . 0437 .0275 .0399 L0194 .0262 .0209 .0321 .0301 .0385
19 .0729 .0689 L0797 .0581 .0873 .0732 .0855 .0802 .0339
20 .0000 .0000 . 0000 .0000 . OOOO .0000 .0000 .0000 .0000
21 .0146 .0482 .1332 ‘ .0969 .0611 .1046 .0748 . .1013 .4230
22 .0000 .0000 .0000 .0000 ©.0000  .0000 . .0000 ) .0000 .0000
23 . 2187 L1377 .1595 .1938 .1920 .2510 .2457 .2608 .1594
24 .1093 .1047 .0797 .0504 .0227 L0272 .0278 . 0261 .0461
26 4184 - .4353 - :3030 1851 .0986 .0921 .0865 L1274 L1775
total 1 1 1 1 1 1 1 1 1
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SOME APPLICATIONS: THE EXPERIMENTAL PLAN-FRAME NO. 1

TABLE 4. INVESTMENT COEFFICIENTS

continued
deli-
vering investment receiving sector no.
sector
no. 19 20 21 22 23 24 total
1 . 0000 .0000 .0000 .0000 .0000 .0000 0.0000
2 ..0000 .0000 .0000 .0000 . 0000 . 0000 0.0508
3 .0000 .0000 L0000 .0000 . 0000 .0000 0.0000
4 L0849 L0371 L0178 . 0000 1755 .0972 2.1936
5 .0000 .0000 .0000 .0000 0000 . 0000 0.0000
6 .0000 .0000 .0000 . 0000 0000 .0000 0.0822
7 .0000 .0000 .0000 .0000 0000 .0000 0,0000
8 .0000 0000 .0000 .0000 .0000 .0000 0.0000
9 . 0000 0000 .0000 .6000 . 0000 ©.0000 - 0.0000
10 .0000 0000 .0000 .0000 . 0000 0000 0.0000
11 .0000 0000 .0000 .0000 . .0000 .0000 0.0000
12 . 0000 0000 .0000 .0000 .0000 . 0000 0 0000
13 . 0000 0000 .0000 0000 .0000 .0000 0.0000
14 .0235 0140 .0330 .0000 .0000 L1051 1.3642
15 .0000 0000 .0000 .0000 . 0000 . 0000 0.0000
16 L0242 L0701 .1982 .0000 .3511 .0000 1.4849
17 .0235 1402 .0330 .0000 0585 .0000 1.0061
18 .0435 0550 .0396 .0000 0293 ..0000 0.7910
19 1059 .0701 .0991 .0000 1755 .0000 1.6744
20 . 0000 0000 .0000 .0000 0060 .0000 0.0000
21 .0353 0701 .0000 .0000 0000 .5835 3.3787
22 .0000 0000 .0000 .0000 . 0000 .0000 - 0.0000
23 .2470 2102 .2642 .0000 0000 1556 5.6444
24 . 0834 0399 .0687 .0000 0193 - 0000 1.2364
26 . 3267 3132 .2464 .0000 1908 .0586 5.0933
total -1 1 1 1 1 1 24.0000
81
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PLANNING FOR INDIA

TABLE 5. UPPER BOUNDS FOR THE TOTAL ACTIVITIES X INTRODUCED BY TAKING
ACCOUNT OF EXISTING CAPITAL CAPACITIES IN THE VARIOUS SECTORS

current afc

upper limit coeffs. of
of labour receiving upper
input sectors for limit
Rs. (107) the delivering
‘sector 23
1. agriculture redundant*
: 5003.04 0.6637 7538.1046*  because of (1)
2. animal husbandry, fishery and forestry in table (6)
3. mining 17.24 0.3174 54.3163
4. metal and engineering 99.54 1 0.2795 356.1360
5. _chemicals 20,47 0.1106 185.0814
6. building materials and wood manufacture 10.58 .0.1153 91.7606
7. fuel, oil and power 13.34 0.2124 62.8060
8. food, drink and tobacco 131.50 0.1163  1130.6965
9. textile and textile products 149.24 0.1641 909.4455
10. ceramics and glass 2.05 0.1494 13.7216
11. leather and rubber 10.65 0.1955 54.4757
12. paper and printing 10.38 0.2105 49.3112
2907.7508
13. textile and textile products 65.21 0.3914 166.6071
14. metal 80.45 0.5633 142.8191
15. food, drink and tobacco 372.89 0.4385 850.3763
16. bhild_ing materials and wood manufacture 18.72 0.4132 45.3049
17. other small-scale manufactures 207.83 0.6265 331.7318
1536.8392
18. railways and communication 149.40 0.4184 357.0746
19. trade and other transport 1016.19 0.6317 1608.6592
20. bank, insurance, professions lb288. 99 0.8503 1515.9238
3481.6576
21. construction
. 613.47 0.5272 1163.6381
22. house property
9218.18

*Although the above computations are made by means of labour, the result is interided to express
capital capacities.
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SOME APPLICATION: THE EXPERIMENTAL PLAN.-FRAME NO. 1

TABLE 6. UPPER BOUNDS FOR THE TOTAL ACTIVITIES X INTRODUCED BY TAKING

ACCOUNT OF THE LIMITED LABOUR FORCE AVAILABLE FOR USE IN SPECIAL
GROUPS OF SECTORS

estimate
for

1950.51

1. Xi+X, <7512.92 (6482.09)
(1950-51. plus 16 p.c.).

2. Xg+Xyb...bXqs <2929.19 (1766.09)

(1950-51 vlus 66 n.c.)

3. Xy+Xiat.. . +X1:<1570.11 (1165.58)
(1950-51 plus 35 p.c.)

4. X 5+X,9+Xs0 <3645.62 (2904.88)
(1950-51 plus 25 p.c.)

5. XaptXag <1164.06 (978.20)

(1950-51 plus 19 p.c.)

All the above bounds turn out to be redundant because of table
(5)—except the above bound (1).

TABLE 7. LOWER BOUNDS IMPOSED ON TOTAL CONSUMPTION AND ON THE CONSUMP-
TION OF SPECIAL GROUPS OF CONSUMER GOODS

a7 4167.67< 0 4-Cs < 4593.26

68. 445.83K 0+ Ciy < 490.97

69. 521.70 < Cas < 574.50
0;=X; 23




PLANNING FOR INDIA

TABLE 8. MATRIX OF 25 EQUATIONS FOR THE LINEAR PROGRAMMING ANALYSIS OF
THE ASYMPTOTIC STRUCTURE OF THE INDIAN ECONOMY ACCORDING TO THE
EXPERIMENTAL PLAN.-FRAME No. 1

The concrete meaning of the variables is described in the text.

continued on next page

de-

pen- cons- basis variable no.

dent tant

vari- term h=1 2 3 4 5 6 7 8
able h=0

k=1 —5.38000 1.0000 —0.3506 —0.0000 —0.0000 —0.0040 —0.0002 -—0.0000 -—0.4330

2 —3.5000 —0.1694 1.0000 —0.0000 —0.0012 —0.0132 —0.1866 —0.0000 —0.0027
3 —0.0800 —0.0000 0.0000 1.0000 _00‘090 —0.0690 —0.0125 —0.0567 —0.0029
4 —3.2000 —0.0003 —0.0002 —0.0228 0.9911 —0.0153 —0.0107 —0.0356 —0.0087
5 —1.5500 —0.0004 ~0.0010 —0.0065 —0.0049 1.0000 —0.0171 =0.0000 —0.0014
6 —4.6400 —0.0000 —0.0003 —0.0000 —0.0026° —0.0007 0.9998 —0.0468 —0.0041
7 —2.3800 —0.'0000 —0.0001 —0.0130 —0.0083 —0.0078 —0.0268 1.0000 -—0.0023
8 0.0000 —0.0004 —0.0745 —0.0000 —0.0000 —0.0152 —0.0000 —0.0000 1.0000
9 —8.0000 —0.0002 —0.0003 —0.0000 —0.0105 —0.0149 —0.0114 -—0.0000 —0.0040
10 —3.0000 —0.0000 —0.0000 —0.0000 —0.002¢ —0.0008 —0.0000 —0.0040 —0.0005
11 —3.4500 —0.0000 —0.0000 —0.0000 =0.0042 —0.0014 —0.0015 —0.0000 —0.0018
12 —16.0000 —0.0000 .—0‘.0000 —0.0000 —0.0008 —0.0006 —0.0110 —0.0000 -—0.0017
13 —9.8000 —0.0000 —0.0003 —0.0000 —0.0000 —0.0211 ~—0.0000 —0.0000 —0.0010
14  —3.0000 —0.0089 —0.0012 —0.0130 -0.0511 —0.0052 —0.0047 —0.0043 —0.0006
15 0.0000 —0.0001 —0.0164 —0.0000 —0.0000 —0.0076 —0.0000 —0.0000 —0.0011
16 0.0000 —0.0004 —0.0010 —0.0022 -—0.0023 —0.0017 —0.0153 —0.0045 —0.0029

17 —30.7000 —0.0020 —0.0016 —0.0178 —0.0071» —0.0278 —0.0043 —0.0050 ~—0.0033
18 —3.5000 —0.0002 -—0.0048 —0.0455 —0.0667 —0.0397 —0.1009 —0.0298 —0.0176
19  —64.8000 —0.0066 —0.0343 —0.0714 —0.113¢ —0.1972 —0.1782 —0.0313 —0.1059
‘20 —31.8000 —-0.0089 -0.0092 —0.0778 —0.1179 —0.0760 —0.0703 —0.0202 —0.0535
21 0.0000 —0.0024 —0.0020 —0.0053 —0.0043 —0.0020 —0.0022 —0.0023 —00.047
27 —4176.4700 0.8306 0.6493 0.0000 —0.0012 —0.0191 —0.1868 0.0000 ——0.\4357
28 —463.6300 —0.0002 —0.0006 0.0000 —0.0105 —0.0360 —0.0114 0.0000 —0.0050
29 —532.2000 0.0000 0.0000 0.0000 0.0000 0.0000 0. 0006 0.0000 0.0000
30 9874.0100 —0.7999 —0.5021 —0.7238 —0.5727 —0.5371 —0.3460 —0.7594 —0.3464

f=

G+

et

Cas 0 0.7999 0.5021 0.7238 0.

ot
~1
1o

7 0.5371 0.3460 0.7594 0.3464
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SOME APPLICATIONS: THE EXPERIMENTAL PLAN-FRAME NO. 1

TABLE 8. MATRIX OF 25 EQUATIONS FOR THE LINEAR PROGRAMMING ANALYSIS OF THE

ASYMPTOTIC STRUCTURE OF THE  INDIAN ECONOMY ACCORDING TO THE
EXPERIMENTAL PLAN-FRAME No. 1

The concrete meaning of the variables is described in the text.

continued continued on next page
depen-

dent basis variable no.

vari-

able 9 10 11 12 13 14 15 16 17
no.

k=1 —0.2434 —0.0215 —0.0112 —0.0080 —0.0083 —0.0006 —0.3683 —0.0241 —0.0301
2 —0.0005 —0.0019 —0.0933 —0.0125 —0.0019 —0.003¢ —0.0036 —0.2794 —0.0252
- —0.0042 —0.0570 —0.0018 —0.0142 —0.0035 —0.003¢ -—0.0012 —0.0135 —0.0003

- e
!
o

0011 —0.0049 —0.0012 —0.0122 —0.0070 —0.1406 —0.0033 —0.0164 —0.0033

31 —0.0051 —0.0355 —0.0267 —0.0151 —0.0028 ——0.)0000 -0.0000 —0.0011 -—0.0010
6 ~—0.001.3 —0.0336 —0.0018 —0.0000 —0.0009 —0.0001 —0.0007 —0.0268 —0.0000
7  —0.0062 —0.0280 —0.0061 —0.0144 —0.0006 —0.0007 . —0.0001 . —0.0003 —0.0001
8§ —0.0000 —0.0000 —0.6000 —0.0000 —0.0000 —0.0000 —0.0083 —0.0000 —0.0000
9 1.0000 —0.0000 —0.0000 —0.0000 —0.4760 —0.0000 —0.0000 —0,0000 —0,0000
10 —0.0000 1.0000 —0.0000 —0.0000 —0.0000 —0.0000 —0.0000 —0.0000 —0.0000
11 —0.0000 —0.0000 1.0000 —0.0000 —0.0000 —0.0000 —0.0000 —0.0000 —0.0173
12 —0.0021 —-0.0327 —0.06079 1.0000 ——0.0045 —0.0003 —0.0007 —0.0000 —0.0000
13 —0.0026 —0.0000 —0.0000 —0.0000 1.0000 —0.0000 —0.0000 —0.0000 —0.0000
14 —0.0007 —0.0047 —0.0021 —0.0000 —0.0093 0.9913 —0.0030 —0.0172 —0.0107
15~ —0.0000 —0.0000 —0.0000 ~—0.0000 —0.0000 —0.0000 1.00060 —0.0000 —0.0000
16 —0.0021 —0.0063 —0.0012 —0.0031 —0.0068 —0.0023 —0.0024 0.9942 —0.0028
17 —0.0022 —0.0135 —0.0341 —0.0221 ——0.0061 —0.0089 —0.0030 —0.0029 0.9972
18 —0.0206 —0.0592 —0.0101 -0.0173 —0.0109 —0.0103 —0.0038 —0.0150 —0.0036
19 —0.1132 —0.0508 —0.1174 —0.1363 —0.0104 —0.0826 —0.0430 —0.0444 —0.0715
20 —0.0648 —0.0467 ‘ —0.0562 —0.0828 —0.0108 —0.0337 —0.01584 —0.0164 —0.1167
21 —0.0011 —0.0008 —0.0015 —0.0104 —0.0044 —0.0030 —0.0024 —0.0041 —0.0029
27 —0.2439 —0.0233 —0.0206 ;0.0'102 —0.0040 —0.3719 —0.3719 —0.3035 —0.0533
28 0.9974 0.0000 0.0000 0.0000 0.5240 0.0000 0.0000 0.0000 0.0000
29 0.0000 0.0000 0.0000 . 0.0000 0. 0006 0.0000 0.0000 0.0000 0.0000

30 —0.5290 —0.6121 —0.6075 —0.6515 —0.4358 —0.8975 -—0.5407 -—0.5328 —0.7128

f 0.5290 0.6121 0.6075 0.6515 0.5458 0.6975 0.5407 0.5328 0.7128
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TABLE 8. MATRIX OF 25 EQUATIONS FOR THE LINEAR PROGRAMMING ANALYSIS OF
THE ASYMPOTOTIC STRUCTURE OF THE INDIAN ECONOMY ACCORDING TO
THE EXPERIMENTAL PLAN-FRAME‘ No. 1

The concrete meaning of the variables is described in the text.

contlinued
depen-
dent basis variable no.
vari-
able 18 19 20 21 22 23 24 26
no.
k=1 —0.0465 —0.0260 —0.0003 —0.0878 —(.0008 0.0000 0.0000 —0.0813
2 —0.0109 —0.0000 —0.0000 —0.0090 —0.0019 0.0000 0.0000  —0.0811
3 —0.0506 —0.0000 —0.0005 —0.0083 —0.0018 0.0000 0.0000 —0.0175
4 ~0.0816  —0.0058 —0.002 —0.0219 —0.0027 —0.1755 —0.0972 —0.0179
3 —0.0017  —0.0000 —0.0665 —0.0007 —0.0004 0.0000 - 0.0000 —0.0056
6 —0.0021 —0.0006 —0.0002 —0.0509 —0.0106 0.0000 0.0000  —0.0009
7 —0.0052 —0.0026 —0.0001 —0.0009 —0.0001 0.0000 0.0000  —0.0000
8 —0.0000 —0.0000 —0.0010 —0.0000 —0.0000 0.0000 0.0000  —0.1037
9 —0.0008 —0.0051 —0.0021 . —0.0000 —0.0000 . 0.0000 0.0000 —0.3266
10 —0.0000 —0.0000 —0.0001  —0.0007 —0.0001 0.0000 0.0000 —0.0012
11 —0.0005  —0.0028 —0.0001 —0.0004 —0.0000 0.0000 0.0000 —0.0358
12 —0.0062 —0.0008 —0.0002 —0.0000 —0.0000 0.0000 0.0000 —0.0016
13 —0:0000 —0.0000 —0.0002 —0.0000 —0.0000 0.0000 0.0000 —0.0151
14 —0.0000 —0.0013 —0.0004 —0.0037 —0.0004 0.0000 —0.1051 —0.0007
15 —0.0000 —0.0000 —0.0009 —0.0000 —0.0000 0.0000 0.0000 0.0000
16 —0.0020 —0.0009 —0.0012 —0.0046 —0.0000 —0.3511 0.0000 0.0000
17 —-0.0012 —0.0046 —0.0027 —0.0043 —0.0003 —0.03853 0.0000 —0.0012
18 0.9950 —0.0033 —0.0029 —0.0554 —0.0263 —0.0293 0.0000 —0.0237
19 —0.0284 0.9959  —0.0062 —0.0942 —0.0442 —0.1755 0.0000 —0.0388
20 —0.0686 —0.0429 1.0000 —0.0348 —0.0282 0.0000 0.0000  —0.1428
21 —0.0545 —0.0014 —0.0012 1.0000 —0.1964 0.0000 —0.5835 0.0000
27 —0.0573 —;0.0260 —0.0003 —0.0968 —0,0026 0.0000 0.0000 —0.162¢
28 —0.0008 —0.0051 —0.0023 0.0000 0.0000 0.0000 0.0000 —0.3417
29 0.0000 0.0000 0.0000 0.0000 1.0000 0.0000 0.0000 0.0000
30 —0.6343 —0.8978 —0.9769 —0.5225 —0.6861 0.7899 0.7858 0.9225
f=C+
v Caa 0.6343 0.8978 0.9769 0.5225 0.6861 —0.7899 —0.7858 —0.9225
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