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INDIAN STATISTICAL INSTITUTE
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Probability Theory its Applications IIX
Semastyral=1 Examination
Data ¢t 16.11,1272 liaxinum Marks @ 100 Time t 3 Hours

Ansver oS many cuestions as you can, The

vhole nu2stion paper carries 110 marks,

The maximum you c:sn scere is U0,

1, Lot Xl.xz.X3.X4 be independent random variables having
" densitios £,(x),f5(x),£3 (), £4(x) respectively whero

r =
i T =)
£f,(x) = & e i for x>0
1 [y
a O Oa\le

i =1,2,34.
X

Lo‘t Y, o x_TLTT i=]1,23,
i 1 *Ro+E K, <o
Show that ‘Yx"’zv"'s’ hes the Dirichlet dunsity
D(xy,T,sT43T,)e Find the :c?pditional dansity of \13|\r1 =a,Y,=b.

R - [7+8)=[15]
2. Lot X5,X,0Xppes bo 11d random varishles with X~ €(a), ades

Let N be on intoger valued rondom variable definad by
Il = n Af and only if X;<&X5, Xo&Kgs v Xp 3o and X, 5Xg
.. - n=1,2,400 0

- ('a) -Show that P[H] = Hrln:r)' n ““1,2,.0 ®

(b) Show that
-ax)n+1

2[Nan, X x] = orkesy (=0
n= 1,2,
x>0 -~
Hence find the probability distribution of the random
variable Xy.
[5+10]=[15]
3.(a) State and prove the 1st and the 2nd Dercl-Cantalll
Lemmas, '

PetaO.



3.(b) Let X, nal be i1d random varisdles with E([%y]) < =,
Lot for nl
Y, =X, ir |.<n|
= 0 i |x ,
Show that n
. 1'.‘,(1 =>0 ~eSe Af nd cily if
1

o= o=

D
tYi po] deSe [10 ‘*lo] { 4
4, Dofino cor‘:. arginca in distrbuuon. Show that &f X -l-) X
x.
thea Xy = (o 10)[15]
5,(a) Find tho prouability distribution vhoso characteristic

function (c.f) is ¢(t ) = cos2t,
(b) Show that tho cof §(t ) of a rancdom varisdle 4s rosl

4f ~nd only if X §s symmetricelly distributed sroumd zere
(c) Show that for any randon varisblo X vAth c.f,

Q(t) and E(|%|)<¢=

122 L .

19(e)-1-2t E(X)[|QE[ Min ( le—-, 2|4z,

(¢) Lzt X, r2l be 1id nndon varisbles with Z(]X)[)<e ,E(X) )1
+'l.* "

Lot the cofe of <=0 1o danotad by, (t). Using (c)
sbove, show *hetll, (£) <> 1 =5 n =des for evary t Indi-
cato how this nives an nlternative preof-of uerk
1nv of Lerge Numbers, [5+5410+15)a[35]

6o L3t x"\. n 2 1 bo 11d random voriablesvdth nsan a and variancq
6%, Lot £ bo a real=valuad function dcfinod on IR such that

f has 2.non=zero derivative at x = a, Uso contzal 1inmit
thecorem to show that

/a((Z)-£(a)) L

T e) > 1(0,1)
n
whara zn 11: xi. [10]
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This pap.r c~rrics 1z0 m~rks, You mry
answer ~s oy quastisns 2s yu can.
The maximum ydu c~n score is 100,

1. rrove thut a competitive ¢Gquilibrium {s Parcts Optimal, Is
this ruswsie, 21n your Oplnion, sufficient to justify a
systcm of cumpetitive capitzlism ?

[20]

2, Consicer a Ccurnat duopoly modal vheore the two firms have
constant unit costs ¢ and c* respectivily and vhere the,

market demand function is given by & = a=bg. Let c<c*. A

(a) that is the condition vhich guarantces that both firms
' produce positive quantitics 2

(b) Compute the equilibrium prices, quantitics and profits

when both firms are in the markot,
[5+15=20]

3. Show, in terms of ~n appropriate modcl, that a durable good
moaopelist would prefer leasing to outright sales. Under what
m;
conzitions/ledsing be not pruferablo ? (20]

4. Establish th. relationship betwcen roturns to scale and the
long run avarage and marginal costs using the 'function
¢coefficiuntt, [2°]

5.(a) A consum:r behaves perfectly competitively in both

1abour and product markets. Zight hours of cach day
constitute the time for slecping, eating ctce The remaining
16 hours in cach day he is frece to work for wages or enjoy
leisure. His utility function for thosc 16 hours is

U= /27 )
vhere X : quantity of goods consumed, Y @ no.of lcdsure

hcurs,
(1) Derive tho consumer's labour supply as 2 function of

rceal wage rate.
(ii) Derive his demand for X.

Peteo.



5.(b) Mre X, with on inceme of Rs.5000/- per y-.or, sponds 10%

6.(a)

(b)

of his income on s~vings for which tho income elasticity
is 2. If his incumz risys to its,6000/= por yoar he will
spund 12% of his iacome sn savings' - prive or disprove.

' [14+6=20]

yrcve that under perfoect competition in the short run

a tax on profits is borne cntirely by the owners of
fims, but in the 1long run the t-x is shifted wholly

to consumsrs in the form of price increonsss. Explain your
reasvning.

Let f(x) by tho production function for a firm with a

constant-retums~to~scale technology. Suppose each factor
Xi is poid its valuo marginal product wy = p.df(x)/dx,.
Show that profits must be zero.

[15+5=20]
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Calculus IIIX

Sumos_tra.l-l Ex-min-tion

D~te t 23.11.1992 Maximum Marks : 100 Time : 3} Hours
-The p-~par c~rrics 110 marks, /Answer all

questicns, Maximum you can scorz is 100,
Justify ysur steps precisclys

1. Let » curvo C in w3 5o parametrizad Ly

(1) = ‘ 1__2t2 1) tem
a —2 ’
1+t 1+t :

‘srove that the angle between a(t) and aflt) s a constant,

an you identify the curve as a familiavr ona ?
[6+4= 10]

2.(a) Let £ (x,¥,2) = (x,¥,2) and = [ z]l. Let g : BRY =y »
bo differentible. Let § = {0, Difine a scaler fiele
g on S by #(z) = g(r). Show thrt ~
1€3)
<7 #(z) = LE 1.
(5) Let £(z)= rPr cn S,where pELR Show that £ is a gradient
on 8 and find a c'orrc's:mnding pdtenti:-.l.

(c) Show that g(z) = % is harmonic ¢n S, i.0. V2¢ =

[5+4+6 = 15]
3. Find the shortest cistsnce from-the point (0 b) on the
y=-nxis to t.hn. rarnbol- X" = 4y, . [10]
4, Let R be the'region in ’ mz;oncloscd by tho curve whose

polar cquation is given by

It

=1 = Cos 6, e £ [0, 2n].

Sketch the region in xy = plane and find the integral of the
function £(x,y) = x“ over R,
[5+10 = 15]

p.t.o.



S.

6.

Lot D canote the cpen unit disc in 132. Let £ be harmonic
on D . Assuming ccntinuity of the mixced partial derivatives

. shuw th-t fur ~ny r € (0 ,1),

£(0,0) ‘= éﬁ f f (r Cos o. r Sin ©) d6

[Hint : Define tho S as a functicn of r, find its ceriva-
tive by differentiating under the intagral sign (Justify

this) ond evaluating 1t using tho Greent's Theorem on the
dlsc of redius p o . 20}

"3
on 2 or W » let r denote tho distance from the origin.

Lot n > O be an integyer. Lot In(n,b) denoto the integral
of f(r) = -L on S, wherae L .

(a) S is the region in m2 betweon two concentric circles
of radius 2 ond b tespeclivelg 0<a<h,

(b) s is the simil~r volume in IR° betweon two concantric
spheres, .
In both the cases, find values of n ‘for which I, (a,b)
tonds to a limit as a => O.

[74+7+3+3 = 20]

Let C be a closed curve which is the boundary of a surface
S. For scealar fioclds f and g on S, prove that

(a)-.{:(fvg) . ca = ,gf[( x7£) X (9g)] « nds

B ST g+ gPf) o da =0,
c [12+8=20]
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“Scmastral-l Examinaticn

Dato ¢ 25,11.1992 Maximum Marks : 60 Timo : 3 Hours

(a) This paper carrdies sixty(60) marks of
which two(2 ) marks hove been raeserved
for niatness oand clarity of presenta-
ticn, /nother ten(10) merks are reserved
for rractical Note Book,

(b) ~ttempt altogether six(6) questions,
taking at least two(2) from cach GRLUD,

GRCUP A

1.(a) Based on a semple (X),..,X,) of size n from N(u,o 2y
population and considering all hcmogencous linear unbiased
cstimators of the mean u,-show that the sample mean X
satisfices ¢ '

(1) E(X- p)z is the lcast}

(11) E[X- u] is:the lcast]

(111)2 [Z= p] < €] is the maximum, uniformly in € > O.

(b) In the samo sct-up as in (a), lot h(xl,..,xn) be any
function of X;'s for vhich E(h(.))=0. Show
that ' .
E(h(Xl,.;an)(z= n)) = 0.
Honce, cstablish thitz ' 5 '2
E(I(Xl...,Xn)—y) 3 E(X=y) ¥, 0
vhere T(.) is any other unbiased cstimator of u.
[(1+1§+1%)+4=8]

2:(a) Let f(x|a)< «®, x=0,1, 2,3.
Let@D=={a $0<ag1]. Findmle of a when x =1

’.

(6) A coin 15 tossed once. If it shows H(T), it is toss'd
further till it produces a T (H), Lot N be the total
number of tosses in this experiment.

(1) Fin¢ the distribution of N,
(11) Bascd on the observed value of N, deriva the mle qf
p = Probability of showing H in a singlo toss.

Comment on your rosult.
psteOe



-2 -

1 1
[~ =
1, 2<x50+2

(c) For £(x]|0)
=0 othex‘wlsé
find an mle of ® and also an cstimator based on the
method of muments, from a sample of sizo n.

(d) For f(x|o) = omlx-o | y =k x<w, ~oolB<a,

find the mle of © based on a sample of sizo n.
. [2+(1+5 + §)+ 2 +2=§

3.(a) Using brief but clear arguments, writu cown the distri-
bution of

Yn' X1
Sn Vil

where XypeerX ) S’._.ts N(u,02),

U=

= (x1+..+xn)/ n,

and énz = (li)(‘,'.2 -n )?nz.) / (n=1), n>2.

Hence, deduce limits a(.), b(.) such that
Pr[a(XL,_..,Xn)«n:lﬁb_ (xl,..,xn)] =1 =a.
Interprot your result

,

(b) In normal samples with non-zero mean, deduce the sampling
¢istributicn of T = E X1 » (You may assume the -°
_ corresponding result for the zero mcan case).
Hence shew that F(t) in tho non-zero case exceeds F(t)
in the zero-mecan case for all. t > 0,
[(2+1~2 -)+(2+2) = 8]

’

. ContCacesa



4.(a) Dovelevp an exact levul-a test for tho hypothesis

Ho t Rl = Rz Vsq-H 1 K Al < hz

vhere X{~ & Poissin’ (xl), = 1,2} X,X, aro incependent.
Cafry cut tha to$tivhen x,= 4 and Ay = 6 are the obser-
vations on Xj enc X2 respectively, You may take a = 0.03.

(b) Zscortain tha overall conclusion bascd on the following
imlenencent p-valuest: 0,23, 0.08, 0.01,0.03,

(c) Chack-the following tablo &

S )
e R G e
A 0.30 0.20" 20
‘B 1.20 " 0,60 10
c ‘l.50 . ;- 0.80 - 5
D 4,50 1.20 1
E 0.75 0,50 -2

You have Rs.9/- to purchasc items from the above list.
Davelop a strategy to miximize the tctal utility of the
itemg purchased. Derive the solution oxpli=~

citly.
: [(2+1)+(2)+(2+1)=8]

GROUZ B

.54 Twelvo hoygs wote'fed on ciot A and fiftecn on cdiet.B with the
following rosults for the gain in weicht (ovcr the same period)
in lbs, '

I => 2,5 3.0 2,8 3.2 3.5 2.2 2,8 3.3 2, 6 3,0.2,4 2,7
B ~> 4.4 3.7 2.7 3.0 2.6 2,9 3.2 3.4 2.8.3.0 2,6 2,8 3.1 2,9 3.2

(2) Test if the ossumotion of common vhriance Is tenable or
. not, : -
(b) Assuming common varianco but differont means, find 907
confidence 1imits fot the average increase in gain of
B over . [#4+m8]

Contdesssne



6. Considor a sample of 10 observations from
£(x]e) = & o™/®, %30, 0.
samnle ¢ 1002 1105 12,8 10,7 11.2 12,4 11,7 10,9 10.4 11,3

Based on tho mle, test Ho 0 =10 Vs, H1=9) 10,
Draw the power curve of the tost, Is it UMD test 7

[3+'Hrl=' 8]

7.(a) Determinc the sample size (n) nacessary to estimate the
true mean with an error pst exceecing 1% of it and with

conficdenco at lecast 99% vhen the undcrlying population
= is normal with C.V, = 1%.

(b) / chemist repeats protein analysis 20 items with the
following results about proteiln contont (x)

£x, = 196,20, Ix,% = 1928.65
/nother chemist does the same analysis on the same sampl
with the following results absut protcin content
“(cenoted by y) @

By, = 205.16, £y,? = 4036.71

Examine vho is morg procise.
’ [4+4=8]
8, It is desired to tost
Hy * Coefficient of Variation (C.V.) of height distribution
Males and Females are cquale

Towards this, data on heights of 10 malcs (x; and 15 fomalay
(y) vere collected 3¢ .+ .t + & o
Males | Ixy = 703.4 inch . Ix,? =.50,030 sq.inch

Eemales Iy, = 995.6 inch  Zy,? = 103820 sq.inch

It is known that tho moan hoight of males is 68.64 inch.
while that of females is 63,87 inch. Test tho adbove

hypothesis and- also provide 95/ confidence limits for tho
ratio of, tho CoV.'s,

[4+4=8]
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Attompt any FIVE questions - at lecast two
fro? 3ach Group « Quastions carry equal
mnrkS,

GROUP A

l.Durkhein, Max Weboer and Karl Marx are considered as threo
founders of sociological schools of thoucht. Choose any two
of them and compare their central idc»3 about soclety.

2. ¥hat is social change ? How does it diffor from social
mobility ? Describe an approach for studying social chonge
in India.

3. Defino Polygyny ond Polyandry, How do you account for thase
practices ? Mention the ways of acquiring a mate in Indlan
tribal sociecty.

4, Critically review the approach of any sociologist who has
studied Indian society,

GROUP B

1. Comparc and contrast the importance of gualitative and quanti-
totive methods in sociology with suitcble examples,

2, Consider some villages without any cll-woather road connecting

them with an urban market town., Suppose, the road is made
all-weather and buszs, trucks, ctc. bagin to move frequen tly.
An administration is interested to find out the impact of
improved road and transport connection on community life.

(a) How could you dofine "impact'™?
(b) How would you like to assess this impact ?

3. Vhat is Pancl Study ? How does it diffcer from a Case Study ?
What are the morits and limitations of Panel Study ?

4. Define Content Anclysis, what kind of data is usually uscd
for it ? Describo with i{llustration tha various steps that
are involved in content analysise

—_—



1959293 1254

INDI/N STATISTICAL INSTITUTE®
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' conomiqs 1
._ Somestr l-I Exanmination (Backpaper)

Date': 9. 1.,1993 * Maximum Marks : 100 ' Tino t 3 Hours

This papir corries 120 marks. You nay
AnsSwer as mony questions 2s you can.
Thoe maximum you c¢an score is 100,

l..Prove. that o competitive vquilibrium 4s “«roto Optimal...Is
this rusit+, 2n your »opinion, suffxcxcnt to justlfy a
vystem of cumpetitive capitalis n ? Y
v : co [20)
2, Consiocr a Ccurnot duopoly model where the tﬂo fi;ns Qaye
constant unjt costs ¢ and c* respoctivoly and” whare thu

market demand {unction is given by 2= a-bq. Let’ c(c .
'(a) ¥hat is the conditkr\Which guarantoes that both {irms
*produco positive Quentitics 2 ‘i o0 PV
(b) Compute the equilibrium prices, quantitios and profits

when both firms are in the market, .
Ce e - o [5+15=20]

3. Show, in terms of 'an appropriate modecl, that a durable good
monopolist would prefer leasing to outright sales. Undor vhat
conditions[Fnging bo not preferadble ? [201

4, Establish the rcelationship betwecen roturns to scale and the
long run average and marginal costs using the qunctioﬁ
coefficient!, [20]

5.(a) A consumer behaves perfectly competitively in both '

labour and product mSEkets. £ight hours of cach day .~
constitute the time for sleceping, Oatlng otc., The rupilning
16 hours 4in cach day ha is free to worr for wages ﬁr .anjoy
leisure, His utility function for thosc 16 hours is

) U= /ZY

vhero X & quantity of-goods consumed,”'Y- 3 no,of lelsuro'I

hours,

(1) Derivo tha consumer's labour supply as a functign,of
rcal wage rate, )

(ii) Derive his demand for X,

pete0s



5.(b) Mr. X, with an incoma of Rs.3000/= por ycar, spands 10/

of his income on savings for which tho income elasticity

is 2. If his {ncom2 rises to Ns,6000/= por yzor ho will.

spond 12% of his income on savings' - prove or disprova.
[14+6=20]

6.(2) i'rove that under perfuct compotition in.the "short tunL
sk on profits is borng .entiroly by tho owners of
fims, but in tho . long run the tax is shifted wholly
to consumers in the farm of price increascs, Explain your
reasoning. : .. s e
(b) Let £f(x) be tho production function for a firm with a

constant-xnthzns-to—scale tochnology. SuppoSo’oach factor
Xy is paid its value marginal product wj's p.bf(x)/bxi.
Show that profits must be zoro,

[15+b=20]
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All questions carry equal marks. /.ttempt
all questions,

1. Explain-the method of maximum likelihood for cstimation of a
recal- valued parameter. Suppose X ~ Truncated Binomial with
parameter p excluding x = O. Indicato the nature of the
maximum likelihood cquation and a way to solve it.

Illustrate a situation where the above distribution is feashle.

2. Ucfine the One-paramoter exponential family of distributions,
Show that for such’ a distribution, the mle and tho estimate
based on the method of moments coincide. Is such an estimate
unbias;d ? Explain with illustrations.
.34 If Xyreor¥y, constltute a random sample from N(01+92, a )
population and if yl,yz. Y y con¢titute another random
sample from N(O,-8,,02) population, find the mle of

01 92 and 02 and examine thoir unbliasedness. You

ray assume the populations to be independent.
S 3 R

4. If X~B(n,n) and Y~B(m,5) and if X and Y are' independent,
develop a test for H°= " =5 vs. H.l. TR +S. Carry out the
test when n =10, x = 3, m=.8, y.= 2 at level a = 0.05,

5. What is mecant by powercf a statistical test of a hypothesis 2
Draw the power curve of  the two-sided cqual-tail .test of a
normal mean with s.d., 2 and sample size n = 25 whon the test
is based on the sample mean.

6. There are two independent normal populations with unknovn
parameters. The following results arc available based on
randomly drawn observations from the two gopulntions H

PoplR sample size Ixy Ixg
1 n = 20 150 1200
2 n, = 25 190 1550

Construct 95% confidence interval for the ratio of the
viriances of tho two populations. Hence test the hypothesis

ViTla

of gquality of the variasco,
p.t.o.



7. With rufcrence to tha data in Problun 6, suppose At is
dasired to tust tha hypothesis Mt maan of Popl™ 1 g
1.2 times mean of Popl” 11, Undof suitable assumptions
(to bo stated by you), test the atova hypothosis at
5% luvel of significance o

8, Determine the sample sizo neocessary to rctain the first kind
of crror at a and the second kind of crror at B vhilo testdn,
for the mean of a normal population against both-sided alter.
natives, assuming the population s.d. to bo 2, in tho

following cases : R
a = 0.10, B = 0.10
©= 7 am=0,08, B = 0.05
a = 0.1, g = 0,08,

9. There ara k independent ' npormal populations with the samo
unknown pean m and with unknown and unoGual variances,
spactively. Givon ng samplo obscrvations frim

e}

2
”12"%'°k re z
the ith population, 1<igk, derive the mles of m and gy .oy

1s the mlo of m unblased ?

10. Deriva non-centrzl t-distribution, Illustrate an applicatior
of tha above in problems of statistical inference.
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B.Stat.(ilons. ) II Year : 1992-93
ProbabilityhTheory and its Afpplications

Semestral-1 Backpaper Examiration

Date ¢t 1641.,1993 Maximum Marks : 100 Tim2 : 3 Hours

/nswer as many questions as ygu can., The
vhole question paper carries 110 marks. The
maximum you can score is 1CO.
1. Let (X ,X2...an be a n-variate symmetric lMormal random
vector with E(Xi) =4, 1 =1,2,..n and varilance-covariance

matrix
p
p

N
D

O eee

s Py .. P,
~

- ¢'n " 5 n
tet X =:rx, §%-:lx,-%?2
ny 1
By using a suitable orthogonal ‘transformation show that
X gnd 52 are independently distributed. Show that
ST follows y%il,f‘
(1=0)e® . .[18)

LA

2. Let X,Y be inZapendent U(0,1) random.variables, Let
U = Max (X,Y). Find the conditional'’distributfon of U[X=a.,

Find..Z(Y|x=a) for ocall.
. . [15)
3. (a) Show that X, ~> X almost surely if and only if. for
for cvery €>0 ’
P(14imsup An(t) =.0
n
where A (€) = {y : x n(W)I > E}
< P.
Hence conclude that Xn ~> X a.s. implies that xn-ax.

(b) State and prove the 1lst Borel-Cantelli Lemma.
(¢) Let Xn, n3l be O-1 valued random varisble defined on the

same sample space with
P[X =1]=p =1-P( X; =0 ), n=1,2,..

Show that Xn => 0 a.s. if and only if

; pn<M.
1 [10+8+7]=[25]

p.t.o.



5.(a)

(o)

Dofing convergence in distribution. Show that if
X, L5 0 ang Y, converges in distributin to X (vhere

X v Y, are dafincd or tho same sample sprce)
c
then Xn + Yn —=> X. (5+10 1 =[15])

' .
Show that the characteristic function ¢(t ) of any random
variable is continuous, Show that the c.f. ¢(t) of any
randon variablo satisfics the following :
for any integer n3l, real numbers il,t2,- . t, and complcx
numbers 21'22""Zn

n n
£ L - 1 .2y 27, 2 0.
W gh ¢( t w ) 2y 7 2
If the c.f. §(t) satisfios

J 19(t)[dt ¢ =
then we have a formula for the density function f(x)
cuccosponding to this ¢(t). Write down this formula.
Use this to compute the c.f. for the density

£(x)= g S, s
r I:;i [10+5]=[25]

6, Statc and prove the contral 1imit theorem for a sequence of
iid random variables with finite varlance.

[25]
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Statistical ilcthods IV
Date: 25.%.1593 fioxdnum tHarkss 100 Tire: 3 hours
Hlote: Atterpt ALL questions.

Te A rancdom sample of size n is dravm from a two-way cross—
classified (infinite) population with binery response for each
of the two attributes A and B.
In usual notations, let -
" Te.mn(a8) x(AB)/a(AT) n(ZB).

(i) Show 1:.hat pé(xls, t) defined by
Po(Xls, t) = Prob.(n(43) = xIn(A) = s,n(B) = t)

bas the r‘epresentation

Pl s, ) = (5) (222) &/ Hlo)

where .
Fyo = = (I 0.

(11) Show that .
£ pe(xls,t) is increasing in ©
X>a -
for g1 s,t>1, a2 1.
(111) Hence suggest an unbiased test of independence egainst
poslitive dependence of the attributes A and B.

(1v) For n = 20, n(AB) = 13, n(A) = 16, n(B) = 16,
carry out the test of indcpendence at 5% 1leveld of

significance.
(5454545) = [20]

scume that X and Y have a bivariate normal distribution with

ox =3, aY =4, P ==0.35
while the reans Oy and my are unknovn. It is required to obtain
a confidence region for t:e means Dy and Ty based on a random
surple of size n.

contdesese 2/-
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(1) Suggest a 5% confidence region for (mX' n‘l) based on
thelir nlet's.

(11) Vhat is the area of this region ?
(11i) How is the erea affected by the sign of @ ?

(iv) vnat haoppens to the area i£? = 0 7
(10+54545) = [5)

(a) In a random sample of size n from a bivariate normal popula-~
tion vith gll parameters unkiowvn, show that the distribution
of r, the sample correlation coefficient, depends only on 2,

the population correlation coefficient.
(b) What is z-transformation of r ? Illustrate its usefulness

in statistical inference.

(¢) Ceduce the sampling distribution of r when P = O. Hence
show that a suitable function of r follows (central)
t-distributicn vhen P = 0. Find the degrees of freedom of
the t-statistic. Show how thia is used to test Hg: 2 = 0.

(5+5415) = [5]

In a random sample of size n = 15 from the U(0,8) = population
(1.e., uniform over (0,0)), it is found that the largest
ooservation i1s 3.25. Stating the main results you use (no
derivation required):

(1) find an unbiased estimate of ©;

(11) exanine {f H 1 6 = &4 is tenable or not at 5% level;
(111) deduce a 9% confidence interval for ©.

(5+545) = [15]

Ir a random sarple of size 30 from a Cauchy population with
medien 9, 1t is found that the sample median = 25. Vork out
S5° conficdence limits to ©, based on the sample median. You
ere required to state. (without proof) the main results you use.

[15]
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INDIAY STATISTICAL INSTITUTE T
B.Stat. (Hons.) II Year : 1992-9%
SEMESTRAL II EXAMINATION
Elements of Alzebraic Structures

30.4,1953 Faxinun Marks; 100 Time: 3 hours

Note; You may answer AlL questions.

1.(a) If a group of order 23 has a normal subzroup of order 4,

(b)

2.(2)

3.

4.

(b)

(a)

(b)

(2)

(b)

(c)

show that the group is Abelian. [10)

In a grovp G of order 385 show that the 7-sylow subgroup is
normal and lies in the centre of C. [15]

Show that a Enclidean domain is a principal ideal domain.
(10}
R is a ring such that its only richt ideals arc (0) and R.
Show that either every non-zero elcment of R is invertidble
or R has a prime number of elements, product of any two of

which is zero. [15]

F, K are fields, F € K; a,b are clements of K. I is the
set of all polynomials in F{x] having a and b as zeros.

Show that I is an ideal in F(x), consisting of multiples of
a fixed polynomial in I. [10]

V 1s a finite dimensional vecter space over a field F, and
VW is a subspace of V. Show that W is finite dimensional and

a

that dim V/W = din V - dim W. {(dim V denotes dimension of
F F F F

(10]

V over F).

Prove or disprove:

R i35 a ring with nultiplicative identity and without zero

divisors and £(x) € R[x]. If £(x) has degree n, then the

nunber of elements a in R such that f(a) = 0, 13 atmost n.
(10]

F is a field and f(x) € F{x]. If I is the ideal generated

by £(x) in F[x], then F{x]/I is a finite dimensional vector

s»ase over Fo
[10]

The nultiplicative group of a field is cyclc. [10]
psteo.
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5. Given that x* + x + 1 15 nn irreducible polynomial over
GF("), construct a ficld F of 16 elerents. Find a primftive
element 3 in F and express all powers of & as vectors over
i) I

Sateredn? the rinimum polynemial of @ over GF(2).
[20]

i1bees
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B.Stat. (Hons.) I Year 1 1992-G3. ..
SEJIESTRAL II EZAMINATION

Vectors and Natrices I

Date: 30.4.1593 Maximum Marks: 100 Tinme; 3-15 hours

ilote: Answer as ruch as you can. The whole
paper carries 116 marks but the maximum
you can score 18 100. lMarks allotted to
each question are shown in cquare brac}'ets
near the right margin.

1.(a) Show that the following statements about an nxn matrix A are

(b)

2.(a)

(b)

S.ka

) A

~

equivalent:
(1) &%=
(14) " N(a) = S (1-8)
(111) 2(A) +2(I =A) = n. (11)

pere N, O and ? denote null space, column space and rank.

Show that 1f A% = A then Als the projector into some subspace
S alcng some complement T of S. ) [6)

Give with proof a fomaula for the general solution of a
consistent systern Ax = b when a matrix G such t.ha't AGA = A
is known. (Prove the properties of G you need. You may use
the result of question 1.(a)) ) (12}

If [H:B:d] is obtained from [A: I :b] by elementary row
operations, where H is in Hermite canonical form, how will
you find a g-inverse of A _aqd a general solution of Ax=b
(gssuming it is consistent) ? Give proof assuming that

HS = He . . . [7]

ssuning the elementary proﬁerties of determinant including
those on expansion by a row and. the determinant of a product,

‘prove that the square matrix A has an inverse if and only 1if

1AL # 0. [7]
Show that the rol1owing statements about an nxn matrix A

over the domain Z. of integers are equivalent;

(1) for each b c:?_'_n , the system Ax = b has a unique
solution over IR end the solution belongs to 2_“

contdesees 2/=



4.(a)

(v)

5.(a)

(b)

(¢)

7.(a)

(b)

-2 a

(i1) A has an inverse <er Z,

(111) 1Al =1 or -1,
)]

Frove that every ortionormal set of vectors is linearly
independent. [4)

Frove that the following statements about an orthonormal
52t B = §£x), ..e, X} in a finite-dimensional inner
product space V arc equivalent:

(1) B is a maximal orthonormal set

(11) B 1s a bacis of V
k
(141) x = ¢ <X, x;>x,  for all xeV

=1

k
(iv) <x,y> = 121 X, Xy >X;,y>  for all x, yeV

K
(v) uxn? a I tex,x;>12 for all xeV.

(PBinv: prove cyclic impZication) (12)

Show that the eigenvalues of a real symmetric matrix are
all real. (5]

Prove that a real symmetric matrix is orthogonally similar
to a diagonzl matrix (you have to prove any result of a
similar nature which you want to use). [9)

State (without proof) the spectral form of é real symmetric
matrix. Give the propertles and sipgnificance of the scalars
and matrices involved. [5]

Reduce the following Quadratic form to a diagonal form and
find its rank znd signature. What is its definiteness
category ?

2 2 2
5% + 35:(2 + 1Ax3 - 10x1x2 - Bxyxz + hhx2x5. .

State the determinantal criteria for a real symmetric matrix
to be (1) p.d., (11) n.n.d. and (iii) indefinite. 6)

Find the determinant of the rcal nxn matrix A with each
diagonal entry 1 and each off-diagonal entry a. Show that
Ais p.d. 11’1‘—n1-—T<a<1. [12]
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INDIA! STATISTICAL IUSTITUTE
B.Stat. (Mens.) IT Year : 1992-93
"SEMESTRAL II EXAINATION
Bczonomics 2ad Officizl Statistiss
Date: 3.5.1993 Hexdruz Marks: 100 Times 3% hours

Note: Answer any TvO questions from
Cuestions No«1 to 3 and ALL the
rest.

1., Describe fully the Pearl-Reed method of fitting the logistic
_curve to a time series of cquidistant observations on the
population of a country. How are the initial estimates of the

pareaneters obtained ? . [20]

2, Explain any two of the following methods logical problems which
arise in the estimation of demand functions from time series
data: (2) multicollinearity, (b) aggregation end (c¢) identifica-

tion.
. Briefly indicate how the pooling of crosse-section and time series
data can help overcome these problems. (20)
Lt 20

3:° Write short notes:on sny two of the following:
(a) Corparative merits of fixed base and chain base systems in
the construction of a series of price index numbers;

(b) Lorenz curve of the lognormal distribution - its equation
and properties; -
"(c) Elasticity of substitution end the CES production function.

. . [20]

4. The following shows the distribution of income units in Britain
for 1953 over size classes of income. Fit a two-paraceter
lognormal distribution to.the data. (You may estimate the
parareters by any suitable method.)

contdesess 2/-
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incore =lass (£) /s of income units
0o- 5.3
100 - 199 15.3
200 - 299 12,6
300 = 393 16.3
400 ~ 499 17.2
500 - 599 12.3
£00 - 699 1.3
700 = 79S 2.6
800 - 999 ‘3.7
1000 =-1499 2.1
1500 ~1999 0.5

2000 = 0.8

(0]
The following data are based on a sample survey in Sri Lanka.
The data relate to the year 19%5. Houscholds were ranked in
ascending order of per capita income and then grouped ints
five quintiles, each having 20% of the total pcpulatisn.

quintile grow oo e e (Rs.) oy noome s
1 112.8 66
2 197.6 - 63
3 233.3 59
4 423.0 . 56
5 1303.2 Lo

Corpute y = average monthly per capita expenditure on food for
each group end regress it on x = average monﬂ'xly per czita
income for the some group. Assume that the Engel relation is
of the constant elasticity form. Hence estimate the Engel
elagsticity for food, as a whole. -

[25]

Prasztical Recora. [15]
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1.(a)

(®)

(c)

N.(a)

(v)

3.(a)

(v)

LNDIAN STATISTICAL INSI1TUTE 1957-08 e ]
B.Stat. (Hons.) II Year : 1992-93
SEMESTRAL I1 EXAINATION
Derogrophy and SYCOR

5.5.199% Maximim tarks: 100 res 3 hours

tote: Une scparate miswerseript for cach
Croupe.
fswer ALL quegtions.

GROIE - A
(Demogravhy ).

Yax. Marks: 50

Describe briefly any one method for constructicn of abrid-ed
life tadbles.

ferive the following rclationship:

B s 1? [Solog, p, + Sologg Py_q 1

syubols having their usual significonce.

Prove that in a stationary 1life table population the averare
aze at death for thoze living at sge x i3 an increasing
function of x.

. [5+445) = [14]
Sterting from suitable assumptions deduce the logistic law
of population growt: in the fom '

P = —.._.!:--.... .
t 1 4+ c(ﬁ‘t)/a

Explain tho significance of the parameters L, & and B.
(6+4) = [10]

Wirite notes on

(1) Crude birtnh rate

(i1) Net reproduction rate
(141) Child woman ratio

(iv) Parity progression ratio.

The percentaze of ever-married women obscrved in successive

five yeor age groups along witn the average nuzber of female
children borm {on completion of reproductive yeriod) to ever
married women in the same age proups are given below.

contdesses 2/e
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Pcrcentage of AVEragt no. o< iemale
Age ETOUP - gver narried vomen children bern (corpleted
o fertility) to ever
e rea et s amn e ~JRATTACA VOMEN

———

15 - 20 15 4.7
0 -2 45 4.00
25 - 30 go 3.1
30 - 35 84 212
35 - 4O €8 1.21
Lo - 45 90 40

e—— -

Caleulate the Gross Reproduction Rate.
o (hx2+5) = [13]

Deseribe in detail the corponent method of population
projection. Tllustrate your answer with population
projections for India 1991 - 2011.

OoR
Explain the concept of stable population. Discuss the
nature of the roots of the Lotka equation:

0

€T3 () n(a) da = 1.

[<]

lience derive the form of the stable age distridbution.

(13]

GROUP - B
Max. Marks: 50
(S2C end OR)

1.(a) Explain the meaning of 'Control'. Vhen would you advocate

the use of a variable Control Chart ?

(b) Vnat is a single. sampling acceptance plan ? -

(c) Formulate the Dodge-Romig types of single sarpling plons

and indicate nethods for determining their parameters.
[(b+4) + (b+8)] = [20]

2.(a) ¥hat arc the different steps required in tackXng an OR

problem.

(v) Briefly describe the different types of OR models.
(c) Formulate a standard LP problem. Vhat do you understand by:

(1) vasic feasible solution, (ii) optimal solution and
(11i) sensitivity analysis.

(d) Discuss the different characteristics of custemers in a

:bee:

queueing system. [5+6+ (5+9) +5] = [30]




INDIAN STATISTICAL IL3TITUTE
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SEIZSITM, IT SXAMIKATICL
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Date: 7593 l'axdmum Marksg: 100 Tine: 3 Hours

floto: Arswer ALY i'OUR questions. A1l questions
carry equal markc. Marks allotted to the
ginl‘,og;en* purts of a queation are showm
n .

1.(a) V1t do you rican by the following texms?
crowdinzg out, accommoiating monetary policy.

(b) In terms of a suitable model deronstrate the following
altermative sit'uations, in vhich 'crowding out' is
(1) n11, (i1) incemplete and (111) abscnt. Add a few
lircs to» describe the econerdc process involved in
ecach casee.

(¢) wnich onc of the cases mentlioned in (b) is the most likely
altermativn? Give reasons for your answer. [u+16+51=F25]

2.(a) Show that in the context of a general macro cconomic system

the clacsical and the ieynerian redels may be viewed as
px‘oviding alternative cquations to close that system
algcbraically.

(b) Compare some of the basic results of the two models.

(15+10)=[25]

3.(a) ¥hat i3 meant by the tera '‘marginal efficiency of capital
(mec) 7.

(v) show v.‘-xy and how the mec will change when the level of
investment changes.

(c) Explain the rature of the 'investment schedule', (i.e, the
relation between the rate of intercst and the level of
;nveshncnt)-

(a) Suppose, soxe improvements in infrastructural facilities
(like the construction of the Second Hooghly Brj.dge) help
to reduce the marginal cost. of producing the investment
,t;ood at all levels. Vill the 'investment schedulé alter?.
If so, how? . : . . [s+12+4+5)=[251

4e(a) Explain the following tems.
) cr.\pital gain, spcculative demand for money

(v) Using Tobin' s portrolio balance approach show how the
spcculativé demand for roney of a particular type of
investor will be inverscly related ‘to the rate of
interest.

peteos
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LeCc) low will the demand function derived in (b) shift when the

investort estimito of risk.associuted with bond holding |
increases? [5+15+51 =[251

5.(a) Develop a suitable model (stating the assumptions oluarly)

~

(b

A.(a)

(v)

7.(a)

(v)

()

to "show that if tho government kecps its budget deficit

at an wnehanmed level every period, money supply will keop
on rising by a fixcd asmount evory period, if there were ro
changes in othicr exogenous variables affecting money suppls,

Als5 find tho value of the money multiplier correspos::
to thz given value of the budget deficit.

Surpose in a peried the government budget deficlt 1s zero,
but the cccnory succeeds in achieving a surplus on extern:i
trede accotnt. Will it have any effect on the cconomy's

moricy supply? If so, measure that cffect and describe the .
process through which noney supply will be affzcted. [16#9'

What 18 referred to as the Fhillips Curve in the litcratun
Show how the Phillips Curve may be derived from the relatic
obtaining in the labour market. What are the policy impli-
cations of the Frillips Curve ?

VWhat is the criticism raised by Friedman against the
original version -of the Phillips Curve (i.c., the versicn
mentioned in (a))? Develop a modifiud version of the
Phillips Curve to take care of Friedman's critdcism. Ascee:
the policy irplications mentionad in (a) in the context of
the vodificd version., [12+43]=]

Explain the following conccpts in the context of an open
ceonony:

(1) internal balance vs. external balance
(14) fixed exchange ratc system vs. flexible oxchange rate

systen. ' ;

VWhat kind of difficulties is an economy likely to face if
it adopts a fixed cxchange rate system? Vhat are the
policica available to overcome these difficulties?

Show how the cquilibrium level of real income and external
balance will be affected under each of the following cases:
(1) - governnent expenditures increasej

(11) oxports increases

(111) country' s prepensity to import increases

(Assume, govt. oxpcnditures, investment expenditures and.
cxports are exogenously determined) [10+4+111 = [251
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 INDIAN STATISTICAL INSTITUTE
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Differential Equation -

Date & 7.5,1993 Maximum Marks : 100 Time : 3 Hours,

Answer any FIVE questions,

1;.Solve the differential equations
(1) g.! -x%y2 4+ a2 =0 '(ii) 2(y:’+.\.)+3xy2 g% =0,
(1i4) x cOSan + (x sin x = cosx) y =
" (4v) ;;% -y =xcosx, (v) 9—§ + 4 al + 4y = o™X,

'2.(a) Solve the differential equations :

o 3 '
(1)x —%+5x3d +x2d_.£+2x—y- 2y =0
. dx dx

: >
(11) (x=1) d_§ -x a-;‘( +y =0 (You may use the result
dx ' that y=x"1s one solution).

(b) Given that y = sec x and y = tanx are solutions of the
equation c

§3§ + () § + alx) y =0,
X

i

‘L(y)

find tho solution of L(y) = sinx such that y = 1
and a-z 1 at x =0, L E
(You need not find the functions p{x), alx).

3. (a) Find the solution of the ODE
3% + (x-1)2 ‘a’l (x-l)y =0
in the form y(x) = ' £ ¢ (x-1)" which satisfies
y(0) = 0, y*(0) = L
{b) Find two 1hdé§endent solutions of the ODE
(1-62) —15 2 @4 ) y= 0
in the region |x|€1. If D 15 a non-negative integer

n, show that there is a polynomial solution of degree n.

peteo.
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e Show that if the solution of tho ODZ

2x §3§ +(3-2x) P +2y=0
X [

i1s oxprossed in the forn y = L T a, x",
n=0
# can take two possible values. Find the relation batweon
3, and a1 and show that one solution reduces to a poly=
. nomial, Find tho first four terms of the other solution,
5.(a)(1) Show that tho function f(x,y) = y/:’ doos not satisfy
" a Lipschitz condition on the sot § ={(x,y) : leﬁl,og-,g
but it satisfios a Li.pschitzloonditlon on the sct
R = ‘(xtY) s |xj, §< YS."
(11) Find two different solutions of the differential
oquation oo -
a.! = y¥ (0¢ad1), y(1) = o.

(b) For the ODE = 3y+l with y(0) = 2 oomputo Picard's
first four itotatas, Also compare thesa with the exact
solution.

6.(a)(1) Find-the form of the curve of shortest length joining
‘.

¢

two points on a planc.
(i1) Find the path of quickest descont of a
particlo moving under gravity between two points in
, the same vertical plane.:
(b)(1) Find the solution of the PDE

du —x) 34 S -
(y-u)ﬁ+(ux)° X=y
with u = O vhen y = 2x.
(41)Show that the PDE
u gE Q‘_ =1
has no solution such that
1 1.2
= gy when x =3y7,

7.(a) Transto-n the PDE
2
2 qu 2 b
to canonical fo!:m. Hence show that its general solution is
u = fxy) + xg(¥)

vhere f and g are arbitrary functions, contdeceee



7.(b) Prove that the solution of tho PDE

2 2
3°u _ 1 9 - du =
i 2 E\é with u(x,0) = £(x), M(x.d

g(x) (£,g are glven functions) is

1 1 X+C
u =g [ flx=ct) + fxsct)] + 5= J g(s)ds.
x=-ct
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