INDIAN STATISTICAL INSTITUTE
B.Stat, (Hons.) IAL Year:1986-87

SAMPLE SURVEYS
PERIODICAL "ZXAMINATION

Date : 25.8.86, Maximum Marks t 100 ’ Time: 3 Hours.

1.(a)

(b)

(c)

2.(a)

(b)

(e)

Note : Answer all guestions.

What do you understand by the tcrms 'inclusion probability

L7 of unit Ui' and ' joint inclusion probability ‘ij of a

palr of units U, and UJ. 433 ' for a sampling design.
(2+4)=(6)

For a Simple Random Sampling (SRS) With Rgplacement design
of n draws, write down the values m; and Ty (2+4)=(6)

Let ff =3 and n =2 and 5,= iul,uzﬂ, s, = {ul, Usli ,
55 =§uz, U3§ . Under the SRS design let p(s,) = 1/3 for
1 =1,2,3, Define the cstimator t by

V)/2 4 v,/2 ¢ s, occurs

t= Yl/2 + 2Y3/3 if s, occurs

y2/2 + y3/3 if s, occurs.

Show'that t is unbiased for Y and that there exist values
{+ve) (Yl'Yz'Ya) for which V(t) < V(¥), where y denotes the
sample mean. Yhat does this example show ? (3+6+2)=(11)

How do you select a linear systematic sample.of size n from
a population of size N 2 (2)
Suggest an unbiased estimator for the population mean Y
of a characteristic y based on the above design. Descride 2
modification of the above design vhich makes the sample mean
an unbiased estimator of Y. (4+4)=(8)
“hen the values of the y=characteristic are known.to be of
the form Y, =« + p} and when thevpopulation size is a
multiple of the sample size, would you prefcr systematic
sampling to simple random sampling ? Give reasons,
{11)
pPsteO.
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3.(1) “men do you usd P:obablli.y Proportional to Size sampling
technigue ? (4)
+  (b) Shou that the scleztion of units by 'Lahirits mothod! docs
give the probsbllity of selection for a unit Ui equal to
Xi/X vhere Ay is the size measure of the unit U and

N
X= EX. (7
1=1

(c) A sample of 6 forms is drawn from a population of 74 farms
with probability of salection proportional to the size (x in
acres) with replacement and the yicld of paddy is observed:

Sampled X Y

farm Size in acres Yield in bushels
per acre

1 21 105.2

2 101 524,3

3 14 73.1

4 6 31.2

5 a1 . 200.9

6 12 64,3

It is also known that the total size of all the 74 farms is

74
X= 1 Xy = 2949 acreos.
1=
(1) Estimate the gveraqe yield of the population, (11)
(1) Calculate an estimate of the coefficipnt of variation
of the above estimate. (14)

(1) If, by mistake, a person trcats the sample as a without
replacement sample obtained in the above order, what
would be his estimate of the average yield ? Is it
unbiased for Y ? (7+2)=(9)

4, Practical records ( to be submitted to the Dean's Office by
27.8.86,) (10)
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STATISTICAL INFZEREMNCE
PERIODICAL EXAMIIATION

Date ¢ 27.8.86. Naximum Marks : 80 Time: 3 Hours.

Note : Try two questions from Q.1,Q.2,Q.3. 22x10;
Try two questions from Q.4,Q.5,Q.6. 2x12
Try Q.7,Q.8 and Q.9. (3x8
Home-work and Practical work (12)
1. If time is measured in discrete periods a model that is often
used for the time X to failure of an item is

Po[x=ulac®lioo), k=1,2 ..... o
where 0 < © ¢ 1, Suppose we record only the following events and
define

Y
Y

‘ky Af X =k, k =lyeeea T
r+l, if X > r.

(a) Obtain the distribution of Y.
(b) We observe n independent observations on Y, given by
Yl' veey Yn. Show that the maximu§ likelihood estimate:of @

based on Y].’--')Y is Yi -n .‘.‘

-

vhere m is the number of Yi's which equal r+l.

=

2, Let Xl. ™ X be a random sample from N(®,l), where AL © ¢ B
and A and B are known. Draw the likelihood function and obtain the
. maximum likelihood estimate of Q.

3. thich of the following families of distribhtions are ex&onential

families ? ( Prove or disprove).
(a) Uniform (0,0) ,_A
(b) p(x,0) = exp [-2 10g® + log (2x)] ;(0,0)(x) /. .f
(¢ p(x,0) =§, X =04 0., 0+0.2, vesy © + 0.9 ‘

2 (d) N(o, ©2) - :

(o) p(x,8) = 2(x+6)/(1420), 0< x < 1, 8 > O .
(£) p(x,9) s the conditional froquency function of a binomial

B(n,0), variable X, given that X > O.

p.t.a.



4.

S.

6.

2

9.

1a = 2 =

Let 4 itums be drawn at random one=by-one without replucement
from a shipment of 10 items of which M items are bad, M being
unknown (M = 0,1,4a.,10).

Let

X, = 1, if the ith item drawn is bad
0, if the ith item drawn is good.

(a) Suppase (X;s%,,%5,4,) = (1,1,0,0). Obtain the likelihood

function og M, and the maximum likelihood estimate of M.
(b) Show that fxx is sufficient.

(Hint & First obtain the joint p.m.f. of xl...,x4. Then u-~e
. the p.m.f of Efi).

(a) State and prove Rao-Blackwell Theorem.
(b) Obtain the UMW cstimate of ", (m ¢ n), based on n indepen~
dent Bernoulll r.v's with parameter O

Let xl,..,xn be a sample from U(Ol,Oz) where 01 and @

unknown.

(a) Show that T(X) = ( min(xl,..,Xn). max (xl...,xn)) is
sufficient.

(b) Assuming that T(X) is conplete, find a UMW estimate of
Q, +0, N
12
L2,

(Hint : Obtain EX(yy and EX(n) ).

Suppose thzt T, and T, are two UMW estimates of g(©) with
finite variances. Show that Tl =

Let Xpy0,%, be 'a random sample from N(§,0 ), with §,a unknovmn,
Obtain the UMW Lst%?ate of § .

[ Hint : Obtasn EX" ],

Define and illustrate :
(a) Sufficient statistic
(b} Unbiased estimate
(c) UMW estimate

(d) Complete statistic.
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STOCHASTIC, PACCIS3E5 = 2
PERICDICAL EXAMINATION _
Date t 29.8.86. haximum Mgrkm ¢t %0 Time: 2 Hoursy *

ilote t Ansver all questiones Tha maximum one can scol"é -
is 501 '

.

1. Let {xk. k = 1.2',3,‘....} Se a sequence of independent; none
negative integer-valued random variables with the common cig-
tribution P{Xk = _1} L] fJ'. J = 0,1,244¢¢ and probability

w
generating function f(s) = j’s:ofj BJ. Let N be a positive .-

integral=valued random variable indcpendent of the XJ‘s.
by n

Let g(s) = iog“‘ be the probability generating function of N,
n

Consider the random sum Sy = Xla- X2+ ese * XN.

(a) Show that the probability generat{ng function of the random
sum S 1s the composite function glf(s)).

(b) If the Xl are Bernoulld variables wvith 1>()(1 a2l )=pand
p(xl =0 ) = q, and N has & Poisson distribution with mean -«
A D> O, deducaAthat the sum Sy has a Polsson distr}butif?;-;
with mean Ap. . [13+5=18]

2, Let {xt, ogtc m} be a continuous time-parameter Markov
chaln with finite state space I =i0,1.2,.., N'}and stationary
transition probabjlities .

pyyt) = PlX, =3l X =L )y :

A that  lim 10440
ssume tha =q
h>o+ D 1

Peo(R)
and lim = qy4 exist, where

o§q13<m(1$1)ando;q1§u, (1, 3€1)
' peteOs



2: contdesse
(a) Define the wmatrix cf infinltesiuul generator of the above

Markov chain. Prove that q; = j:Oq“ for each § € I,
i
(b) Assuming the pu(t) is contlnuous at t = O from right prove
that p“(t) 1s a uniformly coatinuous function on T = [0y)
for every i, j € I. Also deduéa that p;J(t) exists for every
t > O for each i, § € I,
For i,j € 1, 4 4 J; define, for a fixed h > O

n) =
pu (hY =1 ifn=0

P(X, .= &, Xn ) 1¢»< n|x°=1) if nd0
and fln)(h) = 04fn=0
= p(xm=5,x»h+1.1§»< n|x0=1)Lfn>cF

(»)

(c) Show that pu( vh) = P14 (h) + ): f (h) pji((.»-m)h)

~

and p“(nh) = }: ﬁpli (h) pij(h) pJJ((n-aJ-l)h)
[(243)4{2+6)+(5+6)=27)

3, Let $an, n o} be a Branching chain with state space
1 ={0,1,2,....}where Xy = 1 and X 1s the number of particles

in the nth generation of a certain population of particles, n)l.
Suppoze the number of direct descendants is subject to .the
yeonetric distribution with parameter p, 0 ¢ p < } ( L.ey)the
distribution of the random variable Xl is given by

P(X) =k) = Fp sk = 0,1,2,4s0s and p+q = 1), Given that g > p,

find out the probability of cventual extinction of the populatio
State procisely the results you may make use of, [10]
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ELECTIVE = 4 ¢ PHYSICAL ALD EARTH SCLENCES

PERIODICAL EXA .INATICN

Date 1 1.9.£6. Maximum Marks @ 100 Time : 3 Hours.,

Note t Pleaso attempt Question NoJd and any five
. from the rest,

1, Fill up the blanks( any 10). Only write down one of the four

2,

choices for each blank. (2x10 = 20)
(1) Quartz, the most abundant mineral, has a chemical compo=
" sition ( Fay0, / 10, / 8105 / Cas0, ).

(11) Petroleum is a/an ( rocky/mineral/organic/4inorganid
substance. "

(111) (Basalt/Feldspar/¥ud/Granite) is a fine-grained
igneous rock.

(iv) Al is an important element in {magnetite/chalcopy-
rite/dolomite/andalusite).

(v)  Isomorphous replacements arc more easy and common at _____
(low/very low/high/moderate) temperature.

(vi) A mineral assemblage vhich defines a particular P=T
environment is called ( index/facies/retrogréssive/
progressive). o

(vii) Faults in occanic trenches are usually ( Teverse/

strike~slip/overturned/normal).

(viii) The bottom surface of a sedimentary layer can be oeter-

(1x)

(x)

(x1)

(xi1)

mined from ___ ( cross-bedding/fossils/amorphous
mineral/migmatite),

A palaeontologigt analyzes remains of ancient organisms
to trace their ( morphology/stratigraphy/cvolu=
tion/rock types).

Forams are useful in locating ( ore/coal/oil/
cement) reserves.

The ( eyes/muscles/blood=cells/teeth) of a
dinosaur were most likely to be preserved.

The principle of Lateral Continuity is due to ___
(Cuvier/Smith/Steno/Hutton).

What is a mineral and what is its cleavage ? Describe the
physical constraints that guide the packing of atoms in a
crystal.

¥hat is a polymorph ? Describe its geological significance.

(445+3+4=16)
petso.
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¥hat is an ignecous rock ? How are the igneous rocks classified 2
Describe the processes that control the development of different
varicties of rocks from the same parent magma. (2+4410=16)
How would you distinguish between an igreous, a sedimentary and
a metamorphic rock ?

Discuss the 'rock cycle's, ™ Limestones, which have crystalline
structures, are classified with the sedimentary rocks'y

If truo, why ? (6+6+44 = 16)
Is granlte an igneous or a metamorphic rock ? Discuss the origin
of the granitic rocks. (5+11=16)

Explain the reasons why entire remains of the presently extinct
woolly mammoths are st%ll found in Siberia. and Alaska.
n

What is petrifaction % what kind of sediments would you expect
to find fossils of dinosaur ? ( 6+5+5 = 16)

What do we actually mean when we talk about ' geological
processes’ ? .
" Geological laws are strictly not laws but principles'™__ _
Elucldate. )
iihy the Smith-Cuvier Principle is useful in geological work ?
(545+6 = 16)

Write notes on ( any threc)

(1) Metamorphism and Ultrametamorphisn §

(41) Physical states of the crust and the upper mantle ;
(1i1) Eutectic system ;° .

(iv) Folds and Faults }

(v) Folding and Faulting ;

(vi) Isotropic and Anisctropic minerals.
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ELECTIVE=4 : ECONOMICS
PEIODICAL EXAMIMATION

Date ¢ 149486, Maximum Marks & 100 Time: 3 Hours,
Note ¢ (a) You have to submit Home Exercises
(Q.No.7) by 9.9,36.

(b) Answer ANY FOUR questions out of Q.Nos.
1l to 6. All guestions carry equal markse

1. Consider the }ollowing linear program g

maximise X + Xy

subject to
=3x; + 2x, ¢ -1
X = X ¢ 2
-2xl + 2x2 = -2
X)» Xg 2 o}

(a) Graphically show whether the above problem is féasible
and whether it has an optimal solution.

(b) virite down the dual of the above problem. In view of the
fundsmental duality theorem what must be true of this ~
dual problem ? [14+6])=(20]

2, State and prove the equilibrium theorem { i.e.,, complementary
slackness conditions) for a pair of standard linear programs.
Give economic interpretations of thesc conditions. [13+7]=[20]

3, Consider the following linear program @

maximise 4x1 + 3x2 + 4x3 + Xy

subject to

Xy + 3%y +x, L4
2% + X, ¢ 3
Xy +4%3 o+ Xy ¢ 3

Xy X2 » Xq0 X, ; e}
Show that this problem has an optimal solution :

x, =1, x, =1, x, =5 andx, =0
1 ' T2 372
by finding a solution of the dual problem making use of the
equilibrium theorem. [20]

p.t.o.
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4.(a) Consider the following transportation problem

A commodity, coal, is produced at each of m Mines(Mi) with
piven annual production at each nine, and is required at
each of n Touns (T ), with given annual demand at each town,
The shipping cost from Mi to TJ is proportional to the
amount of coal shipped.

Fornulate a linear programming problem go as to find the
gheugcst shipping schedule, subject to the various cons-

traints usually supposed to be involved in a traﬂsportat-oi I
(b) Write the dual of the above problom and give an economic

interprdtation of the dual problem. [12+8)=[20;
S¢7 Uso the " replacement procedure" to solve the following

simultanecous equations :

X+ 3x2 =4
2x1 * X =3
X, +4x3 =3 [20)

6. Consider a diet problem ( with o foods and m nutrients, n > m)
in which it is required to satisfy each of the nutritional
requirements exactly { as equations rather than inequalities).

Prove that if the above problem has a (cost-minimising) solutior,
then thera is an optimal dict using at most m foods,

[ Notg¢ : You can usc canonical oquilibrium theorem without givir;.
a proof; for other results proofs are to be provided.] [20]

7. HOME EXERCISES. [20]
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DIFFEAENCE AND DIFFERENTIAL EQUATIONS
PERIODICAL EXAMINATION

\

Cite t 3.9.86, Maximum Mzrks : 100 Time: 3 Hours,

Note : Answer as rmuch as you can. Maximum you
can score is 100,

1.(a) Use the integrating factor 32 to solve
Y

2
y-x§e
14x
(b) Solve
y"= 5y’+ 6y = xe® . [5+15]

Z.(a) Compute the Wronskian of four linearly independent solutions
of

y(4) + 16y = 0.

(b) Snlve the equaiion above subject to

$0) =1, ¢{0) =0 =¢"0) = ¢"“(0). [10+10]
3.(a) Find the value of a for which the following equation is exact
and solve the cquation for that value of a,

;12+J2 +$_a;+1)g¥=o.

Y

(b) Solve )
X xy dy _

. Byt s (Y P o, [10+10]
4,(a) A 192 1b, weight has limiting velocity 16 ft/sec when falling
in air vhich provides a resisting force proportional to the
weight's instantaneous velocity. If the woight starts from
rest find the velocity og the weight sfter 1 sccond.
Civen that g = 32 ft/scc” and e--2 is approximately C.l14,
cempute explicitly the quantity required in part (a).

~

(b

[7+3 )
psteo.
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5. A parachutist falls from rest towards the Earth. The combined
weight of thc man and parachute is W lb. Ecfore the parachute
opens air resistance is helf the instontaneous velocity and
after the parachute opens the air resistance is half the square
of the Instantaneous velocity. Parachute opens 5 seconds after
the fall bedins. Cive gxolicit formula for the velocity as a
function of time. [ It is assumed that the parachutist doas n.ut
hit the Earth before 5 seconds]. [z0]

6., Find lhe general solutions of the following difference cqua-

tions :
(@) xgp + Xy + % =0
(B) xgpp = dxyyy + 3%4=5

(e) »xy,p = 4xgy) + 4xy =25 sin gt.
[5+7+8 ]
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DIFFERENCE AND DIFFERSNTIAL EQUATIONS
' SEMESTRAL-I EXAMINATION

Dote 17,1186, Maximum Marks : 100 Time : 3 Hours

Note t l. You can answer any part of any question.
2, Maximum you can score is 100 marks.

1.(a) Find the value of the number a which makes the following
equation exact and solve it for that value of a.
XYY 4 3x2y2 + (2yx3 + &Y g% =0,

(b) Solve the following equation using an in&egrating factor of
-ax o X Y
the form e cos yy e secy =~ tany+ 52 =0. [748)

2.(a) The slope at any point (x,y) of a curve is 1+§ and the curve
passeé through (1,1). Find the equation of the curve.
(b) Solve by power scrics method
v+ x2y'+ 2xy =0, y(0) =1, y’(0) =0,
For what x is your powor serics convergent ?
your p © (10+10]
3.(a) Derive the normal form of the Bessel's cquation

x2y" +xy + (x? - p2 Yy =0.

2
(b) Show that y = x sin x is a solution o the equation
x2 Y+ xy+ (x2 - % Yy =0.
Find the goneral solution of this equation on (Oy«).

[ You must carry out any integrations involved and write )
the solution explicitlyl. [6+4+10

4.(a) Solve explicitly t

dy 2 _
Y@t (1+y“) sin x = O,

y(0) =1,

(o) Solve y/ + 7y"+ 12y’ =24x. [10:10]
p.t.0,
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5. A particlc performs motion on a line as follows t It starts
from rost 20 cms from a fixcd point O. The only force acting is
an attractive force towards O vhich varies directly as the dise
tance of the particle from O, At U its velocity is 40 cms/sec.
(a) Find 1its velocity and acceleration 10 ems from O,
(b) Deternine the amplitude, period and freguency of the motisn.
(c) Find its position, velocity and acceleration at %3 secs.
(d) Find the timeswhen the particle passes through O, [20]

6.(a) Find the stationary (extromal) curve y for the integral

4 ’ 2
<J)'[w--y ] dx,

y(0) =0 &- y(4) =3,

(b) Suppose in a variational problem
Fa,b,c) = £(a) ¢ + 2g(a) be + B(a)p?
where f,g,h are twice continucusly differentiable.
Shew thit the Euler's cquation is a sccond order linear
c¢irferential couation.
[7+8]



INDT/N STATISTICAL INSTITUTE
B.Stat. (Hons.). III Year: 1936-37
SMASTIUL - T EMAMINATION

Stochzsetiz Processes - 2

Date: 21.11.1986 Maxirum Markz: 100 ; Tire: }%hrs.

Note: The paper corries 115 marks.
Muximwa on2 can scere is 100.

1. Define clearly the Wiener process with parameter 02 > 0.
Assuming that { =< t <= }is the Wiener process with
parameter 0?

(a) show that E {(w =) (W ¥ )} = 02 nin {s-a, t.af y
s2a8, t2e;
(b) find the distribution of
w1+w2+ ves * Wn for a positive integer n.
(5+10+10) = [25]

2. What do you mean by saying that the stochastic process
{xt, “r <t < }15 a Caussian process ? Show that a
Caussian process is a second order process.

Suppose {Xt, — t<==} is a Gaussian process having mean
zero. For n distinct r<al numders Ty €ty <ty < aas < the
state the Jjoint distribution of Xt1, th, seey X, and
specify the perameters of the distribution. Find E(X%) in
terms of the covariance function of the process.
(3+2+6+4) = [15]
3.(a) Denote by X1. xz, ... nutually independent random veriables
with the common exponential density \e'kt, A > 0. Puts3
Sp =Xy # Xyt wee Xn' n=1, 2, 3, +..ss « Introduce a
family of random variables Yt as follows:
Y, is the number of indices k 2 1 such that & $t.
Find the distribution of Yt for a fixed t > O.

(b) Let {xt, t 2 03 b2 2 birth and death process on ZO. 1}
with birth and dvath rates as follows: A, = A = U;> 0.
Let Ny be the number of times the system has changed states
up to time t, t 2 O. Find +he distribution of Ny for a
fixed t > 0. Does it depcrnd on the initial distribution ?
[Hint: Usc (a)] (20410 = [32]
p.t.o.
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4, Let fxt. t2 0} be o Poisson process with paraceter X > O

&nd X, = 0. Let ¢, n be positive integers with 1 < r < n.
Let T = inf {t > let - r} . Find conditional density of
T given X = 2. (State corefully the results you make use of),

{15}

Formulate the Infinite Server Queuirg process K/M/= as a
birth end death process. Specify the birth and death rates
as well as the infinitcsimal generator matrix. Find pia(t)
for M/M/= and prove that it is positive recurrent. Find the
stationary initial distribution for M/M/=. Also find
E(xt|xo = 1), where Xy 1s the number of customers being

served at time t.
(6+12+4+l98) = (30}
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STATISTICAL LilF&AEiCE
SEMESTRAL=I EXAMINATION

t 24,11.86, Maximum marks @ 100 Time: 3§ Hours
‘ | GROUP A
Answor any four ougstions, [4x9]

1. Let X].,...,Xn be a randon sample from a population with mean

v

3

bl

and variance 02, both of which are unknovn. _

(a) show that T(X) = %cixi is unbiased for y, if and only if,
' ECI=1. i

(b) Show that X = é gxi has uniformly smallest variznce among

1
all unblased estimates of the above form,

Let Xl,...,Xn be independent Bernoulli random variables with
P(X1=1) =0 ='1-P(X1=O).

(a) Show that q(Q) = 0/(1-0) is not cstimable with an unbiascd
estimate based on )(J_,....Xn whatever be n.

(b) What is the minimum valuc of n for vhich ©(1-0) would have
an unbiasad cstimate based on xl.....xn ?

Let X)s+00,X  be a random sample from N(p,a2) with o=1. Firn¢
the UM.V.U. estimate of b, [X) 2 0]

Let X be distributed as Poisson distribution with mean O
(a) Let T(X) =1, if X =0 .,
= 0, otherwise.
Calculate the Cramer-Rao lower bound for the variance of
and show that it is strictly less than the variance of T.
(b) Show that T is nevertheless an U.M.V.U. ostimate of iis
expcctation.
Lat Xn be a scquence of i.i.d. random variablcs with the ¢ .
distribution depending on a parameter 0. Let Tn(Xl,...,Xn) na
the ULV,U. estincte of g(@) bascd on xl,...,xn. Show that "r.

is a consistent scquence for cstimating g(Q). pet.o
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GhQuP B
Answcr any throoa cquactions, [3x10])

1. Lot X be distributad as Sincriial (n,0). Show that the likelihood
ratio statistic for tosting @a%2 agalnst @ £ 5& 1s equivalent
to [2X-n].

2. Considar the problem of testing X~U(0,1) against X'“U(55'3§ ).

" (a) Deriva tho power of a M.P. $ize a tust as a function of a.
(b) Odbtain tho class of all M.P. sizac a tosts,

3.(a) Show that a MP tcst is unblascd and its power is a nondecerca-

(b)

sing function of its size.
Suppose that the density of X has the MLR property in Q, Show
that £y g(x) 1s a nondecrcasing function of @, where g(x) s

nondecreasing and Eg g(x) exists for all Q.

4, A gambler observing a gam2 in vhich a singl: die is tossed
repratudly gote tho imprcasion that 6 com:s up about 18/ of the
time, 5 comes up about 147/, of the time, vhile tho other 4
numbers are cqually likely to occur (L.24, with probability 0.17,
Upon being asked to play,the gamblur asks that he first be
allowed to test his hypothesis by tossing the die n times.

(a) what test statistic should ho usc if the only alternative

he considers is that tho die is fair ?

(b) For n=2, derive the most powerful level .0196 tost.

1.(a)

GROUP C
Answor »ny once oucstion,

Lot XyyeeeyX  and Yl""'Yn be two independent random samplcs
from £(0) and E(A), respoctively, where the density of £(0)
is given by

£(x, ©) = @ e~O%

, X >0
= 0, otherwisc.

Derive the UdM.PU. size a test for HO : @ =\ against
Hlx <,
Hint : Show the following steps ¢

n m

(1) T, = £X, and T, = LY, arc sufficiecnt for (&,A).
1 1 i 2 1 i

(1i) when © =1, T+ T, is sufficient and complete.

contde.s



1.(a) contde...
(181) The density of Ty given T)+ T, =t is given by
cl 8y t) K (t), t) xp (&¢,),
where 3 = \-0.

Ty/n

(iv) when $ =0, the distribution of
2/m 5
. (6]

(b) The following are times until breakdown in days of air
monitors operotced under two differont maintcenance policics
at a nuclecar power plant. Experience has shown that the
assumption of 'exponcntial distribution' holds. Tcst the
hypothesis that the mcan 1ifc for the Policy I is the same
as that of Policy II against the czlternative that the mean
life for the Policy I is greater (a = 0.05).

Poliey I x |3 150 40 343237342 316 5 415 _ 27 30

Policy T y |8 26 10 8 29 20 10 (8]

2.(a) Lot xl,...,xn be a random sample from the Cauchy distribu-
tion with median O. Show that the critical region of the
locally most powerful test of size a for testing =0 against
©>0 is given by

n 2xi
£ — >k
i=l.1+x1

For n = 100, ¢ = 0.05, find the approximate cut off point

k for tho size a test. ( Hint ¢ FU =0 and var U = yz

when @ =0, and U = 2xi/(1+x£2)). f12]
Obtain the uniformly most accuratc lower confidence bzund
for the mean life under Policy 1I in problem 1(b) anove

(1-a = .95). Support your rosult with the relevant thoory.
(12

(b

—

Class Practical vork : L
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ELZCTIVE-4: PHYSICAL AMD ZiulTH SCIENCES
SZMESTRAL-I EXAmINATICN

Date t 26.11.86. Maximum Marks t 100 Time: 3 iours.

Note : Attempt any three of the following questjons.
Each question carries a total mark of 3

1. urite short notes on (any four) :-
(1) Low-Velocity layer §
(11) Mid-Oceanic ridge ;
(i11) Trench (Subduction Zone) }
(iv) Mantle plume ;
(v) Palaeomagnetic reversal }
(vi) Polar wandering }
(vii) Generation of a magma ;
(viii) P and 3 waves.

2. Yrite notes on (any tvo) -

(1) Geology of the Ocean Floor |
(i1) Geology of the Continental Crust
(iii) Prediction of Earthquakes.

3, drite an essay on the gravity studies of the earth.
4. lrite an essay on the seismic studies of the earth,

5. irite an essay on the Plate Tectonics Model of the earth.
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SAMDLE SURVEYS
SENESTRAL=I EAAMIUIATION

Date :-19.11.86, Maximum Marks : 100, “Time: 3; Hours

Note : Answer all questions.

1.(a) Define the terms 'Sampling Desién' and 'Inclusion Probabiliy

1.'of a-unit U, ', {242 = 4]

Y
(b) Show that the estimator Y =z -%- where the sunmation is ta
i

over the distinct units in the sample, is an unbiased estimatoy
foq the population total Y itlyi“Of a study-variate y takiny
values,y; On the unit Ug, 1=1,2,..,N. [3]
Write down the above estimator for the designs based on™
(i) the Midzuno-Sen sampling scheme and (ii) Probability
Proportional to Size With Replacemént Scheme. [4+44 = 8]

~

(c

2.(a) What do you understand by 'Combin od and Soparate Regression

estimators' ? _ . _ [6]
(b) Using the large sample variance formula, discuss which of the
two estimators you would prefer. . -[9]

3.(a) Defire the term 'Intra Class Correlation Coefficient'. A popu-
lation consists of 12 clusters cach of size 5. Find the bouncs
for the intra class correlation coefficient among the elements
of the cluster, ' : [2+44 =6 ]

(b) Suppose that in a single stage cluster sampling, clusters arc
of uncqual size Mi' i1=1,2,...,N. Find ghe expression for the
variance of the standard estimator of the population mcan when
a sample of n clustors is chosen with probability proportional
to size M; and with replacement. : f9]

‘te A sample survey was conducted to ortimate the ‘total yilld of
paddy in a district. A stratified two-stago samplxng design was
adopted with villages as first stage units and plots within them
2s sccond stage units, From cach stratum 4 villages were selected
with probability proportional to area and with replacement and

peteOs



Q.No.4 contde..s
4 plots were selected from e_ach selected villaga with equa)
probability and without replacement, The data on yield for
the somple plots together with information on selection pro.
babilities are given in the table below @

Stratum Sample Inversc of Total no, Yield of sample plii:
village Probability of plots 1 2 3 s
of sclection .
1 67.68 189 110 281 120 114
1 2 339,14 42 80 61 118 124
3 100.00 134 121 212 174 106
4 68.07 161 243 116 314 129
1 21.00 256 124 11} 135 216
u 2 16.80 288 123 177 106 138
3 24,76 222 264 78 144 55
4 49,99 69 300 114 68 111
1 440,2) 28 104 182 148 87
111 2 660,43 14 108 64 132 156
3 31.50 240 100 115 50 172
4 113.38 76 346 350 157 119

Using the sbove data

"(a) Obtain an unbiased estimate of the total yield of paddy in the
district, [12]

(b) Obtain an unblased estimate of the sampling variance. [18]

(c) what are the possible sources of non-sampling errors in the
above survey and how do you plan to control them ? [9+6 =15)

5« A survey was conducted in a locality consisting of 625 housechok:
by covering a sample of 50 households by Simple Random Sampli:;
(SRS) without Replacement design to estimate the average weok!
household expenditure on toilet goods. The cstimate turned out
to be Rs,4.20 with a standard error of 0.47. Using this infor
mation, determine the sample size nceded to estimate the samc
characteristic in a neighbouring locality on the basic of a

sample selccted by SRS With Replaccment such that the longth &
the confidence interval at 95% confidonce lovel is 20/ of the
true value., {You may assume that tho coefficients of variatic
are the same in the two localities). (10]
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ELECTIVE-4 : LCCuluMIC3
SEMESTRAL-I SUMIRATION

Date 3 26.11:.86, Maximun Marks @ 100 Time: 3 iovurs,

Notes 3 (a) llome assignments (Q.10s. 7 and 8) are to he
submitted to the respective teachars by lst Dee

(b) Answer ANY FOUR questions out of Q.Mos,l to l.
All questions carry equal marks.

(c) Notations and definitions : I is an identity
matrIx. A Is an input matrix of an input-output
system. A matrix is called nonnegatively invartitl.
if its inverse exists and is nonnegative.

1.(a) Distinguish between the ‘Commodity Technology® and the
'Industry Technology® assumptions in the context of dealing
with secondary products for the purpose of construction of
Input-Uutput tables)

(b) On the basis of the information g¢iven below obtain the
cemmodity x commodity I/O tables both on ‘Cotmocity Techno-
logy' and ' Incustry Technology' assumptions.

Table ) _Maoke Matzix

Industries
Commodities 1 2 2 Total
1 100 [+] 0 100
2 10 100 4] 110
3 0 (4] 50 S0
Total 110 100 S50 260

Table 2 : Commodity X Industry I/O tazble
( Absorption jsatrix

Comnodity 1 'I%ﬂﬂ 3- Final Demand Total Cut

1 20 30 0 50 100

2 30 20 20 40 110

3 10 20 10 10 250
Value added 50 30 20 0 100
Total 110 100 50 100

[20]
psta0s



2.(a) Derive the conditinns for n» valuatiion bias uhile constructine
an 1/0 tabla.
(b) Discuss the RAS mathod for upe. tin¢ én 1/0 toble. 203

3. LITHER
A company has a large water treatment facility located {n the
flood plain of a rivar. The construction of & lovee to pro‘cct
the facility during periods of flooding is under consideration,
Using historical records which describe tho maximum height xra; o
by the river during each of the last 10U years, the ﬁoquench.
shown in column (2) are ascertained, Data concerning the costs
of construction and expected flood caiages ore shown in column(:
and column(4). Determine the optimum height of the ‘Levce' )
proposed to be constructed.

Feet (x) No.of years river Loss if river Initial cos.
ee naximum level was level is x ft. of building
x feet above normal ~bove levee Levee x ft,
in Rs. high
in Rs,

(1) () oo 3) . (&
‘0 48 [o) (4]

5 24 100000 100000
10 16 150000 210000
15 6 200000 330000
20 4 300000 450000
23 2 40000 550000

[20)

O3 Write short notes on : -

(a) Choice of appropriate prices for Cost-Benefit analysis

(b) Social Welfare and Private Profitability. [2v?
4.(a) Solve the following lirearx programming problem by the

" Simplex Method" t
find Xy 0 %o 2 O such that Xy =Xy is a maximum,

subject to 2%y + Xy €2
Xy —2x2 =2
Xy + Xy £ 5.

(b) From the optimal taslcau cf the abova> procblem find also an
optimal solution of its dual problen. 2]
(contdesss)
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2. Suprose, an input-output system is capable of generating some
positive income (i.c., valuz addcd) in each sector.
Prove that the matiix (I-A) is nonnegativqly invertible.
(20)

6+(2) 1n an input-output sys“em, the matrix (I-A) is non-ncqatively

invertible only if 1lim At = o,
to>w
(b) Consider a two-sector Leontiaf eccnomy.

Define and derive the marginal rate of transformation
between net outputs of the two sectors. Is this rate
independent of the sectors® net outpui levels

(1) when there is a second primary factor in the economy

and /or (ii) when there is a capacity constraint in one
sector 2 [20+20]=(20]

7. HOME ASSIGNMENTS ON LINZAR PRCG.AN.AING. {10}
8. HOME AS3IGMMENTS FORt THE CUURSE 'COST-8ENCFIT AIALYSIS'. [10]
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DIFFELENCE AND LYFVCRETIZL LUWATIONS
SUEMISTRAL=I BACKPAPRGH ZLAMINATION
Date t 29.12.86. Maximum Mcrks @ 100 Time: 3 Hours.

Note t Maximum you can s<ore is 100 marks.

1. Consider Hermite's equation
y" - 2xy' + 2py =0
p being a constant.
Cet two linearly independent power series solutions of the above
equation and show that th2y are linearly lndependent and that
they are defined on the eatire real line, '
(1) Show that this equation has a nonzero polynomial solution
iff p=0,1,2,... . For p=n integer > O show thal this :
equation has exactly one polynomial sonlution with leading

term 2" x™. Denote this polynomial by Hp(x).

o2 2
(11) show  H () = (-1)" & D"(e™),
My = 2xH -

Hy

n+l !
2xH - 2(n-1) Hp o

(1i4) Show that Hy, has only even povers of X and Hy, ., has
only odd powers of X.

L] 2
(1v) Show [ H ()4 () X dx=0 ifm¢n

=2" n! /R ifm = n.
[10+5+15+5+10]
I1I, Consider the problem

y' = x+y,

y(0) = 1.
Stert with Qg = 1 and calculate the nth Ppicard approximation
Gne Calculate the (pointwise) limit § of these @, and verify

that @ solves the problem. [20]

p.taoe
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2 ,
III, If MdX + Ndy = O is such that iﬁ:_yﬂ(%_%l;y‘)
F(y/x)

= f(Y/,,) then show that =n intagrating factor is e
where F 1s a function such th:;t F! = f, {10]

IV, A parachutist falls from rcst towards the Zarth. 'The combined
welght .of the man and parachute is 7 1b wt. 3efore the
parachute opens, the air resistance is half the instentaneous
velocity and after the parachute opens, the air reéistan:e
is half the square of the 1nstantaneod§ veloclty. Parachute
opens 5 seconds after the fall begins. Give explicit formula
for the velocity as a function of time. [20])

V. Describe the nature of geodesics on a sphere. [15])
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date ¢ 31.,12.86, haximum Aarks : 100 Iime? 3% Houzs

Nota : Ansaser all questions,

i1.(a) Define the terms 'Sampling Desion', 'Inclusion Probabilii
LI0 of a unit Ui and ‘Joint Inclusion Probability ny of a
pair of units U, and Uj' 1# 3% [2+2+2]=[6]

(b) For the 'Midzuno-Sen sampling scheme' obtain LY and ny and
show that the scheme makes the conventional ratio estina ox
defénad by ratio of sample wezns of two characterls.lcs,
unbiasod for the population ratio. [3+242). 77

2.(a) that do you understand by 'Comtined znd Separate iatic.
estimators', Using the formulac for 3ias and Mean Squared
Efkor discuss vhich of the two estimators you would prefas.
‘ [6+9] = [15]
3. 0f 105 students sampled using a Simple Rancom 3ampling .ithout
lepl cemnnt design from a population of 454 stucents 1l had to
sit fer a back-paper eraminstion in 2 or more subjects. Sstimate
the pcoportion of stid.ats in the population who had to sit for
back-paper examination in 2 or more subjects and also obtsin an
approximate 957 conflidence 1ntcrvu1 for the proportions
[3+7 ] =[c)
4.(a) Define tho term 'intra class corrclation coefficisnt!, A
population consists of 14 clusters nrach of size 7. Fing 4+
upper and lower bounds for this coefficient. (2+4]3=[5.
(b) Suppose that in a single stage cluster sampling, clu&;e:a
are of unequal size Mi' 1=1,2,..,Ne Find the expressiocn T
the variance of the standard estimator of the population
when a sample of n clusters is chosen with probability p:v.
portional to size M; and with ra.lacoment. e

5. A sample survey was concducted to nstimate the total houschol:

expenditure in z district. A siratified two-sture sampling

design was adopted with villages &5 first stage unlts and hous:
holds within them as sczond stage units. From each stratum

4 villages were selacted =with probability proportional to popu-
lation and with roplacemen: and 4 housecholds were selected frem

pet.os



G.5. contCe... L
each selected viliary wtli

1 ..ocability nd without
re” “or the s:mpled housew

replacencnt. Tho Z:tz cn expn
holds tog~thr with i
are given in th2 tarle

~iicn :a seleccion nrobabilities

selow

Using tha d-_;t;. B

(a) Cbtain an unbiasad estimate of the totzl household
expenditure in the district. ) [1z

(b) Obtain an unblased estimate of the sampling variance

"

fl' |
(c) .hat sre the possible sourccs of ron-sampling errors i.
the above survey and how do you plan to control thein 7

@

(o463
Stratum Sample Inverse of Total no. Expenditure of sor ‘>.;~'
village probability of households

of seloction houscholds 1 2 3 N

1 1 440,21 28 104 182 148 27
2 660.43 14 108 64 132 15

3 31.50 240 100 115 50 172

4 113.38 76 346 350 157 119

IX 1 21.C0 256 124 111 135 21¢
2 16.80 283 123 177 106 138

3 24,76 222 264 718 144 55

4 49.99 69 300 114 . 68 111

I 1 67.68 189 110 281 120 )1

2 339,14 42 80 61 118 10

3 " 100,00 134 121 212 174 L7

4 68,07 161 243 116 31/ L




Daie t 1.1.1637. saximun Jesis 3 10, Times: 3 FHouss.

Note : Answer ail gu:stions,
1, Let xl,...,xn denote the times in days to fallure of n simifat:
pleces of equipment.. Assume:that (xl,....x ) is a random sample

from the exponential distribution with parameter A\, Consi<~r e
hypothesis H that the mean life p = M ¢ y.

(a) Show that the UiAP level a test for the alternative B> By
is given by the critical region

XZpoxl_a/m\ ’
vhere x)_. is the (1-a)th quantile of’}%n - distrlbu&}on.
(b) Obtain the power function of the above test.
(¢) The following are days until failure of air monitors at 2
nuclear plant, If po'= 25, use normal approximation to find
out whether H is rejected at level a = 0.05. (18]
2. Let Xy,.0,X be a random sample from N(u,cz). “le want to test
H i a =g, versus K 3 0 £ o vhen p i's unknown.

Show that the size a likelihood-ratio test accepts H iff
2 %)2
¢ L= : (Xi- )° ¢ oo
where ¢y and <y satisfy .
(1) F(CZ) - F(c,) = l-ay F being the cdf of'yh_l— ‘distributi~-

Cl [.,
(11) cy=c, = n log %

3. Let X and Y be indzpendently distributed as Poisson districzu
tions with means A and u respectively. Obtain the UNP undiss
test for A ¢ p against A 3 g, [N
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4. Let xl,..,xn be a random sample ‘rom L{0,0). Let T) and T, be
the MLE and UMW cstlnctes of @. Define

_ D2
T= vl Tl'
Compare the mean-s.uare error f.2. EO(T-O)2 of all three
estimates T, T), and T,. [13)

S, Suppose n fidentical' pleces of equipment are run and the’
fatlure' times xl;;.,xn are obcerved. e want to estimate the
probability of early failure, i.c. px[xlgx]=1-e'\x for somo

fixed X.

Use Rao-Blackwell-Lehman-Scheffe Theorem to derive the Uil

estimate of 1-e_kx. Is it the same a5 its MLE ? s

6. Define and illustrate :
(a) Suificient statistic
(b) Linim2l suificient statistic
{c¢) Concistent estimate
(d) Complete statistic
(e) Monotene likelihcod ratio proparty .
(f) Uniformly nost accurntz confidence bound. . [15])

7. Class Practical ‘Jork. . [10]
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SEWISTRAL=I BACKFAPIn LISMINATISW |, '
Date : 24141987, ~aximun Mecks @ 120 Time t 31 7%,

tiote 3 Attempt all questions, °

1.{a) Denota by Xl,x2,.... mutually independent random varizol.:.
with the common exponential density Ae'\t, A>0, Put

5,2 0, Sn = xl+ X2 + sese + Xn. n=l,2,+.0« o« Introcuce ¢

family of rgndcm varlablos Yt as folléws : Y, is the me~ -
of indices k > 1 such that S ¢ t. Find the distriduticn o7
Yt for a fixed t)0,

Let {X‘, t 0} be a birth and death process on{O,l} vith

birth and death rates as follows Ag = A= By > 0. Lot

Nt be the nurber of\tXmes the system has’cﬁaqged states upto

time t, t 2 0. Find the distribution of Nt for a'fixed.t > 0.

Does it depend on the initial cistribution ? (Hint: Use (a)).
[20+10=30]

(b

~

2. Letvtxt. t2 0} be a Poisson process #ith parameter A > O and
X, =0,

rind the probability

(a)LetT:mf{t)O: =r}.
p iT ¢u = } for 0 ¢ u ¢ s end 1, n posotive intcyurs
with 1 ¢ r ( ne

(b) Let U be a random variable that is independent of ixt}.
Suppose that U has zn exponential density with parametcr -

fylu) = we™™, u
o] , U

m v
o
.

Find the distribution of XU' which con be interpreted (s "..€
number of events occurring by time U,
[15+15 =3¢ ]

p.t.o.
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3.(a) Formulate a pure dysth ;xocess onﬁ_o 1 2,....}
(b) urite the £> Lol deuctlons.

(c) Find py(t)

(d) Solve for p,J\t) in term: of p1 *+'(")

(@) Show that pu(t) =0foxJ>ianct0 .
(f) Find p1 i 1)

(g) Show that if “s = 1); » 120, for some constant p,. then "
yt =G ety (1-a"Hy, 0 ¢ 5 ¢ 1.
[4+3+44346+5+5=30"

4. Carefully derive the Kolmogorov Backward differential equatin-s
for 2 conservative continuous time-pzrameter Markov chain with ¢
countable state space I and stationary transition probabiut,y'

matrix ((pyy(t))) § t 20, 4,4 € I
{10)
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FERIODICAL EXAMINATICN
Design of Experiments

Date: 27.2.1987 Maximum Marks: 100 Time: 3 hrs.

1.(a)

(b

~

4,.(a)

Note: Ansgwer any FOUR questions. Marks
alloted to a quostion are indicated
in brackets [ ] at the end. Submit
your FRACTICAL RECORDS to the course
Instructor on or tefore. 4.3.1987.
These records carry 20 marks.

Explain the terms: plot, trcatment, and error. Describe
the three fundamental principles of experimental designs
explaining their objectives.

Suppose four feeds are to be compared with respect to
their growth performances .on cows. Suggest two good
designs for the experiment explaining which one should
be used when. (3x1+43x3+8) = [20]

Define a randomised block design with an example. Under
the usual fixed-effects additive model, obtain all its
estimable functions and their B.L.U.E.'s. Develop also
the analysis cf variance for this design.

(2+8+10) = [20)
Show that there can exist a maximum of (v-1) mutually
orthogonal latin squares (MOLS) or order v. Give a
method, with proof, of constructing a complete set of
MOLS of order v, when v is a prime or power of a prime.
Using x2 + x + 1 as a minimum polynomial of GF(4), give
an example of a complete set of MOLS of order 4.

(5+10+5) = [20]

If {1.1, Loy veey Lu} is a set of MOLS of order v, and

{ o
then show that { L ®LNL, L, ® L~/
is a set of MOLS of order vwv ¥, wherc L, ® Li“ stand

for the symbolic FKronccker product of the urra L, and
Lli y 121, 2, «iu, u.

“. L oo, LY is & set of MOLS of order v,

Contdessus 2/-



Contd...e. Q.NoW&

(b) What is a grocco latin square 7 Wiaen do you use such a
square as a2n experimental design ? Indicate how you will
construct a graeco latin square of order 12.

(12 + (2¢3+3) = [20]

5. Explain the missing plot technique. Show that

(1) (1-2c"2")w"=2c" %'y 1s a consistent system,
and has a unique solution of !‘ if 2nd only if

Rank [-5+] = Renk X;
(11) SSE_Q. - mén SSEﬁ(!) - SSEﬁ (Eﬁ) H

where the symbols have their usual significeance. Obdbtain
the expression for w* for a randomised block design
having one missing observation in block J under treatment i

(4+(5+7) +4)) = [20]

tbees
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PERIODICAL EXiJAIN:.TICH

Multivarinte Distributions and Tests

Date: 23.2.1987 Maximur ¥2arks: 100 Time: 3 hours

Notet:  snswer any four questions.

1.(a) Give a characterisation of multivariate normal distribu-
tion. Find its parameters.

(b) Let U, / u, 1 0 o\
U, | — gl w1}, 6 3 4
Us Uy 0 & 6

Find the distribution of u, given u, and uy .

2.(a) let pr1 —>Hp(l-l , £). Find the characteristic function

of U and hence or otherwise find the distribution of any

part of U.

gx1
(®) Lot U, = fua\ —u ("], (= ©
pX \U?J P ., 0 222

p-ax 2

Find the distribution of ;

1 o=t . -1
(U-u)" & (U-“) - \U1'u1)1 211 (U1'u1)
1.(a) Let Upxit —>Np(u1 £). let D(pxp) be an orthogonal

matrix such that DED' = I, Let 2Z = D(U-2). Then
calculate E(2'2).

(b) Let us have a random sample of size n from Np(u » E)e
Find the distribution of Ty when "U = 0.

4.(a) Find the m.l.e. of U and £ based on a random sample of
size n>p-1 from Np(u,c),

(b) How does thi estimate modifics if # = 0 ?

p.tio.



5.(a) Let X,(px1), & =1, ..., n bte & random semple from

Np(u , 5.
1
Let X = = (X) + ooue X))
— -1 - -—
and S = (X1 -)L')()(.l ~X) ¢ st ()(n - )()()(n - X)
denote respictively thu sample mean vector and correlated
sum and product matrix.

Show that:

Jo (X - n) -_>np(o , £)

] L)
SR 2 CURARTEL b SUPIR AU
s are independently and identically

(b

-~

when Ya(px1)
distributed as _np(o . 2).
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PERICDICAL EXAMINATION
Optimizasior Techniques

Date: 25.2.1987 Maximum Marks: 100 Time: 3 hours

Note: /nswer all questions. The whole
paper carries 105 marks, but the
maximum you can scorec is 100.

1. Explain the simﬁ;ex algorithm for finding
(8) en optimal solution to an LP problem. [10]
(b) Use the method to find an optimal value for the
following problem:
maximise Xy ¥ 2%, + 3x3 - x,
subject to x; + 2x, + 3x3 =15
2x4+ Xy, + sx3 = 20

Xq Zx? Xz +x, = 10

X200 4 =1,2,3,4. [25]

2. A food store packages a nut sampler consisting of Peanuts,
Walnuts and Almonds. Each ounce of peanuts cont2ins 12 units
of protein and 3 units of iron and costs 12 paisa, each ouncu
of Walnuts contains 1 unit of protein and 3 units of iron
and costs 9 paisa and cach ounce of almonds contains 2 units
of protein and 1 unit of iron and costs 6 paisa. If each
package of the nut sampler is to contain atleast 24 units
of protein and 18 units of iron, how many ounces of each type
of nut should be used to minimize cost of nut sampler ?

(0]
3. Prove or disprove.
(a) A linear program is infeasible then its dual must be
unbounded. [10)
(b) Let ¥V be a finite set in B™ aad C(V) is {ts conwex
hull. The sct of extreme points of C(V) is a subset
of V. [101
Contdesses 2/=
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(¢) X 13 the set of feasible solutions to a standord LP
rrotlem and X is the set of its optimal vectors.
X and X haw the same extreme points.

{10]

4. Find an optimal value for the following LF problem:

maximise 8y + 9%, + 5xg
subject to Xp v Xy +2x5 <2
2k1 + 3x, ¢ bxg <
6xy + 6x, + 2x5 < 8
x4 20 i=1,2,3.

Check your answer with the optimal velue of its dual, if

it exists.
(20]



INDIAN STATISTICAL INSTITUTE
B.Stat. (Hons.) III Year: 1986-87

PERIOLICAL EXAMINATION

Nonpartmetric nnd Sequential Methods

pate: 2.3.1387 Maximum Markss 100 Time: '5~12hrs.

Note: Practiczl note book: [12].

1. Let X1. veny xn be i.i.d. random variables with the common

[

distribution £ which is assumed to be continucus. Let Riyers,
R, be the ranks of Xy, ..., Xn, respectively.
(a) Prove that
PL(Ryy «ovy R) = (ryy ooy rn)] =1/n1
for any permutation (r1, N rn) of (1, 2, «e0e, n).
' [2]

(b) Let L = Ic,a (Ri)' where c,'s are constants and a is ’

a real-valued function. Show that

EL « n33, var(l) = oty (e, - D2 E (a(y) - 8%,
=t g1 1=1
- 1 - 1
where T =gofe,, @ =g fa(i). [10]

(c) Let ry be the Spearman's ronk correlation coefficient
based on a random sample of size n from a continuous
bivariate distribution. Use the ebove result to show

that
oA
E(rs) = 0, V(rs) bl
under the hypothesis of independence. (€1
Define Tolerance limit. (2}

let X1, asey Xn be a random sample from continuous Aistribu-
tion F with median m(F) for the problem of testing H,: m{F) =0
against Hy: m(F) # 0, consider the critical region Is-n/21 >
d-n/?, where s is the number of negative Xi's. Find the size
of the test in terms of n and show that the test is unbiased.
Use the above result to gcet a confidence intervel for m(F).

(12]

p.t.o.
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The effectiveness of Vitamin C in orarge Juice and in

synthetic ascorti{c acid was compared in 20 guinea pigs

{divid2d at random irto two groups of 10) in terms of the

length of odontollasts after 6 weoks, With the following

result:

Orenge juice {x): 8.2 9.4 7.6 3.7 10.0 14.5 15.2 16.1 17.6 21,5
1

Ascorbic acid(Y): 4.2 5.2 5.8 6.1 7.0 7.3 10.1 11.2 11.3 11,5

(a) Find the significance probability when the hypothesis cf
no difference is being tested against the alternative
that the orange Juice tends to give larger values, using
Wilcoxon rank-sum test. . [10]

(b) Let F and G be the distributions of X and Y, respectively,
as defined above. Suppose that F and G are continuous,
and G(x) = F(x +5&) for all x. Llet D(i)'s be the orderes
difference of Xi - YJ' Show that

Pa [Py < b £ D(4p19) = 104

where [k < Wyy < 100-k] = 1-x &nd Wy, is the number

=0 x
of pairs (Xi', YJ) such that X; > YJ. Find the confidence
interval for A using the abovz data with 1-a approximately

equal to 0.95. (8+10) = [18}

Let X1, ey Xn be i{.i.d. random variables with the common
distribution F which is assumed to be continuous. The
problem is to test

Hy @ F(x) = 1-F(-x) fornall X
Consider the following statistic T = 121 siR; ,» where

5 = sig'n(xi) and R; 's are the ranks of 1Xl's.

(a) Show that the distribution of T is complately known.

Derive E(T) and Var(T) under H,. [12]
Either
(b) Show that
) RN
—_— = -7 ’
n{n=1) n(n-1) 2 n

3
he V 2 —— 5 g(X, .
where v, o) 1;3 g(Xl, XJ), and

.

glxy,%,) = f
) _0, if X+ ¥, <0

1, if X1+X2>0

Contde.ovs 3/-
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Now use the result on the large-sample distribution of
U-statistic to gzt the asymptotic distribution of T,

properly st2ndirdfzed, under Ho.
(€+410) = [16]

or

(b) The following data report the weight (in lb) that 10
soven-ycar old children were able to lift before and aft.r
an B-week muscle-training programme.
Before(X) [14.4 153 14.4 13.916.6 17.4 18,6 20,4 204 15.4
After (Y)]|20.4 22,9 13.4 21.4 25.1 20.9 24.6 24,4 24,9 19.9
Test the hypothesis that the training has no effect
against the alternative that the training has a positiv.
effect. Compare it with the p-values of the pairec
t-test and the sign test.
Suppose Z = Y-X is symmetrically distributed about 2
point Q. Obtain the Hodges-lehmann estimate of 6, 2nd
compare it with the me2n and median of Z. (10+6) = [1€]

Table 1

Wilecoxon rank-sum distrn. P(\'.')CY <e)in=mn=10.

a 10 15 20 21 22 23 24

P | .0008 .0034 .C116 L0144 ,0177 .0216 .0262
a 25 30 35 40 45 50
P | .0315 076 1399 . 2406 +3697 5147

Table 2
Wilcoxon rank-sign distributicen P{V < v], n = 10.

v 9 10 1" 12 13

P 10322 20420 0527 +0656 .0801
1% 15 20 25 30

P .0967 1162 2461 4223 6152

V = Sum of the R* ranks of the positive observitions.
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.Note: Answer question no.6 and any FQUR
. > from the rest. Marks allotted to -
each question are given in brackets

1, Discusa the suitability of the assumption of two-parqﬁeier
lognormal distribution as a description for the distributicn
of the sizé_vnriable income.. Obtain the expressions for the
mean, median, mode and coefficlent of skewness of the two-
parameter lognormal distribution and hence comment on the
shape of the distribution. (5+15) = [20]

2. Llet y > O be a continuous random veriatle with finite
mean & and having distribution function F. Further, let
A ve the Cini mesn Adifference and L the Lorenz ratio. Then
establish the follcwing relations:

(1) L = A/2u

(11) L = 1-[7 (-Fe)Zat]/m
° (8+12) = {20]

3. VWnhat is Lorenz curve ? Discuss its properties. Obtain the
expression for the Lorenz curve for a two-parameter lognormal

distribution.
(4+10+6) = [20]

4. Discuss about the universality of Pareto law of income
distribution. Obtain the Jth moment distribution for the
Pareto distribution, and hence obtain the expression for
the Lorenz ratio.

(6+8+6) = [20]
Distinguish between measures of variablity and measures of
inequality for a size variable. %hat properties would you
like an income incquality measure to: satisfy ? Vhat is
normative approach for measuring income inequnlity ?

(5+10+5) = [20]
p.t.o.
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The following data gives Lore¢nz ratios and nverages for
the distributicns of consumer expenditure in rural ond
urban India for the ycars 1957-58 and 1967-68 ¢

1957-53 1967-68
Lorerz Lverage Lorenz Average
ratio eoxpenditure (Rs.) ratio expenditure (Rs)
Rural s’
India 0.3% 100 0.290 125
Urban
India 0.359 150 0.336 175

Compute the share of the top 10 per cent of the population
in both the sectors for the two periods. Find in each cea.
the percentage of population from bottom enjoying 10 per
cent share of the total expenditure. {You may assume that
the distribution of consumer expenditure in India is log~

normal.) o (20]

tbec:
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1.

Note: attempt all questions.

Clearly state the factors on which the resistance of a
conductor depend. Derive the expression emerging from these.
(5]
What will be the effect of temperature on the resistance ?
How do you account it in describing the lincer z'md non=lincor
resistance ? Draw necessary graph. 18)

Given that the equivelent resistance of parallcl combination
of 4 resistors are 20 2. Find the value of each of them
1f the currents flowing through them are 0.6, 0.3, 0.2 and
0.1A respectively. Draw the neat circuit diagram. (6]

Two resistance of 4 S and 12 2 respectively connected in
parallel and this combination is joined to a 10 <) resistance
in series. Deduce the equivalent resistance. Find the value
of potential difference to be maintained across the network,
so that a current of 6A proses through the resistance of

12 £2 . Draw the necessary diagrams. (6]

¥hat is the utility of grouping of cells ? How do you

group them ? (3]
There are N number of cells each which has the emf E and
internal resistance r (of some appreciable value). For wh:t
combination of cells as well as the relation of external
resistance R to the internal resistance r, you ccn obtuin
the maximum amount of current. Justify for the method you
follow. [“‘]
36 cells, cach of enf 2 Volt and internal resistance of

1.5 £ , are Joined in such a way so that maximun current
flows through the cxturnal resistance of 6 ., Find the
mode of combinaticn 2s well as th: magnitude of current
throush the external rcsistance. Draw the necessary circuit
diagrams. (8]



3.
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State Thewenin's theorcmn and explain it ‘'clearly’ with
suiltable adiagrams. Derive an expression for current
flowing through the resistance on which the theorem has
to be applied. [h0)

Thz fcur arms of a wheat stone bridge have the following
resistances (£2) as Ryy = 100, Rpn = 10, Rop = 5 and

Rpy = 60 (veriable) respectively. A galvanometer of 15 L2
resistance is connectcd across BD. Calculate the current
through the galvanometer when a potential differcnce of

10 Volt is maintained across AC. Sketch the necessary
circuit diagrams, (12)

What will be the rearranged value of the variable resistance
DA so that yocu can obtajin a null condition. [3]

It is given that through the three terminals 1, 2 and 3
respectively connection of three resistances as (2) R12,

Ry3 and Ryy Joined as in Delta fashion and (b) Ry» B, and

R5 Joined as in Star fashion, are electrically equivalent.
How do you transform a Star mesh into a delte one. Alco
find the valuc of the resistances converted to delta in terms
of resistances uscd in star fashion. (73]

Three resistances ($2) as RAB = 100, REC = 40, RCA a 60

are joined in a declta mode of connection. Now these
terminals are joined 2s such: terminal A to the (+)ve
terminal of a battery of 1€0 Volt, terminal B and C to thc
resistors of 80 £ and 88 L2 respectively. Also note that
the other lone terminals of battery, 80 S2 and 88 ) resistcr
are Jjoined together with the ground. Neatly drew the over"lj
circuit diagram and deduce the following (a) overall resis- !
tance across the battery, (b) current flowing from the bt :
and (c¢) current flowing through the 80 {2 resistors.

(123

N
i

tbees
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Note: Answer any POUR questicns.
Questions are of equal value.

1.{a) Define-Hotelling's 12 statistic. Find its distribution
in the null case.
(b) Fifty observations are taken from population Iris
versicolor and fifty from population Iris setosa.
Let x; = sepal length and X5 = sepal width. The data
is summerised as

=(1) 5.936 ‘ =(2) 5.006 y
(30970 s %2 < ( 3.428 )

19.1434 9.0356
985 = ( ‘glo356  11.8658 )

Test whether mean vector of sepal length and sepal width
varies for two populations.

2.(a) Let Q and Q, be two random variables which are quadratic
Ioms in the 1tems of a random sample of size n from a
distribution which is n(0,0 ). Let A eand B denote
respectively the real symmetric matrices of 01 and 02.
Then show that Q, and 02 are stochastically independent

iff AB = O.

(b) Let xp, x5, X3, X, de[r:ote random sample of size 4 from
n©,0%). Let y= ¢ a, x; when g, a,, az &, are
real constants. If 1 y2 and 0@ = x4 X5 - Xz X, are

stochastically incependent then determine a;, a,, 2z, a,.

3.(a) Define generalised varience. Let x4, ..y X, W2 2 random
sample from N(i,£). Find the distribution of (%I and
hence find 1its moments. . -

’ Contd..... 2/-
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(v)

4.(a)

(b)

5.(a)

(v)

tbees

Find the Joint distribution of sets of correlation
ceefficients when the sample is from N(u, (913 613)).

State and Prove Cochran's theorem for quadratic forms.
State its usefulness in statistical testing problems.

Let iy, U,, dy be respectively the means of three
idependent normal distributions having common but unknown
varience 02, The table below gives a random sample of
size 5 from each of these distributions. Using these data
test at 5°. significance level the hypothesis H: u, = U, -

My against Hy: Hy not true.

Sample Observations
1 3 o =1 o] 2
2 2 5 1 3 5
3 [ 3 6 8 9

Let a; and a, be apriori probabilities of drawing a
distribution from population my and n, with densities
py(x) and pz(x) respectively. If the cost of misclassi-
fying an observation from fi; as coming from M, 1is c(2/1)
and an observation from m, as coming from M, is c(1/2),
then characterise the region of classification Ry and R2
so that expected cost of misclassification is minimised.

Let n, be N(u1, £) and my be N(uz, £). Let us have an
observation x from either "1 or from "2 find the appro-
priate discriminant function when Kyo My and £ are known.
Calculate its mean and varience. Hence calculate proba-
bilities of misclassifications.

Write notes on any Fours

(1) Sphericity test.

(11) Likelihood ratio test.

(111) Wishart distribution.

(4v) Multiple correlation coefficicnts and its test.
(v) Partial and total correlatjons.

(vi) Fisher Dehran's prcblem.
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1.

Note: sAnswer any FOUR questions. Marks allotted
to_a question are indicated in brackets
[ ] at the end. Sutmit your PRACTICAL
RECORDS to the course Instructor on or
vefore 12.5.1987. These records carry
20 marks.

What i{s a latin square design ? Give an example. Postulate
'a suitable linear model for this design, and identify the
estiMdtle Lunvbiona ~f fintorect under the model, and obtain
their B. L. U. E.'s. Develop the analysis of variance for
this design to test the equality of effects of all the

treatoents. [(3+2)+(2+4+4)+5) = [20)

Prove that there can exist at most (v-1) mutually orthogonal
latin squares (MOLS) of order v. What is Euler's conjecture
in connection with the MOLS ? What is the current status
of this conjecture ?

Give a method of construction of a complete set of MOLS,
proving that the method works in general. Illustrate your

method with an example. :
((5+2+2)+(8+3)] = [20]

Explain the missing plot technique. Show that the error

sum of squares obtained through this technique is the valid
error sum of squares for the incomplete data. Suppose two
observations got lost in a randomised block design for v
treatments in r blocks, affecting the treatments 1 and i',
and the blocks J and J's £ # 4' ; J+# J'. Obtain the
expressions for the missing yiclds required for the computa-
tion of error sum of squares for the incomplete data.

(5+10+5) = [20]

Give the two definitions of cornectedness of a block design

and show that thcy are equivalent. Show also that a connected

block design is balanced if and only if the off-diagonal
Contdesess 2/=
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elements of its C na*rix are all cqual. Give-an example
o2 -~ block design which is cecnuected but nct balanced.

(1c+8+2) = [20)

Define @ balinced incomplete block design (BIED) with
parameters v, b, r, k, A, 2ard prove that (i) A(v-1) = r(k-i)
and (11) b > v, equality holding if and only if every pair
of blocks intersect in \ ccemmon treatments. Using the
second property derive the parameters of the residual and
derived designs of a symmetrical BIBD. Give briefly the

analysis of variance of a BIBD.
(10+4+46) = [20])

Define the main effects and interactions in a 2" factorial
experiment, and show that they form a set of 2".1 mutually
orthogonal treatment contrasts. Describe the Yates' metnod
of sum and difference to compute the sums of squares due to
the various factorjal effects.

Identify the confounded effects in a replication of a 25
factorial in blocks of size 23. in which the following is
the Key block:

{(1), avd, eecd, bc, de, abe, ace, bede].

(9+8+3) = [20]
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Note: You may answer all the questions.
The total number of marks you can
score 1s 100.

1. Consider the linear programming problem:
maximise 3y ¢ 22, ¢ 5xg
subject to xg +3x, + 25 < 15
7.x2 - X3 2 5
2x4 + Xy = 5%z =10
20 x,20 x3>0

Write down its dual and find optimal solutions to both
primal and dual prcblens. (20]

2, Verify whether (x, Xy x3) a ( 556' g-, %g ) is an optimal

solution to the following linear programming problem

maximi se 9xq + Thxy + Tx3
subject to 2x, + x, + 3x3 < 6
5% + bx, + X3 <12

¥ 20 %20 x320
(15]

3. Prove or disprove :
(a) If an LP problem is feasible and its dual is not

feasible, then the objective function of the LP is
unbounded. [10]

(b) In a finite bipartite graph on 2n vertices, n> 1,
in which each vertex is incident to the same number
of cdges, thcre exist n edges, no two of which are
incident to the sare vertex. [101

Contd.esss 2/~
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(c) Consider an L? problem ¢f finding a vector x, unrestricted

s bee:

in sign., such that
ct x is a roximum subject to
Ax = b.
The problem has a solution iff C is & linear combination
of the rows of A. {10]

Explain a procedure for solving the optimal assignment
problem with rating matrix A = (aij)’ where g is the
rate of the ith person on the jth job.

For the rating matrix A given below, find an optimal
assignment

1M 97711 3 8
6 6 2 2 9
A 6 8 10 N (]
6 3 [ 1 1
1 2 10 9 12
Check your result using duality theorem. [20]

Formulate the minimum cost - maximum flow problem as a
linear programning problem and cdevelop an algorithm to
solve it. Verify that the algorithm terminates with a
oinimum cost - maximum flow. [15)

In a certain community, there are 100 boys and 100 girls.
Each boy knows atleast 10 girls and each girl knows
atmost 10 boys. (Assume that if a boy knows a girl, the
girl also knows the boy). Is it possible to arrange a
monogermous marriage so that each boy gets married to a
girl he knows ? State and prove necessary results.

{15]
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1, Derive the SPRT (A,B), B < 1 ¢ A, based on independent
observations on X for testing Hy: X A uniform (0,2) against
Hy: X AJuniform (1,3).

Show that P(N > n) => 0 as n => =, where N is the effective
sample size. Obtain the probabilities of type I and type II
error, and E(N) under H, and H,. [16)

1

2. Llet X be a random variables distributed as N(9,1). Consider
the problem of testing HO: Q= -8 against H;t 0= 6> 0,
based on independent observations on X.

(a) Let n, be the minimum sample size required so that the
probabilities of type I error and type II error are at
most a and ¢y, respectively, for the fixed sample size
most powerful test. Show that

(IREWE
T T 8

where § (\o) =1-a,p (0) = ap, # 1s the T.d.f. of
N(0,1) and [x} is the smallest integer > X .

(6]
(b) Obtain the SPRT (A,B), B < 1 < A, for the above testing
problem. Ay

(c) Let a, and a; be the probability of type I error and
e error, respectively. how tha
II p ly. S that

a a

1 < B, ()

1
<
2 <X
1 -a, 1.(1,| [h]

Contdesess 2/=
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(d) Let 2 = 1nff(x,5)/f(x,-8)], where £(x,0) {s the p.d.f.
of %(0,1). OCbtein Z explicitly.
Let h{0) be the non-zero roct of tre equatien

£, eZ.h(G) = 1. Show that h(d) = - /6, when O ¢ 0,

(8]
(e) In order evaluate the OC function and the ASN function
the following approximations are used :
ah9)_ 4

L v e e’

when Eg 240

lnA

ey v I T

L(e) B + [1 - L(0)]lnA
By (@

EO(N) » vhen Eg Z 40

1nA.1nB
"\/-—2, when Eg Z = O.
Eg 2z
State the relevant theorems and briefly indicate the
steps to support the above approximations. {10}

(f) Draw the OC function and the ASN function. from the
above approximations and (¢) for
o, =0y = 0.05, 6 = 0.5

(-]
Compute n, and the relative efficiency of the SPRT
under H0 and l-[1 . [1 6]

3. Let X3, X5y ++sy X, be 1.4.d. random variables with the
comzon p.d.f.f. Show that the order statistics and the
rank vector are independently distributed. 8]

8

4. Consider two random variables X and Y with the c.d.f.'s
F and G, respectively, such that G(x) = F(x- ). The

problem is to estimate /] when F is unknown (but continuous.

Let X1, ey Xm be m independent observations on X and
Yy, ««ey Y, be n independent observations on Y. Define
as the median of (YJ - Xi)'s'

Contde.ess 3/-
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(a) Show that the distribution of 2 .- 2 s free from A .

(b) Show that 7'is distributed symmetric about <] if
efther m = n or f i3 symmetric about some point.
(el
5. Consider an experiment designed to evaluate the effect of
pollution on the weight of rats. The x's below are weights
of rats kept in a pollution-free environment, while the
y's are weights of similar rats kept in a polluted environ-
ment. Assumfng a location-shift model, compute the level
0.925 confidence interval for the shift parameter.

x 397.4 409.9 419.1 381.9 409.5 323.4

y 369.6 338.1 353.2 356.6 386.7 395.2

(e
6. Each of ten flelds is divided into two similar parts.
Two fertilisers A and B are allocated randomly to the

parts in each field. The yields are given below (in
certain units).

Field 1 2 3 4 5 6 7 8 9 10
Fertilizer A 659 984 397 574 447 479 676 761 617 577
Fertilizer B 452 587 460 787 351 277 234 516 577 513

The problem is to test that the fertilizers have the some
effect against the alternative that the fertilizera is better.

The difference of the yields betwcen two parts in each of

the ten fields is computed; absolute values of these differ-
ences are ranked. The test statistic proposed is V which
equals the sum of these ranks for the negative differences o:™-

(a) Enumerate all sample points (given the set of absolute
differences) for which the V-value is less than the
observed V-value.

(b) What is the critical level of the test based on V 2

(8]

7. Practical Class-work. see (8]
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1.(a)

(v)

(c

~

Note: This paper carries a total of 120 marks.
Question no.5 is comnulsory. Answer as
many questions as you can ¥r01n the rest.
Maximum you can score is 100. Marks

allotted to_each question are given in
brackets [ ].

Suppose a size varieble X follows @ two-pararmeter lognormal
distribution with parameters i end 52, What is then the
distribution of y = ux". where @ and B are two positive
eonstants ? Also obtain the expressions for the mean and
the median of y.
(5+6) = [11)
State clearly the law of proportionate effect and show
that it leads to a lognormal distribution for inecome.

(35) = (8)

How will you find the Lorenz ratio of a two-parameter
lognormal distribution if the coefficient of variation

. of the distribution is given ? (3

2.(a)

(>

~

3.(a)

‘between income and expenditure elasticities.

Define Engel curve and Engel elasticity. Distinguish

(5+3) = (8]
Discuss briefly the various criteria used for choosing
a suitable form for Engel curve {rom a given set of
cross-section data on consumer expenddture. [1&]
What is a production function ? For a generalised CES
production function of the form
-1/
y=a { sLf 4 (1-6)1'("3 ,

where y, L and K denote the output, labour and capital
regpectively, show thut the elasticity of substitution

Contdessss 2/-
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18 equal to 1/(1+8). Also derive conditions under which

the production function will satisfy decreasing, constant
and increasing returns to.scale.

(3+6+4) = [13]

(b) Describe briefly the statistical problems that may arise

in the estimation of a Cobd -Douglas production function

from a time-series data. .

T (5]

4,(a) Justify the use of 'per capita' formulation of an Engel
curve. Do you think that such a formulation is always
adequate ? Give reasons for your answer.

: (4+4) = 8]
(b) Consider the case of a !‘xx;m in imperfect condition in the
product market and perfect competition in the factor
(input) markets. Obtain the sccond-order conditions
characterizing profit maximization in such a case.
Interpret the conditions thus obtained.
© (6+3) = (9]

. (e) Show that R2 < R?, where R” is the coefficient of multiple
determination and 'ﬁz the adjusted coefficient of multiple
determination. . : © ol (5)

2

5. EITHER
The table below gives the family-budget data for a few
samples of four low-income classes of families of a country
for the year 1975-76:

yearly income per consumer unit in Rs
below 600 600-750 750-1050 above 105

no. of households in
the sample 136 179 B EE 22

average no. of consumer
units per household 2.60 2.57 2.50 2.43

average income per -
consumer unit 543.1 681.3 861.9 1232.0

average expenditure on

food per consumer unit 291.8 331.6 3764 407.1
Assuming the constant elasticity form of the demand func-
tion, estimate the income elasticity of demand for food
along with the standard error, by using the necessary
information from the above table. How goed is the fitted

zoupation ? N

.'1-;,,5) 2 oo
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The follwing data relate to a sample of six cement
industries for 1957:

total total value of
name of estabnshmentk invested nan-hours produc-

capital (no tion of

(Rs.lakhs) ¢ 00ds

Rs.lakhg

A.C.Co. Ltd. 147,24 1631728 144.12
Bhupendra Associated
Cements 173.60 2040283 199.37
A.C.C. Ltd. - Kymore 225.94 2737036 244,22
Madukkari Cement Works 111,67 1558660 181.40
Travancore Cements 83.76 861912 45.66
Associated Cement Company 3/99.96 4054979 297.56

Fit a Cobdb -Douglas production function to the above data,
and test whether returns to scale are constant.

(17+5) = [22]

Practical records [to be submitted by May 20, 1987]

(10]
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Elective - 5: Fhysical and Earth Sciences

Date: 1&.5.1.’;87 Maximum Marks: 1C0 Time: 3 hours

Note: All questions carry equal rarks.
Attempt any FOUR questions.

Wherever required draw the necessary
sketches and circuit diagrams.

State Kirchhoff's laws of electricity. With necessary
diagrams clearly explain them. Maxwell's loop current
method 18 more comprehensive than Kirchhoff's branch current
method. Why ? How do you get branch currents from loop

currents ? (3+5¢3+2) = [13]
Connections of different resistors and battery across a
rectangular network ABCD are as follows: RAB =6 -Q.

Rpe = 54, Ry = 252, Ry = 282, Ry = 6 S and Eypy = 10V,
2 52 internal resistance with (+)ve terminal of the battery
towards A. Find out all the thrce branch currents meeting

at D. Find also potential drop at B and C. [12)

With suitable examples, explain Faraday's laws of electro-
magnetic induction and len2's law. With these laws find an
expression for the induced emf. in a coil. (8+bs) = [12]

Calculate the emf. induced by the reversal of flux initially
at +0.4 mwd within 10 msec. in a coil of 500 turns. (0]

How does self-induced emf. generated in a coil ? Define
self-inductance. Derive an expression for cc-efficient

of self-inductance L.
(2+245) = [9]

Clearly sketch the series combination of capacitor C and
high resistance R connected across a DPDT switch can either
Join the combination to a battery of Vvolts or can short
circuit. Derive the expression for potential Ve across and
current ic flowing througch the charging capacitor C.
Define the time constant ' of thc circuit.

' (2¢5+1) = [8]

Catdenee. 2/-
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Zay et t = 10 77, the capacttor is allowed tc discharge
through the resistor. Find the cxpiussicn for potential
vy across and current 14 ccerging froo the discharging
capacitor C. teatly sketch two grophs centaining (vc y vi)
and (1., 1,) against time t.
et d (5+3) = (8]

Under what conditions the cutput of a CR circuit may be
directly proportional to the derivative of tre input signal ?
Derive an expression for it and clearly sketch the circuit
you use. From rectangular input waveform how do you obtain

the output as triggering waveform ? (2¢5+42) = [9]

An alternmating voltage is applied across the combination of
a coil (of inductance L and resistance R) and a pure capacitor
(of capacitance C). For the serics type combination, find
the magnitude and phase relation of circulating current to
the applied voltage. when series rosonance occurs ?  What
it magnifies ? Deducc the value of frequency of resonance.

(8+1+2+2) = [13]
Derive the expressions of resonant frequency &and current if

the combination (coil-capacitor) is ¢f parallel type. What
is dynamic irpedance ? VWhy the parallel resonant circuit

is termmed as rejector circuit ?
(9+1+2) = [12]

What is thermionic emission ? Describe clearly the working

of a high-vacuum thermionic diode. VWhat is a rectifier ?
(245+2) = [9]

Draw a neat circuit diagram of a full-wave rectification

of single phase A.C. supply and explain precisely the

overall operation of it. [8]

How can you filtered out intermittent pulses of output ?
Explain. 0]

Draw the overall circuit diagrém and the functional diagranm
of the circuit to generate smooth unidircctional cutput.

(s]
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" "Note: Attempt any FOUR questions. All
questions carry equal marks.

1. How do you account for the rise in temperature on a
resistance ? Explain with suitable examples. How this
phenomenon can be related to the property of linear and
non-linear resistance ? Explain with suitable diagrams. -

. (5+5) = [10]
Prove that R » nr/m where R = external resistance r = interval
resistance of each cell and the total number of cells ---
N (= mxn) are distributed as in m parallel rows and n
number of cells in each row. Neatly sketch the circuit.
How much power would you expect from this combination ?

(7+1+2) = [10]
Find the minjoum number of cells connected in 2 rows in
parallel required to piss a current of 6 Ampere through an

external resistance of 0.7 L. Each cell has emf. of -
2.1 volts and internal resistance of 0.5 . (5]

2. With suitable circuit diagrams clearly explain, (using
* Thevenin's theorem) the successive steps you follow to

obtain the value of current flowing through it. [10]
N, Lo '
7_‘,'51 A Iz B Using Thevenin's theorem
\ = —

calculate the magnitude
. = hl and direction of flow of
|;OV& ¢ ivd ——,_ current through 12 L resis-
- tance across AB (]

=

W
| —
o
.

Contdessss 2/~
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Now {f the 100" battery is connected in reverse, find out
the magnitude and direction of current flowing through the
12 QL resistance across AB. (6]

Clearly sketch the series combination of inductance L and
resistance R connected across DPDT switch S which can efther
Join the combination to a battery of V volts or short
circuit. Derive the expression for the growth of current

i_ and potential 1}8 across L. Define the time constant ¢
of the circuit. ' (2+45+1) = (8]

Say at t = 10, the current 14 through the inductance
is allowed to decay. Find an éxpression for it. Also
derive the value of potential \.9d across L at the phase
of decaying current. Neatly sketch the graphs of (1g. 14)

and (V,, V) against time t. (543) = (8]

For what condi{tions the output of an LR circuit may be
directly proportional to the integration of the input signal?
Derive an expression for it and clearly sketch the édrcuit
you use. From the rectangular input waveform how do you

obtain the output as triangular waveforms ?
(2+5+2) = [9]

An alternating current 1 = 1 Sin wl is flowing througn
a series combination of a coil (of inductance L and resis-
tance R) and pure capacitor C. Derive an expression for
impressed voltage across the circuit and also find the
phase relation of it to the circulating current. -
(6+2) = (8]
Under what condition the circuit behaves as (a) inductive,
(b) c\apacitive and (¢) resistive ? [5]

What peculiarity you may observe when the circuit is purely
resistive ? Find the value of frequency of operation.

(4]
3A current is circulating through an LCR series circuit.
Given thot L = 299.8 in H, R = 80(L and C = 33.8uF.
Impressed voltage is written as E volt F C/S. Find out
the value of E and F. (8]



An alternating voltage is applied across the parallel
combination of a coil (of inductance L and resistance R;)
and a lcaky capacitor (of capacitance C and resistance Rz).
Find out the magnitude and direction of current flowing
from the source. Sketch a neat diagram. [9]

If the leaky cepacitor is substituted by a pure capacitor
of capacitance C only, then find out the condition for
electrical resonmance of the parallel ckt-and hence find
out the frequency of operation. What will be the value of
current (in terms of dynamic impedance) emerging from the

source ? [2+43¢2) = (7]

400 Volt 50 H, supply is connected across the parallel
combination of a coil (L = 254.65 nH, R =60 L1 ) and

a pure capacitor of capacitance C. For what value of C
the circuit will be in resonance condition ? Find out the
ratio of branch currents and the overall current.

(9]

ibeces
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‘[.(a) Let X1, ceny Xn be a random sample from a continuous
distribution F. Let R1, cas, Rh be the ranks of the

observations. Consider the following statistic:
n
T w 11-:1 ¢y a(Rl) . Prove that

. - n - n

E(T) =ncéa, where ¢ = L CL/"' a= I a(i)/n
1 i=1

and

- 1 N -2 n -2
Var(T) = n_-T;': (ey -0 f (a(1) - 3) (7]

(v) Let (X4 ,Y4), «.oy ()g‘, Y,) be a random sample from a
continuous bivariate distridution. Let (Ry, «.vy R))
and (Sq, +.u, Sn) be the rank vector of the X,'s and Y,'s,
respectively. Let r be the sample rank correlation
coefficient. Show that

Er =0, v'a,r(r)'.ﬁ"_,r

under the hypothesis Ho of independence between X and Y.
{use Q.No.1.(a)]. . ’ (5]

(c) For a set of 16 male bables aged 48 weeks, both the
hei'ght and head circumference measurements were taken
with the following results:

Height | 77.3 73.0 73.9 T1.7 1.6 75.b 77.6
Head circumference | 47.5 46.9 45.9 46.3 47.5 47.4 47.1

Height | 72.0 76.4 75.6 74.9 70:5 71.6 73.3
Head circumference | 47.3 48.2 46.5 46.4 48.2 48.2 45.0

Height | 70.9 75.0
Head circumference | 46.1 47.4

Contdeeese 2/-



Contdese.s Q.No.1.(c)

Test the hypothesis of independence against positive
dependence (use a large-sample test). (8

Let X1, seey Xn. «es b2 §.4.d. random variables witn the
common distribution N(%§ , 02) wnere both t ond 02 are
unknown. The problem is to find a confidence interval for
t of length A and confidence coefficient f-a.
A sample of ny observations X1, caey )(n is taken, and

: o
the sample estimate 52 of 02 1s computed by

2 1 { o 2 1 %o 2
SPa—7x xS -=(£ X,) }.
o R P .

Define n by

s2
n = max [-2-]01,n°41 .
where Z i3 a specified positive constant.

(a) Show that it is possible to choose Aps eeey By
such that

M3
=~3

8 = eeema a2 =2/s%.  [5)

a, =1
] i ’

(b) Define
n
ue Tax -8)/vE.

Show that the distribution of u is student's t-distri-
bution with n_-1 d.f.
° {51

(c) Use (b) to get a solution of the problem cited above.

(5]

Consider the SPRT (A, B) of the hypothesis Hy s IO(X)
against the alternative H, : £,(X), where

2/5, if X = 0
c0, Q45, irXeo £ wd o5, e x =1
° 175, i£x =1 1/5, 1£ X 2

Describe the SPRT (A, B) with A = 279, B a 2%, where J
and k are positive integers. Find the exact values of
probabilities of type I error and type II error, E(NIN.),
and E(N|H|) . [15/



-3 -

4. The following data give the gain in weight of a control
group of young rats and a group of rats of the same age
kept in an o zone environment for 7 cays.

X(control) : 41.0, 38.4, 24.4, 25.9, 21.9, 18.3, 13.1,
27.3, 28.5, -16.9, 26.0, 17.4, 21.8, 15.4, 27.4

Y(treatment): 10.1, 6.1, 20.4, 7.3, 14.3, 15.5, -9.9,
6.8, 28.2, 17.9, 9.0, -12.9, 14.0, 6.6, 39.¢

Test, at the 57. level of significance, the hypothesis that
the ozone does not affect the gain in weight of young rats.

Apply both the Wilcoxon's test (under normal approximation) and
the two sample t-test.
(5]

5. Practical class-work and notebook. e [10}
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Statistical Methods and Inference II: Tests of
Hypothesis

. Date: 1.7.1987 Maximpum Marks: 100 Time: 3 hours

Note: Attempt as many Questions as you can.

1.(a) Obtain approximé_te expresions for the boundaries A and B
in a gequential probability ratio test (SPRT).

(b) Describe in detail the SPRT for Hg: 5 = 0 against Hy : 6-1,
in the context of sampling from a N (6,1) populatfon.
(16412) = [28]

2. Describe the run test.: . (17)

3.(a) Consider a sequence of trials such that in each trial
there are k possible mutually exclusive ond exhaustive
outcomes with respective probabilities My "2' seey My
For £ =1, ..., k, let rm be the observed frequency in
the {th class in n trials. Show that

2
K (fyn =nny)
11 nn

1s asymptotically distributed as a Chi:square with (k:1)
d.f,

s

(b) Describe the m:squam test for independence of two
attributes.
(20+10) = [30]

4.(a) Consider a lot of N items of which M are of a specific
category. Here M is 1nteger:va1ued and unknown. On the
basis of a random sample of size n drawn without replace:
ment from the population, suggest a UMP size & test for
Ho M Mo against H: M > Mo' where Ho is5 a given
positive integer (1 < My < N).

(Any euxiliary result may be stated without proof).
r.t.o.



(b) Let Xy, X5, «.ey X, be 11d rondom variables each having
the gamma distribution with pdf.

-6x ,p-t, 0<xX¢=

—_—

»
where p(>0) 1s known and 6(>0) is an unknown paramater.
Derive the likelihood ratio test for Hy: & = ©, against

H: 0% 0,.

(c) Write a note on the method of confidence belt for interval

estimation. .
(13+417+7) = [37)
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