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1. (a) Define what is meant by a semifield on a non-empty set 2.
(b) Show that if S is a semifield, then the class of sets obtained by taking of all possible
finite disjoint unions of sets in S is closed under finite intersections and complementations.

(3+6)=[9]

2. Let C be a class of subsets of a non-empty set Q2. Let A be the collection of all those
sets A C € that belong to the o-field generated by some countable subclass of C, that is,
A =|J{o(D) : D countable, D C C}.
(a) Show that A is a o-field.
(b) Deduce that A = o(C).

(6-+4)=[10]

3. (a) Let A be a o-field on a non-empty set {2. Suppose f is a real-valued function on
such that for every real number a, the set {w € £ : f{w) < a} belongs to the o-field A.
Show then that, for every borel set B C R, the set {w € Q: f(w) € B} belongs to A.

(b) Use (a) to deduce that if f : R — R is a continuous function, then, for every borel set
B C R, the set {w € : f(w) € B} is a borel subset of R.

(6+4)=[10]

4. (a) Define what is meant by a measure on a field.
(b) Let F be a field on a non-empty set  and p a non-negative finitely additive set-
function on F. Suppose p satisfies the property: Ap € F, n > 1, Ag | 0 == u(4s) — 0.
Show that p is a measure on F. ,

(3+6)=(9]

5. (a) Let 4 be a measure on the Borel o-field B on R satisfying u(z + B) = u(B) for every
B € B and z € R. Suppose u((0,1]) = c < o0.
(a) Show that for any two integers a < b, u((a,]) = c- (b~ a).
(b) Show that for any integer n > 1, u((0, %]) = ¢/n and hence conclude that for any two
rationals a < b, u((a,b]) = c¢- (b — a).
(c) By using Caretheodory Extension Theorem suitably (or otherwise), conclude that
p(B) = c- A(B) for all B € B, where ) denotes the Lebesgue measure. '

(4-+5+3)=[12]
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1. Let Xi,..., X, be arandom sample from a distribution F’ with density
f, defined as f(z) = %ﬁ. Here both F and f are unknown. Fix a
point £g € R. Supopose you construct the naive estimator of f(zg)
defined as f(zo) = F"(m°+h"%;f"(z°_h"), where h, > 0. Here F,(.) is
the empirical distribution function. Can you give a simple sufficient
condition on h, that ensures consistency of f (zo) as an estimator of
f(zo) as n — 00? Justify your asnswer. 5]

2. Let X3,...,X, be a random sample from N(0,1). Derive the asymp-
totic distribution of the fourth central sample moment after appropri-
ate centering and scaling. 6]

3. Suppose Xi,...,X, are iid from a distribution F given by F(z) =
2loczcty + (2z — %)I(%Sa:s%)' Let 7y , denote the smallest sample
median based on Xj,...,X,. For n = 10000, how will you approxi-
mate the probability that the random variable 7 1n is larger than 0.51 7

Justify your answer. [5]

4. Show that a sequence of random variables {X,} is stochastically bounded
if and only if for every real sequence {k,} tending to oo as n — oo,
P(|Xy| > kp) > 0 as n — oo. [5]

5. Suppose X, ~ N(0,1) and ¥, = X,I(|Xn| < n) for all n > 1. Does
Sin(X,) — Sin(Yy) converge in probability ? Prove your answer.  [4]

6. Suppose Fy(anz + by) = G(z) Vo € Cg, where {F,} and G are
distribution functions on R and {a,} and {b,} are real sequences.
Show that a, > 0 for all sufficiently large n. [4]

7. Let P and Q be two probability measures on (£2,.4). Then show that
statement (a) below implies statement (b).

(a) For any A € A with P(A) =0, one has Q(A) = 0.

(b) For each € > 0, there exists he > 0 such that for any A € A with
P(A) < he, one has Q(A) < e. [5]

8. Suppose {X,} is a sequence of random variables on a common proba-
bility space. Show that one can find a sequence of strictly positive real
constants {b,} such that {b,X,} converges to zero almost surely. (5]

9. Suppose X, ~ Beta(l 1) for n > 1. Does {Xp,} converge in distri-

h n'n
bution ? Prove your answer. [5]
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1. Supposc that for every m = 1,2,..,

10
1 ,
Pt omn) = g Qi (10 =77

if all z; € {0,1}, and 0 otherwise, where ¢ = Z;n:1 2;. The numbers a;
are non-negative and add to 1. Let © = lim,_. E'::l X;/n. Obtain the
prior distribution of ©. Marks: 10

2. Suppose that the posterior distribution of © is denoted as Fyx (#). Define
L(8,8(x)) for a nonrandomized rule as

L(9,8(x)) = a(f — 8)T{6 > &} + b(s — 0)I{6 < 5},
where @ > 0. b > 0 arc known constants and I(-) is the indicator function.
1. Find 4 that minimizes the posterior risk r(d]z).
9. “If g= b then 4 is the posterior mean”-true or false? Justify.
Marks: 6+4=10

3. Let the parameter space and the action space be = (0,00) and R =
[0, 00), respectively. Let the loss be L(6,a) = (6 — a)?. Let X ~ U(0,0),
and let A be the U(0, ¢) distribution for ¢ > 0. Then

(i) Obtain the formal Bayes rules for this problem.

(ii) Arc all the Bayes rules admissible? Justify.
Marks: 6+4=10

4. Suppose that X ~ N(j.0?). Let 0 = (j1,0) be the quantity of interest.
Let the loss be L(6,a) = (u — a)?. Prove that §(z) = z is admissible.
(If you are using any known results, state them clearly; but proofs of the
known results are not required). Marks: 10
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1.a) Discuss the genotypes and their phenotypes for the

colourblindness problem.

b) Let a colourblind man marries a non — colourblind woman whose

father was colourblind. Find the probability of their son to be

colourblind and the probability of their daughter to be colourblind.
[3 + 5]

R. Let there be two types of particles A and B. At time 0, let there be
only one particle and that is of type A. At the end of each minute
each particle A is replaced by 2 A particles or 1 A particle and 1 E
particle or 2 B particles with probabilities 1/4, 2/3 and 1/12
respectively. Each particle B lives for 1 minute and then vanishes

P T 0.



without reproducing. Assuming independence, find the expected
number of B particles those have appeared or died by the end of 10
minutes. Find the probability of eventual extinction of the process.

[6 + 6]

. Let A, a be two alleles for some X — linked gene. At each generation,
100p % A mutate to a and 100v % a mutate to A. 0 < p, v< 1. At
generation 0, proportions in females AA: Aa: aa = ro: 25 : 1o and
proportions in males A : a = po : qo. Find the limiting proportions of
the genotypes in males and in females through generations.

[10]
. Let {X,}ns0 be a branching process with X, = 1 and at each generation
n, the offspring distribution depends on n. Let it be Poisson (A,).
a) If \,=1 -1 /(n+1), find the probability of extinction of the process.
b)if \,=(14+1 /(n+1))2 , is the probability of extinction 1 or less thai

1? Justify your answer.

[5 + 10]
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. Let d be a connected block design. When is d said to be (variance) balanced? Prove
that if d is balanced then all the non-zero eigen values of the C' matrix of d are equal.

[1+4=4]

. Consider a BIB design with parameters v,b,r,k, A\. Write down the conditions that
must be satisfied by the parameters. ( No proof needed). (3]

. Does a BIB design with parameters v = b = 22,7 = k = 7,A = 2 exist? Justify your
answer. (3]

. Consider a BIB (v,b,r,k) design. Suppose each block of this design is augmented by
all the v symbols applied once each, so that the resulting design still has b blocks, but
now each is of size k£ +v. (a) Will this design be balanced? (b) Will the design in (b)
above be orthogonal? Justify. 3]

. Write down the initial blocks for constructing a BIB design with v = 9,b = 12,7 =
4,k = 3. Without constructing the entire design show that if these initial blocks are
developed, then the resulting design will be the required BIBD. 3]

. Write down the steps to indicate how you can construct a Hadamard matrix of order
12. Actual construction not needed. (Given that 2 is a primitive element of GF(11).

[4]
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(a) Prove that for any given sampling design, there exists a sampling scheme that realizes
this design.
(b) State and prove Godambe and Joshi (1965)’s theorem on the existence/ non-existence of

the uniformly minimum variance estimator for Y within the class of all unbiased estimators.

(6 +4 = 10)

(a) Given any design p, prove that

N
(i) ;7& = E(v(s)), and
(i) i }% Tij = Var(v(s)) + BEw(s)(E(v(s)) — 1),

i=1j=1ji | _
where 7; and ;s arc the first and second order inclusion probabilitics and v(s) is the
effective sample size of a sample .

(b) For simple random sampling with replacement of n draws from a population of size IV,

find the expected number distinct units apprearing in a sample.

(6 +4 = 10)

(a) Prove that the neccesary and sufficient condition for the existence of an unbiased esti-
mator for a survey population total Y is that m; >0 Vi€ U.
(b) Derive the variance and an unbiased estimator for variance of Horvitz-Thompson esti-

mator for Y, stating clearly the required conditions.

(4 +6=10)
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1.

Let Xi,...,Xp be iid with density f(a:) = qg~(a+1 )I{a:>1}7 where a >

0. Find the values of a such that X2 converges to 0 almost surely as
n — o0o. 5]

Suppose X, X, .. are independent random variables such that X, =

v/n with probability 2 5 and X, = —/n with probability 1 3 forn =
1 2,.... Does X, converge in distribution as n — oo where X, =
Z X / n ? Justify your answer. (5]

Let Xi,...,X, be iid with a Uniform distribution on [0,6] where
¢ > 0 is unknown. Can you suggest a function h(.) of Xi,..., X
and real constants a, and b, (possibly dependent on 6) such that
an(h(X1,...,X,) — b,) converges in distribution to a non-degenerate
random variable whose distribution is free of the parameter § ?  [5]

. Let Xj,..., X, be iid with standard Cauchy distribution with density

flz) = m on the real line. Prove that ——(—l converges in distribu-

tion to a non-degenerate limit as n — oo, where X(n) 1s the maximum
of Xi,..., Xn. (8]

Suppose Xi,. .., X, are iid with common density f(z, ), where § € ©,
© consisting of only finitely many real numbers. Assume also that
density under each 6 has the same support and that the distributions
under different §’s are different. If 6 is the true value of 6, prove that

with probability tending to 1 (under 6y) as n — oo, the likelihood will
be maximized at the value § = ;. * (6]

Suppose X1, ..., X, are iid with density f(z,6) where # € ©, © being
an open interval on R. Assume the regularity conditions needed to
prove asymptotic normality of a consistent sequence of roots of the
likelihood equation. Suppose now that Bn is a consistent sequence

. of roots of the likelihood equation and 6 is the true value of the

parameter §. Prove that, under 8y, with probability tending to 1 as
n — 00, O, is a local maximum of the likelihood equation. 8]

Let (X1,Y1),...,(Xn, Ys) be iid each having a Bivariate Normal dis-
tribution with E(X;) = 0 = E(Y;), Var(X;) = 1 = Var(¥;) and
Cov (X1, Y1) = p, where p € (—1,1) is unknown. Find an estimator g,
of p based on the given observations such that /n(j, — p) converges
in distribution to N(0, 71;5) as n — 0o0. Prove your assertion. Here
1(.) refers to the Fisher Information based on one observation from
the above bivariate normal distribution. (6]



8. Let Xi,...,Xn be iid N(9,1) where § € R. Let Tp denote the

10.

Hodges’ estimator that estimates 6 by O if the sample mean lies in
[—n'l/ 4 n-1/ 4] and by the sample mean otherwise. Can you propose
a criterion with respect to which the asymptotic performance of the
sample mean is better than that of the Hodges’ estimator? Justify
your answer. (3]

. Suppose X1, ..., Xy are iid having density f (z,0), where § € R. In-

voking appropriate regularity assumptions, derive the asymptotic null
distribution of the likelihood ratio test statistic for testing Ho: 8 =0
versus Hy : § # 0. (7]

(a) Stating appropriate assumptions, prove that the delete-d Jack-
knife estimator of variance is consistent for estimating the vari-
ance of certain statistics. 8]

(b) Can you given an example where the Bootstrap is inconsistent
for the purpose of estimating the distribution function 7 Justify
your answer. (5] -
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1.

a) What is meant by genes identical by decent? What are the coefficient of parentage and
inbreeding coefficient?

b) Consider a bisexual population with alleles A, a at some autosomal loci. Let, at generation n,
the inbreeding coefficient be F, Under the mating type of ‘Sibmating’ through generations show
that panmictic index P, =1 - F, - 0 as n -><o, Find the rate of convergence. ' [6+12]

Consider a bisexual population with alleles A, a at some autosomal loci. Let at generation n, in
both males and females proportion of A = p, and proportion of a = 1 — p,. Under the random
mating and the ratio of relative advantage in zygotic selection AA: Aa: aa = 0. 0;: 03, find pp.1.
Let 0, < 0; and o5 <0,. Considering the sequence {p,} find the equilibrium values.

Which of them are stable equilibria and which are unstable equilibria? Justify your answer.
Explain this with the example of the case of sickle cell anaemia. [15]

Write down the General Stochastic Epidemic Model with related assumptions. Deduce the
forward equation corresponding to the related Markov Pure Jump Process.
Find the parameters of the process. What are the absorbing states? [12]

Write down the Simple Deterministic Epidemic Model with related assumptions. Solve the
corresponding differential equation and find the time point at,which the rate of infection is the
highest. [12]

In a city, let there be k families with the same family name. Under the assumption that the
family name comes from the father in a family and that the probability of male birth and that of
the female birth are equal and they occur independently, find the probability that the family
name eventually survives.

It is given that families adopt (throughout generations) the policy to have two children except
when both the children are girls, when they have one mare child. (7]

Consider a bisexual population with two alleles A, a at some autosomal loci. in both males and
females let the ratio AA: Aa: aa = p’: 2pq: q° where p + g = 1, 0 < p < 1. Under the assumption of
random mating, find the conditional probability that a grandson has genotype AA when it is
given that the grandfather has genotype AA. (11]
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1. Suppose that for every m =1,2,..

2

Yty = ) i i 2
Xy, Xm (21 Tm) R P R—— ifall z; >0 |
where ¢y (Zy, ..., Tm) = max{2,2y,...,Zm}.
(a) Prove that X; arc exchangeable and that these distributions are con-
sistent. (5]
(b) Find the distribution of Y, = ¢,(Xj,...,Xy) and the limit of this
distribution as n — 0. 5]
(c) Find the conditional density of X, 1 given Xy = z1,..., Xpn = Zn,
and assume that lim, .. cn(x1,...,2n) = 6. Find the limit of the
conditional density as n — oco. [5]

(d)

2. (a)

(b)

3. (a)

Use DeFinetti’s representation theorem to show that the prior (the
answer to part (b)) and the likelihood (the asnwer to part (c)) com-
bine to give the original joint distribution. (5]

Suppose that {Y,,}52, are conditionally ¢id with Cauchy distribution
C(6,1), given © = 6. Here the parameter space 2 and the action
space X are both equal to the real line R. Let the loss function be
L(a,8) = (a — 0)? and the prior distribution of © be C(0,1). Now
consider X; = min{¢,Y;}, where ¢ > 0. Define X = (X1, X2, X3).
Does a formal Bayes rule exist in this case? Justify. (10]

Suppose that X ~ Binomial(n,#). Let the parameter space be (2 =
(0,1) and R = [0,1]. Let L(8,a) = (§ — a)? and

Z  with probability 1,
Szy=4 " :
% with probability 3.
Find a non-randomized rule that dominates é. (10]

Suppose that for i = 1,...,m, X; ~ N(6;,1) independently. Let the
loss function be L(#,a) = 51 (6; — a;)®. Obtain a minimax rule for
this problem. Is your minimax rule also admissible? Justify. [10]



(b) Let X ~ Geometric(f). Assume the loss function L(f,a) = (6 —

(a

~—

a)?/[0(1 — 6)]. Consider the rule 6(z) = Ijo)(x). Is 6(x) minimax?
Justify. [10]

Suppose that an observation X is to be made and it is believed that
X has one of the two densities:

V2 2

Find all of the admissible procedures according to the Neyman-Pearson
fundamental lemma. Express the rules in terms of intervals in which
each decision is taken. [10]

fole) = gem (—lel). ile) = = exp (—52?).

In the class of decision rules associated with the Neyman-Pearson
lemma, show that the rules do not dominate cach other, without
assuming that the class is minimal complete. (10]

Suppose that X3i,..., X, are iid with density

fxe(xld) = \/gcxp {—%(r - 9)2} I(9,00)(2)-

Let L(#,a) = (§ — a)? and let both the parameter space 2 and the
action space X be the real line R. Let G be the one-dimensional
location group, gc(x1,...,Zn) = (1 + ¢,..., %y + ¢). Obtain the

MRE estimator. [10]
A function g : R™ — R is even ifg(—xi, cey=Zn) =g{xT1,. ., Zp). A
function g is odd if g(—x1,...,—zn) = —g(z1,...,Zy). Supposec that

S is odd and location equivariant and that T is even and location
invariant. Suppose that X,..., X, are iid with density f such that
f(c—x) = f(c+x) for some c and all z. Suppose that the variances
of S(X1,...,Xx) and T(X1,...,X,) are both finite. Prove that the
covariance between S and T is zero. (10]
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1.

(2) Show that if {f,} is a sequence of extended real-valued measurable functions on (£, A),
then the set A = {w € Q: lim, f,(w) exists} belongs to A.

(b) Consider the function f on R given by f(z) = z — [z] where [z] =‘interger part’ of z.
Which of the following sets belong to the o-field generated by f? (give reason): (i) the set

o
of all integers, (ii) the set |J (n,n + 3), (iii) the set of all rationals. (5+(3%2))=[11]
n=0

. (a)Let f be a real-valued funtion on R. For a > 0, let f, denote the funtion defined by

fa(z) = f(azx). Show that (i) if f is Borel-measurable then so is fq, (ii) [ fodX exists if
and only if [ fdX exists and in that case [ fodA = ol f fdA

(b) Let X be a random variable on a probability space (9, A, P) such that for all A € A
with P(A) > 0, one has —P(A) < E[X14] < 3P(A). Show then that -1 < X < 3,
P-almost surely. ((4+5)+5)=[14]

. Let f be an extended real-valued measurable function on a o-finite measure space (Q,A, p).

Denote B* to be the borel o-field on [0,00) and A the Lebesgue measure.

(a) Show that the set {(w,t) € @ x [0,00) : |[f(w)| > t} belongs to the o-field A® BF.

(b) Show that the non-negative A® B*-measurable function g(w,t) = 43 1c(w, t) satisfies
I glw,t) dX(t) = [f(w)|*, for each w € €, and using this (or otherwise), deduce that

Jo lf @)t dp(w) = 57 4tPu({If] > t}) dA(?)- (5+(3+3))=[11]

(a) Define what is meant by convergence in measure. Show that if f,, n >land gy, n>1
are measurable functions on a measure space converging in measure to f and g respectively,
then the functions f, — gn, 7 > 1 converge in measure to f — g.

(b) Suppose X, Yp, n > 1 and X ,Y are real random variables on a probability space
such that X, -5 X and Y, —» Y. Show that, if P(X, < Yp) < 0.25 for all n, then
P(X <Y)<0.25. ((2+4)+5)=[11]

(a) State Kolmogorov’s zero-one law.

Let {X,} be a sequence of random variables on a probability, space and let {S,} be the
sequence of partial sums. Which of the following events are “tail events”?

(i) {X, > Xpn41 for infinitely many n}, (i) {S2n 2> Sp for all but finitely many n}, (iii)
{Sp/n converges }, (iv) {y/n S converges to 0}.

(b) Find the limit lim n=(/2) JE By F T a, dor - doa

(c) For a sequence {X,} of i.i.d. random variables with density f(z) = e~%,z € (0,00),
show that limsup,(Xn/log n) = 2, almost surely. (24+4x1)+5+7)=(18]

Answer ANY ONE of the following. If you attempt more than one and do not strike off
the one(s) you don’t want to count, the one first attempted will be graded.

(a) Let f, fo be as defined in 2(a) above. Show that if f € Ly and {an} is any sequence
of positive reals with a, — 1, then the sequence { fa,} converges to fin Lj.

(b) Show directly from definition that if X, P, X where X is a non-zero random variable,
then 1/X, £, 1/X.

(c) Using the fact that for any a > 1, Z;L'ozj n~% < Cy -n~@1 show that if {X,} is
an i.i.d. sequence of non-negative random variables with £ [VX1] < o0 and if for n 2 1,
Y, = Xnl{x, < n2}, then both the series 3{° E[Y,/n?) and 3_5° V[Ya/n?] converge. Hence
(or otherwise) deduce that, as n — oo, (X1 +--- + Xn)/n? — 0 as. (10]
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1. Consider a fraction d of a 22 factorial consisting of the four treatment
combinations 000,110,101,011 and one more treatment combination,
say a)aaa3, where each ¢; is either 0 or 1. Each of these 5 treatment
combinations is replicated once in d. Let Y(¢1i9i3) be the observa-
tion arising from a typical treatment combination #,7573 in the fraction.
Suppose all interactions are absent and consider the linear model

3
E{Y (ixiai3)} = Bo + D _(21; — 1)B;,

=1

where f; is the general mean and (3; represents the main effect of the
Jth factor. As usual, assume that the errors are uncorrelated and ho-
moscedastic. Write

B = (Bo. B1, Bz, B3) and Y = (Y(000), Y (110);%(101), Y (011), Y (eycracrs) Y

for the parametric vector, and the 5 x 1 vector of observations arising
from d, respectively.

(a) Write down the 5 x 4 design matrix X, where E(Y) = X 8.
(b) Obtain X’'X and verify that it is nonsingular.

(¢) Obtain the inverse of X’X and hence find Z?:o Var(Bj), where Bj
is the best linear unbiased estimator of §;. Does the answer depend on
the choice of the treatment combination ajasas?

(d) Obtain the determinant of the dispersion matrix of B = ( Bo, By, Ba, [93)’ .
Does it depend on the choice of the treatment combination ooeas?

[3+1+4+4=12



2. (a) Consider the set up of a 24 factorial experiment. In this set up, con-
struct an 8-run resolution (1,2) plan.(You must give the actual treat-
ment combinations in the plan but no proof needed).

(b) Let do be an 8-run plan for a 2° factorial such that dp minimizes the
average variance of the best linear unbiased estimators of the general
mean and the main effects parameters among all 8-run plans when all
interactions are absent. Construct do showing the actual treatment
combinations in it and justify your claim. [4+5=9]

3. (a) Define a Balanced Incomplete Block (BIB) design. Write down the
usual model for analysing these designs. Write down the C matrix for
this design under this model,(no proof needed)

(b) Consider 19 treatments labeled as 0,...,18. Show that on devel-
oping the 3 initial blocks (0,6,10), (1,13,2), (3,8,5), one can construct a
BIB design. Give the parameters of this design. (Actual construction
of the design should not be done)

(c) Hence indicate how you can construct a BIB design with r = 48,k =
16, A = 40. [3-+4+2=9]

4. (a) Define a system of distinct representatives.

(b) Show that if we write the blocks of any symmetric BIB design
(v = b,7 = k,\) as columns, (each column being of size k), then we
can always ensure that each of the v treatments appears exactly once
in the first row.

(¢) Construct a Youden square design with 7 treatments arranged in 3
rows and 7 columns. “ [3-+4+2=9]
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1. (a)

(b)

(b)

Answer any three. Notations are as usual.

State and prove the theorem on the existence/non-existence of the uniformly minimum

variance estimator for Y within the class of all homogeneous linear unbiased estimators.

Prove that for any sampling design p with m; > 0, V4, the Horvitz-Thompson estimator
of population total Y of a variable y is admissible in the class of all homogeneous linear
unbiased estimators.

(5+5=10)

Given any design p and an unbiased estimator t for Y depending on order and/or
multiplicity of units in sample s, derive an improved estimator for Y through Rao-

Blackwellization.

Let (0 < F; < 1,5N, P, = 1) be known aumbers associated with the units ¢ of a

population U. Suppose on the first draw a unit i is chosen from U with probability

P, and given that the first unit is ¢ on the second draw a unit j (# i) is chosen with
P

1-P

For a sample of size 2 drawn under this sampling scheme, write down Des Raj’s (1956)

probability

unbiased estimator for Y. Improve that estimator applying Rao-Blackwellization.

(6 +4 = 10)

State and ptove Rao (1979)’s theorem on the General Mean Square Error formula for a

homogeneous linear estimator (HLE) for population total Y.
Use that theorem to obtain the variance of Horvitz and Thompson (1952)’s estimator by

deriving the proper condition to be satisfied.

(6 + 4 = 10)



4. Describe Rao, Hartley and Cochran (1962)’s sampling scheme to draw a sample of size n out

5.

of N population units with known positive size measures z; > 0 Vi = 1,..., N. Derive for
this scheme an unbiased estimator, variance and variance estimator for population total Y of
a variable of interest y. Mention the optimality condition of this scheme and also the sign

property of the variance estimator.

(10)
(a) Describe Politz and Simmon (1949, 1950)’s technique of using ‘at-home-probabilities’ to
estimate the population mean ¥ by SRSWR scheme with an estimator for variance.

(b) Describe a quantitative randomized response model to estimate a sensitive population
mean by a sampling design with p(s) being the selection probability of a sample s of

respondents. Give an estimator of the variance.

(5+ 5 =10)
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1. Let {fa} be a sequence of real-valued measurable functions on (©2,.4). Define 7 on Q as
T(w) =sup{n > 1: fo(w) > fi(w) for 1 < k < n}. Show that 7 is measurable with respect
to A. (8]

2. For a measurable function f on a measure space (0,4, u), let I(f) = {p € (0,00) :
S1fIPdp < oo}
(a) Show that I(f) is an igterval (possibly empty) and that ® defined on I(f) by ¢(p) =
log [f | f|Pdy] is a convex function.
(b) For the measure space ((0,00), B, A), find a measurable function f for which I (f) =
(1,2]. ((5+3)+7)=[15]

3. Let f be an integrable function on a measure space (Q2, A, 1). Show that if {An} is any
sequence of sets in A with pu(A,) — 0, then [ 4, fdu— 0. (8]

4. Let f be a non-negative measurable function on a o-finite measure space (2, A, u). Con-
sider the set A = {(w,t) € @ x [0,00) : f(w) > t}. Show that the set A belongs to the
product o-field A ® B and its 4 ® A-measure equals J fdu. [Here B denotes the Borel
o-field on [0, 00) and A the lebesgue measure.] (6+4)=[10]

5. Let Xn,n > 1; X be random variables on a probability space such that X, L, X. For
each n > 1, let 6, be such that P[X, < 6,] > 0.7 and P[X, < 6,] < 0.7. Show that if
6n — 0, then P[X < 6] > 0.7 and P[X < 6] <0.7. [10]

6. (a) Let {X,,} be ani.i.d. sequence of random variables with density f(z) = e~%, € (0, 00).
Show that lr<r}6121 X — 0 almost surely.
n

(b) Let {X,J be an i.i.d. sequence of random variables on a probability space. Show that
if (121,?2( Xk)/n — 0 almost surely, then the X,, must have a finite mean.  (747)=[14]
SKSn

7. Find the value of l_i_{n folfol [z1(1 — z2)z3(1 — 24) - - - Ton-1(1 —a:gn)]l/" dry - - -dza,.
n—ro0
You need to provide complete argument for your answer. (10]
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1. Let A denote the class of all those sets A C R such that either A or A€ is countable.
(a) Show that A is the smallest o-field on R containing all the singleton sets.
(b) Show that a function f : (R, A) — (R, B) is measurable if and only if there exists a set
A C R with A° countable such that f is constant on A. (8+8)=[16]

2. Let F be a probability distribution function on R.
(a) Show that if X is any non-negative real random variable on some probability space,
then for any real number a, the function F(aX) is a random variable with finite expecta-
tion and the function G(a) = E[F(aX)] is a probability distribution function on R.
(b) Show that if F' has a density, then so does G. ((6+6)+46)=[18]

3. Let (22, A, P) be a probability space. (a) Show that if S; C A and Sy C A are two semi-
fields that are independent, then the o-fields o(S1) and o(Ss) are also independent.
(b) Show that if X1, ..., X, are independent random variables and 1 < k < n, then for any
borel functions A : R¥ — R and g : R®* — R, the random variables Y = h(Xy,..., X3)
and Z = g(Xg41,...,Xp) are independent. (8+8)=[16]

4. (a) Show, directly from definitions, that X, &% X if and only if il;p | Xk — X| 5o
Pk 1]

(b) Show that for random variables X,, n > 1 and X defined on a discrete probability
space (2, A, P), one has X, £, X if and only if X, &% x. (8+(4+6))=[18]

5. Show that if X, £ x , then for any bounded continuous function h : R — R, one ha§
E[hMXy)] — E[h(X)] as n — oo. (16]

6. Let {X,} be an independent sequence of random variables with P(X, = 2} = P{X...=
n®) = 6n, P(Xp = 0p) = 1 — 28, for some a € R and §,, € (0, 3). Show that the series
> Xn converges almost surely if and only if Y, 6, < 0. [16]
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(1) Prove that every connected metric space (X,d) with more than one point is
uncountable. [5]

(2) Let S' = {z € C||z| =1} and f: S* — C\ {0} be continuous with respect to
the restricted metric of R2. If f(z120) = f(21)f(22) for all z; and z in S* then
prove that f(S!) C S*. 5]

(3) Does there exist a metric d on Q which is equivalent to the standard metric but
(Q,d) is complete? Justify your answer. 5]

(4) Let B0, 1] be the space of bounded real valued functions on [0, 1] with the metric

d(f,9) = Supsepylf(t) — g(t)|. Is the set S = {f € B0, 1] | d(£,0) = 1} a
compact subset of B0, 1]? Justify your answer. [5]

(5) Consider R™ with Euclidean norm.
(a) Prove that an open vector subspace of R" is necessarily R™ itself. [3]
(b) Prove that every vector subspace of R™ is closed. (3]

(6) Let (X,d) be a metric space and §(x,y) = Min{1, d(z,y)} for all z € X and
y € X. Prove that § is a metric on X which is equivalent to d. 6]

(7) Let f : C — C be holomorphic and g(z) = f(z) forallz€ C. Is g holomorphic?
Justify your answer. , [5]

(8) For 0 < b < 1 prove that,

o0 1—-b+2? PR
b+ a2+ 4

by integrating the function (1+22)! around the rectangle with vertices +R and
+R+ivb, R > 0. (8]
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. Prove that a simple graph with n vertices and k& components can have atmost
(n—k)(n — k+1)/2 edges. (10) '

Prove that a set of edges in a connected planar graph G forms a spanning tree of G if and
“only if the duals of the remaining edges form a spanning tree of G*. (10)

t A king is a vertex from which every vertex is reachable by a path of length at most 2. Prove
that: ’ :

(a) Evefy tournament has a king.
\ (b) Every tournament having no vertex with in-degree 0 has atleast two kings.
5+ 5 =10)

Let T be a minimum spanning tree in G and T” is another spanning tree in G. Prove that T’
can be transformed into T by a sequence of steps that exchange one edge of T’ for one edge
fOf T, such that the edge set if always a spanning tree and the total weight never increases.
(10)

A graph is Hamiltonian-connected if for every pair of vertices u, v there is a Hamiltonian
path from u to v. Prove that a simple graph G is Hamiltonian-connected if
(@) > (™91 + 3. (10)

Write an algorithm to test if a graph is bipartite? Prove the correctness of the algorithm
and calculate the time complexity. (4 + 3 + 3 = 10)

Let G be a simple graph on n > 3 vertices.

(a) Prove that if G has more than n?/4 edges, then G has a vertex whose deletion leaves a
graph with more than (n — 1)2/4 edges.

| (b) Use (a) to prove that G contains a triangle if e(G) > n?/4. (5+5 = 10)
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1. (a) Is the sum of the residuals always zero? Justify.

(b) Show that in the presence of pure error the square of the multiple
correlation coefficient R? < 1.

(c) Consider the four-run experiment involving three explanatory vari-
ables presented in Table 1 below, where X3, X2, X3 are covariates
and Y is the response variable. Assume that Y ~ N (p,0%I), where
i is a linear function of the covariates and I denotes the identity
matrix. Assume that o is known. With reference to Table 1 discuss

Table 1: Factor setting for the hypothetical four-run experiment

X: X; X5 Y
I 1 111
1 +1 -1 Y
1 1 1 Y,
+1 41 +1 Y,

in details a geometric approach to formally testing
Hy: Bol + p1 Xy versus Hy:p=Pol + B1Xy+ B2 Xz,
where 1 denotes the vector with all elements equal to 1.
Marks: 642+2=10

2. The following question concerns a dynamic probit regression model. Here
one observes (§1,%1), - « - » (Yns Zn); - - - sequentially in time, where (yn, Tn) €
{0,1} x R. The proposed model is:

Yn = L(0,00)(Zn)

Zp = 0pxy + €,
On = On_1+vn

with 83 =0, €, ue N(0,1) and independently vy, u N(0,1).



(a) Show that
' P(Y, =1{0,) = ®(O,z,)
for any n > 1, where ® the Gaussian CDF.

(b) Consider only the second two equations of the system of equations
that define the model. Show that, for n > 2,

p(znlen)p(en]zl:n—l)

p(0n|21m) = fp(znlgn)p(6n|zlzn—1)d0n

where
D(6n|21m1) = / (6016 1)p (1 |71m-1)d 1.

(c) Again, considering only the second two equations of the system of
equations that define the model, show that:

Bulzs] ~ N (il””_l 1 ) .

1+z3’ 1+ 22
(d) Now assuming that:

[en—llzlzn—l] ~N (ll‘n—lig‘lzl.—l)
show that:
[en|zlzn—1] ~N (ﬂn]n—l’oﬁm_l) .

(e) Hence show that
[anlzlzn] ~N (,U'na 0'721)

for some pinyn1, aﬁln_l, ln, 02 to be determined.

Marks: 2+2+2+2+2=10

3. Suppose that data {y;,...,y,} is available where E(y) = plts); & =
. (2i—1)/2n. The function u(-) is assumed to be unknown. Now consider the
following extension of the regressogram estimator. Define the partitions
P =[42,4),j=1,...,A—1, and P, = 25,1 Fort € P let
Alt) = boj +buj(t — £;) for by = 5o, cp, ilts — i) Leer, (i — 15)%,
boj = §; = n;? Liep, Ui bi = n7" Ty cp ti and ny; = S Ip (&:).
Show that if 41 has two continuous derivatives and the number of partitions

is allowed to grow at the rate n'/5, then the squared error risk for ) decays
to zero at the rate n—4/5, Marks: 10
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1 Consider the constants: a; an n-vector and b; a scalar for i = 1,2,...,m. With
z € R™ as the vector of decision variables, we are given the following mathematical
programming problem:

min max la;z — bil.

Formulate the above as an equivalent linear programming problem. [10]

2 Consider the nonempty polyhedral set P = {z : Az < b,z > 0}, where Ais m x n
matrix and b is m-vector. Let d be a direction of P. Prove that d is an extreme
direction of P if and only if d is an extreme point of the set D = {d: Ad <0,d>
0,e'd =1} [10] -

3 Find all the extreme points and extreme directions of the polyhedral set given by:

Ty + 229+ 23 <10
—z7 + 32, = 6
T1,%2,%3 Z 0.
[10]
4 Let A be anm x n matrix, b an m-vector and c an n-vector. Show that the following
problem has an optimal solution:
min ¢’z
subject to
Arx <b
z >0,

where every element of both A and b are non-negative. [10]

[P.T.O. ]



5 For the linear program:

max xj — 213

subject to
T1— 22 <1
2z, — 23 <1

T1,%2,%3 Z 07

prove that (3/2,1/2,0) is an optimal solution by using complementary slackness
theorem. [10]

6 Let A be an m X n matrix. Prove that exactly one of the following two systems has
a solution: )

System 1. Az < 0 for some z € R".

System 2. Ay =0and y >0 for some nonzero y € R™.

[10]

*kokk wXx kK%
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1. (a) Discuss what are meant by trend and seasonality of a time series. What types
of differencing would remove these components and why?

(b) Suppose that a time series contains trend, seasonality and noise components.
Describe an appropriate procedure for ‘obtaining’ the trend and seasonal
components present in the series.

[10+10 = 20]
2. (a) Distinguish between weak stationarity and strong stationarity of a time series.

(b) Obtain the (weak) stationarity conditions, in terms of its parameters, of an
ARMA(2, 1) process.

(c) What are the statistical consequences if a stationary time series is further
differenced? .
S ‘ [6+10+4 = 20]
3. (a) Obtain the autocorrelation function (ACF) of a special ARMA (1, 2) process
given by
x, —®x_ =a-0a,_,, lCDI <1 and |9| <1.
Discuss also the nature of the ACF of this special ARMA process.

(b) Let {X,} be the monthly time series given by
X, =(1+03B)(1-0.6B,) a,,a,~ WN(0,6%).

Determine the coefficients IT,, j = 0,1,2,...in the representation
a, = Z I1,X, ;. Further, is {X ,} stationary and invertible? Justify your answer.
j=0
[10+10 = 20]

4. (a) Given two time series models, discuss how you would choose between them
based on their forecast performances. What are the time series issues that are
important in this choice? Give explanations in support of your answer.

(b) Show that for an ARIMA (0, 1, 1) model, the forecast for all future vales is an
exponentially weighted moving average of current and past values. Would a
similar result hold for an ARIMA (1, 1, 1) process? Explain you answer.
[8+12=20]



5. (a) Describe the full information maximum method of estimation of an AR(])
model. Is this method better than the other methods available for estimating

this model? Justify your answer.

(b) Find the process of {Z,} where Z,is definedas Z, = X, + ¥, , {X,} and
{Y, } follow two different AR (1) processes and they are independent. [s it
possible that {Z,} follows an AR (2) process? If so, under what conditions on

the parameters ? If not, why? Also discuss the special case where the root of

one process is reciprocal of the other.
[8+12 =20]

6. (a)Llet {x,} be defined by
x,—Ox,_, + a,,ICD| <1
where a,, te (0,+1,12,...) is obtained from the sequence {u,} of independent
Normal (0, 1) random variables as follows:

U, , t=0,£2,+4,...
a’= 1 2
—(u -1, t=%1,£3,...
«/'2_( )

Is {x,} a weakly stationary series? Is it also strongly stationary? Justify your
answer with necessary derivations/arguments.

(b) Suppose that {x,} and {y,} are stationary time series satisfying x, —¢x, =g,
and y, — ¢y, , = x, +b, where |g| <1, each of {a,}and {b,} follows
WN(0,6%), and a,and b, are uncorrelated. Find the autocorrelation function
of 1, }in terms of the parameters involved. Is it possible to find the partial
ACF (PACF) of this process? Give explanations for your answer.

[8+12 = 20]
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Answer Question no. 5 and any 3 (THREE) questions of the following.

1. Explain union — intersection principle for testing H,: 6 =0 against H,: 6 =0 based ona
random sample {Xi, ..., Xy}, where X~N(6,Z) and Z is positive definite. Find the

distribution of the test statistic thus obtained and discuss how you will perform the test.
Check whether this test is unbiased? [You have to prove any result that you want to use]
(3+2+1+4=10)

2. Find the equation of ellipses or ellipsoids on which a multivariate normal distribution in p
dimensions has constant density. Draw ellipses of equal concentration for the bivariate
normal distribution with suitably chosen constant in the equation (that you obtained) for the
following cases

0 1 0 0 1 -1 0 2 1
DBy el ) ool )

(2+2+3+3=10)

3. (@) If X~ N,(0,0°]), show that AX and (I-A ~A)X, where A ~ is a generalized inverse

satisfying A A TA=A, are independent and each has a normal distribution. [You have to
prove any result that you want to use]
(b) If X~N3(0, I), then
{5 + (log1 X, I)? }

4. Let A~ W, (n,2) and B~W ,(m,X) and 4 and B are independently distributed.

(a) Show that I Al A, q» Where A, ,» has the same distribution as that ofHU

A+ Bl il
where U; ~ B("—’zi“—1 ,%) i=1,..,pand U, sare independently distributed.

(b) Also show that the distributions of A, , and A, , .- 3r€ SAME for any ChOicel (())i
(5+5=

m, n, and p.

5. Derive likelihood ratio test for testing Hy : M ,u2 against H,: H] # ,u2 based on two

random samples of size n and m from N (M,E ) and N (;12 %) respectlvely, under the

s there any condition that should be
ut your test? If so, explain it. Also derive

and check whether the two critical
(4+1+5=10)

assumption of X, = %, = £, where £ is unknown [
imposed on the sample sizes so that you can carry 0
union-intersection test for the same null hypO'thCSlS
regions are same.
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Notation: D={z€C||z|<1},D={z€C||z|<1},D={z € C||z| =1}

(1) Find the residue of the function f(z) = lig—(z—l;i) at z = 0, where log z stands for the

principal branch of the logarithm [5]
(2) If f : D — D is holomorphic then prove that |f'(0)| < 1. [5]
(3) Suppose f is an entire function such that |f(z) + €*| > | f(2)e?| for all z € C. Prove
that f(z) =0 for all z € C. (5]
(4) If f is a continuous function on D then prove that
F(z) = L(w—)dw
apw—=z2
is a holomorphic function on D. [5]
(5) Evaluate the integral
e
/ 5 dz,
y 2
where 7 is the square with vertices 1+, —1 +14, —(1+14), 1 —u. (5]

(6) Find the number of zeroes of the polynomial P(z) = 2T —4224+z-1imnA={z€eC|
|z <1}, B={z€C|1<z|<2}and C={z€C]||z| > 2}. [6]
(7) Suppose f is a nonconstant holomorphic function on an open set §) containing D. If

|f(2)| = 1 for all z € 8D then prove that f must have a zero. Using this prove that the
image of f contains D. [6]

(8) Prove that a nonconstant entire function f is a polynomial if and only if

limy;) o0 | f(2)] = o0. (8]

(9) Describe all conformal maps f : C — C. (8]
1
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(10) Suppose f is holomorphic on the set I\ {0} and
[f(2)] < A|z|_%, for all, 0 < |z < %
Prove that f has a removable singularity at z = 0. 18]

(11) If @ > O then prove that

/°° log d T
————dz = —loga.
o r2+a? 2q B¢

8]



INDIAN STATISTICAL INSTITUTE

Semestral Examination: (2013-2014)
M. Stat First Year

Regression Techniques
Date&yﬁy[ﬁ Full Marks: ..1%.. Duration: .3.hours

Attempt all questions

[You may use the following result if necessary, without proof: If A =

All A12 1 All A12 ~ .
( A21 A22 ,thenA = A21 A22 where A11 — (All _ A12A221A21) _

ATl — ARAnATY A = —ATTARAT, A% = (Ap — AnAflApR) T
A21 — —A2—21A21A11. ]

1. Let the full model ymx1) = X{FFDgFIXD | x (nxm=h) gm=kx1) |
€(™*1) be the true regression model. The components of € are distributed
independently as Normal(0,o?).

Also, consider the reduced model: y(™*1) = Xg"’(k—“)ogk_“"l) + elnx1)

Let 3 = (X'X)_1 X'y and, 6, = (X’1X1)_1 X}y, where 8 = (87, 85)".

Further, let x* and x] denote two vectors of input having m+1 and k41
components respectively. Let A = (X{X;)"1X{X,.
Prove the following:
(a) @y is biased for B, and x*}8; is biased for x*}3; unless B, = 0 or
A = 0. Also prove that x*{8, is biased for x*'3 unless 3, = 0 or
x3 = A'x].
(b) Prove that Cov(Bl)—Cov(él) is positive semi-definite, and Var(x*'3) >
Var(x*1601).
(c) Let RSS; and RSS be the residual sums of squares for the reduced
and the full model respectively. Also, let s> = RSS;/(n —k — 1).

Then show that RSS; > RSS and that s% is a biased estimator of
o? in general.

(d) Let H; = X;(X}X;)~'X]. Then, under the condition that
1
}—2[3'2)(/2(1 - H;)X28, <1,

show that Var (Bl) -MSE (91) is positive semi-definite and Var (x*’ [i) >
MSFE (x*'lél). Here M SE stands for mean square error.

Marks: 6+6+6+7=25



2.

(a) Intheridge regression set up with gy = Sy (A > 0),y = (y1,...,¥n)’

(b)

(2)

(b)

the vector of observations, and S) = X (X'X + )\I)_1 X', where X
is the design matrix and I is the identity matrix, prove that

IE{GCV(N)} — P(I/R() < 3% +0 ((%)2)

In the above, p denotes the number of predictors, n is the num-
ber of observations, GC’V(/\) =n"1RSS(\)/ (nttr[I - S,\])2, with

RSS(\) = 0 (ys — pai)% P(A) = n7 30 E(y! — pag)?, with
y; standing for the i-th future observation, and with u; = E(y;),

RO=E {n"2 " | (i — pas)?}-

Assume that there are inﬁnitely many non-zero 5; in the model

Y = Z?ilﬂjmij + €, 1 =1,...,n, where ¢;;¢ = 1,...,n are normal

random errors, 3-72, B3 < oo and, for each n, for (j,k) = 1,.

Z:‘_ TiTik = Nk, where djx =1if j =k and 0 otherw1se Let

/\ be the minimizer of P(\) = n"1RSS(A) + 2n~102tr(S,) over
An = {1,...,a,} with a, — 00 as n — oo. Show that, in this

case, P(A < ) — 0 for any finite z.

Marks: 15+10=25

Suppose that we observe data (y1, 1), ..., (Yn, Tn), with y; € {0,1,2,.
The following regression model is adopted fori=1,...,n,

log(u:) = n; +log(¢;).

Y; given ¢, are iid Poisson random variables, with mean E (Yilgs) =

u; and ¢; < Gamma(u ,v~1), with v > 0. Show that
E(Y;) =
V(Y;) = e™ + pe2"

Denote by V the collection of functions f with f” € L?0,1] and
consider the subspace

W0 ={f(z)eV:{, f' absolutely continuous and f(0) = f'(0) = 0}.

Define an inner product on WY as

1
<f,g>= / f"(t)g" (t)dt.
0
(i) Show that for f € W9, and for any s, f(s) can be written as

1
ﬂ»=£@—wg%mm,

where (a), is a for a > 0 and 0 for a < 0.



(a)
(b)

(c)

(ii) Hence, obtain the reproducing kernel of WY,
Marks: 10+(5410)=25

In the general multiple linear regression set~up derive the formula for
the leverage values Dii.

Show that the variance of the regression coefficient Bj (J=1,...,p)
in the usual linear regression set up can be written in terms of the
variance inflation factor VI F;.

In the linear regression framework: y{rxD) = x(nxp) a1 enx1),
with X having full rank, consider testing

Hy: R(kXP)ﬁ(PXU =qkxD g Hi: R(kXp)ﬂ(PXU # q(kxl),
where R has rank k. Let

_ (eher —e'e) /k
T /o)

k)

where eg and e are the restricted and unrestricted least square resid-
uals. Show that F is distributed as the Fy ,_, under any spherically
contoured distribution of e.

Marks: 8+7+10=25
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Answer Question 5 and any 3 (THREE ) questions of the Jollowing.

1. Let U, be the i-th principal component of X, ; = 1,2,...,p. Then show that
(a) U, has maximum variance among all normed linear combination of X,
0 Xy
(b) U, has maximum variance among all normed linear combination of X I
....Xp uncorrelated with Uy,..U,_y; i= L...p .

(¢) In principal component analysis explain how do you decide on the number
of principal components. (5+5+5=15%)

2. (a)Let A~ W,(n,2) and B ~ W,(m,Z) and A and B are independently
[A]
A+ BI

distributed. Then we know that ~A,,, .» Where A pmn has the same

14
distribution as that ofHU,. where U, ~ B2t ) i=1..pand U,’s are
=1

independently distributed.

(b) Assuming 7 = r+ 2a where « is fixed, derive the asymptotic distribution
of Wilk’s lambda statistic A pmn and determine a suitably.

(7+8=15)

3. Letarandom sample of size N, be drawn from N,(u.2), i=12,..k; 3 isan
unknown positive definite matrix. Based on these samples, we want to test
Hy:py=y,=..= W, against H,: at least one equality in H, is false

() Derive the likelihood ratio test statistic for the above test and find its
distribution,

(b) Also construct a test for H using the union-intersection principle. Check

whether the test statistic thus obtained has the same distribution as that in (a).
Justify your answer. (6+9=15)

4. (a) Derive explicitly the characteristic function of A where A~W, (n3).

k
Hence find the distribution of A = EAj where A; ~W (n,,2), j=12,..k
j=1
and A ’s are independently distributed.
(b) Let A ~ W,(n,Z). Also let B= HAH' where H is any px p orthogonal

matrix, the elements of which are random variables distributed independently
of A. Show that the distribution of B is distributed independently of H and
also find the distribution of B. (7+8=15)



5. What is the basic idea behind doing factor analysis? How does it differ from
regression analysis? A set of p = 10 psychological variables were measured on
n = 810 normal children with a certain correlation matrix. A maximum
likelihood factor analysis was carried out with £ = 4 factors yielding the
following estimate of factor loadings (rotated by varimax):

-003 059 -031 041

-004 009 -0.12 059
-006 042 -020 0.69
-0.11 033 -0.08 048
-006 076 -007 024
023 -0.11 036 -0.17
0.15 -024 078 -0.16
093 -004 037 -0.06
027 -0.11 04 -0.18

009 -000 063 -0.04

Give interpretation of the four factor using factor loadings. Justify your answer by
using appropriate assumption / theory / idea relating to factor analysis. (15)
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This paper carries 70 marks. However, maximum you can score is 60,

(a) Consider the transportation problem with m origins and n destinations. Let
A be the coefficient matrix after one of the constraints (say, the last one) is
dropped, i.e., A is an (m +n — 1)xmn matrix. Show that every basis of A

is lower triangular (possibly after appropriate permutation of its columns and
rows).

(b) Prove that the North-West Corner rule gives a basic feasible solution of the
transportation problem.

[10+10 = 20]

(a) Consider the Hungarian method for solving assignment problem. Develop a
linear programming formulation of the problem to determine the maximum
number of independent zero cells in a reduced cost matrix.

(b) Let a; and b; (for 4,j = 1,2,...,n) be arbitrary given numbers, Solve the
assignment problem having cost matrix C' = ((ci;)), where Cij = a; + b; for all
,7=1,2...,n.

[10+10 = 20]
(a) Let Abeanmxn matrix, b an m-vector and ¢ an n-vector, Suppose that the
problem: min c¢*z subject to Az = b and z 2 0 has an optimal solution. Show

by duality theory that the new problem: min c™z subject to Az = d and z >0
cannot be unbounded, no matter what value the vector d might take.

(b) Formulate the following as a dynamic programming problem:

max 2z = (1 +2)% + 2,73 + (z4 — 5)?
subject to
Ti+T2+x3+14 <5

T1,%2,%3,24 2> 0, are integers.

[P.T.O.]



(c) Formulate the following optimization problem as an equivalent mixed integer

linear programming problem:

min z = 3z; + g(Z2)
subject to
T, + T2 > 15

|zy — 22| = 0, or 5, or 10

z1,T2 > Oa

where
(z2) = 20+ 5z, if zo>0
a\p) = 0 if zp=0.

[10+10+10 = 30]

kK Y Rk
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The question paper contains 9 questions. Total marks is 90. Maximum you can score is 80).
Unless otherwise mentioned, all notations are the same as presented in class.

1. Write an algorithm to find a maximum matching in a bipartite graph. Analyze the timc
complexity of your algorithm. 5+ 5 10

2. Suppose G is a bipartite graph. Prove that,
(a) a(G) > n(G)/2.
(b) a(G) =n(G)/2 if and only if G has a perfect matching. 3+ 7~ 10

3. Given a set of lines in the plane with no three meeting at a point, form a graph G whose
vertices are the intersection points of the lines, with two vertices adjacent if they appear
consecutively on one of the lines. Prove that x(G) < 3. (10)

4. Suppose that G is a simple graph with diameter 2 and that [S, 5] is the minimum edge cut
with |S] < |S].

e Prove that every vertex of S has a neighbor in S.
e Use (a) to prove that k'(G) = 6(G). (6+4 = 10)

5. If x(H) < x(G), for all subgraphs H of G, then G is called color-critical. Prove .t,hm,”if
G be a color critical graph. then the graph G’ generated from it by applying Mycielski's
construction is also color-critical. {10

6. Consider a graph G(n.p) with p = 1/n. Let X be the number of triangles in the graph.
e Show that, Pr(X > 1) < 1/6.
¢ Using conditional expectation inequality to show that T}er;o Pr(X > 1) > 1/17.

(4 +6=10)

Inn
7. Prove that the disappearance of isolated vertices in G(n,p) has a sharp threshold of =
(10)

8. Let X1, X2, -+, X» be independent random variables and a > 0, such that,
Pr(X;=1-p;) =piand Pr(X;=-p) =1-pi
Let X =37, X;. Prove that,
Pr(|X}| > a) < 2e728°/",

. . . —ps —Api A?/8
Hint: You might assume the inequality pie*17P) 4 (1 —py)e Api < A/8, (10)

9. Deduce the number of distinct cubes that can be obtained by coloring the vertices with t 1\:)(;
distinct colors. (
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