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Date:30.12.94 " Maximum Marks:100 Time: 3 Hours

lNotet inswer all questions,

1. Suppose 0¢<3<it, £(x)=1 1f |x|<8,£(x)=0 LE 3¢|x|<n, ana
£{x+2i) = £(x) for all x.

(a) “ompute the Fourier Zoefficients of f£,

(b) “oncluce that

El sinr(‘n5)= 1;:, tocsen).
n=

-

(¢) Deduce from Parseval's theorem that

; stn? (ns) _ n-s
n=l nz‘s z

(d) Let 3 —0 and prove that

- 2
7 (B2 X° ax = ny. [25]

2.(a) State and prove Taylor's theorem for a function of n va-i-
ables. [10)

If f(x,y)-ﬂ;(l lJyl , show that

L/
£ {x,y)= 1 1f x>0
L (Xey !-j‘lﬁr x

1yl

~

(b

o if x<0
T2 Ui
fy(x.y)» %‘-/J,—XJ[— if y>0
Ay
1/ )x
-5 Y if y<o.

Prove that Taylor's expansion of £(X,y) is not valid about
the point (0,0). [13]

D.t,0.



3. (a)

(b)

4. (a)

(b)

-2

Evaluate 2 2220
111 (asz.cz-bzczxz-czazy ~a‘p“z")axayaz

taken throuyhout the region

.2 2 2 {1s]
x°/2 + /2 +z/c2,<_ l.
r€ |al<], show that
n -1 .
7 dog(l4a cos x) 4. _ g gin a. [10
o8 X

a
Sy the use of Stoles'thcorem, compute the surface integral
14 curl F.n dS where P(x,y.z)e(xz.-y,xzy) and S consists of
s |

three faces not in the xz-plane of the tetrahedron bounded
by the three eoordiixate planes and the plane 3x+y+3z=6. The
normal n i8 the unit normal pointing out of the tetrahedron.'

Let V(t) be a s0lid sphere of radins t>0 with centre at a
point a in R} and let S(t) denote the boundary of V(t).
Let P be a vector fl.told that is continuously differentiable
on v(t). If |v(t)| derotes the volume of V(t) and if n denat
the outer nornnal to s(t), show that - '

um _1
aiv #(a) = JJ F.nds .
VTR T eso g sty (1]

—— - " ———
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Note: The paper carvies 70 marks. The
maximum you can score is 65.

Show that the sum of all price and income elasticities for a
single good is zero. (You may assume, for simplicity, that
there are only two goods). (9]

2. A fim has the following long-run producdion function
X =a K‘5 1."5 E“?‘S, Where x = output, a 1a a constant and
K, L, P are inputs. The prices of K, L, P are 1, 9 end 8
respectively (i) Derive the ﬁm."_s long~-run marginal cost
function, (ii) In the short-run,P is fixed, derive an equation
in the form P = f£{x) shoving the optimum Quantity of the fixed
fastor P for the firm to acQuire, as a g\mcuon of the intended

output x.
’ {11+10) = [7]

Prove that a competitive equilibrium is Parete optinal. 1Is
this result sufficient to defend a system of competitive

capitafiem?
(15+5) = [20]

&4, Explain why in a Bertrand equilibriun firms earn competitive
profits. How can tacit collusion explain the existence of
positive profits even under 3Bertrand coupetition ?

(10+10) = {20]

——— et



I-DINY STATISTICAL TUSTITUTS
B, STAT. (HOt!S.} 1T YEAR: 1994-95
PROBAIILITY THEORY AND ITS APPLICATIONS YIX
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Mote: 1..Total Marks=100, 2. Answer all questions.
1. Let Y raapes¥y y be in’ependent standard normal variabdles.

. k+l
For 1¢i<k, put Xy = Yi / f Yi
sha~ .that (xl......xk) is Dirichlet, calculate thz parametars
of the nirichlet distribution, [10]
2,(a) talculate the characterstic functions of the standard

Cauchy random Variable.
(b) show that the average of n independent stancard Cauchy
variables is again a Cauchy Variable. (1045)={15]

3, (a) For any characterstic function (t) show that
1-Re (2t) < 4[1-Re (¢)]

(b) Let , 10 gteese be characterstic functions and

.

k .
xlt) = (t) for all t. Show that for all t,

| y(e)|—1
(c) Shoa- that an infiaitely dirisible characteristic function
never vanishes [c’naracteristic function of an:infinitely
divisible random viriable is call:d an infinitely divisible

characteristic function]. (6+6+3)=[15]

o 2 a.e
4. 1f 2 E[5=x|* ¢ », show that x —> x. [10]

-

P P
5. Let X X y—Y and be a realvalued continuous fun—
ction on Rz. Stating precisely the theorems you use, show that
[10]

A% Y ) — (X,¥).

6. Let X, Y be indepencent uniform (0,1) variables. Calculate
the conditional distribution of X given the maximum of X and Y. [15]

p.t.o.



-2~

7. su?pox F=> F and. for each n, U, is'a medlan of F . let u

be a limit point of % ,n2l . Show that U is a median of F.

8. Makz the following statement precise d@nd then sketch a proof:
In a sequence of indepencent tosses of a coin with chance of
heads p(0¢p<l) in each toss, the pattern '* HPTHHT' occurs
infinitely many times,



INDIAN STATISTICAL INSTITUTE
B. Stat.(Hons) I Year: 1994-93
STATISTICAL MeTHODS 111
BACK PAPER ExaMinaTiON
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o The figures in brackels [ ] indicale full marks,
o The paper is of 110 marks. The mazimum marks you can acore is 100.

¢ Qucslion 6 (class presentalion) is compulsory.

1. Table | gives the frequencics of the eggs laid by gallflics on flower Licads. The count
of the flower heads with no eggs was not recorded.
Table I: Frequency Distribution of the Eggs Laid

No of Eggs 1 2 3 4 561789
Noof Flower heads 22 18 18 11 9 6 3 0 1

(a) A ing an appropriate model, estimate the average number of eggs laid on
a flower head by the method of maximum likelihood. Calculale the standard

error of your catimate. [20]
(b) Test whether the model you have assumed in part a) for the data in Table |
© s justified at 0.05 level of significance, [10]

2. (a) A random sample of size n was drawn from an exponential population with
mean 8. The detailed dala were lost accidentally, but the statistician could
remember that Y of the n observations were greater than 10. On the basis
of Y, find the MLE of . Find an expresion for the ple variance of the
MLE you have computed and compare it with the variance of the MLE of 8
one would have obtained hadd the complete data been available. Comment on
your findings. [10]

(b) Suppose X,,+++, X, are i.i.d. Bin(l, 0). Obtain MLE of 6 and show that it
is biased. Revise your estimmator in order to reduce the bias. What iy the bias
of the new estimator you have constructed? [15]

3. Xy,-++, X, are random variablen with pal.l. f(£;0) = exp{={r - 0)),2> 0> 0.

(a) Derive the likelihood ratio test of size a to test the hypothesis Hy : 8 = 6y
againat the alternative 1, : 0 > 8.

(b) Construct a confidence interval of level (1-a) for 8. (12]
4. Xy-+« X, is a random sample from a population with distribution given by
l\(ﬂ 0’), o? known. Find UMVU'E of 82, Cleck if the variance of the UMVUE
attaing the Cramer-Rao Lower Bound. [18]
1
Anthropoidca ara called 2 ____  ___ and _____ .

[1] p.teo.



5. () On the basis of n random obscrvations from a normal distribution with mean
8 and variance 67, derive the most powerful test of size a = 0.05 to test the
null hypothesis I : 8 = 1 against the alternative /f; : 0 = 2. What can you
say about the performance of this test if the alternative is If; : 8> 17 [10]

(b) The number of defective articles manufactured using two different processes is
given in Table I1. Do the data confirm the superiority of process 2 to process
1? Clearly state the assumptions you have made. 18]
‘TABLE I1: Number of Defective Articles
Process  Defective  Non-Defective  Total

1 7 3 10
2 5 ) 10
Total 12 8 20

6. Class presentation. [10) *
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o Figures in brackets [ ] indicate full marks.
o The paper is of 120 marks. The marimum marks yow can score is 100.
o Question 7 (class prescnlation) is compulsory.

1. Suppose ¥y,e++, Yy are n observations suh that ¥; = BN + oX;%¢,,i = 1,+++n,
where a,0 > 0 and Xy, -+, X, are fixed pusitive numbers. Assume that ¢; are
iid. N(0,1). Discuss how you would compute the MLEs of a,8 and o from a

given data.
{Hint: 1t will be an iterative scheme of estimation. Appropriate use of the residuals
in the iterative scheme is needed.) [20]«

. In a factory, the items are produced in Jols of 6 items each. Due to some machine
defect, defective items were being produced with proportion 8. ‘lo estimate the
value of 9, the following inspection scheme was implemented:

From each lot, sclect an item at random and check if it is defective. If the item
is not defective, pass the lot without further inspection. If the item is defective,
inspect the whole lot and record the number of defective items present in that lot.
Suppose Y is the number of defective items in a lot and the value of Y observed
for four lots was 3, 1, 2, 1. Formulate an appropriate mwdel for ¥ and compute
UMVUE of 0. (20]

. (For the questions asked below, detailed proofs need not be given. Short answers
can be given if you approach in the right direction)

(3) Xy,¢+, Xy are iid. U(0,0). Show that W = ¥ a,X;/ L b:X; and X(n) are
independent, where a;,b; > 0,i =1,+-+,n

(b) X is distributed cither as U(0,1) or U(1,3). Find a sufficient statistic (other
than X) for this two member probability family, based on one obscrvation on

(c) Suppose X,,-++, X, are i.id. Poisson()) and A follows a dislributiz_)n belong-
ing to the conjugale family of Poisson (which is Gamma). Is X a Bayes
estimator? (15]

(-]

(24

FS

- A manufacturer cuts metal sheets of length a and width b to get the sheets of
area A, known. It is found that due to error variation, the exact length and width
are not always achieved and that length of the sheets is a(l 4+ ¢,) and width
is b(1 + &), where the random errors (¢,,¢3) are jointly Normal(0,0,0.2,042,0),

1

Vo) mewewmee dimmanivausuy VUHIGA W SUPULL PINLL14s U2

Anthropoidca are called 2 _______ . and .
[1] p.t.o.




0.2,0,? unknown. Further, crror variation depends on a and b and it is assumed
that #y? = h* A > 0,k = a,b. Show that whatever be A, cutting square sheets is
the optimal method of cutting sheets of arca A in the scuse of minimizing relative
MSE for the arca A.

(Rtelative MSE of T for 0= MSE(T, 0)/0"). (18]

o

(a) On the Lasis of n random obscrvatious from the Parcto distribution with
pd.l f(2;0,8) = .1}';-’1».0 < 0 £ x < 09, find the most powerful test of size
a,0 < a <1lotest My : 8 = 0y against the alternative M : 0 = 6,, where
0y.0y are both known, 0, # 0,. (15)

th} The distic helow are the times between successive failures of air conditioning
vquipient in a Boving 72
74, 57, 48, 29, 50, 12, 70, 21, 29, 33, 59, 27, 153, 217, KG, 26,
Assuming that the data have arisen from an exponential distribution with
mean 0, construct an exact 100(1 — a)% level confidence interval of equal
probability tails for 0. Examine whether the interval you have constructed is
the shortest length confidence interval of its level. (10

all |.I.u.r:»

o

. A cheniical compound contauining 12.5% of iron was given to two technicians A and
B for chemical analysis. A made 15 determinations and 8 made 10 determinations
of the percentage of iron. Their results are given in Table 1. Compare the accuracy
of the chemical assays made by A and B. Clearly state the assumptions you have
made. [(H]

Percentage of Iron in a Compound

Deterininations by A Determinations by I
1246 1243 12.77 12.05 12,33
1189 1212 1233 12.22 1245
1276 11.85 12.56 1245 12.39
11.95 1224 12,65 1197 12.37
12,77 1228 12.)2 12.21 12.65

7. Class Presentation. {10]
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1, Stote Lamarckism, Doscribe Pglaeontological evidence

2.

3

4,

of organic evolution. Compare biological evoluﬁion of man
with that of the cultural with raspeet to six impoxtant

attributes, .- -
[2+4+6]

Compare an Asfatic ape with an African on six important
biological features, State two imporiznt changes thit have
taken place in pelvis, in skull and. in foot of man for the

attainment of erect posdture. -
[6+6]

Virite short notes on any two of the following :..
(1) Marriage and its typas
(11) Kiaship and its terminology
(11i)Natural selection
(iv) Neolithic culiu;e._
B4 [8+8]
Fi1l up ihe'following gaps 2
(2) Two of the three species of chimpanzee are named as
and .

. (1]
(b) The ‘earliest stonz age culture is known as .
vhich is characterized by the use of i

(1]

(¢)Palagolithic period dates beck to years °
8.P. and .characterized by the tools called

(1)

PR .
(d) Second-and fourth glacial peziocs are called _ __
_ respectively.

(1]

(e) Use of bona tools known as —<eevase—) Charactorize
.. People of uppor Palaeolithic period.
. A (1]
(£) Besidas Hominoid:a, other two suporfamiliss of
Anthropoidea are called 2 .. and B
[1] p.t.o.

and
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4,(g) Theory of mutation was discover.d by _, __
where as tha theory of genqtic drift has been developed

by — (1]
(h) First uso of sledge cha:actex‘izes the _____ ____ people
vhen the climate was —— [1.]

. (1) iMmen the value of morpholadcal facial index of male

Mdividualzangj.gr:‘fm.g_ the individual is classificd as

- . (1]

(J) Mesorrhina people are with nasal index which varies
from . . . _ to ., andhaight of pycmy
statured ma1 varies from to o

f1)
GRUP B ) -

Answer any fivo questions,.
1. Dascribe Meldelds laws of 1nheritance with suitable exampluu
(10]
2, "hat Jo y:a Bean by AS0 blood groups in Man. Describe the
inheritance pattern of the same, [10]

3. Stato with suitablo examples the criteoria of inheritance of
traits due to autosomal dominant and recossive gane..

(10]

) (4] .

(b) Zssume a population in which- the blood group-genes :
Q,A and B are in the proportions 0.5, 0.2 and 0.3, If
marriages ocecur at random, what will be the frequencies
of persons with the four blood groups. 6] :

5. The pedigree shovn below is for the autosomal dominant
trait achondroplasia’, a rare fom of dwarfism. Assuming
compl3te panetrance, the probability that mating betwaen
III-1 and III-2 will have an affected child s (1) zero
(1) 1/4, (444) 1/2 C2) 1/6 (v) 1/8 (vi) 1/32 and (vii) none

4.(a) Define Hardy-toinberg Principle. .

of these Y ) {2
: kb =y
i ] L
- o
Y A g [10]
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5. .zite short notes on any two of tha followings:

(a) Chromosome
(b) Mongolism
(¢) Random Genetic Drift

(d) Klinoefolter9 Syndroma.
[10]
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1.

Hetat Tais 1s an open bnok ex:rination. The paper

carries 75 mariks. The maxim'm you e¢an score

is 65« .
A consiurer spends his entire ircome on the consumption of
two goous X4 and x,. The utility Zunstion s~tisfies a separa-
bility zcndition in the following sense: the merginal utility
of x (‘(2) 1s indeperdent ot xz(x ). herpinal utility of x ENEES
cmst«nt but parginal utility of X, fu11s as X, rises. ihat
Cun you infe:‘.ub' wut the following:
(a) The slope of the indifferance cuTre;
(b) Ta- curvature of t:~ indifferencs curvej
(c) Th~ price elasticity of demand o7 x,% (5x3=15)

A f£im pruducing x from factors K and L can use elther of
twz preduction processes! Process I : x = a ¥°9L7,
Process IIt x = bKPL'D, The price of K Ls Re.1.00.
Czlculate the price of L as a function of a and b at which
the firm will be indifferent bztween the twn prdueticn.

: Iimcessgs . (10)

The sxpenditure elasticity with x;espcct to price of a good

is defined as the proportioncte chalige in tota). expenditure

or. the good in response to 1 per ccnt change 4in price. Zgtadb-
lise a relationship between this elssticity ard the own price
elasticity of demand of the good. (5)

Censider a twc-fzctor proeduction function 0=£(K,L) that
oxahibits constant returns to scale. Show thrt if 13 ) APL,
then 1PyL0. ' (7)

Suppos. sugar is supplied by a comp:titive irdustry. Analyze
the effects of the fnllowing altemative policies of the
guvampert tn cope with increzsed scircity «nd higher price

'or sugar tin terms of supply~demand response iz the short aad

l lonz run) on corisumers' and producers' surplus and the black

market for sugari .
(a) Frice franzc r‘._nd ratiening by queue.

(b) Price fraeze and rationing by coupon.

{c) A tex on the consumption of sugar.
(d) A tus on tha export of sugar. {bxcti=16)

pta.



6. Show *hat a non-linexr tarlff A.yié':lds higher profits than
a twe part taadff for a mendpolist \fho facea two ﬁpea of .
corsuners. ' (10)

7. Two Sirms with zem fixed cozts end nerglnal costs c1 and CZ
"ere Toc: -tei at t"xn ‘twe’ extree points of & linesr city with
vnit longth Consumers sre uniforuly distributed alo-\g the
1ine. Transport«tion c—ssts are given by tx° vhere t is a
corstant and x is the distarce trevelled. Each firm chooses
its price to mx.imize profits.

(1) Find out the r’.nge of valueg of C C2 such thit bath
firus sell positive amounts.
(41) If firm 1 i3 capacity constrrined, i.e. cannot sell
more than y urits, deterrmine the equilidrium prices
and quantities. (6x2=12

————a b mas e e e
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Note: Answer ALL questions.

1. LetYy, ""Yk-e-‘l be independent randcm variebles v.th YL ~

2,

‘N

'

6,

Gamma (%) For 1 <1 < &, define

Show that (Xj, «es, X)) is Dirichlet. Calsulete the patemetors
of the Dirichlet distribution..
(8]

Let Xy, X5 X a0 X, be independent stondard rn.imal variables.
Show that X, X,- x xh 1s a double exponential varisble,
(1e]

Let X be a r.v. with characterstic Anicticn p{t). For AeR,
N %0, suppose 0 (M) = 1. Ghow that

n 1%
r — e eas | = 1.
PIX =0, 2y Logsee- 1 [8]

S.xppose,’z )\1} is a s¢-uence o!‘ rende o vari akhleg e~h that..
d
Xn---> gl Show that X,_l > M. (8]

3uppose £ 1s a real continuous function on [0, 1]. Shéw that
I R f(“-f-':«-t—-’l)eydx e, wi2ily
n> 0 0 n ? RS 2
8]
Let (%, Y) be uniformly distributed in the aterio: of the
trianzle with vertices (0, 0)(2, 0) ad (1,1). Caleulate
the conditional distribution of X given Y.

r.te0.
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Date t 14.11.1994 Maximum Marks : 100 Time t 3 Hours,
Answer as many questions as y.u can.

The maximum score you can obtain ie
100 marks. o,

1.(a) Show that when -R<x<R ,

Cos kx=’s£2kn '(1_2sz0;>( 2k20.)a %x_ veeed),
k7=l k .
k being non-integral., Deduce that
1 I
n Cot kn = +.2k L )
_E» n=l k"-n",
o
' 1
end . I_ - (-J)'a (m mi k)'

Sin kx  n=1 .
[B+343]

{b) Show that the follvwing expansion i valid :

log.ltan:‘,‘,l -2 z %égntl_)z (x £ kmyk

~.tn integer), (6]
2
2.(2) Let F(y) = fe Cos 2xy dx, )rm.' Show that F satisfies
the diffcrentla; equation F'(y) v 2y F(y) =0 and deduce

that F(y) = zﬁ o V. ' | [10]

(b) Prove that the gamma function P(x):satisfxes
r‘(z,.‘ =1 22"-1 "o | (x+2), x50,
A .ﬁ [10]
.- U RN RPNe
3.(a) Let a,, , = - an. ==+ =f0rn =1,2,000
2n-1. Jn = 2u \/’,; n N
Show that = (1+an) converges but that Z a, diverges.
" * raa)

‘N

i
.
(b) Let Pp € :is e wh prim. intugure If s>1, prove that

1 .
n® k=l yop7®
1-py , [12]
pste0.



4.(z2)

(v)

’a)

(b)

-4 -
Cyaluatse
fff(l—x-y—z)l -1 {l’l—l n=1 2P -1 Exdydz,
([,m n,p,o) aver ilre tet-ohcdron boundad by the planes
x=0, y=D, z=7, uxy+z=l. The answer should be expressad
in’ terms of the gzmma function.
(Hint : ¢ ploy th: transformation x+y+z=u, X+y=uv,
X=tivw
) [15)
Prove that 1 f is contf{nuous and such that’
1
JE(x)dx = 0, the1
ff(x‘dx f 'y ff(z)dz <o, .
[10]
unless f 0.
2 2 -
Letn—i(fl.t). +t,” ¢ rheheza T >0,

T . 2
Define x(t) = e, + t, e 2 +/x -t~ -t2 e,

y(t) = Py € — the, - ;/-r -ty —t2 ey

if, (‘1'*’2"-2'“ wICTO 805,03 3Te standé:d unit yoectors

-n].ong “he corrdinate axes. Let n,_,n2 be tha unit normals

to the two surfaces thus defined: L:t £(X) ““/|;<|3
: 3

if x #0, £(0Y¥=Yutaray (xl.xz,xa) € BT If

x(R) anc. S, = y(R), show that

J'J,'f.nl ds = ff fon, dS =2z
S S

lla

Sy

vhere ¢S is ~nc element of surtace area.

[10]
Let F = ('x§.- 'x:‘: 7-C)’ —_ x2-|ly2+(z'—c)2:
vhere 0 € ¢ <) and.let B be the unit ball’
.. L2 .02 2
1(,;,_y,_z) : x4y“ez _<_1}
o at
Shoy thot 1+e]

Jjeiv F ev = 2nf1+. 2 T (l-c ) log
B
[15]
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