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fttempt gquestins 7 and 8 end any
four of the rest,

l. Consicer the model (Y,Xﬂj 021) vhere g 1s subject to linecr
roestrictions Ap=0, (A0) . Show that ['Y 1s 2 linzar unbiased
estimator of p'S if and only if X[ - p €% (A'). Hence or
otherwise show that for p'f to be estimable it is gufficient
but not necessary that p € & (X'), [15]

2. Consider two models with the same (known) design matrix but

different dispersion matrices viz, (Y, KB,-a2I) an@(Y,iﬁ,azx).

" Assume further that £ is a known positive definite (p.d.)
matrix., Obtain a necessary and sufficient condition for cvery
estimable lincar parametric function to have the same BLUZ
under both the above models. Let L, = I+lc'+cl' where 1 is a

: vector of 1's and ¢ is a vector such that £, is p.d. (Such a
structure is called Baldessari structure), Let the first
column of X be 1. Show that every cstimable lincar parametric
function has the same BLUE under (Y,X8, 021) and (Y XB,022 )
1f and only if ¢ EC” (%) . [15]

X
3. Consider (¥,XB,0%I) where X = (+3}) and Y = (...) with
X

"%, # 8 (X]). Show that BLUE of xla and the conventional
cstimator of ¢° remain the same under both the models,
Hunce or otherwise examine the following statement. 'For a
model (Y,Xﬁ,a21) the analysis with deletion of an observation
can be achieved by including one more parameter into the model
in a suitable manncr and analysing the resultant model'.’®
(Here, by analysis we mean obtaining BLUE's of estimable
parametric functions and estimating 02). [15]

4, Examine vhether the following is true in principle. Comment
vhethor you agrece with it fully considering all aspects, N
" It is gcad ¢niugh Lf  one knows how ts analyse the mudel
(Y,XB,01) where X is¢f full column rank as'even the most
¢eneral linzar model (Y,Xﬂ,o25) with lincar restrictisns
petio.



Ap=4£ whoro X and I could be rank deficient can be raduced to
a mcdel) (u,.na,azz) by a suitable transformat;:n when W is of
full column rank",

(15]

5, Consider a 3-way cross—classified data with cqual number

6.

s(22 ) of observations per cells Let there bo p A-classcs,

q B=classcs and r C-~classes,

(a) ‘rite down the model with interactions,

(b) Write down the analysis of variance table for the
model in (a).

(¢) Explain how you interpret various tests of main effects
contrasta depending upon *the results of tests for
interactions,

“(15]

The problem is to determine the true weights 91.02,..,9

of p objects in an unbiascd Chemical Balance using N welghing

operations.

(a) Formulate the prcblem in the set-up of a Linear Model
Model and obtain BLUE of Qi's, under appropriate assump-
tions (to be clearly stated by you),

"(b) Show that v(Si) 2 a? N where ¢“ = constant error varianee,
Examine the cases of '"'=" for one i ond also for all

(o) Exunine’th £ Hadenard motrices in this confext

(d} sz nRC Epe 0%% gesxgnbggtuny ich provig §¢ ‘ n'(b)

ﬂbovo for all i=1,2,44,p.
Ethine vhen the best design exists, Provide the best
designs for N=8,p=5 and N=12,p=5.
(e) Examine hcw far the above results are valid when the
' balance is biased. B R

[(2+1)4( 241 )42+ (1+242)43 = 15]

" In order to relate the annual cost of operating live stock

auction markots to the quantity and mixturc of live stock sold
through the respective markets, the followinc cost and volume
data wecre assumbled for 19 markcts for a calendar year, Lot
Y,xl.xz,xa,x4 denote the gnnuezl cost of operating an cucticn
market, the number of cattle sold, the numbex of calves
sold, the number of hogs snld and the numbLer of sheop sold
respectively,

Contd.....



Market No, 3"1‘3()(103) 3

Cattle Calves Hogs Shacp  Cost (X £10%)
1, 3.437 5.791 3,268 10,649 27.698
2, 12,801 4,558 5,751 14,375 57,634
3, €.186 6,223 15.175 2,811 47.172
4. 11,635 3,212 0,639 0.694 49,295
‘s, 5,733 3,220 0,534 2,052 24,115
6. 3.021 4,348 0,839 2,356 33.612
7. 1,689 0,634 0,318 2,209 9,512
8, 2,339 1.895 0,610 0.605 14,755
9. 1.025 0,834 0,734 2,825 10,570
10, . 2,936 1.419 0.331 0.231 ' 15.394
11, 5.049 4,195 1.539 1.957 27,843
12, 1,693 3,602 0.837 1.582 17.717
13, 1,187 2,679 0.459 18.837 20,253
14, 9,730 3.951 3,780 0.524 37.465
15, 14,325 4,300 10,781 36,863 101,334
16. 7,737 9.043 1.394 1.524 47,427
17, 7,538 4,538 2,565 5.109 35,944
18. 10.211  4.994 3,031 3.631 46,945
19, 8,697 3,005 1.378 3,338 46,890

The fellowing computations are available fer the above jd.:ta.

Corzected sum of squares and products matrix ( s)x1o6
where S 1s given bcelow,

Xy X, X, X4 Yy
X, 315,995 61,922 136,656 267,706  1442,187
X, 71.324 59.283 31,460 387,724
Xy 276.590 291,198 994,148
Xa 1462,073  2322,290
v .

8467,80

Contdecsss



Let S, denote the corrected sum of squares and products
matrix of X;:Xz X3 and X4, Sone olements of 10~ x syt
are availlable as given below @
X X X X

x, - 0.001‘,598 .—0.022923 —o.gomaz -o‘.‘ooosez
Xy . T ., ~0.000825
Xy x ~0,000890
X4 0,000950

(a) Fit a multiple lincar regression Bo+PyX)+B Xs+ poXq+B,X,
of Y on xl.Xz,X3 and X4.
(b). Test whether xl,Xz,XJ_and X, afe useful £or predicting Y.

(¢) Is the number of hogs sold useful for predicting the
annual cost .of operating the market in the prescnce of

- Xp4X, ond X, 2 .

(a) Is it fair to interprét the intexcept-estimate (6;) as
" an estimate of the fixed cost of operating the markast ?
" Give reasons for your: answer. ° . .
(e). Explain the steps involved in computing the modificd
"7 ecstimates of 50,51,52“,53 and B, when'obscrvation corros-
*. pording to the 15th market is Wropped m~king full 'use of
the computations already avalleble to you., You nced not

do the actual numerical computations, [5x5 25]

8. sn incustrial engincer conducted ‘an experiment on the cye~
focus tim2 (insoc). He was interestod in the effect of dis-
tence of the object from the eye on the focus time. Four
different distances were of interest. He had five objécts

availechle for the experiment. To study also the differcnces
among individueals, he conduct~d the cxperiment in a rgndomised
block design, But the observation corresponding to 3:& indivi-

dual for the distance of 8 ft. is missing. The remaining data
are given belodw.

Sub ject
Distance (ft) 1 2 3 4 5
4 10 6 6 6 6
6 7 6 6 1 6
g8 5 3 x 2 5
10 6 4 4 2 3

Analyse the Cata (stating your assumption) and comment on ycur
findings. - [15])
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The paper carrics 140 marks, The ma ~ximum you
may attempt is 120 and the maximum you may
scorc is 100, The marks allotted to tach
question are given within pwrenthnscs.

Theo svmbols used are as-usuale

1. From an SRS of n clements a random sub=~sample of ny elements
is duplicated and added to the original sample. Show that the
mean based on (n+nl) elements is an unbiascd cstimator of the
corresponsing population mean and its variance is greater
than the variance of the mecan based on n elements by an
approximate factor

= n(n+3nl)/(n+nl) . (10+¢10) = [20]

2.(a) A sa}nplcr has two strata with relative sizes Wy, Y.

He belicves that Sl' 52 can be token as equal but thinks
that ¢, may be botwaen 2¢; and 4cy. He would prefer to
use proportional allocation but do2s not wish to incur a
su%s;apyial increase in variance compared with optimum
allvcation, For a given cost C = C)Mm + Cony, iynoring
the fpc, show that

) _ chl J2c2 )

vopt(yst) (W, Yoy + ty /25)2
If Wl = w2, compute the relative increases in variances
from-using proportional allocation when ¢,/c) = 2,4,

Vﬁrop(yst

(b) with two stratam,for stratified simple rancom sampling,
a sampler would like to have n) = n, for administrative
convenience, instead of using the values given by the
Neyman optimum allocation, If V(y.,), VOpt(yst) denote

the variances for the cases (i) n =n, and (ii) the

Néyman optimum allocations, respectively, show that the
froctional increase in veoriance is given by

v(yst)-VOpt(yst)

r—l)

Vopt  (¥st) ol

n
Yy = ﬁ% as given by Neyman allocation™

(10+10)=[20]
psteOs



3.(a) Describe Rao-Hartley=-Cochran sampling strategy for esti-
mation of a finite population total,
(b) Show thzt for a sample drawn acca:ding to above scheme

n oY o Ny N
B[z (A2 = ) Lp,ry,2
1= pit i=1 Py 1= 4
N=n N(n-1)

wheroe f.l = =) f2= A1) .
Assume tho random groups to be formed are of cqual sizcs,
(5+15)=[20]
A, Supposa thec units in a population are grocuped on the basis of
theajuality of their sizes and that cach group has at lenst
n units. Thus a sample‘of n units 1s chosen with P¥SVR from

the whole population and repeated units are replaced by units
selectod by SRSWOR method from the respective groups. Suggest
an unbiased estimator of the population totzl Y and derive
its sampling variance. Also obtain an unbiascd variasnce esti-
mator. How cocs the sampling variznce in this case compare
with that in szmpling with 22SUR 2

(4+7+7+2)=[20]

5., Obtain a nocessary form of 2 non=negative quacdratic unbiased
estimator of thc¢ m2an square. error of a homggencous linear
estimator of o finite population total 2pnd use it to suggest
an unbiascd estimator of the variance of the r-tio cstimator
thaz2d on Lahiri-kii'zuno=3en s~n~lin; schin2. Dirive 1 conditier

uncer which this variance estimator is non-neg-tive,
: (10+8+2)=[20]

6., In order to unbiasedly estimate a finite population total ' :
suggest a suitable two-stane sampling scheme for which the
procedure of variance ecstimation does not require unbiased
veriance estimntors for estimcotors of first stage unit totals
based on sampling Scheme adopted at the sceoni stage. /lso
suggest unbiascd estimators of hie between and within compo-
nents of the variance of the astimator of the finite popula-

tion totzl in this crsec.
(8+12)=[20]

Contdesaes



7.

-3 =

To estimate tho total number of words () 4n an English
c¢ictionery, lettors out of 26 alphabots were sclected

in 10 draws with #vSIR, sizae being tho number of pages
devoted to an alphabet and for cach sclccted alphabet,
tvo pages wora sclected by SRSWOR method., The relaevant
sample data are given in the following Table,

Serial Sample No,of pages No.of words in sompled page
1o, alphabet devoted 1 2

1 s 131 34 27
2 c 97 27 26
3 N 21 44 38
4 s 131 24 29
5 F 43 25 32
6 J 7 a2 48
7 v 18 24 21
8 ? 85 53 24
9 A 9 47 55
10 D 54 38 57

(Total number of pages In the dictionary is 980]
(a) Estimate unbiascdly © and obtain zn cstimate of its

variance.

(b) Estimate also the efficicncy of the above method of
sampling compared to that of drawing 20 pages from
the dictionary by SRSWR methode

(10+10) = [20]
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nswer Group A and Greup B in
separate answorseript,

Giour 4 Max,M~rks 3 60
(50+/ssiqnmunts 10)

GIvEN & wvolseity uf ligcht ¢ = 3X10° m/s.
charge of on clectron ¢ = 1,610 coulomb
= 3.8%10710 g¢itecour (esu)

. Tast mass of an electron my = 9.1X10'3‘kg

rest m~ss of a proton = 1836 mye

19

1BeV =100 oV= 10 x 1.6 x 1079 3

1 %% =101,
1 webor/m? = = 10

weber/m” = 1 tesla = 10 gauss
Plancks' constant h = 6.63 X 107> Jos.
Symiols hava their ususl meanings,

insvier any FIVE quastiuns : (10x5 = 50)

1.(2) Classify the following acearding -~s it is
(1) sclersnimic or rhesnomic (ii) holenmdmic or non~
holonmic (1ii) ConserVQtive or mon conservative
/i cylinder rolling duwn a rough inclined plane of
angle o without slipping, .. (2)
) A pcrtiélc of mass m is consttn}n:d ty move insice ~
thin hcllow frictionlcss tube (Sce figure), which.is
rotating with ccnstant angular velocity w in a2 horizint-l
Xy pland abcut ~ fixd vertical axis through O. Using
Lagrange's eoquations, describe the motion,

(8)
Peteo.

I
$



2.(a) Urite down the Principlo of Lo-~st ,ictisn in the special
case when thuro are no oxternal forces acting on the

systems Give an examplee 1,2 a2° (4)
(b) rrove that the transformation @ = -i(p +q° ) and Q -tnn_l‘(‘y
15 canonical. (6)

3.{a) A particle of mass m movas in a fiold vhuse potentinl is
! v=-(K Cos®) /12,
ihat is the Hamiltonian of the systum ? (4)
(b) Consider the uniform motion of a frce particlo of mass m,
There oxists a constent of motion F = x=~ %%.

Show by dircct computation that §E agracs with [H F].
(6)

4,(2) In additicn to time-like a~nd space-like interv-ls , we
might talk about light-like intervals. that value would
T or o have for such intervals ? ‘ (3)

(b) (x,¥,zst) can be put as a four-vecior. /re there any
other ph#sicnl qGuantitics that emerge ~s a four-veoctcr ?
)
(¢) A dccy of rest mass L travelling initially -t
0,6c mak:s o complotely inel-stic collision with an
identicnl budy initinlly =t rest. th-t is the speed of
the singlo resulting bocy ? ‘/hat is its rest mass ?
o (5)

5.{a) " Just as sbscrvers in different pl=ces have different
spatial perspectives of the universe, so cbservers with
cifferent velocitics have differont taomporal perspectivas
[GeJsthitrow, Tho Natursl Thilosophy of Time, 1963].

Comments invited. (2)

(b) An clectron moves 'in the positive X—dircction in frame S
at a spced v = 0.8¢ (1) tmat arc itvs momentum and enuri
in frame S ?

(11) Frame s7 moves to tho right at o~ spced O.6c wrt S,
Find the mcmentum and onergy of the a2lectron in
this framc. (5)
(c) Computc the effcctive mass for an X-ray photon with A=l °,

(3) contda...



6.(2)

(b)

(e)

1.(a)
(v)

. (e,

B

(a)

Show that the clectrimrynztic w-=ve e~uaticn

93% + 93$ +9§g = %@2 %;%

ox oy© 9

is n.t invaricnt under Gnlilean transformation.

(2)

/. positive knon K' has a rest m2ss 494 MeV/c2. M proton
hes a rest mass of 933 MoV/cz. If knon has a tctal energy
equal to the proton rest encrgy, the spced ¢f the kacn is
i )0.25¢ (11) 0,40¢  (ii1) 0.55¢ (iv) . 0.70¢

(v) 0.85¢ {(vi) nonc of these. (4)

Give the wavelength shift6 if any, in the Dopplcr coffect
for sodium D, 1ine (5890 A) emiticd from a source moving
in a circle with constant specd O.lc measured by »n
observer fixod at the centre cf the circle.
(4)
GROUD B Mnax.Marks : 40

Answer Q.3 ~nd  any two of .the rest.

Stttz tha sccund law of thermodynomics in terms of entropy.

nssuming that the chmge in cntropy in a reversible

cyclical process is zoro, oLt-in the xpression for the

thormal efficiency of a Carnot engince.

State (do not prove) the Carnot's thoorom, What is its

sianificance 2 . .

M gramme cf watof at  T9K is mixed adi~hHatically ~nd iso-

barieslly with an equal quantity of w~ter :ﬁ T'9K. Show

that tho nct ehangein ontropy of the universe %§ given by

T e, 1n (/2
& m,

vhero C is the spccific heat of water ot constant prassure.

2+3+(3+2)+5 = [15]

Contdeeees



2,(~) The genaral eoxpressisn for the cquatisn o>f state is

(v)

(¢)

3.(a)

(v)

(€) Show tHat an absclute scale of temparature follews fram

the efficiency relation of a roversidle heat engine,
5¢(2+3)+5 =

f(2,V,T) = O. Show that

G (38D, =

Use the Maxwell's relation(s) to prove that

ap av.
Cr=G = T(or )y GP»

Show thit for a Van der Yaal gas -
R(A’i- )
- —C—,
ab

hed +

<14N

<iJu

sual s 1gnir ic *nce.

[=4

the symbuls having their

Immedintely on oxnlosiun of an atem bomd, the ball of f;re
a tomperature of 10 K,

producad had n radius of 100 p 2nd -

= [15)

Vhat will be the sporoximate tempern~iure when the ball

&xpands
two spocific heoats, )% = 1.66.

A roversitle engine ccnverts onao-sixth of the hext input

into work, If th: temperaturce of the sink is reduced by

62°C, its efficiency is doubleds Fini the temperaturcs of
5+5 = [10]

the swurc2 and the sink.

D o i
ff and volume Vf is

(P,Vy = PeV)/(¥-1)

whetc)"= ratio of two specific heats Cp and Cv.
(b) ihat is Boyle temperature ? Find its value in terms cf

4.(a) Show that the wurk done by a perfect gns undergoing .acie-

batic change from pressure Pi ond volume Vi to pressure

a,b and R, the symbols having their usual meanings.

[15]

adibatic-lly to 1000m r~zlius ? The ratio of tha
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insver Five questisns taking Threa from
Group A =nl Two frum Group B, Uso sepa-
rate heoklets for answering each Group,.
Zach quasticn carrics 20 marks.

Group £

1.(a) Do you think that the process of vertical disintegration
taking place in the production structure of Indian engi-
neering industries in'the recent decad:s leads to external
economies cnjoycd by tho oligopolistic firms in the <hove
mentioned industries ? Eladorate your answuer,

(b) Show that the production cost reduction cue to economics

. of scn}e resulting from access to larger shace of the
cdomestic market accrued to oligopolists in Incian incus-~
trics coes not necessarily result in tho expansionof the

. export market. Illustrate your answor throush an assessnent

of Govt. of India policies in recent dec:dos{liburclising
import in the intermedinto ond capital g.odls sector while
practicing high protection to the final g.ods sectors.

(¢) 'Incian large. firms prematurely diversify into multi-
procducts in scarch of monopoly profits on the import
substitution cycle'. Elaborate.

2, Make an assessment of Mahalanobis Four sector model as on
investment planning mocel for India.
or

Discuss the structure ¢f thc macromoZel constituting an

essontial pert of the Fifth Five Year rlan of India.

3.(a) In the Mathur-H~shim location model th: soma I-8 table
for Incdia has been assumed applicable for the regions also,.
ihat justification fur the 2bove has been given Ly
Mathur-Hashim ?

Fetao,



3.(b) On the applic~tion of the Mathur~Hashim location model
for In<ia, the results suggest that the choice of some
«f tho locations of Potroleum refinorios at Wostern
rugion of India conforms to efficicncy. Do you think that|
the above result on intultive considerations looks
absurd ?°If tho above result is really absurd, do you
think that it is due to some defcct cither in the formu-
lation of the model or may be cuc to wrong data base
only.Is it possible to cbtain such rcsults duc to some
simplifying assumptions in respect of the framework
(empirical )of an~lysis ? Clarify your answar,

4.(a) Consider an cconomy having the l2vel and some components
of cconomic activity at a point of timo as follows :
GNP is Rs,200, private consumption is Rs.160, pudblic
consumption is Re.10, there is no foriign trade or
houschold s~vings, and tho government's consumpticn is

matched by its net tax reccipts from houscholds, Now,
answor the following:
a; .m«t is the houschpld income ?
b) Waat itoms (Lf any) do ~ppesr on tha credit side of t]
. ¢capital sccount ? .
° (e) If the houscholds' cunsumption at Rs.160,
~bsorbed thc whole of thuir iacomes (so that thoy pai!
no taxes or saved ), ond if the government still
covered all its consumption by tax receipts, where
could these toxes come frem, and what would be the
cumposition of the debit side of the production
account ?
"(b) Let, I = Tctal investment, C, = Priv-te consumptior
S = Houschold Savings, '
Y, = Houscholds' fncome (wagus and profit)
C_ = Govt, consum ption, Tn = Housechold t-~xes,
T, = Firms' taxes , Sg = Govt, surplus (cr deficit
© 4t nogative)
Firms make no s=vings or t-x payments, Cg = 25,
After spending on private consumption, houscholds
distribute their income as follows @ Sn =95, Tn = 3ﬂ
vhat 4s I ?

3

Qg 2

contdass..
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6.

7.

- 3 =

GAAR_ 3,
Develop ~ mocel of rur-l = urban migration where the urban
sector consists of c¢ne form-l o~nd und informal subsectors.
In the formal sub=s2ctor, the re~l wico rate is fixed,
in the informsl sub=sccter it is doterminad by domand and su-
pply. Capital stocks in tha urban soctors and 1and in tho
rural soctor »r2 all given.

Find out the offects of wrge subsidy given to the
formal ~nd infommal scctors in terms of tho model

Anzlyso tho effocts of free internationzl trade on the growth
rate of a small developing eccnomy, How would you meodify
your analysis for a large ecconomy ?

In 2 rural crodit market , show that the collaternl price
may, in ¢oneral, bo undervalued., How does this phonomenan
comparc with ghe lender's risk hypothasis ?
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The poper contains 120 points. The
maximum you can score is 100,

1.(a ) Suppose that Xl"" X, are i.i.d U(0,6), 650, Let

¢ (Xp,eeX)) e a tost for Hy: 6 = 1 Vs, Hy: 6=2, Find
the optimal ¢* which minimizes (type I error + type II
error) among all possible §. Is it a Neyman-Pearson test
for suitable sizo ? Justify.

(1) Lot x~pOi(o), Y ~~— POi(p) be independent, We want to
test Ho: 6 = p against Hl: 6 > u. Consicer all tests
$(x,Y) Satisfying;-eg - p[¢(x,Y)|x+Y='tI & a for all t.

Does there exist A UMP test for'Hy in this class ? Find
it out if your answer is yes anc justify,
' (20]

2. () Define the consistency of tosts,
(b) Lot X)sXpseerXy be iidad Pge Buppose ?91 { ?90. If for

each n there exists a size  MP test of Hpt © = 9,

v . Vs, H, :+ 6 =6), show that the scquence of these tests
is consistent.

(e¢) Let Xl,..,X be i.i.d N(8,0 ) Find out lim 2

; nN=)c é
. T Lo vn
{Tn > tn—l(“Z}' where T is the usual t-test for
Ho: 0 =0 Vs, Hl t 08>0, and A > 0 is a constont,
[5+1041Ca25]
3. Let (X;,¥y), 1 £ 1< nbe fuied Nylpy,ip, 012, a,%, P).
Wo want to odtain a confidence interval for A= p, - By-
Let C Ccnotc the confidence int2rval based on T (the
usua l t-statistxr based .onY; =X;, 1 <1 <n)
i L1
) V2sy )
Vn
(v; - D2

and C2n = (Y - % + tn-2 (1 -

Ho1o NIR

here, s, = - [ S(X e )2
vhere, S =g Ly * p.t.o.



(a) Show that-in large samples
if[dec, ] >1—= if P >0,

(») Let |Cy,| cenote the rcspoctlvo longths of the
confidunce intervals for i = 1,2, Show that

oL eyl 2 “~"1"?""22""""1"2)‘z (-3
‘and /n l'c | > 27 /o4 0,2 22- éa )

in probability. Comment on the statistical significonce
of the above fact, Hero 2

1=a/2 is the upper
100a/,% point of standird norhnl c¢istribution,
[25]
4, Let (Nl"" k)"\fMult (n, PyseesPy) vhere py = py(® ),
¢ 1 < k are smooth functions. Let h be a smooth function
such that h(pl(O)...,pk(&)) = q(e).
(a) Find the Crammer-Rao lower bount for an unbiased estima
of q(e).
(b) Show that the asymptotic variance of h(-—

obtained by A-mothod is. always greater than or
+...equal to the C-R lower bound,

=(c) Obtain one Bhattacharya boun? for unbiased estimate
. of q(B) where q(6) is a quadtatic form of'(pl,..,pk).

) [10+415+15=40
. 3 . @ Syl A !
5. Show  that the family of Hypergeometric distributions,
H(MO, Nyn), © =, 0 < < N is complete.

' [10]
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1.(a) You know that Picdrd's method can be extended to a system

Fe

(b)

2.(a)

of first order dlfferen;ial equations. Consider the follow=-
ing system of first order linear equations

gl = p‘l(x)y+q1 (x)z + r, (x) % .
92 = p,(x)yra, ()2 + 2(x)

vhere py, q;, r; are continuous function on [a,b]. Apply
Picard's theovem to show that solutions of ® (on[ a,b])
form a vector space of dimension 2,

(iote that a solution of is a pair of functions ).

Consider the following =
dx
a5t = alx + bly
s . ()
Heaprny

Suppose X = Aext; y - 8ett is a pon-trivial solution of

(%%). Shdw that [Yours AL | =0, vhere C = ( :l gl ) and I
2

2
is the 2x2 fdendity matrtxy . -
Hence find the general solution of
dx _ ’
d_t-_x+y

¥ = ax-2y. :
el e : [6+7+7]

Consider the equation:

y' = p(x) '+ qlx)y + r(x)y2.
Show that if y, (x) is a particular solutxon, then the
general solution has the form:

y(x) = yl(x) + 2z (x),

whe;e_z(x) is the general solution of the Bernoulli
equation  z' ~ [q(x)+ 2r(x)yl(x)]z = r(X)Zz.

petods
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’

Find the general solution of

32 5
yho= et Xyt xT, [7+8]

(b) An integral curve y=u(x) of tha differential equation
y/ - 3y’= 4y = O intersects an integral curve y=v(x) of
the differential equation y”+ 4y’= 5y = O at the

origin, Determine the functions u,v if the two .curves
have equal alopes at the origin and if

. v(x 5
un DAL o9 2]

3, One solution of the equation

4.

w
.

v+ p(x)y’+ alx )y =

is (1+x)2 and the Wronskian of any two solutions is

constant. Find the general solution of
v+ p(x)y’+ q(x)y = l+x.
(13]
Find the general solutionof Chebyschev's equation
(1-2)y"= xy’+ p’y = 0, p20,
near x =1 in terms of the hypergcometric functions, Show

'

that the only solution where derivatives are boundud
near x=1 are constant multiples of F(p,-p,lﬁz, 1%y,

Conclude that the on1¥ polynomial solutionsare conStant
multiples of T (x) del F(n,-n,Y%, % "7— Y,

vhere p = n)0 is an'  integer.
Show that T (x) is-the, polynomial for vhich
Tn(cos ©) = cos o,

[6+7+7]
Show that ( 2np
« X/, )
3,00 = £ ()" 22"

) P n=0 n! (p+n)!

“ 7 N

1s a solution of x2y“4xy’ + (x2-p)y = O,

vhere p is a non-negatiw integer.

[ [10]

petio.



6.(a)

(b)
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Consider the right circular cone 2= P(x2 + yz), 2X0.
This cone can be represgnted pa;pﬂ%trically by the
equation x = Y cos(® J1+u2)/ J1+a% ¢ .

y= ¥ sin (e/1+a2)/J1+a y z=ar //1+ a“, If the

cone is cut along a generator and flattened into a plane,

then one can show that any point on the cone represented
as above will have polar coordinates (r,0 ) (with suitable
choice of axes), Prove that any gcodesic on the cone
becomes a straight lineon the flattered cone.

If the curve y = 9(2) is revolved abaut 2 -~ axis, the

the resulting surface of revolution has xzi-yz-_- 0::)2
as its equations A convenient parametric representation
of this is given by x = ¢(z) cos ©, y=g(2)sing,

z = z, where © is the polar angle in the Xy plane . Show
that a geodesic ® = © (z) on this surface has

V1 +[d (z)]i

——————— + C, as its equation.
1Y o) JaDRG,E  ® e

8 =C

Wwhat will be the equation if the surface of revolution
is a right circular cylinder ?
(12+13]
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6.(a) Consider the right circular cone 22=::2(x2 + y2), 220,

(b)

This cone can be reprosgnted paranctrically by the

equation x = Y cos(® J1+u2)/J.f:02 H .
y = Y sin (9J1+a2)/'/1+a } z=ar /1+ ai. If the

cone i1s cut along a generator znd flattened into a plane,

then one can show that any point on the cone represented
as above will have polar coordinates (r,8 ) (with suitable
choice of axes), Prove that any gcodesic on the cone
becomes a straight lineon the flattered cone. '

If the curve y = 9(z) is revolved about 2 - axis, the

the resulting surface of revolution has x2+y2= g(z)z
as its equation. A conveniant porzmetric representation
of this is given by x = ¢(z) cos ©, y=g(z)sin®,

z = z, where © is the polar angle in the xy plane . Show
that a geodesic 8 = © (z) on this surface has

V1 +[d (D]

——— + C, as its equation,
1 q22c2 @
g(z ) Vg(2)?C,

8 =

What will be the equation if the surface of revolution

is a right circular cylinder ?
[12+413]
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v

1. 1) black balls and M vhite balls are placed in 2 urns so that
each um contains N balls. At each stage one ball is selected
at random with equal probabilities fron each urn and the 2
se.;ect°d balls are Lntemnanged. The state of the system )%.
at 1.‘19 nth stage is the number of white balls in the first
am n =O, 1! 2, ses

(a) Find the transition matrix of this MC.

(b)= Find a st_at;.onary initial probability distribution.

(¢} Is the MC frreducible 2 Vhat is the period of the state 0 7
]

Vhat are the limit points of the sequence Zp((n), n> 1]} .

(545+10) = [20]

2. let \“ a>0 bea dj.screte parameter homogeneous HMC with
state space 5. Let 1‘13 be the probabiliw of ever visiting
J startine from i and & be the probability of visiti.ng J
‘1nf’1'\l1_ite1y many times starting from'i. Show that g 3 = 1‘1 3 or
0 ecéording as J is recurrent or not. Define an essential state.
Show tha% a recurrent state is essential.

[8+4+8) = [20]

J. In a branching process the nunber of offsprings per individual

hes a binomial distribution with parameters 2, p, (0 <p < 1).
Starting with a single individual calculate

{2) the =xtinction probability,

(b) the probability that the population Lecomes extinct for

the first time in the 3rd generation.
(5+5) = [10]

Supnose that cars enter a one-way infinite highway according

t» a Poisson process with vate A, The ith car to enter chooses
a velocity ¥y and travels at this velocity. Assume that Vi's
are independent positive random variables having a comacn

contdesess 2/~
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continuous distribution fnction F. Let ¥ > O be fixed and
let N denote the number of cars that are located in the
interval (a,b) {i.e., at some distance d, a <d < b from the
starting point) on the hichway at time t. Assume that no time
is lost when one car overtakes another car. Show that N
follows Poisson distribution with mean

)\lot(F(-éE)-F(-{E_‘-s-))ds. {20]

A telephone exchansze has m channels. Calls arrive in the
pattern of a Poisson process with rate A ; they are accepted
11 there is an empty channel otherwise they are lost. The
duration of each call is a random variable with exponential
e{n) - distribution. The life-times of separate calls are
incependent rancdom variables. Let Xt y t 2 0 denote the nunmber
of busy channels at time t. Find the infinitisimal parameters
of the )(t process. Find the stationary initial distribution.

(5+10) = [15]

“Consicer a birth and death process having 3 states 0, 1 and 2

and birth and death rates ¢, = 1, a = 2, ay = 0

0
By =0, By = 2 By =1
(a) Write down the Forward equations.

(b) Find POJ(t), j=o0,1, 2
(5+20) = [25]

sbee:
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1. Given below are data on the results of an insulin experiment with four
dosage levels (treatments) A, B, C, D carricd out on four rabbits on
each of four occasions (phases) according to the Latin Square design
shown in Table 1. The percentage fall in blood sugar is given in Table
2. The ¢'s in Table 2 indicate missing observations. Examine whether
all the dosage levels are cqually effective.

Table 1: Design Table 2: Percentage fall
in blood sugar
Phase Rabbit Phase Rabbit
1 2 3 4 1 2 3 4
1 C A DB D 1 [327 11.2 232 48.1
2 |BDCA 2 (262 « 289 187
3 |[ACDGB 3 |40 140 275 .
4 DB AC 4 « 165 212 40.2
(3]
PLEASE TURN OVER
1
v = mait \ L1 y 10)

contdeeess 2/-



2. In a capture-recapture study of a Aficotus pennsylvapicus (meadow
voles) population, conducted in Laurel, Maryland, U.S.A., during a
5-day period in 1981, 125 voles were captured, marked and released in
the first period; then in the second period again 125 voles were cap-
tured. The following obscrvations were made:

Nym: Dutnber of males caught and marked in the first period (days 1 & 2) = 58;
nam: number of males caught in the second period (days 3, 4 & §) = 66;
Myt number of marked males caught in second period (days 3, 4 & 5) = 46;
nyy: number of females caught and marked in the first period (days 1 & 2) = 67;
n3y: number of females caught in the sccond period (days 3, 4 & 5) = §9;
myy: nunber of marked females cavght in second period (days 3,4 & 5) = 54;
The gender ratio (females : males) for the population is known to be
1.07. Stating your assumptions clearly, formulating reasonable models
for the dala and using suitably or not using the known gender ratio as
you see fit, obtain estimates of the population size of the voles in this
arca. (35
3. (a) Suppose you have observations oa ten brother-sister pairs of their
Intelligence Quotients (I1Q). Suppose you want to test using these
data if Loys and girls arc equally intelligent. For this, describe,
with details
i. a classical method. (s}
ii. a modern computer-intensive assumption-free method using
a suitable randomisation or a resampling technique. Explain
how this may be an improvement over the classical method.
(15
(b) Suppose instead of ten brother-sister pairs, you have 10 boys and
10 girls. Describe in what way your randomisation or resampling
procedure will change and why. ' [10]

CONTINUED



4. Explain the phenomenon of ‘regression to the mean’ that led to the
term regression. Give a theoretical support Lo this phenomenon. {15}

5. Describe (in about two pages) the contributions of either Fisher or
Mahalanobis to the developnient of Statistics. 110

vEomingty, M.

contlesees 2/~
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uentia

X;' s are 1.1.d. Uniforn (0 = 5,0 +-15). Constder Hy: 0 = 0
; 5 %
vs L3 9=-5_-.

Supposc you want to test with @ = § = 0.05. If you use Wald
approximations to boundaries, vhat would be the true error
probabilities and expected sample size under Hy» Hy of the
corresponding SPRT ?

Find the sample size of the MP test with ¢, p equal to the
true error probabilities of the SPRT in 1.(a).

[(343) +3]) = [9]

xi's are i.i.d., taking values + 1 and -1 with protabilities

p and q respectios p and q respectively, 0 <p <1, q = 1-p.
Fix b<¢0c<a, andlet § =X + oot X, and T=1st
n such that §-> aor 5 < b,

Xt

tS’L‘ :
E g _e__T__? =1 and hence find P(S,. = a).
R £1€5) M

Let #(t) = E(e = ). Show that

(442) = (6]

Let Xi's be i.i.d. taking values 1 and O with probabilities

p and q = 1.p respectively. Fix a positive integer m=10,
let

T1‘=1st ns.t. Xy +"'+771=1

T = mj.n('!'f1 , M)



-2

Consider the sequential test of Hy: p = 0.1 vs Hy: p = 0.2
wiich observes Xy, ..., Xp ,re;jects H, Af X, =1 and

accepts £f X, = 0. Can this test be cxhj.bLtEd as an SPRT
with boundaries B <1 < A ? (5]

(Bonus). Let )Zi's be i.i.d. with exponential density
%e-x/o. Consider a SPRT for Hy: © -; vs Hy: 6 =2, vith

boundarics B <1 < A. Lot Zi's be defined as in class, T
be the stopping time of the SPRT, ond S, ='Zy + «ee + Zg

Can you caleulate (as exactly as possible)
Eg (S, =1log Al s, 2Lbegh, T=m).

Yhere n i3 a lIixed positive integer ? N [3]

II. Nonparametrics

5.

(a

Consider the two serple location shipt ( A )'prol;lem with m
and n as the semple sizes for the first and the second sanple
respectively.

) Describe the rank tests as a  subclass of pernutation tests
for this problen.

(b) Supposc the first population is 11(0,1) and the second popula-

tion £s N(A,1). Show that the permutntion distribution is
MLR in a cuitable statistic T. Hence obtaln the WP test
forHy: A =0 vs H: A>0.

(c) Assumc now. that the populations are symmetric about their

rmedions and that the median of the first population is O.
How would you extend the permutation principle in this case ?

(245+4) = [11]

6.(a) Define the finite sample (replacement) breakdown point of

an estimator of locatlon based on X = (X§, «.., )%) .

(b) ¥hat is the breakdown point of the Ly ~nedian, i.c., ©

(c

i

n
obtained by minimizing j‘: Iy A =79 Il where Xy, e, &em
a>1.

~

Let the functional T be defined on all distributions wita
support (0, »)° w:h“.h a strs.ctly positive density on (0, =) as

o
D=3 4 JF (a)x dF(x) for some 0<a<1.

Compute the influence fwhction of T.’ (2+4+6) (12}
a4+ - )
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Lot W' he the Vilcoxon sigr:d rank statistic for testing
Hyt 8 = 04 Show that

d n
wt= v
HAF

< J<n, vith Vy,.e., Vn

1
where F(Vy =0) »P(Vy=3) =y, 1<3c«
stochastically incependent. (5

It 15 claimed  that the effect of advertizcrents is more
pronounced among teenagers than older people. To test the
hypothesis, 8 matched pairs of tecnazers and 6 matched pairs
of pcople above thirtly were randomly chosen. In cach pair
one rondomly chosen person was asked to rate a product in a
continuous scale (0=100) before sceing the advertizement and
the other rated it after watching the advertizement. The data

1s as follows:
Teenagers Thirty-plus

[Betore 5 60 40 20 50 60 50 40|45 25 55 70 50 50
After 50 65 40 45 50 70 45 45|50 15 55 €0 50 55

Test ihe claim using a suitable statistic vith a = 0.05.
(7

———iemse secma -
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Note: Ancwer any FOUR questions. Marks
allotted to each aquestion are given
vithin parentheses.

Discuss the advantazes end disadventages of a split-plot
design. N
A split-plot design with p whole-plot treatments and q sub-plot
treatments 15 arranged in a pxp Latin square. Give the com~
plete analysis of the design on a sub-plot basis.
Also give the standard errors for various types of treatoent
ccmpari sons.
(4+13+8) = (5]
. el .
Arrange a 23 experiment in three 4 x4 squares such that the
second order interaction i1s confounded with the columns of
each of the three squsres, while each first order interzction
is_parﬂally confounded with the rows of one square orly.

Obtain a balanced layout of a (2", 22)' design partially
confounding two-factor and three~factor interactions.

(12¢13) = [5]

Below is given an incomplete Key-block of a ? factorial
experiment conducted in four 8-plot blocks:

Incomplete Key-blocks (1) sn spkx sknd ... .ee ses

Search out the other 4 treatment combinations for the
Key-block and also the confounded interactions. ’

Also give the treatment combinations of 'Ehe other 3 blocks.

Consider a 33 factorial experiment conducted in r replicates
involving 3 factors A, .3 and C each at the levels 0, 1 znd 2.
Discuss how would you estimate the linear and quadratio
components of the main effects and interactions. Also
indicate how would you test for their significance. Derive
expressions for the estimated standard errors of the linear
and quadratic’ components of the main effects.

(10415) = [25]

petio.
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Data relating to a poir of related characters x and y obtainaea
wider 3 diifferent conditions are given below. Assuming Ure:yp
regression in cach case test if the regression slopes are same,

I II I1I

Y X Yy X Y X
1314 42.1 124A 41.1 1130 40.3
1590 41.0 1411 39.4 1033 40.4
1339 1.1 1232 40.2 1029 40.1
1551 40.1 1363 39.6 1035 40.3
15573 1.0 1316 41,2 1056 39.9

(5]

The following table gives the plan and yields in an africultur:
experiment with 3 factors {A, B, C) each at 3 levels {0, 1, ?)
The experiment wus artwyed in two complele replications esch

containing 9 3-plot blocks.

Block Replicate I Replicate IT
1 (000) (111) (222) (000) (112) (27)
47.8 2.7 54.2 39.4 53.6 47.6
2 (021)  (102)  (210) (101) (210) (022)
61.4 63.0 47.1 51.8 33.5 51.9
3 (120) ("01) (012) (011)  (202) (120)
47.2 46.5 70.9 46.6 59.9 32.4
4 (001) (112  (220) - (100) (”2) (021)
55.7 62.3 35.2 36.4 61.4 49.4
5 (022)  (100) (~11) (n01) (010) (122)
76.0 47.8 48,2 36.6 35,5 51.4
6 (12)  (202) (o10) (111) (002) (220)
46.5 64,1 h4 .6 4.2 53.6 .2
7 (002) (110) (27) (200) (012) (1~)
70.5 374 56.2 33.2 55.0 (XA
8 (020) (101) (”,2) (oo1) (110) (222)
35.4 62.5 72,2 49.4 32.0 56.6
9 (122)  (200) (011) (~1)  (102)  (020)
654 33.0 59.7 h5.3 63.1 .7

contdeeass 3.



(a)

(v)

The 3 digits within brackets denote the level of the 3 factors
A, B, C in order. The lower figures denote tne yield.

Deternine the confounled effects in each renlicete and unzlyce
the data fully.

The levels of the factor T are known 4o correspond ts three
quantities of manures, the increment in quantity from level

0 to 1 being same as that frem level 1 to 2. If the madn
effect of C comes out to be significant test the significance
of its linear and quairatic components and interpret the

results.
(18+7) = [25)
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liote: This question paper carries 125 rarks. You
can answer any part of any question. But
the maxirun that you can score is 100. Marks
allotted to each question are given within
parentheses. .

1. Excrmine whether cach of the following statements is imie or
Lalsze or wcertain. Give brief but pointed explanations in
support of your answerse
(a) The residuals from a regression of y on x are uncorrclated

with x but are correlated with y.
(b) Suppose that the coefficient associated with a variable

in a regression equation is sipnificantly different from
zero at 207. level of significance. If we drop this
variable from the regrecsion, both R? and R? would nece-
ssarily decrease.

(¢) Least squares tecimique when applied to time series data
yield biased estimate of the regression coefficients
because nany economic time series are autocorrelated.

(d) The Durbin-Watson test for autocorrelation is not applicable
if the errors are heteroscedastic.

(e) In a simultaneous equation system it cannot be determined
frou the data which variables should be treated as excgenous
and which as endogenous. i (5x5=25)

2+ The following estimated eguation was obtained by OLS regression
using qiarterly data from 1958 till 1976 (both the first
quarter of 1955 and the last quarter of 1976 are included):

Yg =2420 + 0.104xyy = 3¢48x,, + °'3lfxt3
(3.4)  (0.005) (2.2) (0.15)

The standard errors are given in f)arent.heses. The explained sum
© of squares vas 109.56, and the residual sum of squares 418.48

(a) Test the significance of each of the slope coefficients.
(b) Calculate the coefficient of determination R> as also the

adjusted R%(1.e., R? ).

(¢) ¥hen three ‘se;\sonal dunny variables were added and the
equation was reestimated, the explaired sum of squares
rose to 114.8. Test for the presence of seasonality.(9+5+6=00)

p.teo.
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3.(a) Corsider the following linear regression model.

(v

4. a

(b

5.(a

(v

)

)

)

)

~

Yy =exgty o, 4 = 15250005 11 %

E(z,) =0 for a1 4, E(u.iz) = 02:(12, E(uiud)'n o
»2
for all 1 £ 3, and 12'1,& = nNe

Prove that the usual (OLS) formula for the estimated
variance of the OLS estimator of g yields a dovrward

biased estimator of the true variance.

Ottain the Zellner's secmingly unrelated regression
equations (SURZ) estimatcr of the regression coefficients
in a sct of equations. State also the assumptions underlyir
the SURC models. Further, find ccnditions under which thig
estimator reduces to the usual OLS estimator obtained from
cach equation separately in the set of equations. (B+17=z]
Describe how BLUS resliduals are obtaired. Also indicate

the usefulness of these residuals for testing the prescrice
of ‘autocorrelation amony the disturbances in a linecar
regression model.

Critically cxamine the perfornicnice of the different
estimators available for cstimating lincar regression
rodels with AR(1) disturbances. {Detailed derivations are
not required) (13+17=3
Obtain the rank condition for identifiabllity of an equatics
in a simultancous cquation system where the prior informati]
is ertodicd in linear homogencous restrictions on the str:ef
coefficientse

Consider the following two=-cquation system.

V]
B1aYag * Pra¥at * V¥t * Vigor T Wt

Boa%at * PoaYat * Vg Xap * Yo Kop T Upg 3 B2, aendT
where the symbols have their usual meaning.

Supposc the following restrictiorns on the structural
cocfficients are imposed for identifiability:

o C "
Y49 704 V4= 0, Vo 10p,0= 0 and Y, = 0.

Examine the identifiability status of the two equations.
(12+13=25)
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Note: Use separate answerscript for Group A
and Group B.

GROP_~ A

1. Outline the main points of Darwin's theory of Evolution. Iliow
do you distinguish between Lamald sm and Darwinisam ?
(20}

2, What are the major stresses on man at high altitude ? '“What
are their major effects on human biological traits ?
[20]

3. that do population pyramids having the following shapes
suggest:

(a) triangular with broad base,
(b) cylindrical or,

Rougaly resembling an inverted triangle ? (10]

or
Vhat are the salient characteristics of
(1) a stable population.
(i1) a stationary population ?
(10]

GROUP_- B

1. Define Mendel's first law of inheritance. [2]

(a) "A backcross is a mating between a heterozysgote ond a
honozyzote" — This form of mating is knowvn as g backeross
to the recessive/dominant. Justify your answer with the
help of two examles.

[14]

(b) Explein the result of a mating between two heterozygotus
taster (Tt). Vhat is the name of this form of mating ?
Vhat are the ratio of dominont/recessive characters in the

offspring ? [1 h]
p.tio.



2. (a) Define Mendel's sccond law of “inheritance. 2

(a) Vnat kinds of offsprinss will be produced by a rating
between a taster, roller with genotype T‘I‘Rr and a
non-taster, non roller (penotype ttrr) 7

(8]

3. (a) Yuat is Hardy-VWeinberg principle 7 (3)

(b) If 75% of a population was of the dominant phenotype {4-),
then 25% would have the recessive pherotype (az). Prove

that the population is in Hardy-Veinberg equilibrium.
(7

sbee:
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Biolocy 1
Dates 7.5.199% Maximum Marks: 90 Time: 3 hours

Note: Use separate answerscript for
each group.
GROUT. = A

1 . Answer ony two of the following:

(a) Classify human gland cells according to their shape, layers

of cclls and mode of sccretion,

(b) Give a comparative account of the sporophytes of Riscia,
" Marchantia, Anthoceros and Funaria with c¢iagrams.

(c) Explain Calvin-Basshman Cycle to elucidate the path of

carbon in photosynthesis.
(10x2) = [20)

2. Write short notes on the following (Any four):
(a) Essential amino acids; .
(b) Economic importance of the family Cramineac (Poaceae);
(c) Bentham and Hooker's system of cla-ssiﬁcation;
(d) Transaminases and Isomerases;

(e) Plasma proteins;

(f) Phytohormones. (4x5) = [20)
3. Practical Examination held on 31 March 1993, [10]
GROP - B

Note: Answer Question no,1 end any W0 from
the rest.

1. Distinguish between (any FOUR):

(1) Fibres and sclereids; (ii) Vessels and tracheids;
(1ii) Phellogen and Phellem; (iv) Anthophore and androphore;

contdiases 2/-



2,

4.

(v) Axdle platentation and Parietal placentation;
(vi) Monocot stem and dicot stem; (vii) Sieve plate and
perforation plate; (viii) Uniparous cyme and multinarous cyme,

(6x8) = [16]
vhat is tissue ? Describe with illustrations the di fferent
types of ‘complex permanent tissues found in angiosperms.

(2+10) = [12]

Justify the following statements (any THREE):

(1) In the first step of glycolysis, where glucose is
converted to fructose - 1, 6 diphosphate, there is no
energy gain.

(ii) Acetyl COA is the 'connecting link' between glycolysis
ard the Krebs cycle. )

(ii1) Complete oxidation of glucose to CO, and H,0 will show
that there is a net gain of 38 ATP.

(iv) A variety of micororganisms performs a di fferent pathway
for cnergy release from that of the higher organisrs.

(3xb) = [12)]

¥hat 1s meristem ? Classify then according to their position

in the plant body and state their functions.

(24644) = [12]

What is root ? Describe with fllustrations the different
regions of a root. Vhat are the morphological characteristics

of the root ? :
(2+5-i?5).. = [12]

1bee:
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CROLP - A Mox. Marks: GO

Answer any THREE questions.

1. Consider n system distributed over its accessible states r in
accordance with an arbitrary probability distribution Pr ond
and let 1its entropy be defined by the relation S =-Y.:PrlnPr
with the normalization concition £ P, =1, The probability
distribution for the sanonical ensemble is denoted as Pto and
its entropy SO These two systems have the sane mew energy.
Now using the inequality InX < X-1, show that S(J 2 S

‘ [20]

- Define Helmholtz free energy. Vrite down its relationship with

enthalpy and pibbs free energy. From the fundemental thermo-
dynamic relation derive

dT )
()5 = - (55)y

(Symbols havé their usual meening).

)
.

(4+112) = [20]

3. Quaﬁhm mechanically, a hamonic oscillator has its energy'
levels given by = Kw(n+—;:)\ar1th n=0, 1, 2 ser 4.
A system of su.ch oscillators obey Bose-Einstein statistics.
Find the partition functicn and the.meen erergy.
i ' ' (1248) = [20)

4, Discuss triefly the motion of an 2lectron in onc dimension
ascerding to band theory. Vhat i1s the physical significance
of negative effective mass ? Calculate the number of possible
electrons present in each completely fillud energy bond.

(5+5+10) = [20]
(a) State and prove Block thcorem. Obtain the total number of

vibrational modes of a continuous medium within the frequency
interval v to v + dv. 2

(b) Briefly develop Debye's ’I} law, -~
"(5+5+10) = [20]

‘peteo.
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CRO\T -~ B
. Max. Marks: 40
slote: Answer ony TMO questions. Give all the
nesessary sWwpco.

1.(a) State de -DBroglic's hypothesis. A free particle is moving
with velocity v. Show that its phase velocity is greater
than ¢, the velocily of lipght. Find its group velocity.

(2+834) = [10)
(b) Apnly the the Bohr- Sormer field quantization rules (tne
angular momentum J = 2;)-‘- ) to determine the energy levels'
of the circular orbits in a hydrogen atonm.

[10]
dex> _ <Py
dt m
meanings. [{0/]

, the zymbols having their usual

2.(n) Show that

(b) A particle (one dimensional) moves in the potential given

by
vV =0, -~ac<x<a

‘e w Ixl >a.

Datermine the wave functions every wherc. Also find the
energy eigen values.
° (545). = [10)
-3; a“x
3.(a) Prove that Axe wvhere A is a2 constant is an eigen
state for the Hamiltonian

2 2
H -_i‘_ a_ +-1-Kx2 if a.l‘
am d.‘<2 2
eigen value corresponding to this eigen state.
(6+2) = [8]

my
= + Find the
12

(b) 1t Lo Ly, L, be the components of the angular momentum
-7 . -
operator L = x? X p>.
Prove that {n quantum mechanics

[anl‘y] = iLzo [Lprz) = iLx
(L, L] = iLy.

Hence chow that if ¥ 1, bC @1 elgen furction of L, with
eigen value m then (L, + 1 Ly) Y 1 15 also on eigen funsti]
of I..z .
(8+4) = [12]

sbee:
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Introducuon to Stochastic Processes

Date: 28.6.1993 Ma)d.mum Marks: 100 - Time: 3 hours

1.

“'Note: Answer ALL questj.on. The maximum
N you cen score is 100.

xn, n=0,1, 2, «+s 18 a homogeneous Markov Chain with stabe
space S and transit!.on matrix P.

(a) Define pos!.ti.ve recurrence of a state. Show that positive
recurrence is a class property.

(b) Show that there are no null recurrent state when S is finite.

(e letSa 1, 2, «os t, t+1,:000d where 1, 2, .0 t
is the set of all the transient states. Show that (1-Q) is

" a non-singular matrix vmere I 13 the txt 1dent1ty matrix K

a0 = (g ST T

t(A+6) +10+10) = [30])

A particle moves according to a Markov Chain on the state space
Se 1, 2, e.0 6, c+1, «us 0+d where o and 4 are positive
integers. - Starting from eny one of the first ¢ states the
particle: Jumps to a state chosen at random and with equal proba-

"bility from the last d states; starting from any one of the last
"d states the particle ;)umps in one transition.to a state chosen

uni!’omly from the first ¢ ‘states.

{ (o) Write down the trensition matrix of this MC. ‘Show that the

chain is irreducible.

(b) Find the stationary h;itial distribution.
o ((3+3) +9] = [15]

Consider the following Random Walk Cha.tn )Sv n= 0, 1y ase
where S= 0,1, 2, «o0 d . :

Pige1 = Pr Py g4 =1-p, 1=, 2, «u. d-1, (0<p<1).
I;'oo-pdd=1’

Calculate e(k) = E(Time taken before being absorbed X, = k)
into the states o or d

ke, 2, 400 d=1.
[10]
peteo.
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4. Suppose that every man in a cer‘taih society has exactly 3 childs
e:.\ch of which has independent probnbility 2 of being a boy and
.5 of being a girl. Find the probabinty that the male live of 4
given ran eventually become extinct. » e [10
. (a) For a Poisson process )(t » 20 let ‘:l be the random time g«
occurrance -of the rth poisson event. u:t 0<¢s<t and
1 ¢r <n. Show that
- . n P
ny¢ sykK syn=k
P W.<s|X=n = kg (R0 -3
. =r
(b) A continuous time Markov Chain has 2 states 0 and 1. The
waiting time in states O and 1 are exponential €(a) and €(p)
respectively (@ > 0, B > 0). Write down the Forward equa-
tions for this MC. Corpute P, (t) the ‘probabiuty of being
in state O at time t startmg ﬁ‘om “the state 0 ’at time 0.
leta =8 and let N(t) denote the number of times the syster
has changed states. Find the probability distribution of

N(t)...
[7+ (b+1o+b)] = [x,

6. Consider M/M/k queue where the arr-ival process is Polsson with
rate A, the service d_tstribution is exponential €(u) and there
are k service counters, Xt "t> 0 nunber of customers in the syst
at time t. Find the infiniticimal ‘parameters of this MC. FRind

1Lm Pla(t)' where Pij(t) = p(xt =31 x, ai).

->co

(5+10) = [15)

ibee:
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Note: Answer any FOUR questions. ‘ Marks allotted
to edch question are given within paren-

theses.

1.(a) In a split-plot design, with p levels of the whole-plot treat-
' ment and q levels of the sub-plot treatment, in r replicates,"’
- di scuss how would you test !‘or the difference between two whole-
plot treatment means at the same or different levels of 1:he
sub-plot treatment. Also indicate how would you decide on “the
d.f. of the test statistic to be used. Show that a good approxi-

-mation to the correct d.f. is given by‘

s, + (a-1)msE )2

(nse; }¢ [(q-1) MsE1°
N e-H T T p@nien)

vhere MSEZ; and MSEr; represent the whole~-plot’ error MS and the
sub-plot error MS respectively.

(b) Disregarding the dlfference in nuber of d.f. show that the
efficiency of the split-plot design relative to RCBD on the
sub-plot treatment conpax‘ison and the whole-plot X sub-plot
interaction is

(p=1) MSE[ + 1)((1-1)145}3II
(PQ-")MSEII

(15+1o) a [>5])

2.(a) Pive factors each at two levels are requ.ired to be tested and
. to control heterogeneity it is desired that each block should
contain only 8 plots. Obtain a balanced arrangen!r}tﬁ.{‘mS
replications such that the main effects and first order interac-
tions remain unconfounded while z of- the’ information on each of
the second and third order interactions is lost. .

Sixteen treatment combinations representing four factors, each
at two levels, are arranged in four blocks of four plots each.

contdeeees 2/=
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The intra-block subgroup is given below:
(1), avc, abq,A cd.

Detrrmine the confounded effects ond give the treatment
. f the other blocks. .
comtinations o (20+5) = [?5]
3.(a) Construct a balanced 3 design in blocks of 9 plots in &

. replications partially confounding second order interactions.

(b) The following design was used to test 9 rations fed to rats,
The ration numbers are as follows:

Replication = 1 Replication - 2

Block 1 1 4 7 Block 1 7 8 9
" 3 3 6 9 - N 2 1 2 3
" 3 2 5 8 " 3 4 5 6

Replication - 3

Replication - 4
Block 1 1 9 - -5 Block 1

5 7 3
" "2 8 4 3 w 2 1 6 8
n -3 6 2 ..7 " 3 9 2 4

Identify the above design and the confounded effects, if any.

—_ : (20+5) = [25]
In the experiment described below four materials were tested
in each of four runs on a machine with four different positiof
The letters A to D refer to the four materials. The layout o.
the experiment is given below where the figures denote the
loss in weight in a run of ‘standard length:
Position in Machine
Run 4 2 1 3
2 . A(251)__ _.B(ZM) D(227) Cc(229)
. ;‘5 D(234) c(273) T A(P74) B(226)
225t c(235) D(236)  B(218)  A(268)
4 B(1%) A(270) c(230) D(225)

(a) Analyse the cata end comment.

(b) 1f the variation due to the different positions of the machin
i3 ignored will you modify your conclusion ?

(15+10) = [5]



=3

5. The following table conteins the plan and yields of a Zl’ field

experiment on beans. The factors were Dung (D), Mitrochalk (M),
Superphosphate (P) and Muriate of potash (K):
Replicate Y

Block 1 P k¥ d npk dnk dnp dpk n
45 55 53 36 41 48 55 42

Block 2 dp nk dk pk dnpk (1) an  np
50 44 43 51 [ 58 4] 50

Replicate II

Block1 npk d p dnk n dnp k dpk
43 42 39 34 47 52 50 44

Block 2 nk dp (1) np Pk dk dnpk dn
43 52 57 39 56 52 54 42

Identify the confounded effect, if any and analyse the data.

(5]

tbees
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