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Attempt all questions

1. Initially an experiment is set up with one toxic (Dinophysis sp.) and two non-toxic phytoplankton
(Chaetocerous gracilis and Biddulphia regia) species. All the three phytoplankton growth profiles are moni-
tored with regular recorded biomass of 16 samples on each of the 8 experimental days. The phytoplankton
are collected from the deltaic region of river Subarnarekha (87°31'E and 21°37' N) and the isolation is done
in the laboratory. Species culture are maintained at optimal conditions in the laboratory in 30 separate
bikers although the species might exhibits a negligible amount of genetic variation.

(a) Let us assume multivariate normality on empirically estimated Relative Growth Rate Vector eval-
uated from recorded biomass for each of the sample with exponential decay mean structure and suitably
chosen covariance matrix. Unfortunately due to initial irregularities of the laboratory setup the recorded
biomass are available only for the toxic species at final time point with grouped frequency distribution for-
mat. Treating these groups as cells and assuming suitable distribution of cell counts find the asymptotic
distributions of estimators of model parameters and cell probabilities.

(b) For cell 7 define standardised residuals and comments on its asymptotic properties.
[15 + 5 = 20]

2. How a combination of several risk factors can be transformed to individual risk in epidemiological
study 7 Define odds and odds ratio in this context. How do you interpret the intercept term and risk
coefficient from combined risk 7 Estimation of individual risk is more appropriate in follow up study than
case control study Justify. Define risk ratio for 2 x 2 contingency table and suggest an estimate of log relative
risk. Modify this estimate with a less biased estimate and derived its asymptotic confidence interval. Show
that ML estimates obtained through Newton-Raphson and Fishers scoring methods for logistic regression
model with K covariates are equivalent.

[A4+4+4+3+3+7+10=35

3. Let p denote the sample proportion of successes in n Bernoulli trials. Find the asymptotic distribution
of the sample logit. From 2 x 2 contingency table show that conditional ML estimate of odds ratio satisfies
the equation E(n1;) = n11, where n;; is the cell frequency for (1,1) cell. In problem (1) if the number of
cells N is fixed and all cell probabilities are positive then show that when the model holds, the likelihood -
ratio statistic is asymptotically equivalent to x? statistic as the total cell counts is infinite.

[4+5+6=15]
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Note: Answer all questions. Your score will be reduced to 30.

In the following, R and N will denote set of real numbers and
set of natural numbers respectively.

1. a) Show that a linearly ordered set (W, <) is well-ordered if and only if

there is no infinite strictly descending sequence w; > we > wz -+ - in W.

b) Let N’ = N — {1} be the set of positive integers greater than 1.
Define m < n if n divides m. Show that this is a partial ordering,
that every chain has an upper bound and determine the set of maximal
elements.

[7+8]

. a) Let X be a topological space and € X be a cluster point of A C X.
Suppose = has a countable basis, i.e. a countable collection {UZ} of
open neighbourhoods of z such that every open neighbourhood of z
contains at least one U?. If x ¢ A then show that there exists a se-
quence {z,} C A such that z, — .

b) Let {(X;, d;)}ics be an uncountable family of metric spaces, X; con-
taining more than two points for all ¢ € J. Show that X = [;c; X;
with product topology is not first countable, i.e. there exists z € X
which does not admit a countable basis.

[7+8]



3. Let g : X — Z be a surjective continuous map. Define an equivalence
relation ~ on X as z ~ 2’ if and only if g(z) = g(z’). Let X* be the
set of corresponding equivalence classes with quotient topology. Show
that X* and Z are homeomorphic if and only if g is a quotient map.

b)Let X := R? with usual topology. Let (z,y) ~ (z/,v') if and only if
z+y? = 2’ +y% Let X* be the set of corresponding equivalence classes
with quotient topology. Identify X* with a well-known space—show
that this space is homeomorphic to X™*.

c¢) Let X be a topological space. Let R; and Ry be two equivalence
relations on X such that zR;z' = xRz’ for every pair z,z'. Let Xj
and X R be the sets of equivalence classes with respect to R; and R; re-
spectively with quotient topologies. Show that X% is a quotient space

of Xg,.
[6+5+5]
4. a) Let X := R? with usual topology. Let A C X be countable. Show
that X — A is path-connected.

b) Consider X := RN with box topology. Show that Z and § in X lie
in the same connected component if £ — § is eventually zero , that is
zero except for finitely many coordinates.

[7+8]
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1. (a) Describe domination of strategies in the context of zero-sum two-players game.

(b) An entrepreneur is trying to decide whether to expand his business. He can either
go ahead and expand, or wait until a more suitable time. He believes that there
are two possible economic scenarios for the current year: good and poor. If he
waits, he expects to make a profit of Rs 70,000 in the coming year if the economy
is good, and Rs 30,000 if the economy is poor. If he expands, he expects to make
a profit of Rs 150,000 if the economy is good, and a profit of Rs 6,000 if the
economy is poor. The entrepreneur wishes to minimize his expected loss i the
coming year. Let p be the probability of a recession (poor economy) in the current
year. What values of p will make him wait?

[2+6=8]

2. An actuarial student observes that the size of claims follows a Gamma distribution
with parameters ¢ and ! having density

a

f(z;a,l) = I‘l(a) e lzgal,

Past experience suggests that while a is known, ! is unknown and has a prior distri-
bution that can be modeled as exponential with mean m. The actuarial student has
obtained recent claims data xi, - - -, z,, where z; is the size of the ith claim.
(a) Derive the posterior distribution of {.
(b) Determine the Bayesian estimate of | under zero-one loss and quadratic loss.
(c) If a = 100, m = 10 and the student observes that the last 10 claims total 250,
calculate the Bayesian estimate of | under both zero-one and quadratic loss.
[4+(2+2)+2=10]

3. The last ten claims (in rupees) under a particular class of insurance policy were:
1330, 201, 111, 2368 , 617 , 309, 35 , 4685 , 442 , 843.

(a) Assuming that the claims come from a log-normal distribution with parameters
p and ¢, find the maximum likelihood estimates of these parameters using the
observed data.

P.T.O.



(b) Assuming that the claims come from a Pareto distribution with parameters A and
@, use the method of moments to estimate these parameters.

(c) I the insurance company takes out reinsurance cover with an individual excess of

loss of Rs. 3,000, estimate the percentage of claims that will involve the re-insurer
under each of the two models above.

[4+4+4=12]

4. Describe compound Poisson distribution in the context of general insurance and derive

5.

its moment generating function using that of the claim distribution. [2+2=4]

(a) Mention two characteristics of an insurable risk.
(b) Describe employers’ liability.
(c) Mention two differences between collective and individual risk models.

(d) Consider an XOL arrangement with retention limit M. The re-insurer, having
extensive experience in this line of business, suggests that 70% of the claims
are exponentially distributed with mean 4 and 30% of claims are exponentially
distributed with mean 10. Determine the probability that a randomly selected
claim will need to go to the re-insurer.

(e) Consider an XOL reinsurance arrangement with retention limit M (fixed) and
annual inflation factor k on the claim amount. Will the mean insurer’s pay-off be
inflated by the factor k? Justify your answer.

[2+2+2+2+2=10]

6. The ISI employees are covered by a group life insurance which pays a specific ben-

efit amount (in Rs.) if an employee dies while in service. There are two categories

of employees who are entitled to the following benefit amounts with corresponding
probability of dying during a year:

Category No. of employees Benefit amount Prob. of dying
Active 1250 50,000 0.008
Affiliated 250 20,000 0.012

Using individual risks model, calculate the mean and variance of the aggregate claim
amount during a year. Find the probability that the aggregate claim amount in a given
a year will exceed Rs 1000,000. What loading factor should be used to fix the premium

to be 99% sure of making a profit in this portfolio? Assume a normal approximation
whenever necessary.

[2+3+2+3=10]
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1. Give suitable algorithms for generating random variables from the following distributions.
(a) F(z) x (w+z? + 2t +27), 0<z<1. [4]
~ (b) F(z) /01 e ¥dy, 0<z<1. 6]
2. Let A = (z1,11), B = {z2,¥2), C = (z3,ys) and D = (x4, y4) be the four vertices of a quadrilateral ABCD.

(a) How will you check whether the quadrilateral is convex ? {4]

(b) If a new point P = (z,y) is given to you, deseribe how you will check whether it lies inside the
_quadrilateral. v [6]

3. Suppose that ()){’:) , (’f,:) yeens ()f,"_‘) are i.i.d. observations from a bivariate distribution with the disper-

1
sion matrix ( /1) ), where p is unknown.
p

(a) Check whether & 377, (X; ~ X)(Y: — ¥) is an unbiased estimator of p. 3]
(b) Find the corresponding jackknife estimator and check its unbiasedness. (7]
4. Consider a linear model Y; = fg + Bz; +€;; 1 = 1,2,...,n, where the z,;’s are non-stochastic and the ¢;’s

are independent and identically distributed with the mean 0 and the unknown variance o2. Describe how
you will construct a 95% confidence interval for 8 using the residual bootstrap method. [5]

5. If X follows an elliptically symmetric distribution with the mean vector p and the dispersion matrix 33,
prove the following results.

(a) The density function of X is of the form f(x) = C|Z|~/%g {(x ) S (x— u.)}, where C is a

normalizing constant, and g : [0, 00) — [0, 00) is a scalar function. [5)
(b) The distribution of a'(X — p)/va’Ea does not depend on the direction vector a. (5]

(c) Half-space depth of an observation xq with respect to this distribution is a decreasing function of
(%0 — 1) 7} (x0 — ). (5]

6. In order to estimate the value of e, a person generated 500 observations from a Poisson distribution with

the mean unity. The frequency distribution of the observations are given below.

Value (i) 0 1 2 3 4 5 6 Total
Frequency (f;) 186 183 86 27 9 7 2 500

(a) Find an estimate of e and comment on its unbiasedness. 4]

(b) Find a minimizer of ¥(#) = [2f=0 li~6| fi + 0.82%°% (i —0) f.-] and comment its uniqueness. (6]
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with clear and precise arguments. If you refer to a theorem/result

proved in class, state it explicitly. More than one answer to a

question will not be entertained and only the first uncrossed answer
will be graded.

1. (a) Suppose F is a distribution function on R satisfying the following
condition: 4 + 4 = 8 pts.

For every € > 0 one can find § > 0 such that > > (F(b;) — F(a:)) <€
for non overlapping intervals (a;, b;), a; < b;, s = 1,2,... with Y0, (b —
a,-) < 4.

Show that under the above condition A(A) = 0 implies pr(A4) = 0
where A € B(R), A is Lebesgue measure and, ur is the measure corre-
sponding to F.

(b) Suppose u and v are finite measures on (R, B(R)). The Lebesgue
decomposition theorem says v = vy + v, where v; L p and vy < p.
Prove the uniqueness of the Lebesgue decomposition.

2. (a) Suppose X and Y are nonnegative random variables in L*(Q, F, P)
and G is a sub sigma-algebra of F. Suppose also that Y is G-measurable.
Is the following true (if true prove it) or can you give a counterexample

E(XY|G) = YE(X|G),a.5.?

4 pts.

(b) Suppose { X, }n>1,X are random variables in LP(§, F, P) for some
fixed p > 1 and G is a sub sigma-algebra of F. Show that

X, Ly X = B(X,|G) = E(X|G).

4 pts.



3. According to the notation in Kakutani’s theorem, on (€;, ;) one has
two probability measures ; and P, 7 = 1,2,---. Assume that ); ~ P,
and denote p; = dQ,;/dP;,Vi. Let Q", P" denote the n-fold product
measures, p” = []"_, p; the Radon-Nikodym derivative of Q™ w.r.t. P"
(remember our assumption implies Q™ ~ P"). Let Q, P denote the
infinite product measures. 4 4+ 4 = 8 pts.

(a) Assume Kakutani’s theorem and show that if [[;2; [o v/pidP; >0
then p*°, the L!-limit of p”, satisfies 0 < p® < 00 a.s. P.

(b) Under the assumption of (a) show that p” — p> a.s. P. (This part
can be done with your previous knowledge of probability and reference
to the Martingale Convergence Theorem will not be awarded points.)

4. (a) Consider R with the Borel sigma-algebra that makes each projec-
tion measurable. On the other hand (R*, B(R*)) denotes the product
space with countably many components with the corresponding Borel
sigma-algebra. In RI%! with its Borel sigma-algebra consider two cylin-
der sets :

Ay = 7Tt_111,t12,...(Bl), Ay = Wf;ll,tzz,...(B2)’

where B;, By € B(R™). Describe the base of the cylinder set 4; N A,.

(The point is that the coordinate sets {t11,¢12,...} and {t,t2,...}
may intersect.)

2 pts.
(b) Write down the statement of Kolmogorov’s consistence theorem
for probability measures on (R, B(R*)) and the proof of countable
additivity (measure on an algebra condition) of the probability defined

on the cylinder sets. You need to write only one of the proofs, due to
Ionescu-Tulcea or due to Kolmogorov.

6 pts.
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1. Let P be the vector space of all polynomials on {a, b]. If p(z) = ag + a1 + ... + a,a”,

define ||p|| = lao| + la1] + ... + |an].
(i) Show that || - || is a norm on P. (5]

(ii) Show that (P.|| - ||) is not a Banach space. [10]

[Indeed, no norm on P is complete!]

2. Let X and Y be normed linear spaces and T : X — Y be a linear map. Define
ety = [l + 1T - € X,

(a) Show that || - ||| is a norm on .X. [5]

(b) Show that || - ||; is equivalent to || - || if and only if T' is continuous. (5]

3. Show thatif any two norms on a vector space X are equivalent, then X must be finite

dimensional. [15]
[The converse was proved in class!]

4. A subset A C X~ is said to separate points of X' if whenever ») # x, € X, then there

exists f € Asuchthat f(uoy) # ().

Let X, } be Banach spaces. Let -1 € Y'* separate pointsof Y. Let 7 : Y — Y bea

linear map. Show that T is continuous if and only it ¢ < 1"is continuous tor all g « A

110]
5 Let ¥, Y .bo Banach spaces. Let [ - BN Y Show that there 1s a constant « = 0 such
that “7 > ¢ o forall s« N if and onlvif 7 s 1-1 and TN sclosed in Y. [19]

[PTO]



6. Give an example of closed subspaces M and N of a Hilbert space H such that
M+N={z+y:z€M yeN}

is not closed. [10]

7. Let {e,} be an orthonormal basis in a Hilbert space M. Show that any orthonormal
set { f,} that satisfies

Z llen — fn“2 <1

n=1

is also an orthonormal basis. (10]
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(You can assume the form of the C- matrix of a BIBD, if you need to use it at any place)

1. (a) Define A-, D- and E-optimality criteria briefly stating(no proof) their statistical signif-
icance for a nonsingular inferential problem Il : = L7.

(b) State( proof is not required) a set of sufficient conditions to characterize an A-, D- and
E- optimal design for estimating a full set of orthonormal contrasts.

(c) Obtain the expression of the average variance of all elementary treatment contrasts for
a connected block design. Show that a BIBD if exists, is A- optimal for the estimation
of the full set of elementary treatment contrasts.

(d) Obtain the value of the generalised variance of the BLUE of a full set of orthonormal
contrasts using the following block design dy with 10 treatments in 5 blocks of size 6

each:
1 23 45 10
12367 8
do=\1 456 7 9
2 46 8 9 10
357 8 9 10

Will you recommend this design for use? Briefly justify your answer.
“ [(942)+(7+8)+(8+3)=37]
2. Construct a Universally optimal row column design for 6 treatments in a 6x5 array. [7]
3. Prove or disprove the following claims with proper justification.

(a) A Hadamard matrix of order 13 always exists.

(b) If a design is E- optimal for the estimation of a set of parametric functions 7, then it
also remains E- optimal for the estimation of a nonsingular transform of 7.

(¢) The following row-column design d* is a treatment connected design.

1,41] 2 [ 55 |6,4.1
w33 LT [G7 1] 838
“[88 1644[1.44] 3,3

4.7 | 2,2 1.6 5

[5+3+8= 16
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Statistical Methods in Genetics — I
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The paper carries 40 marks. This is an open notes examination.
Answer all questions.

1. Consider a disorder controlled by an autosomal biallelic locus. Suppose
100 nuclear families each comprising two unaffected parents and one
offspring and 60 nuclear families each comprising exactly one parent
affected and one offspring are randomly selected from the population. It was
found that in the first group of families, there were 10 affected offspring
while in the second group of families, there were 15 affected offspring. Do
the above data support a recessive mode of inheritance? [16]

2. In every generation, a certain proportion o of a population practices self-
mating, while the remaining (1-ot) proportion of the population practices
random mating. Will the population be in Hardy-Weinberg Equilibrium at a
triallelic autosomal locus? Will the allele frequencies at such a locus remain
constant over generations? [6 + 6]

3. Given the genotype of one parent at an autosomal locus, are the genotypes
of a pair of sibs independent? Given the genotypes of a pair of sibs, are the
genotypes of the two parents independent? ’ [6 + 6]
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1. (3+3+6=12 marks)

(a) Let {R;} be a sequence of i.i.d. N(u,0?) random variables and let X, = Ry + --- + R,. Define a
filtration {F,} = o{Ry,..., Ra}. Are the sequences below follow martingale property w.r.t. {F,} under
some conditions on x and ¢2? Justify.

(i) Zn=X3—n; (i) Wa=exp{Xn— (un+0°n/2},
(b} Let {W1(t)}i>0 and {Wa(t)}s>0 be two independent standard Brownian motion. For any non-zero
= ——Zl__ g2 ; . .
constants ¢; and o2 show that W () mwl(t) + sz(t) is a standard Brownian motion.
Can you modify the definition of W (t), when the above two Brownian motions are not independent but
jointly Normal non-zero covariance as gt, so that it becomes a standard Brownian motion?

2. (4+4+42=10 marks) Assume a binary tree model for the price of a security, i.e., each time it goes up by a
percentage u or it goes down by a percentage d, where d = 1/u. Let r be the risk-free interest rate per
annum. Someone buys a product that pays one unit of money if the stock goes above a level K at the
maturity time 7.

(a) Assuming one step model, Find the value of the A in terms of future share prices (S, and Sy) and
future payoffs (fy, fa), so that the portfolio would be riskless.
Let 7 be the risk-free interest rate per annum. Find the risk-neutral probability p, (in terms of Sy,
u, d and r). Show that, (assuming S; < K < §,,), it satisfies the equation,

fo(l+7T) = [pfu+ (1 - p)fd]

-

(b) Now, using the limiting form of the distribution of St (i.e., Log-Normal distribution), find the
expression for fp, the price of the derivative.

(c) Calculate the price of this derivative at time zero, taking, Sg = 60, r = 6%, the strike price K = 63,
o = 30% and the maturity time T = 6 months.

3. (6+6=12 marks)

(a) For B-S-M equation, %g +(r— 923)%5 + ";g—i—é = rf, derive the expressions for the parameters «, 3, v
corresponding to Explicit difference method. Write the conditions, with arguement, for which this will

give a trinomial model.

(b) Let So = 60, K = 63, T = 3month, r = 6% and ¢ = 25%. Show that for some appropriate
At, there exist a range of C = At/(Az)? for which S; is a discounted martingale for the trinomial model
(coming out of Explicit difference method). Write down the probabilities (of the trinomial model) and for
two such C’s find the Put option price at time 0. Which of the C’s would you take?

All the best.



LIFE CONTINGENCIES
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Note: (i) Desk calculators are allowed; (i) Actuarial tables are allowed; (iii) Symbols
and notations have their usual meaning. The entire question paper is for 115 marks.

1. If P[X > z] =[1 - (z/100)]"/2, 0 < z < 100, evaluate

(a) 15D36; 2]
(b) 17q19; 2]
(¢) 1715195 3]
(d) pso. [3]

2. Calculate the following quantities from the AM92 tables (i = 0.04):

(a) 313qas; 2]
(b) 41361415 (2]
(c) Variance of the present value of an insurance benefit, where the mean of

that random variable is Apy; (2]
(d) 5\as; 2]
(e) (IA)so.10)- (2]

3. Give an expression for p;,; interms of t and p, for0 <t <landz=1,2,3,...,
when interpolation between integer ages is made

(a) by assuming constant force of mortality; (3]

(b) by assuming uniform distribution of death. 3]

4. Show algebraically that, under the assumption of a uniform distribution of death
over the insurance year of age. A{™ = &5 A, 6]

5. If g70 = 0.04 and g7; = 0.05, calculate the probability that (70) will die between
ages 70.5 and 71.5, assuming that deaths are uniformly distributed within each
integer year of age. [5]

6. If A, = 0.25. Azy90 = 0.40 and A_z5 = 0.55, calculate A;::Q_Ol' 8]

1



10.

11.

Prove and interpret the following relations:

(a) @,z = 1Bz X oo (6]
(b) Q. = fﬁ_l;fi - B [6]
nllr — d niig-.

A life insurance company issues identical deferred annuities to each of 100
women aged 63 exact. The benefit is Rs. 5,000 per annum payable contin-

uously from a woman’s 65th birthday, if still alive at that time, and for life
thereafter.

(a) Write down an expression for the random variable for the present value of

future benefits for one policy at outset. [3]
(b) Calculate the total expected present value at outset of these annuities. [3]
Basis:
Mortality : PFA92C20
Interest : 4% per annum
(¢) Calculate the total variance of the present value at outset of these annuities,
using the same basis as in part (b). 8]
. 12
If P::Q_o(lm = 1'032P;%1 and P, 35 = 0.040, what is the value of P;E:z—o)t? 8]

Write the prospective formula for the benefit reserve required at the end of

5 years for a unit benefit 10-year term insurance issued to (45) on a single
premium basis. [6]

A 20-year special endowment assurance policy is issued to a group of lives aged
45 exact. Each policy provides a sum assured of Rs. 10,000 payable at the end
of the year of death or Rs. 20,000 payable if the life survives until the maturity
date. Premiums on the policy are payable annually in advance for 15 years or
until earlier death.
You are given the following information:

Number of deaths during the 13th policy year 1 4

Number of policies in force at the end of the 13th policy year : 195

Calculate the profit or loss arising from mortality in the 13th policy year. [8]
Basis:

Mortality : AM92 Ultimate;

Interest : 4% per annum;

Expenses : none.



12. The expense-loaded annual premium for a Rs. 1,000 endowment-at-age-65 life
insurance with level annual premiums issued at age 40 is calculated using the
following assumptions:

13.

e selling commission is 40% of the expense-loaded premium in the first year;

e renewal commissions are 5% of the expense-loaded premium for policy
years 2 through 10;

e premium tax is 2% of the expense-loaded premium each year;

e maintenance expense is 1.25% of insurance in the first year and 0.4% of
insurance thereafter;

e the benefit premium is to provide for the immediate payment of death
claims with no premium adjustment on death;

e a 15-year select-and-ultimate mortality table is to be used.

Write an expression for the expense-loaded premium. 8]

A life insurance company is considering selling with-profit endowment policies
with a term of twenty years and initial sum assured of Rs. 100,000. Death
benefits are payable at the end of the policy year of death. Bonuses will vest at
the end of each policy year. The company is considering three different bonus
structures:

L
IL.
I1L

(a)
(b)

Simple reversionary bonuses of 4.5% per annum.
Compound reversionary bonuses of 3.84615% per annum.

Super compound bonuses where the original sum assured receives a bonus
of 3% each year and all previous bonuses receive an additional bonus of
6% each year.

Calculate the amount payable at maturity under the three structures. [4]

Calculate the expected value of benefits under structure II for an individual

aged 45 exact at the start. 4]
Basis:

Mortality : AM92 Select;

Interest  : 8% per annum;

Expenses : ignore.



(c) Calculate the expected value of benefits, using the same policy and basis
as in (b) but reflecting the following changes, considering one of these at
a time:
i. Bonuses vest at the start of each policy year, including the first policy
year (the death benefit is still payable at the end of the policy year of

death). 2]
ii. The death benefit is payable immediately on death (while bonuses vest
at the end of each policy year). 2]

iii. The death benefit is payable immediately on death, and bonuses vest
continuously. 2]
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Note: Answer as many as you can. The maximum you can score is 80.
Notation is as used in the class.

Show that the sequence (6,6,5,4, 3,3, 1) is not graphic.

Show that if d = (d;.....d,) is graphic and d; > dy > ... > d

¢ 270

then Xd; is even and
S di < k(k— 1)+ I8, ymin{k.di}.1 < k< n.
[3+7=10].
Show that for any graph G = (V, E) and any subset X of V
|0(X)] = Zpexd(v) — 2e(X).

where e(X) denotes the number of edges in the subgraph induced
by X.

Show that a connected graph is Eulerian iff it is even. [5+10]

Denote the number of spanning trees of a graph G by t(G). With
usual notation, show that, for a link ¢ of GG.

tG)=t(G—e)+t{E/e).

Write down the Jarnik-Prim’s algorithm for finding a minimum
weight spanning tree of a weighted connected graph.



Use the algorithm for the following weighted graph starting from

[5+10=15]
4. (i) In a k-colouring of a k-chromatic graph, show that there is a vertex
of each colour which is adjacent to vertices of every other colour.
(i) Show that there is no graph with chromatic polynomial z* — 323+
3z2.
(iii) Find the chromatic number of the following graph.

(iv) Let G be a triangle-free graph with chromatic number k. Form a
graph G’ from G which is triangle-free and has chromatic number
k+1. [545+5+5=20]

5. (i) State Hall’'s Matching Theorem. ,
Let A = {A;;i € I} be a finite family of finite sets. Deduce that

2



A has a system of distinct representatives iff |U;c; A;| > |J]| for
all subsets J of I.

(ii) Let M be a matching and K a covering in a graph G such that
|M| = |K|. Show that M is a maximum matching and K is a
. minimum covering.

(iii) Apply the Hungarian Algorithm to find a maximum matching in
the following bipartite graph.

(iv) Let G = (V, E) be a graph. Define an n x n matrix A = (a;;) as
follows.
ai; = Tij if {Vi,Vj} eE
aij = 0 if {v;,v;} € E.
Define Q(11,...,Znm) = det(A). Show that G has a perfect
matching iff @ # 0 [7+5+T7+6=25)



INDIAN STATISTICAL INSTITUTE
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Note: Answer all questions. This paper carries 36 points. Maximum you can score is 30.
You may use any result proved in class but the result has to be stated clearly.

1. For the two-class classification problem with multivariate normal class-conditional probability
density functions with known parameters p,,% = 1,2 and common 3, compute the Bayes
error assuming equal costs of misclassification where the prior class probabilities 7 = 0.6,
my = 0.4 and

I-l‘l = (274)7 “2 = (6a8)a 2 =

[10]

2. Based on an iid sample of size n from the uniform[0,1] density, calculate the bias of the
kernel density estimator f(x) for all real values of x using bandwidth 4 and

(a) a gaussian kernel function. [6]
(b) an exponential kernel function, K{z) = e * for x > 0 and 0 for x < 0. (8]
3. Consider a J-class problem with prior class probabilities 7;,7 = 1....,J based on a two-

dimensional feature vector x. The density of x for the j-th class is uniform over the union
of the unit ball centered at 0 and the square [j, j + 1] x [j. j + 1]. Find out the overall Bayes

error probability for this problem and the overall asymptotic error probability of the 1-NN
rule when

(@) m.i=1,..... J are all equal. [6]
(b) m =1/2, and m;,i = 2....,J are all equal. (6]
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1. What is the difference between the Bayesian paradigm and classical infer-
ence with respect to evaluation of performance of a decision rule.

Give an example showing the paradoxical behaviour of an inference pro-
cedure based on averaging over the sample space. [4+5=9]

2. Consider i.i.d. observations X1,..., X, ~ f(z|6) = exp{c(6) + 0t(x) }h(z)
(one parameter exponential family). It is given that the usual regularity con-
ditions hold and c(0) is sufficiently smooth. A statistically natural parameter
is p = Ept(X). Show that 4 is a one-one function of §. Find MLE of ji.. Show
that for a conjugate prior 7(6) = cexp{mc(6) + 6s}, the posterior mean of u
is a weighted average of prior estimate and classical estimate (MLE). (assume
that 7 is supported on [a, b] where 7(a) = n(b) = 0.)

[16]

3. Let Xi,...,X, be i.id. N(0,02) where (> 0) is unknown. Consider a
conjugate prior for o and find the posterior distribution. Also find the Bayes
estimate of o for this prior and the loss function L(a,0) = (a — 0)%/02. (It

will be enough to find the Bayes estimate as a one-dimensional integral.)
[12]

4. Let Xy, ..., X, be arandom sample from a U(6—1/2, 8+1/2) distribution,
—00 < § < co. Consider the noninformative prior 7(f) = 1. What will be
your 95% credible interval for 67

(9]



5. (a) Let Xy,..., X, beiid. with a common density f(z|#) where § € R.
State the result on asymptotic normality of posterior distribution of suitably
normalized and centered 6 under suitable conditions on the density f(:|6)
and the prior distribution.

(b) Suppose that the above result is proved for a proper prior. Consider
an improper prior for which there is an ng such that the posterior distribution
of 8 given xi,...,z,, is proper for a.e. (z1,...,Z,,). How will you modify
the proof?

(c) Use a stroﬁger version of the result on asymptotic normality of pos-
terior (to be stated by you) to prove that \/n(6, — 6,) — 0 with probability
one, where 6, and 6, denote respectively the posterior mean and MLE.

[6+5+8=19]

6. Let X,,..., X, and Y3,...,Y, be two independent random samples from
two normal populations with distributions N(u1,0?) and N(usg,0?) respec-
tively. Assume that the prior distribution of (g, pi2,log 0?) is improper uni-
form where p, o, and o2 are independent. Find the posterior distribution
of py — po.

[20]
7. Let Xy,...,X, be iid. observations with a common density f(z|¢),
§ € © = {6,,6,}. Consider a prior distribution (7, 7) for 6.
(a) Find the posterior distribution of 6.
(b) Assume that

f(X116:)
f(X1165)

Show that the posterior distribution is consistent at each 6;.

Ey, log > 0 for ¢ # j.

[3+9=12]



Semestral Examination
Advanced Design of Experi ments
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Full Marks: 100 Time : 3.5 hours Date: |+ ). )3
Answer any four questions.

Q1. a). Define Universal Optimality criterion. State and prove a set of sufficient conditions for a design
d” to be universally optimal in a specified class and for a given inference problem.
b) Define a Balanced Block design (BBD) d” and show that d is universally optimal for estimating a
full set of orthonormal treatment contrasts in the class of appropriate block designs for given b,
vand k.
c) Construct a BBD with b=10, v=5, k=8.
(3+2+6) +(3+6)+5=25

Q2. a) Prove the non existence and existence of the Hadamard matrices of order 7 and 24 respectively.
b) Indicate how an orthogonal array of appropriate parameters can be constructed from a
" Hadamard matrix and vice versa.
(6+15)+4=25
Q3) a)Construct a 2?;2 design, clearly indicating your method of construction and justifying the

Resolution.
b) Prove that the design constructed in part (a) above is an OA[ 16, 6, 2, 2].
c) Define a uniform strongly balanced crossover design with t treatments, p periods and n units.
Construct a strongly balanced crossover design with 7 treatments and 14 units.
(2+8)+6+( 3+6)=25

Q4)a) State the necessary and sufficient conditions for existence of a second order rotatable response
surface design (SORD) and prove the sufficiency of these conditions.

b) Give an example of a useful SORD in two variables.
{5+15)+5=25

Q5) a)Construct a Generalised Youden Design (GYD) with 13 treatments in 13 rows and 4 columns.
b) Obtain the C- matrix (for treatments) of the GYD constructed in part(a) above and prove that it is
universally optimal in the class of treatment connected 13x4 row-column designs with v=13.
¢) Obtain with full justification the rank of the C- matrix(for treatments) of the following 3x3 row

column design in three treatments A, Band C.
ABC
B CA
CAA
10+(4+6)+5=25
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Statistical Methods in Genetics — I
M-Stat 2" Year)
First Semester Examination 2013-14

The paper carries 60 marks. This is an open notes examination.
Answer all questions.

Question 1

The genotype distribution of a random set of 200 individuals at an autosomal
biallelic locus in an inbred population is as follows:

Genotype Frequency
AA 105
Aa 65
aa : 30
Obtain an approximate 95% confidence interval for the allele frequency of 4
based on its m.l.e. [10]
Question 2

(a) Consider a dominant disorder controlled by an autosomal biallelic locus.
If an individual is affected, who among the following relatives has the

maximum risk of being affected: the mother, a brother or a daughter of the
individual?

(b) Suppose that the initial genotype frequencies at an autosomal biallelic
locus are according to Hardy-Weinberg equilibrium proportions. If the
fitness coefficients corresponding to the genotypes are proportional to the
initial genotype frequencies, explain whether the allele frequencies at the
locus ever reach non-trivial equilibrium values. [6 +6=12]

P.T.O.



Question 3

(a) Explain what is meant by a LOD score of 2.7 in the context of genetic
linkage analysis.

(b) Consider two autosomal biallelic loci with alleles (4,a) and (B,b),
respectively. Consider a nuclear family where one parent is heterozygous at
both loci, while the other parent has genotype aaBb. There are four offspring
with genotypes Aabb, aaBB, AaBb and AaBB. Assuming that the possible

phases of the double heterozygous parent are equally likely, which of them
has a higher posterior probability?

(c) If the exact identity-by-descent scores at a marker locus are available for
a random set of affected first cousin-pairs, develop a mean allele-sharing test
for linkage between the marker locus and the disease locus. [3+6 +7=16]

Quesﬁon 4
(a) Consider two autosomal biallelic loci with alleles (4,a) and (B,b),

respectively. If the two locus haplotype with the highest frequency is aB, is
it possible that the alleles a and B are negatively associated?

(b) Given genotype data on a random set of individuals at two autosomal
biallelic loci, explain how you would test whether there exists linkage

disequilibrium between the two loci. i [4+8=12]

Class presentation carries 10 marks.
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1.

2.

Calculator and Actuarial table can be used.

(a) The number of patients treated by a hospital emergency unit is Poisson with mean
parameter A. The prior distribution of this parameter is gamma with mean 100 and
variance 50. If 200 patients are treated by the unit on a single day, determine the
posterior distribution of A, based on this data. What is the Bayes estimate of A based

on the above data under squared error loss? What is the maximum likelihood estimate
of A7

(b) Consider n independent and identically distributed observations on claims following a
N(u, 100) distribution. Assuming that p is equally likely to be either 50 or 60, find the
Bayes estimator of z under squared error loss. Find this Bayes estimator of x, when it
is only given that the mean of the sample exceeds 57.

(c) Describe a credibility estimate, specifying its characteristics.

The Bayesian approach using quadratic loss always produces an estimate which can be
readily expressed in the form of a credibility estimate. Prove or disprove the statement.

[(3+141)+(3+4)+(2+5)=19]

The table below shows the cumulative claims (in Rs ‘000s) incurred on a particular class of
insurance policies, divided by accident year and development year.

Accident { Development Year
Year 0 1 2 3
1997 502 | 556 | 589 | 606
1998 487 | 565 | 593
1999 608 | 640
2000 551

State the assumptions underlying the basic chain-ladder method. Using the method, estimate
the outstanding claims reserve as on 31 December 2000. [2+6=8]

. The profit per client-hour made by a privately owned health centre depends on the variable

cost involved. Variable cost, over which the owner of the health centre has no control, takes
one of the three levels §; = high, #; = medium and #3 = low. The owner has to decide at
what level to set the number of client-hours that can be either d; = 16,000, d2 = 13,400 or
d3 = 10,000. The profit (in Rs.) per client-hour is as follows:

01 62 (}3
dy 8 95 110
d, 105 115 130
ds 125 135 150

Determine the minimax solution. Given the probability distribution p(fh) = 0.1, p(f2) =
0.6, p(6;) = 0.3, determine the solution based on the Bayes criterion. [3+5=8]



4. Claim amounts from a portfolio have the distribution with pdf
f(z) = 2cze™, £>0, ¢> 0.

An XOL reinsurance arrangement is in force with retention limit M = 3. A sample of
reinsurer’s payment amounts gives the following values: n = 10, ¥ y; = 8.7 and S y? =923,
Find maximum likelihood estimate of c. (8l

5. (a) Define the surplus process, in the context of ruin theory, and, then, the probability
of ultimate ruin as a function of initial surplus. Prove that this ruin probability is a.
decreasing function of the initial surplus.

(b) Aggregate claims from a policy in a year is assumed to follow a Normal distribution with
mean 0.7P and variance 4.0P2%, where P = Rs 5,000 is the annual premium. An insurer
with initial surplus Rs 100,000 expects to sell 100 policies with associated expense of
0.2P per policy. Calculate the probability of no ruin at the end of one year.

(c) Describe the adjustment coefficient  in the context of ruin theory. Calculate the ad-
justment coefficient x when the loading factor § = 0.32 and the claim size distribution
is Gamma with shape parameter 2 and scale parameter 3.

[(2+2+2)+4+(2+4)=16]
6. (a) Describe product liability in the context of general insurance.

(b) Describe policy excess and then give an expression for mean pay-off by the direct writer
on a claim under policy excess.

(c) Derive the expression for the moment generating function of a compound Binomial dis-
tribution.

(d) Describe the difference between parameter variability and parameter uncertainty by ‘
means of example.

(¢) Describe the differences between a pseudo random number and a true random number.
[2+2+2+2+2=10]

7. The annual aggregate claim amount from a risk has a compound Poisson distribution with
Poisson parameter 10. Individual claim amounts are uniformly distributed on (0,2000). The
insurer of this risk has effected an excess of loss reinsurance with retention level 1600. Calculate
the mean and variance of both the insurer’s and the reinsurer’s aggregate claim amounts
under this reinsurance arrangement. Derive the same measures for the aggregate claim before
reinsurance and check for their additive property with comments. [2+4+2=10]

8. The no claims discount system for an insurer has three categories with discount levels of 0%,
40% and 60%. If a policyholder makes any claims during the year he or she moves down a
single category (or stays at the 0% discount level). If no claims are made, then the policyholder
moves to the next higher category (or stays at the 60% discount level). The probability that a
policyholder will make at least one claim in any one year is p in the 0% discount category and

0.8p and 0.6p in the 40% and the 60% discount category, respectively. The premium charged
at the 0% discount category is c.

(a) Write down the transition matrix for this system in terms of p.

{(b) Derive the steady state distribution of policyholders in each discount category in terms
of p.



(c) Calculate the average premium paid in the steady state in terms of p and c¢. How does
it behave with p?

[245+2=9]
9.  (a) For Binomial regression model in the context of GLM, give expressions for the deviance
residuals and explain their roles in model selection.

(b) Calculate the auto-correlation function of the process X, =1+ e, — 5en_1 + 6en_a.

(c) Consider
_ f(w)__{ka;‘o's, fo<z<1
T lke®, fz>1,

with k£ > 0 being the normalizing constant. Describe a method for simulating an obser-
vation from this distribution.

[(3+1)+4+4=12
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This paper carries 125 marks. Maximum you can score is 100. Precisely justify all your

steps. Carefully state all the results you are using.

1. (a) Let X be a normed linear space over K = Ror C and f : X — K be a linear
map. Show that ker f = {z € X : f(z) = 0} is either closed or dense in X. [S]

(b) Let X be a Banach space and f : X — K be a linear map. Show that f is
continuous if and only if ker f is a Gs-setin X. [15]

2. A closed subspace Y of a Banach space X is said to be complemented in X if there
exists a continuous linear operator P : X — X such that Py = y forally € Y and
P(X)=Y.

(a) Show that a closed subspace Y C X is complemented in X if there exists a

closed subspace Z C X suchthat X =Y & Z. [12]

(b) If Y is a closed subspace of X such that X/Y is finite dimensional, then Y is

complemented in X. 3 (8}

(c) Let X be a Banach space containing a closed subspace Y isometric to £.. Show

that Y is complemented in X by a norm 1 projection. [15]

[Hint : Hahn-Banach Theorem?)

3. Let (X, d) be a metric space and f : X — R. Show that the following are equivalent :
(a) fislower semi-continuous
(b) For zn,z0 € X, 2, — x¢ implies liminf f(z,) > f(xo)
(c) for any zp € X and € > 0, there exists § > 0 such that forall z € B{zg,6),

flz) > flzo) — e (12]

[PTO]



4. The Volterra operator V : Ly(0,1) — Lg(0,1) is defined by

T
Vi@= [ fwd. e
Show that o (V') = {0}. [10]
5. Let S : €5 — {5 be the unilateral shift, that is,
S(.’El,xg,...)Z(O,xl,.’rg,...), (:L'l,fl?g,...)EEQ.

Show that the only reducing subspaces of S are {0} and ¢». [10]

6. Let (ay) € £°. Define a linear map T : £, — £5 by

T((zn)) = (@ntn), (zn) € L.

Show that
(@) T is continuous, normal and ||T] = ||(an)|lco- [10]
(b) T is invertible if and only if {a,} is bounded away from 0. (8]
(c) Xis an eigenvalue of T if and only if A = «, for some n > 1. [4]
d) o(T) = {an :n>1}. f4]

(e) T is compact if and only if (ay) € co. [12]



INDIAN STATISTICAL INSTITUTE

First Semestral Examination : (2013-2014)

M.Stat. 2nd Year
TOPICS IN BAYESIAN INFERENCE

Date: 16 November, 2013 Max. Marks: 100 Duration: 3 Hours
This question paper carries 110 points.

Answer as many questions as you can. The maximum you can score is 100.

1. Consider the linear regression model y = X3 + € where y = (1, ..,Yn)’
is the vector of observations on the “dependent” variable, X = ((zi;))nxp
is of full rank, z;; being the values of the nonstochastic regressor variables,
B = (B1,...,B5) is the vector of regression coefficients and the components
of € are independent, each following N(0,0?). Consider the noninformative
prior 7(8,0%) x %, B € RP, o* > 0. Find the following:

(a) The marginal posterior distribution of 8.
(b) The marginal posterior distribution of ¢2.
(c) The 100(1 — «)% HPD credible set for 3.
[6+5+12=23]

2. (a) What are the difficulties with improper noninformative priors in Bayes
testing? Describe the intrinsic Bayes factor (IBF) as a solution to this prob-
lem with improper priors.

(b) What is an intrinsic prior in the context of nonsubjective Bayes test-
ing? Consider the general nested case and find the intrinsic prior determin-
ing equations corresponding to AIBF. Show that the solution suggested by
Berger and Pericchi satisfies the intrinsic prior determining equations.

[(3+7)+15=25]



3. Consider p independent random samples, each of size n, from p normal

populations N(6;,02%), 7 = 1,...,p. Assume o2 to be known. Also assume
that 6,,...,0, are i.i.d. N(;,n,). Our problem is to estimate 6y, ...,6,.
(a) A natural estimate of (61, . . ., 8,) is the vector of sample means. Why a

suitable shrinkage estimate is expected to perform better than this estimate?

(b) Describe the Hierarchical Bayes and the parametric empirical Bayes
(PEB) approaches in this context. Derive the James-Stein estimate as a PEB
estimate.

[4+(15+47)=26]

4. Suppose we are studying the distribution of the number of defectives X
in the daily production of a product. Consider the model X|Y, ¢ ~ Bin(Y, #)
where Y, a day’s production, follows Poisson (A). The difficulty is that Y is
not observable and inference has to be made on the basis of X only.

Consider a Beta(a, 8) prior for 6, and show how Gibbs sampling can be
used to sample from the posterior distribution of §. Find all the required
conditional distributions.

[17]

5. Write down the Laplace approximation for an integral in the multidi-
mensional case. Describe how this approximation can be used to obtain the
Bayesian information criterion (BIC) for model selection.

[8]

6. Suppose X has density e=@-91(z > ¢) and the prior density of 6 is
p(d) = [r(1 + 6%)]7!, 8 € R. Find the Bayes estimate of 6 for the loss
function L(#,a) = I(|0 — a| > &) for some specified § > 0.

[11]
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Atterapt all questions

1. In a psychometric survey the 1Q distribution of 1000 individuals is available in a grouped frequency
distribution (ormat. Treating these groups as cells and asswining suitable distribuiion of cell counts find ke
joint asvmptotic distributions of the two vectors based on model-based maximu likelihood (ML) estimates
and the simple satnple proportion estimates of the cell probabilities. Prove that the ML estimate 1s more
efficient than the estimate based on simple sample proportion. For the said fixed number of ceils with ney
zoro coll probabilities prove that when the model holds. the likelihood ratio statistic G? is asvmprotically
cquivalent to 2 statistic as the total of cell counts tends to infinity. Show that G2 > 0. with equality if
and only if p; = #; for all i, p; and 7; are respectively the sample proportion estimate and the maximum
likelihood estimate of the ith cell probabiiity.

[12 48 + 6 = 4 =30

2. (a) Show that the likelithood equations obtained for fitting of the logit model and least square equations
of linear regression have similar form.

(b)Probabilities in a 2 x 2 table are hypothesized to follow the pattern myy = 0%, 7 = 7y =
H(1 — ). 792 = (1 — 0)2. for some unknown 8. That is. the marginal distributions are identical aud there is
independence.

{1} For a multinomial sample. find the ML estimate of 6.

(11) Construct a suitable test for the said hypothesis.

110 + 4 + 1= 18]

3. The following Table contains resuits of a study by Mendenhall ¢t ol (1984) to compare radiztion
therapy with surgery in treating cancer o the larvnx. Use appropriate test in testing Hy @ & = 1 againet
Hy : 6 > 1. where 6 denotes odds ratic constructed from the above Study. Explain how vean will evahiate
the P-value. Discuss how the testing procedure can be extended for testing Ho @ 0 = 6y against i, 2§ > Gy,
wheve Gy is a specified value of 0. Find the approximate contidence nterval of the odds ratio for the oxtended

Caxke,

Cancer Controlled | Cancer Not Controlled
Surgery 21 2
Radiation therapy ! 15 3

‘

G- 2— 63 = 16

4. Disenss loglinear model of independence for two categorivai variables. Extend the

dependdence. Establish the velationship between the odds ratio and assceiation parameters o
toghinear model setap for two separate contingrney tables vie, T x 2 and 2+ 2,
A !7)1

5. ta) Define adds ratio for 2% 2 comineency table and suggest an estimate of log adds vatio. Disciss o



Mantel-Haenszel estimate of the common odds ratio with a suitable example. Also state the .loglt (*S't:m.at-t
of the common odds ratio. Derive the asympiotic confidence interval for the common odds ratio considering
the logit estimate.

(b) Find the asymptotic standard crror of the Kruskal Gamma as a measure of the ordinal association.

[(2+2+5+3+4)+5=21

or

Assuming the natural exponential familv for the probability density function of the response v'm-inb.h
state and discuss different components of generalized linear model. Derive likelihood equations for ";‘I'(‘ salr
model. Under the same setup establish a relation between ML estimation using Fisher scoring and weighter
least squares estimation.

8+5+4+4=021
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Notation is as used in the class.

1. (i) Show that every digraph D contains a directed path with  ver-
tices, where x is the chromatic number of D.
(ii) Show that a matching M in a graph G is a maximum matching
iff G contains no M-augmenting path. [8+7=15].
2. (i) Let G be a bipartite graph with edge-chromatic-number x’. Show
that x’ = A, where A is the maximum degree of G.
(ii) Describe a polynomial-time algorithm for finding a proper A-edge
colouring of a bipartite graph G. [8+7=15]

3. (i) Describe the Ford-Fulkerson Max-Flow-Min-Cut algorithm and
discuss its correctness.

(ii) Use the algorithm to find a maximum flow in the following network
N(1,8), where 1 is the source and 8 is the sink.

[10+7)



4.

(@)

(1)

(i1

(1)

(ii)

(iii)

(iv)

Show that in any finite bipartite graph, the number of edges in

a maximal matching equals the number of vertices in a minimal
vertex cover.

Let N = N(X,Y) be a network with source set X and sink set
Y. Construct a new network N'(z,y) with a single source z and
a single sink y such that for any flow f in N(X,Y’) there is a flow
f' in N'(z,y) with the same value as f. [8+7=15]

State and prove Euler’s formula for a connected plane graph.
Hence, or otherwise, show that K5 and K33 are non-planar.

Let M be a minimally non-planar graph. Show that M must be
2-connected.

Let M be a graph with the smallest number of edges among
all non-planar graphs which have no Kuratowski subgraph. As-

sume that M has no isolated vertices. Show that M must be
3-connected.

State Kuratowski’s theorem . Deduce that a graph is planar iff it
has no Kuratowski minor. [10+5+8+7=30)



INDIAN STATISTICAL INSTITUTE

SEMESTRAL EXAMINATION: (2013-2014)

MSQE I and M.Stat II

Microeconomic Theory 1

Date: 20.11.2013 Maximum marks: 60 Duration: 3 Hours

Please answer Sections I and II on separate answer books.” Each part is worth 30
marks.

Section 1

Throughout this section, R” is the L-dimensional Fuclidean space. Let
RI; = {x:(ml,-~- ,xL)ElRL:x.i20forall 1 gigL}

and
RE_+:{m:(xl,-~-,IL)ERL:.T,.i>0fora111§i§L}.

Q1. Consider an economy with only one consumer and RZ as the commodity space.
The demand function of the consumer is denoted by =z : Rf_ + xRy = X, where
X C R¥ denotes the consumption set of the consumer.

(i) State the weak axiom of revealed preference (WARP) for x. Show that if z
satisfies the W ARP then for any compensated price change from (p, w) to (p’, w') =
(¢, p’ - z(p,w)), the following inequality holds:

(' -p) [z, w') - z(p,w)] <O0. (1 +3]

(ii) Take L > 3 and X = {(z,y,2,0, ,0) € RE 2,2 > 0and y <0}. Define
z:RY, xRy — X by

x(p,W) = <Bzv~—p£a B»Ov"' 1()) .
b3 P3 P3
Prove that z is homogeneous of degree zero and satisfies Walras’ law. Show further
that « violates the W ARP. 2+2]

Q2. Answer any two questions.

(i) For (z1,y1), (2, y2) € R, define the lexicographic preference relation by letting
(z1,91) = (z2,y2) if and only if “z1 > 29 or (21 = 72 and y; > y2)”. Show that it is
not continuous. Prove that there is no utility [unction that can represent the lexi-
cographic preference relation. [2+3]
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(ii) Consider a preference relation over R% represented by the utility function
U(z,y) = Vz+/y. Find the demand functions for the commodities 1 and 2 as they
depend on prices and wealth. (5]

(iii) Given a (p,w) € RY | x Ry, the utility mazimization problem (UM P) of the
consumer is the following:

sup{U(z) : = € Bp,w)}
where B(p,w) = {z € RY : p- = < w} is the budget set for (p,w) and U : RE - R
is a utility function representing a preference relation >.

(a) Show that the solution of this problem exists if U is continuous. (2]

(b) Prove that the function v : RX, x Ry, — R, defined by
v(p,w) = sup{U(z) : z € B(p,w)},

is strictly increasing in w whenever > is locally non-satiated and U is continuous.

(3]

Q3. Answer all questions.

(a) Suppose that f is the production function associated with a single-output tech-
nology, and let Y be the production set of this technology. Show that Y satisfies con-
stant returns to scale if and only if f is homogeneous of degree one. (5]

(b) A firm has a production function y = z,z9, where z; and z, denotes the amount
of inputs. If the prices of inputs are equal to 1, then the minimum cost of production
is 4. Find the value of y when the minimum occurs. {3]

(c) Recall that the addition closure of a production set Y is the smallest production
set that is additive and contains Y. For a single-output technology with only one in-
put, let f(z) = z? denote the production function. Find the addition closure of the
production set of this technology. 2]

Section II

Q.1. Suppose we have a single good in a market with I buyers, each of whom wants
at most one unit of the good. Buyer ¢ is willing to pay up to v; for his unit, with
v1 > --» > v;. There are a total of ¢ < I units available. Suppose that buyers
simultaneously submit bids, and that the units of the good go to the g highest
bidders, who pay the amounts of their bids.

Show that every buyer making a bid of vy, and the good being assigned to
buyers 1,--- , q is a Nash equilibrium of this game. [5]

Show also that in any pure strategy Nash equilibrium, buyers 1 through ¢ receive
a unit, while buyers g+1 through I do not. [5]

Q.2. Recall in the linear city model, we analysed equilibrium under the assumption
v > ¢+ 3t, where v is consumer valuation, c is cost of production per unit, and t is
transport cost. Suppose instead we look at the case where v € (¢ + 2¢, ¢ + 3t).



INDIAN STATISTICAL INSTITUTE 3

Derive the best-response functions. Find the unique symmetric Nash equilibrium
of this game. [5 +5]

Q.3. Consider an infinitely repeated Cournot duopoly with discount factor § < 1,
unit costs of ¢ > 0, and inverse demand function p(q) = a — bg, with a > ¢, and
b>0.

Under what conditions can the symmetric joint monopoly outputs (g1,¢2) =

™

(%, 121) be sustained as an equilibrium of the infinitely repeated game with strate-

gies that call for (92—, 95—) to be played if no one has yet deviated and for the static
Cournot equilibrium to be played otherwise? [10]
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1. Consider the following data set consisting of 12 pairs of observations on z and y.

3.

7 8 9 10 11 12
1 2 2 3 3 4
1 -2 -1 -1 -3 -3

1 1 2 3 4 5 6
r -6 -5 -3 -2 0 1
»w o9 4 2 0 0 -2

[ Ciim =0 D=0, 2, of = 118, 01242 = 74, TI2, 2y = -7 |

(a) Show that the regression line y = o + Sz that minimizes E:il(yt — a — fx;)? passes through the

origin. (2]

(b) Find the regression line y = Bz that minimizes 3,2, |y; — Ba;]. [6]
(c) Show that both S1(8) = leil {yi — Bxzi| and S2(B) = 221(% — Bx;)? are convex functions in 3. [6]

{(d) For any a1,az > 0, show that the minimizer of a;5,(8) + @252(8) cannot lie outside the interval

[-0.8, -0.7]. 6]
(e) Find the least median of squares (LMS) estimate for the location of y. 8]
(f) Find the regression depth of the fit y = ~(z + 0.5). {4]

(g) Define z; = I{y; > 0} for i = 1,2...,12, where I{-} denotes the indicator function. Show that if we
use a jogistic regression model to predict Z, the maximum likelihood estimate of the model parameters

will not exist. (5]

(h) If a regression tree with square error impurity function has only two leaf nodes, find the estimate of
Y at z = 0.5. (6}

(a) Write down the basic principle of the MM (Minorization-Maximization or Majorization-Minimization)
algorithm and give its mathematical justification. Show that the EM algorithm can be viewed as a
special case of the MM algorithm. [2+2+4]

(b) Consider the data set given in Question no. 1. Show that the iteratively re-weighted least squares

method can be used as an MM algorithm to find a minimizer of ~ *

2 2

iy, 2 atPa; i yy<a+fzr,

S(e, ) =3 (y: — o — Bx;) — (yi — o — Bz;).

Describe your minimization algorithm {clearly mention about the initial choice of parameters, the
[4+4]
[2+4]

updating scheme the and stopping rule).

(c) Find a value of & that minimizes S(e,0). Is this minimizer unique ? Justify your answer.

(a) If you have n independent observations xj, Xg, ..., X, from a four dimensional standard normal dis-

tribution, how will you use them to approximate
/ exp — (2 + 23/2 + 23/3 + 23 /4) dx,
J A

where A = {x = (x(, 72,73, 74) : £} + 22% + 373 + 422 > 10}7 4]



(b) Describe the Metropolis-Hastings algorithm for generating observations from a target distribution
m. Show that if an observation Xj follows the target distribution 7, all subsequent observations

{Xk+i; i > 1} generated by the algorithm will follow the same distribution. [2+4]

(¢) Describe the Gibbs sampling algorithm for generating observations from the joint distribution with
pdf f(z,y,z) ox e WH2weHda)gy /(1 4 3q)v+2 1oy 2 >0, [4]

4. (a) Show that the Nadaraya Watson estimate can be viewed as a locally constant estimate of a regres-

sion function. Describe how this estimate can be used to construct a decision rule in a two-class

classification problem. [3+4]

(b) Consider the data set given in Question no. 1. If Gaussian kernel is used to construct the Nadaraya
Watson estimate fh() of the regression function f(-), find the limiting values of f4(1.5) when the

smoothing parameter /i (i) tends to infinity (ii) shrinks to zero. [2+4]

(c) Describe how you will construct a locally linear estimate of a regression function when there are more

than one regressor variables. " /4]

(d) Consider a regression problem involving the response variable Y and two covariates X; and X,. Briefly

describe how you will fit an additive model using cubic splines. [4]

(e) Give an example of a regression problem where additive model leads to a poor result, but projection

pursuit model works well. Justify your answer. 3]
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All the spaces considered are Hausdorff.

1. a) Let X be a locally compact space and Y any topological space.

1) If f: X — Y is continuous, then is the space f(X) nccessarily locally
compact as a subspacc of Y7

ii) Is f(X) necessarily locally compact if f in (i) is both continuous
and open?

Justify your answer.

b) Supposc G is a locally compact topological group and H is a sub-
group. Show that G/H is a locally compact space in quoticnt topology.

[(6+6)+8]

. a) Show that a locally compact space is completely regular.
L) If X is a normal topological space then show that

i) if A and B are closed disjoint subsets of X then there exist open scts
Uy and Uy such that A C Uy and B C U and closutes of U7 and U, arc
disjoint,

ii) if A, B, C arc closed subsets of X such that ANBNC = ¢ then
there exist open sets Uy, Uy, Us such that A C Uy, B C Uy and C C Us
and Ul ﬂUg n U3 = ¢

[6+4(5+5)]



3. a) Show that cvery regular Lindclof space is paracompact.

b) If X is the sct of reals with lower limit topology, then is X para-
compact? Justify your answer.

[8+8]

4. Let X be a completely regular space and A(X) be its Stone-Cech com-
pactification.

a) Show that X is connccted if and only if 8(X) is connected.
b) If X has discrete topology, then show that for any A C X,
A and X — A arc disjoint, where D denotes the closurc of D in 8(X).

[7+7]
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1. (a) Let p, v and p be sigma-finite measures on (€2, F). Suppose p <
p, v K p and let A be the set

{d—”>0andd—“:o}.

dp dp
Show that v <« u iff p(A) = 0, in which case
dv dv/dp

A
dp ~ du/dp

(b)Let Fo be the field consisting of the finite and the cofinite sets in
an uncountable Q. Define ¢ on Fy by taking ¢(A) to be the number
of points in A if A is finite, and the negative of the number of points

in A°if A is cofinite. Show that if A;, A,,--- is a sequence of pairwise
disjoint sets from Fy such that U, A, € Fo, then ¢p(U,A,) = >, &(A4n).
b 7+ 7 = 14 pts.

2. (a) IfY is an integrable random variable and X, Z are random variables,
show that if (X,Y) and Z are independent then E(Y|X, Z) = E(Y|X).

(b) In Kakutani’s theorem, if P; ~ @); for all j, then show that

= dQ; = dP;
H/,/Eﬁde>0@H/1/?‘Ejdej>o.

Also state the implication of the above condition for the product mea-
sures P and ) in the case P; ~ Q);, for all j.

7+ 7 =14 pts.



3. Let X3, Xs,..., X, be a martingale relative to some filtration and 7 be
a finite stopping time for Xy,..., X,. 7+ 7 = 14 pts.

(a) Let X} = max{X,,0}. Show that F|X,| < 2EX; — EX,.

(b) Show by actual verification of the definition of a martingale that
{X:an} is a martingale for n € {1,2,...,k}. (You must work with
this sequence and give a proof without referring to any result on two
stopping times, one less than or equal to the other.)

4. (a) Let Xo =1 and for n > 1 given X, =z, X, ~ U(0,z). If U; are
iid U(0, 1) then X, can be written as X, = Up.Up_1..... U;. Show that
M, = 2"X, is a martingale and that M, converges a.s. to zero.

(b) Show that if X,, is a sequence of LP-bounded random variables for
some p > 1, then X,, is uniformly integrable.

(c) Suppose {(Xk, Fx)},1 < k < n, is a martingale satisfying E|X|P <
00,1 < k < n where p > 1. State Doob’s inequality between
E(max;<k<n | Xk])P and E|X,[?. 7+ 54 2= 14 pts.

5. Suppose X, Xs,... are iid random variables taking values +1 with
equal probability. Let Sy = 0,5, = X; + --- + X,. For r,s, positive
integers define 7 = inf{n: S, = or S, = —s}.

(a) Show that P(r < o0) = 1, P(S; = r) = s/(r + s), and that
ET < oo. (For the last one, the martingale 52 — n may help.)

(b) In the case 7 = s compute the value of Ee™>" for A > 0. (You
may use the martingale M, = €' /(¢(¢))",n > 1,Mp = 1, where
#(t) = EetX1) ' 7+ 7 = 14 pts.
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1. (8+5+8+9=30 marks)

Let {B;}:>0 be the standard Brownian motion starting from 0, and {Fi}t>0 be its canonical
filtration given by F; = 0{B, : 0 < u < t}.

(a) Let Foir = (Ngs0Fs- Show that Fo C Fo, strictly. Also show that, A € Fo, = P(A) =
Oorl.

(b) Let o = inf{t > 0: By = 0}. Then show that P(c = 0) = 1.
(c) LetY:=1tBy,, fort>0,and ¥ =0. Show that {¥;};>0 is a standard Brownian motion.

(d) Fix a > 0. Define 7 = sup{t > 0 : B; = at}. Find the distribution of 7.

2. (6+6+6+4+3=25 marks)

Let S = [0,00) and v > 0. Let Q = C[0,00), that is, the set of all real continuous functions on
[0,00) and F the o-field on ) generated by the coordinate maps. If you started at z > 0 move
with velocity v. If you started at £ = 0 wait for Ezp()\) amount of time and then move with
velocity v. Thus, for z > 0, P®, probability on C[0, 00), is the point mass at w(t) = z + vt. For
& ~ Exp(\), define wo(t) = 0, for t < € and wg(t) = v(t — &) for t > £. Let P° be the induced
probability. Then justify that, with the usual definition of filtration {F;} and shift operartors
{6;} on , the family {P% z € R} is a Markov process. Find its Resolvent, infinitesimal
Generator and its Range and Kernel.

3. ((2x 3)4+9=15 marks)

(a) Define what are meant by (i) local martingale, (ii) the predictable o-field on [0,00) x
and (iii) a predictable process on (2, F, P).

(b) Let L be a linear space of real-valued bounded measurable functions on [0, 00) x §2. Suppose
L contains all bounded {F;}-adapted processes with left-continuous trajectories. Suppose also

that L satisfies the property: if X, € L, n > 1, X, t+ X and X is bounded, then X € L. Show
that L contains all bounded predictable processes.



4. (6x 5=30 marks)
Write TRUE or FALSE and justify your answer.

(a) Recall that £X° denotes the set of all real functions f on [0,00) x Q such that f(t,w) is

jointly measurable in (t,w), f(t,) is Fi-measurable for each t, and J§ f%(s,w)ds < oo, P-almost
surely, for each t.

Let M; = [ f(s,.)dB™, N, = fSg(s,)dB?, t > 0 for f,g € LY, where {B™} and {B"} are
two independent Brownian motion. Then {M;N,;}:>0 is a continuous local martingale.

(b) Let {B:} be a standard Brownian Motion. We define {Z,(t),t > 0} recursively as follows:
Zp(t) = 1; and for each n > 1, Z,(t) = fot Zn-1(8)dBs, t > 0. Then, with probability 1, Z,(t)
converges uniformly on compact set to the ’0’ random variable.

(c) Let {X} € Lo for every T > 0 and satisfies the Stochastic Differential Equation dX; =
X;dB;, where {B}:>0 is a standard Brownian motion, X = 1. Then for any a, A > 0,

P ( sup |aXy| > /\> < e,
0<t<T

(d) Let {M.} be a continuous square-integrable martingale. Then there is a P-null set N, such
that, for all w ¢ N, for some interval [a,b], < M >; (w) =0, Vt € [a, ], iff My(w) = 0, Vt € [a, b].

(e) Let {X;} be a real-valued stochastic process which is continuous in t for all sample paths.

Assume, for any realsa < b, 7 (Xy, —X¢, ;)2 = (f(b)— f(a)) in Lo, as mesh of the partition,

a =ty <ty <--- <ty =0>b, is going to zero, where f is a strictly increasing continuous real

valued function. Then, for almost all sample paths, {X;} has unbounded variation.

All the best.

o
-
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Q. 1. (a)Characterize, with proof, the most general family of bivariate dis-
tributions, whose conditionals are specified to be members of p- and q- pa-
rameter exponential families (p # q).
(b) (i) Derive the p.d.f. of the bivariate normal conditionals distribution for
which the components are uncorrelated but dependent. State any theorem
you need to derive this distribution.
(ii) Obtain consistent estimators of the parameters of the distribution in (i)
(10 +10 +10) = [30}
Q. 2. (a) Based on the concept of a generalized test variable, derive an
exact test for the specified non-null difference of the marginal means in the
bivariate exponential distribution with independent components. Show how
you will obtain the cut-off points of this test.
(b) Consider the "Small n, Large p" problem. Suggest a test for testing
Hy:p=0vs Hy: pu#0, when n{« p)i.i.d. observations are available from
N,(u, %), with £ unknown. Derive the asymptotic null distribution of your
test statistic.
- (10 +15) = [25]
Q. 3. (a) Show that the MLE of yx in N,(u,¥) is rendered inadmissible by
the class of James-Stein estimators in the sense of Pitman closeness.
(b). Derive the likelihood ratio test for the homogeneity of Generalized Vari-
ances of several independent multivariate normal distributions of possibly
different dimensions.
(10 + 10) = [20]
Q. 4. (a) State and prove the theorem on the form of the Locally Most Mean
Powerful Unbiased (LMMPU) test in the multivariate multiparameter case.
(b). Derive the LMMPU test for testing Hy : u = 0 for Ny(p, ), with X
known. Show how you will obtain the cut-off point for this test.
(10 1 10) - [20]
Q. 5. TAKE HOME PROBLEM [25]
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Group A

1. In a two-class classification problem, there were 500 samples from each class in a training

sample. A binary classification tree T was grown using equal prior probabilities and costs
of misclassifications. Let n;(t),j = 1,2 denote the number of observations present in a node
t € T for the two classes respectively. The stopping rule for splitting a node was that either
the resubstitution error of the node was less than 2% or n;(t) < 5 for any j = 1,2. It was
observed that whenever a node was split, |0.9 x n;(¢)] and |0.1 x ny(t)| observations went to
the left descendant node, and the remaining observations went to the right descendant node,
where |z| denotes the largest integer less than or equal to z.

(a) Calculate the number of terminal nodes of the tree. [5]
(b) Calculate the resubstitution error of T (3]

(c) Generate the a-sequence for the cost-complexity pruning, and the corresponding mini-
mizing subtrees where « is the cost-complexity parameter. [10]

. In a two-class classification problem with two features, the density of the observations from
the first class is uniform over the circle centered at 0 amrd radius 2 while the density of the
observations from the other class is a standard bivariate normal distribution. Assuming equal
prior probabilities and costs of misclassifications.

(a) find the Bayes optimal error for this problem. 7]

(b) find the required architecture of a multilayer perceptron with proper weights which can
produce the optimal boundary of classification for this problem. [10]



Group B

1. Consider the following run-length coding scheme for a binary 2™ x 2" image, where m, n > 2:

e The image 1s scanned row-wise from top to bottom.
e Only the runs of 0’s in rows are coded by code pairs of the type (z,r), where x denotes
the starting position of the run in the row and r denotes the length of the run.

e The start of each row is coded by (0,0).

(a) Is the resulting data compression lossless? Justify your answer.

(b) Deduce the maximum average number of runs per row required to guarantee data com-
pression under this coding scheme.

(¢) Will this coding scheme always result in greater compression than the coding scheme in
which all runs of 0’s and 1’s in a row are assigned code pairs of the type (0,7) and (1, s)

respectively? Justify your answer. (r and s are variables which represent respectively
the length of a run of 0’s and a length of 1’s.)

[3+3+4=10]

2. Unsharp masking is a spatial domain technique in which a blurred version of an image is
subtracted from the image itself.

(a) If the blurring operation applied is 8-neighbourhood averaging, write down the corre-
sponding 3 x 3 spatial filter that implements unsharp masking.

(b) What, in your opinion, is the objective of this procedure from the viewpoint of image
enhancement? Justify your answer with the help of the filter in part (a) of this problem.
(¢) What will be the enhancement effect of applying a filter obtained by adding a positive

integer A to the (2,2)-th element of the mask in part (a) of this problem, to the original
image? Explain. *

[4+-3+3=10]

3. (a) Describe briefly how the Hough transform is used to detect subsets of dark pixels which
lic on circles of the type (x —a)?+ (y — b)? = ¢ on a light background in a binary image.

(b) What is the effect of applying the following 5 x 5 spatial filter on a graylevel image?
Explain.

[7+3=10]



(a)

(b)

Describe a frequency domain filter that can be used to sharpen a graylevel image without
introducing an undesirable "ringing” effect.

Define the Laplacian of a graylevel image. Briefly discuss its role in image sharpening.
Describe how the Laplacian can be implemented in the frequency domain.

[3+(24+2+3)=10]
Explain how it is possible to infer that a graylevel image is corrupted by sinusoidal noise.
Describe a frequency domain filter that can restore such an image.

Consider a graylevel image that has been captured under non-uniform illumination. De-
scribe an effective method for segmenting it into internally homogeneous subregions.

[(3+3)+4=10]
Define Hue, Saturation and Intensity of colour.

Describe the HSI colour model diagrammatically providing adequate labels, and highlight
its relationship with the RGB model of colour.

Discuss briefly any method for improving contrast in a colour image.

[(3+(3+2)+2=10]

Consider the problem of clustering a set @1, ao, . .., &, of n observations on X, p-variate
random vector of binary values. Assume that X is distributed as a mixture of ¢ multi-
variate Bernoulli distributions

c P
p(x|0) = Y m(wi)pi(x|wi, ;), where pi(z|w;, 8;) = [] 0577 (1 — 0;5) =)
i=1 j=1
Here, 0, = (0:1,0:2,....05), 0 = (6,,6,,...,8.), 8;; € (0,1) Vi, j, and the mixing
proportions 7(w;) (€ (0,1)) satisfy 3¢, m(w;) = L.
Show that, for i = 1,2, ..., ¢, the maximum likelihood (ML) estimates 8 of 6; based on
Ty, Xo, ..., T, must satisfy

0. = k=1 ﬁ(wilwiaéi) x;

T (il 6:)

bl

where 7(w;|a;, 8;) is the ML estimate of

w(:ci|wi, 01)

Tk 00 = o

obtained by substituting the MLE 6; of 8.
(Please Turn Over)



(b) Suppose observations are available on a D-dimensional measurement vector y for a c
class pattern recognition problem, where the classes are labeled by wy,ws, ..., we. Let
p(z|w;) denote the probability density function of an arbitrary d x 1 subvector z of y
in class w;, 1 = 1,2,...,¢, and let m; be the a priori probability for w;. Consider the
problem of selecting an optimal d x 1 feature vector from the D measurements in y where
d<< D.

i. Write down an optimization criterion in terms of the Bhattacharya distance

ds(z) = ~In [ \/pi(2)pa(2)dz

between two probability distribution functions p;(-) and pa(-).

ii. Show that if p(zlw;) = Ng(u:, ), 1 = 1,2,...,c, then this criterion reduces to a
function of the Mahalanobis distances between pairs of class-conditional densities
p(z|w;) and p(z|w;). |

[(4+(2+4)=10]
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1. A certain population is subject to two independent modes of of decrement: o and 8. The
following relation between multiple and single decrement rates are proposed.

1
0z (1 - 5‘15) ;

(a9)7 = (af+¢f —aSeb) x

(aq)7

log (p%) _
log [(1 - ¢2)(1 - ¢f)]

Show that these two expressions follow from the assumption of uniform distribution of death
within an integer year, for either each of the multiple decrements or each of the single decre-
ments. Which expression corresponds to the first assumption, and which one to the second?

(91

2. An insurer is about to sell a life annuity to a life age 40 exact. The annuity at the annual
rate of Rs. 1 lakh would be paid monthly in advance. It can be for a fixed term of 25 years or
for whole life. Obtain an expression for the difference between the present values of the two
potential annuities. Calculate the expected value of this random variable, by using AM92
Select table and 4% rate of interest. {5]

3. Ten years ago, an insurer had sold pure endowments of Rs. 50,000 for 15 years to a nurber
of lives aged 45 exact. The premiums were payable as annuity-due. Nine years after policy
issue, there were still 400 policies in force. Only two policyholders died last year. Calculate
the mortality profit or loss for the last year.

Basis

Mortality: AM92 Ultimate

Interest: 4% per annum [7]

4. A whole life ‘with profits’ policy for a life aged 33 exact provides for a sum assured of Rs.
50,000 payable at the end of the year of death. A compound bonus of 3% vests at the start of
each policy year, together with an additional bonus of 5% on all previously existing bonuses.
Premiums are paid annually in advance. Calculate

(a) the present value of the benefit in terms of the curtate future life;

(b) the net premium payable annually in advance. [2+6]
Basis
Mortality : . Exponentially distributed with mean 70

Rate of interest : 6% per annum
[Total 8]



5. Calculate o75p40.75 from the ELT15 table for males, under the assumption of constant force
of mortality in between integer years. [3]

6. For a female life aged 60 and a male life aged 65, an annuity of Rs. 500,000 is paid annually
in advance from the year after the first death till the year of the second death. Level annual
premiums are paid in advance till the year of the first death. Calculate the gross premium.

Basis

Expenses : Initial Rs. 10,000

: Renewal Rs. 1,000 plus 2% of gross premium

: (incurred from policy inception till second death)
Mortality : Male PMA92C20

: Female PFA92C20
Interest : 4% per annum

[9]
7. Consider two independent lives, (z) and (y) having continuous life distributions.

(a) Prove the following statements
i Agg= Az + Ay — Ayy.
. ngzg = any + nqm?r (2+2]
(b) A 20 year term assurance issued to (z) and (y) provides benefit of Rs. 2 lakhs at
the instant of the second death, if it happens during the term. Level premium is paid

continuously as long as the last survivor status continues. What should be the net
premium if (z) and (y) have mortalities 0.01 and 0.02, and the rate of interest is 4%7?(7]

[Total 11]

8. A pension scheme assumes a continuous time Markov model for its members with three states:
Active, Retired and Dead. The transition rate from either Active or Retired state to Dead state
is 0.02 per year. Transition from Active to Retired state occurs at the rate of 0.04 per year.

(a) Calculate (i) the dependent probability of retirement in one year and (ii) the independent
probability of death from active service in one year. [3+2]

(b) A 30 year term assurance policy provides for a benefit of Rs. 100,000 for a healthy life
at the instant of death from the Active state only. Calculate the expected present value

of this policy at the outset, assuming interest rate i = 4%. [4]

[Total 9]

9. (a) Explain the difference between adverse selection and spurious selection. 4]
(b) What is temporary initial selection? Explain how it can be handled. 12)

(c) The mortality experience of workers in an organization tasked with maintenance of
hazardous mountain roads gives rise to the following summary.

Age Population Number of deaths

28 2203 8

29 2238 10

30 2221 11
Calculate the crude mortality rate and the mortality ratio standardized with respect to
AMO2 select, in respect of workers in the age group 28-30. [4]

[Total 10]



10. (a)

(b)

Explain the terms bid price and the offer price of a unit. What does bid-offer spread
mean? [3]
An insurer issues a 4-year endowment assurance policy to a male life aged 56 exact. The
sum assured is Rs. 100,000 payable at maturity or at the end of the year of earlier death.
Annual premium of Rs. 22,000 is paid in advance. The insurer holds net premium
reserves calculated prospectively by equivalence principle, using the AM92 Ultimate
table with 4% interest rate, at the beginning of the second, third and fourth policy year.
Calculate (i) the reserves held in the three years, (ii) the net present value of the profits
and (iii) the profit margin for this contract. [3+9+2]

Basis

Interest rate on cash flows and reserves: 5% per annum

Mortality: AM92 Select

Initial expenses: 10% of annual premium

Renewal expenses: Rs. 50 plus 2% of annual premium
Risk discount rate: 6% per annum

[Total 17]

11. End-of-the year cash-flows computed by an insurer (assuming no reserve) in respect of a ten-
year unit-linked policy for a female aged 55 exact are as under.

(-72.14, -82.34, -23.56, 62.84, 129.42, 31.40, 83.12, 1.87, 9.29, 41.90)

Determine the minimum reserves needed to be held at the beginning of renewal years in order
to avoid negative cash-flows. You can assume an interest of 6% in respect of reserves and
mortality as per PFAbase. [3]

12. A benefit scheme provides pension on age retirement or retirement due to ill health. The
annual rate of pension is one-sixtieth of the final pensionable salary for each year of service
(fractions of years being counted proportionately). The final pensionable salary is the average
salary over three years preceding retirement. A 45 year old male has been in service for 15
years and has become a member of the scheme for 10 years. Assuming that salary increases
continuously and his current salary is Rs. 5 lakh, calculate the following,.

(a)
(b)
(c)
(d)

The expected present value of the member’s aggregate benefits arising from his past

services only. (3]
The expected present value of the member’s aggregate benefits arising from his future
services only. 3]
The expected present value of the member’s future service contributions to the pension
scheme, if k% of the salary is contributed. 2]
The cost of providing future service benefits as a percentage of salary. 1]

Basis: Example Pension Scheme Table in Formulae and Tables for Ezaminations, 4% interest
rate, retirement age 65

[Total 9]
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This paper carries 100 marks. Answer all questions.

1. Explain what is meant by each of the following:
Snyder’s Ratio; heterozygote advantage; linkage phase; segregation ratio;
population stratification. [2x5=10]

2(a) Consider a biallelic X-linked locus with alleles (4,a). If the initial
frequencies of the allele 4 among males and females are p; and p,,
respectively, in how many generations will the frequency of 4 be p* among
males?

(b) Suppose that the mutation rate from allele 4 to allele a is 0.003 per
generation and that from a to A4 is 0.002 per generation. In how many
generations will the frequency of allele a increase from 0.1 to 0.27

(c) Consider a disease controlled by an autosomal biallelic locus. If an
individual is affected, show that irrespective of the disease model, it is
equally likely for the grandmother and the nephew of the individual to be
affected. [10+ 10+ 10=30]

3. Compute the expected identity-by-descent (i.b.d.) score at an autosomal
biallelic locus for a pair of sibs, both of whom are heterozygous at that
locus. If it is known that one of the parents is also heterozygous at that locus,
what is the expected i.b.d. score for the sib-pair? [8 +8=16]

4(a) Consider two autosomal biallelic linked loci with alleles (D,d) and
(M,m) respectively. The following are genotype data on two nuclear
families:

Family 1: father is DM/dm, mother is Ddmm, offspring are DdMm, Ddmm
and DDmm

Family 2: both parents are Dm/dM, offspring are DDmm and DdAMM



Compute the LOD score for testing the presence of linkage between the two
loci based on these two families. - [15]

(b) Consider the following data from an affected sib-pair study (both sibs
are affected and affection status of parents are unknown) on schizophrenia .
CHRNA7 (cholinergic receptor nicotinic alpha polypeptide 7) on
Chromosome 15 is believed to be a candidate gene for schizophrenia.
Twelve sib-pairs comprising all affected siblings (along with their parents)
were genotyped at a triallelic marker locus D15S1012 near this candidate
gene. Do these data provide evidence of linkage between DI5S1012 and a

locus controlling schizophrenia? [15]
Sib-pair Parental genotypes Genotypes of affected sibs
1 AA,AB : AAAB
2 AB,BC AB,BC
3 AB,CC AC,BC
4 BB,BC BB,BB
5 AB,AB AB,AB
6 ACAC AAAA
7 AB, BB AB,BB
8 AA,AB AA,AB
9 BB ,BC BCBC
10 CC,CC CC,CC
11 AB,AC AC,BC
12 ACAC AAAC

5(a) Explain why linkage disequilibrium exists over much smaller distances
on the genome compared to linkage.

(b) In a case-control association study based on 200 cases and 300 controls,
the following genotype data were observed at a marker locus:

Genotype AA AB BB
Cases 100 85 15
Controls 110 140 50

Do the above data show significant evidence of association between the
marker locus and the disease based on Odds Ratio? [4 +10 = 14]
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Note: Attempt: all questions. Answer Group A and Group B questions in separate

1.

answerscripts.

Group A

For a two-class problem with equal prior probabilities and misclassification costs, let
the class densities be p;(x) = N(pu,,0%I), for i =1, 2.

(a) Express the optimal error rate P* in terms of the c.d.f. of the standard normal
density and LEe o Bl (8]

(b) Let, p; = 0 and py, = plps, where 1, is the M-dimensional vector with all
entries equal to one. Show that in this case, P* goes to 0 as M goes to infinity. Give
an interpretation of this result. 8]

Assuming equal prior probabilities and equal misclassification costs, find the overall
Bayes error and the overall asymptotic probability of error for the 1-NN rule in a
2-class problem based on a single feature x where the class densities p;(x) and p2(z)

are as given below: [6 + 8]
_Jz for0 <z <1, d pas) = z—1 forl1<z<?2,
pi(z) = 2—z forl<z<2 and paE) = 33—z for2<z<3.

. Show the required architecture (with appropriate weights) of a multilayer perceptron

which can solve the two-dimensional two-class classification problem where the first
class consists of all points in the first and the third quadrants of the measurement
space and the second class is the complement of the first class. 110

. Describe briefly the minimal cost-complexity pruning algorithm for generating the

a-sequence and the corresponding smallest minimizing subtree sequence in CART.
[10]

(Please Turn Over)



1.

Group B

(a) What is the outcome of applying histogram equalization to the histogram-
equalized version of a low-contrast image? Explain.
(b) What is salt-and-pepper noise in the context of a graylevel image? How can you

*infer whether a given image is corrupted by this kind of noise? Write down a
spatial filter which is most successful in reducing such noise.

[3+(2+3+2)=10]

(a) Proposing an appropriate model for image degradation, discuss how the Wiener
filter is used to restore a graylevel image.

(b) Explain how a graylevel imége can be segmented into internally homogeneous
regions, through region splitting and merging based on quadtrees. State clearly

the underlying assumptions.
[5+5=10]

(a) Use the Huffman coding technique to generate a compression scheme for a
graylevel image in which there are 8 graylevels with probabilities of occurrence
0.1, 0.15, 0.25, 0.3, 0.05, 0.15, 0, and 0 respectively. '

(b) Discuss how first-order digital derivatives can be used to detect edges in a gray-
level image.

(c) To identify the boundaries of internally homogeneous regions in a gray-level

image, is it enough just to apply an edge detection technique? If not, explain
what additional operation(s) need to be performed, and how.

[(4+3+3=10]

. Consider a set of n observations on a D-dimensional measurement vector Y for a

c-class pattern recognition problem. in which n; of the observations are from class i.
i=1,2,...,c. Describe any suboptimal feature selection algorithm that can reduce

the number of variables iteratively to d (<< D) so that the successive feature subsets
obtained are not nested. (10}

. State a method of splitting a dataset consisting of N observations into k clusters by

iterative optimization of the sum-of-squared-errors criterion, explaining clearly the
rationale behind the key steps. [10]
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Answers must be justified with clear and precise arguments. If

you refer to a theorem/result proved in class, state it explicitly.

More than one answer to a question will not be entertained and
only the first uncrossed answer will be graded.

1. (a) Consider [0, 1] with & = counting measure and A\ = Lebesgue mea-
sure on B([0,1]). Show that A < p but there is no Borel measurable
g such that A(A) = [, gdu for all A € B. Does this contradict the
Radon-Nikodym theorem?

(b) Suppose on (€, F,P) we have independent random variables X
and Y. By E(-|X) we mean E(-|o(X)). Show that for any Borel set
P(Y € B|X) = P(Y € B) as. In addition if E|Y| < oo then show
that E(Y|X) = E(Y) as.

2. Let Vn, Q, = {0,1}, a4, Bn € (0,1), and pa, be the measure given by
o, ({0}) = an, pa, ({1}) = 1 — o, Similarly define pg,. Denote a =
(a1, 09, -+ ) and similarly 8. Let pq and pg be the product measures
constructed from pq,’s and pg,’s.

(a) Prove that either (u, < pp and pg < po) or pq L pg. Show that

(B < pp and pg < fio) holdsiff 3" (1=v/@nBr— /(T — an)(1 = Bn)) <
0.

(b) Show that if an, B € (6,1—6),0 < 6 < 1/2, then 3 _7"(1—Vanfn—
VI = 0n)(1 = Bn)) < 00 iff Y77 (am = Ba)? < 0.

3. Consider the following Markov chain: Xy = Oand for alln € {0,1,2,.. -+
and for all k € {1,2,...}

P(Xn-’rl =n-+ 1|Xn = n) = Pn+i
P(Xp41=—(n+ DiXn=n) = 1-pap
P(Xp41 = —k| X, = ~k) = L

1



(a) Show that if ppy1 = (2n + 1)/(2n + 2) for all n, then {X,} is a
martingale.

(b) If the p, are chosen as in (a), show that the martingale converges
-a.e. to a finite limit although E|X,| — oo (for the expectation, note
that IXn+1| = (]an + 1).1()("20) + |an‘1(Xn<0))'

. Suppose Y1, Y3, - - - are independent, positive random variables and that
EY,=1 Pt X, =Y,.Ys. - Y,. haanaaae

(a) Show that {X,} is a martingale and converges with probability 1
to an integrable X.

(b) Assume further that Y, assumes values 1/2 and 3/2 with probability
1/2 each. Then show that X = 0 with probability 1.

. Let {X,,} be a Markov chain with state space {0,1,--- , N} and suppose
that {X,} is a martingale.
(a) Show that 0 and N must be absorbing states.

(b) Let 7 = Vo A Vy where V, = inf{n > 0: X, = a}. Suppose
Pyt < 00) > 0for 1 < z < N. Show that P,(7 < o¢) = 1 and
P, (Vy < Vo) =z/N.
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Precisely justify all your steps. Carefully state all the results you are using.

1. LetY = C[0,1] with sup norm. Let X = {f € Y : f’ € Y} with the sup norm. Define
the mapping D : X — Y by D(f) = f'.

(a) Show that D is an unbounded operator.
(b) Show that D has a closed graph. _
(c) Why doesn’t (b) contradicts the closed graph theorem? [5+5+5 = 15]
2. Let X be a Banach space and P : X — X be a linear map such that P? = P and both
P(X) and ker(P) are closed. Show that P is continuous. [10]

3. Show that if X and Y are normed spaces and the space B(X,Y) of bounded linear
operators from X to Y is a Banach space, then Y is a Banach space. [10]

4. (a) Let X be a normed linear space over R and f : X — R be a linear map. Show

that ker f = {x € X : f(x) = 0} is either closed or dense in X. [5]1
(b) Let X be a Banach space and f : X — R be a linear map. Show that f is
continuous if and only if ker f is a Gs-set in X. [15]

5. A subset A C X* is said to separate points of X if whenever z; # z2 € X, there
exists f € A such that f(z;) # f(z2).

Let X, Y be Banach spaces. Let A C Y* separate pointsof Y. LetT : X — Y be a
linear map. Show that T is continuous if and only if g o T is continuous for all g € A.

[10]
6. Let H = L?[0,1]. For ¢ € L™, let My : H — H denote the multiplication operator
defined by My f = ¢f for f € H. Show that || My|| = [|¢]|c- [15]

7. Let N : 'H — H be a normal operator on a Hilbert space H. Show that A is an
eigenvalue of N if and only if A is an eigenvalue of N*. [10]

8. If T is a compact, self adjoint operator on a Hilbert space, then there exist an eigen-
value X of T such that || =|| T ||. [10]



(b) What is a projection pursuit regression model? How will you fit this model to a data set consisting

of n observations on Y, X, and X2, where Y is the response variable and the other two are regressor
variables? ‘ [2-+4]
6. (a) Suppose that X1, Xa,..., X, itd F, where F is a univariate continuous distribution with finite second
moments (ie., Er(}X?|) < co). Show that Tp(F,) is a biased estimators of To(F) = Ep(X?) -
[EF(X)]?. Find the corresponding jackknife estimator and check whether it is unbiased. [244+2)

(b) Study the behavior of the bias of the jackknife estimator when the bias of T;, = T'(F,) is of the order
(i) O(n~?) (ii) O(n~?) for some & € (0,1). [2+3]

(¢) If n observations are chosen at random with replacement from set of n distinct observations, how
many different samples are possible? Let R be the number of distinct observations in the sample.

Find the expectation and the variance of R..Show that R/n Bil-etasno . [3+4+2]

7. (a) Consider a regression problem where X takes values in the interval [—1,1) and the true regression
function f is monotonically ihcreasing. Show that the Nadaraya Watson estimate of f(1) will have
negative bias. 3]

(b) Describe how you will construct a locally cubic estimate of a regression function. 3]

(c) Briefly describe how cost-complexity pruning can be used to select the size of a regression tree.  [4]

8. (a) Let f be a non-negative continuous function defined on [a,b] and fy = max,<z<s f(x) < co. In order
to approximate § = [ : f(x)dz, a person generates some independent observations uy,us,.. ., u, from
U(a,b) and uses Ty = (b — a) }_,., f{ui)/n as an estimate. Another person generates some indepen-
dent observations (z1,w1), (z2,w2),.. ., (2n,ws) from U(a,b) x U(0,1) and uses Tp = > 0 ; I(fow; <
f(zi))/n as an estimate. Check whether these estimates are unbiased. Which of these two estimates

will you prefer and why ? [244]

(b) Give an appropriate sampling algorithm for generating observations from the joint distribution with

probability density function f(x,y,z) o« e~ (FV+2uz+dzz)gy+ly, /(1 4 pYv+etl gy 2> 0. [4]
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1. A set of n independent observations x;, %z, ..., X, are generated from a mixture of three bivariate normal

distributions differing only in their locations.
(a) Describe how EM algorithm can be used to estimate (i) the mixing proportions (i) locations of the
three distributions and (iii) the common dispersion matrix. 6]

(b) If these mixing proportions are of the form p?, 2pg and ¢* (p > q), how will you modify your algorithm
to estimate p 7 . [4]

2. Suppose that the distribution of a p-dimensional random vector X is symmetric about .

(a) Show that g is the half-space median of the distribution. [4]

(b} If H(X — p) has the same distribution for all orthogonal matrices H, for any x € BP, show that spatial
depth of x is a decreasing function of |[x —~ pl|- 18]

(c} If H(X — ) has the same distribution for all orthogonal matrices H, and X has finite second moments,

show that E[(X — p)(X — p)'] is a constant multiple of the identity matrix. 6]

{(d) Give an example of a p-dimensional symmetric distribution, which is not elliptically symmetric. 2]

3. (a) Show that in the case of simple linear regression, the least squares estimate of the slope can be viewed
as a weighted average of the slopes between the pairs of observations. What is the Theil-Sen estimator
of the slope ? [4+2]

(b) Define regression depth of a fit. Give an example of a nounfit that yields some positive as well as some
negative residuals. [2+2]

4. Following observations are generated from a univariate distribution.

127 14.6 139 108 101 13.2 127 158 133 1138
15.2 14.1 13.6 124 13.0 11.4 105 152 14.0 121

Find a value of § that minimizes

(a) Median{|y, ~ 8, |y2 — 6],..., ly20 —~ 01}. [4
(b) 4220 fyi — 81+ 2 (y: — 6). (4

5. (a) Suppose that the regression function f is to be estimated from the data using linear splines based on
power basis functions. Let t; < t3 < ... < t19 be 10 equi-spaced knots placed on the range of the
X-variable. If there are no observations in the interval (¢4, %], show that the design matrix cannot

have full column rank. [4]
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1. Find Iz, if g, = 1/(100 — z). (5]

2. A life office issues an annuity to a woman aged 65 exact and a man aged 68 exact. The
annuity of Rs. 20,000 per annum is payable annually in arrears as long as either of the lives

is alive. :
(a) Calculate the expected present value of this benefit. 2]
(b) Calculate the probability that the life office makes a profit in this case if it charges a
single premium of Rs. 320,000. 4]

Basis: Interest: 4% per annum; Mortality: Female: PFA92C20, Male: PMA92C20.
[Total 6]

3. (a) List the cash flows involved in profit testing a regular premium term assurance contract
by giving the sign of the cash flow (“+” for income and “-” for outgo to the Company).

8]

(b) Define and explain the following terms: (i) Profit Vector, (ii) Profit Signature, (iii) Net
Present Value of Profit and (iv) Profit Margin. [4]
[Total 7]

4. (a) Under what circumstances the non-unit reserve is required to be set up in a unit linked
contract. Explain how reserving bases affects the profitability of a life insurance contract.
[4]
(b) In-force expected net cash flows of a single premium 5 year life insurance contract are
(-300, -200, 1000, -400, 200). Calculate the reserves required at the beginning of each of
the second, third, fourth and fifth policy year and give the revised profit vector allowing

for the reserves.
Assume that reserves earn interest at a rate of 6% per annum and the regulations do
not allow negative reserves. You may ignore mortality. [4]

[Total 8]
5. A 2-year term assurance policy is issued to a life aged x. The benefit amount is Rs. 100,000

if the life dies in the first year, and Rs. 200,000 if the life dies in the second year. Benefits are
payable at the end of the year of death.

{a) Give an expression for the present value random variable for this benefit. 2]
(b) Calculate the standard deviation of the present value random variable assuming that
gz = 0.025, gz41 = 0.030 and i = 0.06. 4]
[Total 6]

6. As a pricing actuary, you are profit testing a unit linked product with the following features:

e The sum assured plus unit account value is payable on death. Sum assured is Rs. 500,000
in the first year which reduces by Rs. 100, 000 at the end of each year.



e The unit account value is payable on maturity.

o The unit account value less surrender charge is payable on surrender.

¢ The policy term and premium payable term is 3 years and all premiums are payable on
annual basis i.e., at the beginning of every year.

The Company will offer the customers to choose either of the following two charging struc-
tures:

Charge - Charge Structure A Charge Structure B
Allocation rate (% of pre- | 80% of first year premium | 94% of all premiums
miums invested into unit | and 101% of each sub-
account) .| sequent premium of the

year .
Bid offer spread 5% 5%
Surrender Charge Nil 15% of outstanding pre-

' miums

Fund Management | 1% per annum 1% per annum
Charge .
Mortality Charge Nil Nil

The following profit test assumptions are given to you.

e Expenses: Rs.2,000 at the start of the first policy year and Rs.500 at the start of
subsequent policy years.

Commission: 10% of first year premium.

Dependant Rate of Mortality: 0.001 per annum for all ages.

Dependant Rate of Surrender: 0.15 for first year and 0.10 for second policy year.
Unit Growth Rate: 10% per annum.

Interest rate on non unit cash flows: 6% per annum.

You may further assume the following.

Expenses (excludes commission), death claims and surrenders occur at the end of the
‘ year.

e The Fund Management Charge for a year is deducted at the end of the year.

e The investment return on the unit account is credited at the end of the year.

The interest income on non unit cash flows is earned at the end of the year.

o Non unit reserve is zero at the end of each year.

(a) Calculate the unit account value payable to the policyholder in respect of both the charge
structures at the end of the three year period if the annual premium is Rs. 100,000. [6]

(b) Which charge structure is more profitable to the company assuming risk discount rate

of 10% per annum? 3]
(c) Comment on the capital need of the two charge structures for this product. (3]
[Total 12]

7. Explain how the level of education or the type of occupation influences the mortality and
morbidity experience of a group of insured lives. [5]



8. List the advantages and disadvantages for using single figure indices to measure the mortality

rates. [3]

9. A male life aged 63 years exact and his spouse aged 60 exact buys a joint life annuity. The

contract provides following three benefits.

* Benefit A: an annuity certain of Rs. 20,000 per annum payable monthly in advance during
first 10 year of the contract.

¢ Benefit B: A deferred annuity of Rs. 20,000 per annum payable monthly in advance. This
benefit commences immediately after the 10 year expiry period of Benefit A. This benefit
is payable as long as both spouse are alive on the due date of the annuity installment.

e Benefit C: A deferred reversionary annuity of Rs. 15,000 per annum payable monthly in
advance. The first annuity instaliment is payable on the ‘monthiversary’ following the

later of the expiry of the 10 year benefit A period and the death of any one of the two
annuitants.

Calculate the single premium for this contract. You should use the following assumptions to
calculate the premium.

Mortality: PA92C20 mortality tables (as applicable for male and females).
Interest Rate: 4% per annum.
Expenses: Policy acquisition expenses of Rs. 500 per contract; No Maintenance expense.

Commission: 2% of the single premium.

[10]

10. A pension scheme provides retirement benefit payable on ill health retirement only. The

11.

12.

benefit is 1/80th of final pensionable salary for each complete year of service including the
prospective service until ‘age retirement’ at age 60.

Final pensionable salary is defined as the average of the earnings in the three years imme-
diately preceding the date of retirement. Derive formulae for the evaluation of the present
value of the benefit for a new member aged exactly z.

Define all functions you use and state clearly all assumptions you make. {7

Discuss the “Selection Process” in underwriting of cases in life insurance business. How
can selective withdrawals affect the mortality experience of a portfolio of life insurance and
annuity polices? [5]

A life insurance company issues a 10-year decreasing term assurance benefit to a man aged
50 exact. The death benefit is Rs. 100,000 in the first year, 90,000 in the second year and
decreases by Rs. 10,000 each year so that the benefit in the 10th year is Rs. 10,000. The death
benefit is payable at the end of the year of death.

Level premiums are payable monthly in advance for the term of the policy, ceasing at earlier
death.

Calculate the annual premium using the following basis.



13.

Interest: 6% pa.
Mortality: AMO92 select.

Initial expenses: Rs. 200 and 25% of total annual premium (all incurred
on policy commencement).

Renewal expenses: 2% of each premium from the start of the 2nd year
and Rs. 50 pa, inflating at 1.923% pa, at the start of
the second and subsequent policy years.

Claim expenses: Rs. 200 inflating at 1.923% pa.

Inflation: For the renewal and claim expenses, the amounts
quoted are at outset, and the increases due to in-
flation start immediately.

3

8]

(a) If P, is the annual premium under a whole life assurance policy to a life aged z, then
show that .

(Ve + Po)(1 +14) = 141V + gope(l — ¢41Va). [4]

(b) Explain the above equation by general reasoning. 2]

(c) Explain what is meant by “actual death strain” and “expected death strain”. 2]

(d) Calculate the profit or loss from mortality for the year to 31st December, 2007. The

deferred annuities are payable yearly from the 60th birthday and Sums Assured under
the Whole Life policies are paid at the end of the year.

As at 31-12-07 Year 1-1-07 to 31-12-07
Class Age | No. of | Sum Assured | Contracts ceasing by
at yearsin | or annuity | deaths: Sum Assured
entry | force pa (Rs.) or annuity pa (Rs.)
Whole life annual | 30 10 500,000 5,000
. premium
Deferred Annuity { 40 20 60,000 1,200
single  premium
without return
Basis: Mortality: AM92 ultimate; Interest: 4% pa. [10]

[Total 18]
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Note: Answer all questions

1.

(a) What is the difference between censoring and truncation?

(b) Describe left truncated right-censored data. Write down likelihood function
corresponding to a continuous lifetime distribution based on left truncated
right-censored data.

[2-+2+2 =6)
. Consider a lifetime T with the hazard function
A for0<t<y
)\(t) = Ao for th <t <iy
Az fort, <t< oo
Find the survival function and mean lifetime.
[5+3=8]

. Consider a mixture of two exponential distributions with hazard rates A; and A,.

Check whether the mixture distribution is IFR or DFR.
[10]

Suppose we have ten individuals on study with the following times on study (+ de-
notes a right-censored observation): 3, 4, 5+, 6, 6+, 8+, 11, 14, 15, 164+. Compute
the Kaplan-Meier estimate of S(15). Discuss a graphical method to check whether
the data are from Weibull distribution or not.

[743=10]

. Consider for a Type-I censoring scheme, with censoring time t, =0.4, observed

failure times are 0.067, 0.090, 0.116, 0.140, 0.148, 0.174, 0.179, 0.190, 0.253, 0.384
out of 30(= n) samples. Perform the modified Kolmogrov Smirnov test to check
whether the data are from U(0,1) or not. For truncation proportion 0.4 upper
alpha value Up g5 = 1.1975.

[10]

P.T.O.



. What is the Mann-Whitney form of the Wilcoxon test for two sample problems?
Describe Gehan’s Generalization for the censored data.

[4+6=1g

. Suppose the survival prospect of two groups of patients are to be compared using
covariate Z. Group 0, indicated by Z= 0, has survival function Sy(t) = exp(—Xt).
Group 1, indicated by Z= 1, has survival function S;(t) = Sp(t)?.
(a) Show that the two groups follow the proportional hazards model.

(b) Consider random right censored data (z;,d;,2), ¢ = 1,...,n. Find the maxi-
mum likelihood estimate of A and .
[2+8=1(]

. Suppose a continuous lifetime random variable T given Z satisfying proportional
hazard model

Mt; Z) = Ag(t) exp(B'Z)

is grouped into intervals Iy, Io,..., Ix+1, where I; = [a;_1,a;] and 0 =ag < a3 < ...

< af < Gg41 = 00. Define Ty =14, if g, < T < a;. Find the discrete hazard of Ty
for given Z.

6]

. Let T be a continuous survival time. Given a covariate Z, suppose that log survival
time Y follows a linear model with logistic error distribution

Y=InT=p+pZ+cW,
where pdf of W is given by f(w) = e¥/(1 + %), ~00 < w < 00.

(a) Check whether the regression model is proportional hazard model or not.

(b) Find the survival function of T for given Z.

(c) Consider two individuals with different covariate values. Show that, for any
time t, the ratio fo their odds of the death is independent of t.

[4+2+4=10|
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Answer all questions

. State and prove LeCam’s Third Lemma. Explain with an example how
this lemma might be useful in the study of asymptotic relative efficiency
of nonparametric tests for location. : 8]

. For each n > 1, let us denote by P, be the joint probability distribu-
tion of n iid observations Xy, ..., X, from N(0,1) and by @, the joint
probability distribution of n iid observations Xj, . .., X, from N(u,, 1).
Show that @, is contiguous to P, if and only if x, = O(n™'/2) as
n— 0. [6]

. Consider a sequence of statistical experiments (X", A", P} : 0 € © C

- R?). Define Local Asymptotic Normality at a certain parameter value

6o € ©. Show that under i.i.d. sampling from a common distribu-

tion Pp,0 € © C R, © open and usual Rao-Cramer type regularity

conditions on the density of Py, the family {Pf' : 6 € O} satisfies

the Local Asymptotic Normality condition at 6y € © with normalizer
1

Pn = = : [2+4]

. Consider the model {P, : § € ©}, © C R and Py << v, Vf € © and
-‘-i{f-y"- = f(z,0). Assume Quadratic Mean Differentiability at 6, € ©.

Show that for all € > 0, Py {|h(X;,u)| > €} = o(u?), where symbols
have usual meanings. 6]

. Consider the family {P;, ¢ € (0,00)} where Py = U0, 0] for each ¢ > 0.
Is the family QMD at any 6, > 0 7 Justify your assertion. [4]
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Answer any 4 of the following questions each carrying 10 marks.

Assignment Records to be submitted on the date of the examination carry 10 marks.

1 Find an admissible estimator for a finite population total among all of its unbiased
estimators based on a general sampling design.

2 Derive Hartley & Ross’s unbiased estimator for a finite population total. Give an
unbiased estimator for its variance.

3 Given raw survey data based on a non-informative sampling design, derive a sufficient
statistic. Show how this is useful in deriving a better estimator for a finite population
‘total compared to one which is not based on a sufficient statistic.

4 Given stratified SRSWOR survey data show how you may assess if stratified SRSWOR
may be better than SRSWOR from an entire population.

5 Appropriately denoting the

(1) Total number of residential buildings in a given city,

(i1)  The number of households such a building may contain and

(iii)  The number of members in such a household explain how (a) you may choose
such a household with a probability proportional to the number of members in it
and (b) also how you may randomly choose such a household.

*kkkk
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1. Describe two benefits and two limitations of using models in actuarial work. [2+2=4]

2. (a) Define the following stochastic processes:

i. a Poisson process
ii. a compound Poisson process; and

ili. a general random walk 3]

(b) For each of the processes in part (a), state whether it operates in continuous or
discrete time and whether it has a continuous or discrete state space. (3]

(¢) For each of the processes in part (a), describe one practical situation in which an
actuary could use such a process to model a real world phenomenon. (3]

' [Total 9]

3. Adieis rolled repeatedly. Consider the sequence By, which is the largest number found
in the first n rolls.

(a) Explain why B, is a Markov chain. [1]
(b) Determine the state space of the chain. {1}
(¢) Derive the transition probabilities. [1]
(d) Explain whether the chain is irreducible and/or aperiodic. ' [1]
(e) Describe the equilibrium distribution of the chain. [1]

[Total 5

4. A three state process with state space {4, B, C} is believed to follow a Markov chain
with the following possible transitions:
Ato A, AtoC,
Bto B, Bto A, BtoC,
C to C, C to B.
An instrument was used to monitor this process, but it was set up incorrectly and only
recorded the state occupied after every TWO time points. From these observations,
the following two-step transition probabilities have been estimated:
P2, = 0.5625, Pz = 0.125, P, = 0.475, P%; = 04.
Calculate the one-step transition matrix consistent with these estimates. 18]



5. (a) Consider continuously monitored data from a, non-homogeneous Poisson process

(NHPP) with rate )\(t) = Ae™%, X, 8 > 0, and observed during [0, 7]. Write down
the corresponding likelihood function. 3]

(b) Suppose claims from a particular portfolio arise according to a Poisson process
with rate Ag per day during rainy season (16 June - 15 October) and A\ per day
during other time of a year. In the observation period of two years (1 January
2011 - 31 December 2012), there are 84 claims during rainy season and 102 claims
during other time. Obtain the maximum likelihood estimates of Az and Ao from
this data. 5]

[Total 8]

6. Consider an illness model in which the instantaneous transition rate from the healthy
state (H) to the ill state (I) is & and that from I to H is 8. The instantaneous transition
rate to the dead state (D) from H and I are u and J, respectively.

(a) Write this as a continuous time Markov jump process by defining the process and
specifying the matrix of instantaneous transition rates. 2]

(b) Derive an expression for the conditional probability that the subject is in state
I at time ¢ with current sojourn time C} being greater that w(< t) given that
the subject is in state H at time 0. This expression may involve some transition
\probabilities. _ (3]

(c) Assuming 8 = 0, obtain an explicit expression for the probability in (b) above
without involving any transition probability. [4]

(d) Given that the subject is in state H at time 0, describe an algorithm for simulating
continuous monitoring data of this illness model for the subject till time 7.  [3]

[Total 12]

7. Consider a portfolio of car insurance policies in which major claims arise according to
a Poisson process with rate A and minor claims arise, independent of the major claims,
according to a Poisson process with rate . What is the probability of n claims during
[0,]? Given that there are n claims during [0,¢], what is the probability that n; of
them are major? Obtain the probability that the first claim is a major one. [2+3-+4=9]

8. (a) A continyous time stochastic process with states A, B and C is modelled as a
Markov jump process with the following generator matrix

—0AB — CAC OAB gAC
0BA —0BA — O0BC gBC
gca ocB —0cA — OCB

Write down the one-step transition matrix of the jump chain associated with the
presumed jump process. 3]



(b) The following data have been collected from observation of the process.

Transition Transition Number of transitions
from state  to state in one jump

A B 110

A C 90

B A 80

B C 45

C A 120

C B 15

Estimate the transition matrix of the jump chain you have obtained in part (a),
assuming that the underlying process is a Markov jump process. [3]

(c) The following additional data have been collected from observation of the process,
in respect of successive transitions.

Sequence of  Number of Sequence of  Number of

states visited occurrences states visited occurrences
" ABC 42 BCA 38
ABA 68 BCB 7
ACA 85 CAB 64
ACB 4 CAC 56
BAB 50 CBA 8
BAC 30 CBC 7

Test the goodness-of-fit of the Markov jump process model by considering whether
triplets of successive transitions are consistent with the hypothesized transition
probability matrix, as estimated in part (b). 6]

[Total 12]
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The maximum you can score is 30. Answers must be justified

with clear and precise arguments. If you refer to a theorem/result

proved in class, state it explicitly. More than one answer to a

question will not be entertained and only the first uncrossed answer
will be graded.

1. Suppose uw is the standard Wiener measure on C[0, 1] and f € L?[0, 1]
(nonrandom). Consider the probability measure on C[0, 1)

dji = el fedWe—3 [y 24

and the process Wt =W, — fot fsds, 0 <t < 1. Compute for o, € R,

/ WotBWe—Wa) gy ) < 5 < t < 1.
clo,1

2. Suppose (M;, F;),0 < t < 1, is a martingale and 7 is a stopping
time taking value in [0,1]. It can be shown that the stopped pro-
cess (Mynt, Fra), 0 < t < 1is a martingale. Assuming this Show that
(Mps, F),0 < t < 1, is also a martingale. (Hint: The following

/Mt/\'rz/Ms/\T
A A

holds for all A € F,xs, you have to prove it for all A € F,. So, for
A € F,, consider

A =An{r>s}, Ao =An{r <s}.

Show that A; € F.a, and establish the required equality appropriately
justifying all the steps.)



3. Calculate explicitly E(Ster(T‘t)_Iz;tJrX — ¢yt where X ~ N(0,T — t),
and S, is given. The result should be expressed in terms of the standard
normal cdf. For convenience you can put S; = z > 0, and take r, ¢ to
be positive real numbers.

4. (a) Compute E(fos Wdeu).(fot Wdev), where 0 < s < t < 1, are
fixed.

(b) Write down the Ito formula connecting W and W¢ for fixed t €
[0,1].
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Attempt all questions:

1. (a) Let X be an (n x q) data matrix in which each row corresponds to a ¢ - variate size
measurement available at ¢ time points on one of n individuals. Write down the expressions for
four estimated relative growth rate (RGR) vectors (each having dimension (1 x ¢ — 1)) based on
the empirical RGR estimates and all (¢ — 1) samples each of size n.

(b) Discuss Lyapunov and asymptotic stability. State and proof the stability theorem for single
species growth dynamics.

(4+2)+(2+2)+5=15]

or

Find the analytical solution of the growth curve governed by the following growth equation

1 dz(t)
z(t) dt
where, a,b > 0 and ¢ is an integer. Compare the point of inflexions for ¢ = 0 and 1 with proper
interpretations. Write down the step(s) for testing the equality of expected time points for which
RGR is maximized based on the data as described in 1 (a) for two species. You have to assume
that the data matrix has proximity to the growth curve as expressed in equation (*).

= btexp(—at) (%),

[7+ 4+ 4=15]

2. Let us consider the following growth equation

08
é%(?tl = rx(t)? [1 - (%@—) ] , (x%)

where, z(t) be the size variable describes the growth profile of a specific species and (7,6, 5)
are the non-negative growth curve parameters.

(a) Interpret the above equation and its parameters through (i) the basic and two opposite
growth pulses and (ii) the birth - death rate expressions.

(b) Find the approximate analytical solution of the growth curve assuming size to be bounded
by twice the carrying capacity. Comments on the stability aspect of this approximate growth curve



without using the stability theorem.

(c) Evaluate the point of inflexion of the growth curve and compare it with the point of inflex-
ion of the logistic growth using the definition of log, lag and stationary phase (you may use some
limiting value of the paramter(s)).

(d) Define Allee effect and its critical size 7 Equation (**) can be used (with / without changing
the model structure) to model Allee effect phenomena with positive critical size / null critical size

- discuss.

(e) Derive the limiting form of the growth curve (**) with 8 = 1, high intrinsic growth rate and
low value of curvature parameter.

(f) The RGR of equation (**) can capture both monotonic and non-monotonic profiles while
plotted against density - proof or disproof it.
(2+2)+@+5)+4+4)+(3+3)+5+4=40]

3. A system consists of prey and predator population. The following dynamics is governed by
the population.

(i) The prey population grow in a logistic fashion with intrinsic growth rate parameter r and
carrying capacity K.

(ii) The interaction among prey and predator follow mass action law.

(iii) The predator population dies at a rate ‘ d’.

(a) Write down the system of differential equation based on the above descriptions.

(b) Find out the ecological feasible equilibria of the system with proper ecological meaning.

(c) Find out the condition(s) for which the system is locally asymptotically stable or unstable
along each equilibrium.

(d) How can you conclude about the global asymptotic stability of the system around the
co-existence point.

4+2+7+2 =15
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(1) Consider the social aggregation problem, where A = {z,y} is the set
of alternatives, |A4] = 2, N is the finite set of agents and |N| > 2.

(a) Suppose that the social welfare function satisfies symmetry and
neutrality and the number of agents preferring z over y is the
same as the number of agents preferring y over z. Then show
that the social welfare function necessarily prescribes indiffer-
ence between z and y.

(b) Define non-triviality and positive responsiveness of a social wel-
fare function.

(c) Can you find a social welfare function that satisfies non-triviality
and positive responsiveness but fails to satisfy Pareto? Justify
your answer.(5+1+4+4=10)

(2) State Arrow’s impossibility theorem. Prove Arrow’s impossibility
theorem using the notion of an ‘extremely pivotal’ agent. (2+418=20)

(3) Define ‘almost decisiveness’ and ‘decisiveness’. Show that if a social
ordering satisfies positive responsiveness, then ‘almost decisiveness’
and ‘decisiveness’ are equivalent. (24-8=10)
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Throughout this section, R¢ is the ¢-dimensional Euclidean space. Let
]Ri = {:v=(a:1,~-- 2 eRE 2 >0 for all 1 <h<{}
and
R, ={z=(a', - ,zY) eR: 2" >0foralll1 <h<¢}.

Q1. Answer all questions.

(i) Let O = {4, B,C, D} and > be a preference relation on the set of compound
lotteries over (. Suppose also that > and ~ are the strict preference relation and
the indifference relation respectively associating with >. Assume that > satisfies
the von Neumann-Morgenstern axioms and

¢~ 33w, B~ 2w jm], 4> 0
If
1= [, 5(8).5(0).50)] ana o= 231,200,

Determine which of the following is true: (a) Ly » Lo; (b) Ly > L;; and (c)
L] ~ LQ. [6]

(i) Let Ry denote the set of wealth and N = {1,2} denote the set of agents.
Suppose that U; : Ry — R be a strictly monotonically increasing and twice dif-
ferentiable function for i € N. If agent 1 is more risk averse than agent 2 then
show that there is a strictly increasing and concave function V' : R — R such that
Uy =Vols,. 18]

(iii) Consider the utility function U(z) = /z. Find the certainty equivalence
and the probability premium for lotteries

L= [%(16),%(4)} and L, = [%(36), %(16)] .

Compare the probability premium of Ly and L. 6]

Q2. Suppose that an agent has a preference relation > on R’ represented by a
utility function U : R¢ — R and an initial endowment w € R4 \ {0}.

(i) Let £ =3 and

z
Ulz,y,z) = VT + =
(x,y,2) = V& \/§+y+1+z
1
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If z > 0, then verify that (z,y + 2,0) > (z,y,z). If a price p = (p',p?,p%) € R},
satisfies p2 = p3, then show that the demand set D(p) C {(z,¥,0) : z,y € Ry }. (6]

(ii) Let £ = 2 and U(x,y) = 2*y?, where o, 8 > 0. Find the demand set D(p)
for all p € R%, when (i) o # 0 and B # 0; and (ii) & = 0 and S # 0. 8]

(ili) If {pn : n > 1} C RE , satisfies p, — p € R4, then there exists a bounded
subset B of R such that the demand set D(p,) C B holds for each n > 1. 16]
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Note : This paper carries questions worth a total of 48 marks. Answer as much as you
can. The maximum you can score is 40.

Throughout, (S, p) denotes a metric space and S denotes the Borel o-field on S. For any
function g on S, the set of discontinuity points of g is denoted by D,;. For A C S, the
boundary of A is denoted by JA.

1. Show that if S is complete and separable, then any probability measure P on (S,S)
is tight. (8]

2. (a) Show that for any real-valued function f on S and any real number ¢, one has
o{f >t} c DyL{f =t}
(b) Using (a) and Portmanteau, show that if P, — P on (S,S), then for any
bounded measurable function f : S — R with P(Dy) = 0, [ fdP, — [ fdP.
[Enough (?) to do it when 0 < f < 1]
(c) Use (b) to prove: If P, =+ P on (S,8), then for any measurable h : S — S’
with P(Dj) = 0, one has P,h~! =+ Ph~! on (5, 8). (6+6-+6)=[18]

3. Let {z,} be a sequence in S. Show that if d,, — P qn (S,S), then P = §, for
some z € S. [Enough (?) to do it for separable S.] [10]

4. (a) Let {B;,0 <t < 1} be a standard Brownian motion on some probabilituy space.
Define X, = B; — tB; for 0 < t < 1. Show that {X,} is a 0-mean Gaussian process
with continuous paths and Xy = X; = 0.

(b) With {X;} as defined in (a), define Y; = (1 + t)Xy/q4¢) for 0 < ¢t < oo. Show
that {Y;,0 <t < oo} is a standard Brownian motion. (6+6)=[12]
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1. Let X = (X1,X,X3)' be a trivariate random vector with mean vector 0 and
covariance matrix

a2 po? O
Y= | po® o po? |,
0 po? o°

where p € (-1/v2,1/V/2).

(a) Find the principal components of X.

(b) Determine the proportion of the total population variance that is explained
by each principal component.

(c) Will the principal components remain the same if they are determined from
the correlation matrix

1 p 0
R=|p 1 p|,
0 p 1
rather than from X7 Justify your answer.

[15+6+4=25]

2. Let X1, X5, X3, X4, X5 denote respectively the weekly rates of return of stocks (over
a fixed period) of five companies A, B, C, D and E, listed on the New York Stock
Exchange. Data on n = 100 weekly rates of return was used to obtain the sample

correlation matrix
1 577 .509 .387 .462

1 .599 .389 .322

R= 1 436 .426
1 .523
1

(Please Turn Over)



Based on this, the estimates of factor loadings for a 2-factor model were com-
puted by the maximum likelihood method. These are given in the following table,
together with the estimated varimax-rotated factor loadings:

Variable MLESs of factor loadings MLEs of rotated factor loadings
F F, F*y F*y
X1 0.684 0.189 0.601 0.377
Xo 0.694 0.517 0.850 0.164
X3 0.681 0.248 0.643 0.335
X4 0.621 -0.073 0.365 0.507
Xs 0.792 -0.442 0.208 0.883

(a) Using the estimated unrotated factor loadings, obtain estimates of the specific
variances, explaining briefly the underlying theory.

(b) In the unrotated factor model, suggest an interpretation of the two factors,
given that the companies A, B and C are chemical-manufacturing companies,
while D and E are petroleum companies.

(c) In what manner does the interpretation of the factors change after rotation?
Explain.

(d) Describe how the Maximum Likelihood method directly provides a test for
determining the optimal number (k) of factors.

(e) Discuss any method for estimating the factor scores.

[7+6-+4-+4+4=25)
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1(a)

(b)

2 (a)

(b)

Answer all Questions. Paper carries 70 points

Define sufficiency, weak conditionality and likelihood principles for statistical ex-
periements with examples.

Show that sufficiency and weak conditionality principles imply and implied by the
likelihood principle.

((54+5+5) + 15 =30

Let (X, A,{Pg}) be a statistical experimental model. For sub o~ fields, BC C C A
define B to be C-sufficient if for any C measuable, bounded function ¢ there is a
uniform version FE (¢||B) independent of 6. Also, let any two sub o— fields, B,C C A
be Py-independent if Pg(BNC) = Py(B) Py(C) for every 8, B € B and C € C. Finally,
let us define sub o— field B to be ancillary if Py(B) is independent of 6 for every
BeB.

Suppose that a sub o— field C is Py-independent of an ancillary sub o- field B and ’
together with B generates A, i. e., A is the smallest o- field that contains both C and
B, o(C,B) = A. Then show that C is A-sufficient. (restrict to discrete sample space
and partition o-fields only) -

Consider the experiement where X1, Xs,..., X} are iid samples from discrete U(0, 8)
for § € N. Compute the defifciency error minimizer between 8,1 € N as discussed
in the class (that is a a linear oprator 7 : £oo(N¥) — £, (N*¥) which minimizes for
& € fop(NF)
sup |E0 ((P) - Er} (T((p)) ’
lfll <1
(You can assume k = 1 to begin with)

[20 + 20 =40]
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' Let A be ann x n positive definite matrix .Consider the mixed

extension of the matrix game A. Show that value (A) 2 ( Bmin)/n,
where B, =minimum eigen-value of A .Give example of real

n X n matrices A where in the above inequality the following are
attained.

i) equality
ii) strict inequality ) [8+2+2]

2. Consider matrix A = ((aj)) nxn
letay=1 if i-j=1lor1l-n

=-1 ifij=-1lorn-1

=0 otherwise

i) Drive all equilibrium situations and optimal strategies in
context of the mixed extension of the game A, with n=4.
(P.T.O.)



ii)  Inthe context of the above matrix A (in ques. 2i) ), give

example of strategies X; Y, of players I and Il respectively
such that

X1AY. =value (A), but (X1 Y1) is not an equilibrium

situation. [8+4]

. Let A, xnbe a real matrix. Connsider mixed extension of the
matrix game A . Show that for all such A, maxx miny X A Y and
miny maxy X A Y' both exist ,where X varies over the set of mixed
strategies of player | and Y varies over the set of mixed strategies
of player il.

[11]

) 9,0,0.9.9.0.0.0.9.9.9.9.9.9.9999.9.9099¢
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Note: Answer as many questions as you can but the maximum you can score is 60. Total mark is 68.

1. Let T be a discrete survival random variable which takes values t; < t5 < .... Show that the mean
residual life at age t for ¢; <t < t;41 can be expressed as

(tivr = )S (i) + 2 jmiga (41 = 5)S(tj41)

MRL(t) = 0] .

2. Consider the following table to compare two treatments A and B,

Treatment — A B Total events
Event(Yes) dan dph dp,
Event(No) nan —dan | nBrL — dBn ny — dp,
| Total subjects AR ngh ny

(a) Derive the Cochran-Mantel-Haenszel test statistics and its large sample distribution in hyper-
geometric set up with proper statement of hypothesis and assumptions.

(b) Extend the test for multiple tables where A = 1,2,... k.

(c) How can you use this idea to compare two survival curves?
[4+4+2=10]

3. Suppose that the joint survival function of the latent failure times 7} and T3 for two competing risks
18
S(tl,tz) = exp(—AMt1 — Aoto — Atita), 0<t; < oo, 0< ity <o0.

(a) Find the marginal hazard function and cumulative incidence function of T3.

(b) Describe censored data corresponding to this model. Discuss why it would not be possible to
assess the adequacy of the joint model for (T7,T3) on the basis of data as you have described.

[(245)+(2+3)=12]

4. Suppose the continuous lifetimes T given z following Cox proportional hazard model A(t; Z) =
Mo(t) exp(BTZ) (Xol(t) is unspecified) are grouped into k + 1 intervals I; = [a;-1,0:), i =1,...,k+1,
with ag = 0 and a4 = o0. Assume that all censoring in I; takes place just prior to time a;, after all
deaths in I; have occurred. Write down the likelihood function for estimating 8 and Sp(a1), So(az),
..., where Sp(t) is the baseline survival function of T

4
P.T.0.



5. Consider the Cox proportional hazard model M(t: Z) = Ag(t) exp(87 Z), where Ag(t), the baseline
hazard function. is arbitrary and unspecified.

(a)} Suppose you have complete data. The observed failure times are t; < t2 < -+ < tp With

corresponding covariate vectors Z,. ..., Z,. Suppose U(f3) is the score function corresponding
to 3. Show that the score test statistic for the hypothesis Hy : 3 = 0 can be written as

n

U0) =3 Zi(1 ~ay),

i=1

where a; is the expectation of ith order statistic in a sample of size n from an exponential
distribution with mean 1.

{b) Consider a two sample problem using censored data with possible tie. Write down the score
statistic using Breslow’s approximate partial likelihood function. Argue whether it is the log

rank test or not.
(10+(4+2)=16]

6. Let T be a continuous survival time. Given a covariate Z, suppose that log survival time Y follows
a linear model

Y=WT=p+p5"Z +oe,

where e is error random variable.-

{a) Derive a linear rank statistic for testing Hp : 8 = fp based on complete data.

(b) Show that the expectation (under permutation distribution) of the test statistic under the null
hypothesis is zero.

(¢) Derive the scores if error follows standard extreme value distribution.

(5-+4+4=13

7. Consider a simple illness-death model as shown in the figure, where 0, 1 and 2 represents healthy,
illness and death states, respectively. Let Ty be the sojourn time in state 0 and T2 the same in state

1 before death. Let C be the censoring random variable independent of both 7j and Ti2. Suppose
that there are n individuals in a study with state 0.

(a) Describe the data with appropriate notation when time to occurrence of illness state is observed

for all the individuals. Write down the likelihood function for estimating the parameters, whes
/\01 (.’L‘) = /\01 and /\12(yll') = )\126‘%.

(b) Suppose that the time to occurrence of iliness state is unknown for some of the individuals.

Describe the data with appropriate notation. Construct the likelihood function when Mgy (z) =
Aor and App(yjz) = Ara.

[3+5=8]

0 Agy(x) ° has(rl) o
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Answer all questions

1. Suppose X,, i > 1 arc independent with X, ~ N(¢.0?). where § € R
is unknown and o,’s are known. Consider the problem of estimating ¢
based ou (Xy,...,X,). Is it possible to construct a sequence {T,},5; of
estimators based on (X, ..., X,,) which is consistent for # when o; = ¢
for ¢ > 1?7 What happens il ; = Vifori>17? Justify your answers. [5]

2. Let X,,...,X, beiid with common density f(x.4) (with respect to the
Lebesgue measure on R) and # € ©, © being a closed subset of R. Let
6y € © be the true value of the parameter §. Assume further that,

(i) for any 8 # o, By, (log f(X.6)) < By, (log F(X, o).
(if) Eg, (| log f (X, 80]) < oo,
(iii) limp—qEp, (log f(X. 8. p)) = Eg,(log f(X.8)), V6 € ©, and,

(iv) limy—,oc By, log @( X, 7) = —o0, where
flz.0.p) = sup{f(z.0") : 0’ € ON{—p.6+p]} and ¢(X.r) = sup{f(x.0):
{6l > r}.

Prove that

ﬁl f(X:.0)

lim,, 00 SUP f————— =0as. [P5r].
PP 1] f(Xq, o)
i=1
where F is any closed subset of © not containing 8. (8]

3. Let {Py,} and {Py,,} be two sequences of probabilities on some sequence
of measurable spaces (X, An) such that {P;,} is contiguous with respect

to {Ppa}. Let fin = 452, 1= 0,1 where S, = Po, + Pin. Let M, =

Sn (log f(‘)L: )"!. Show that My ([n,0]) = 0 as n — oo, 8]

4. (a) Consider the family of probabilities {Py : § € R} where Py has a
density f(z — @) with respect to the Lebesgue measure on R and

1
flz) = 56“*', z€R.

Is the family QMD at § =0 7 Justify your answer. 6}
(b) Define Local Asymptotic Mixed Normality. Give an example (with-
out proof) where this property is satisfied. 4]

5. (a) Define regularity of a sequence of estimators under the LAN setup. 2]

(b) Suppose Xi,....X,, are iid N(f.1) where § € R is \mk_nown._Con-
sider the Hodges’ estimator of ¢ that estimates ¢ by X, if [X,| >

_ n
n=14 and by 0 if |[X,| < n~1/4, where X, = 1 3 Xi. Is this esti-
i=1
mator regular at § =0 ? Justfy your answer. 51
(¢) Suppose now that {T,} is a regular (at f,) sequence of estimators

under the LAN setup with normalizing matrtix ¢,. Show that

lim inf Eg, LI¢ (T — b0)] > EL(Z),

n—oc

where Z ~ N(0,771(,)) and L is any subconvex loss. 6]



(d) State the Hajek-LeCam Local Asvinptotic Minimax Theorew. State
a necessary condition for a sequence of estimators to be Locally
Asvinptotically Minhimax. (4]

G. Suppose {Py 6 & R} satisfies the LAN condition at ¢, with normal-
izer —\/l—»; and now-singular 1(6). Show that the sequence of experiments

(P, . the R} couverges to the experiment {N(h.I7'(by)) : h €
R} 7!
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The question paper carries a total of 120 marks. You can answer any part of any question. But
the maximum that you can score is 100. Marks allotted to each question are given within
parentheses.

1. (a) State what you understand by PACF of a time series. Show that for an AR (2)
process, @,, # 0, ®,, #0, but ®,, =0 for k >3 where @, stands for the k* partial
autocorrelation coefficient of the time series.

(b) Find the 2-step ahead minimum MSE forecast at origin » of the following time series

(1-0.83)(1-B)* X, =(1+0.4B) a,, a, ~WN (0,1).
Further show that V(e,, ) <V (e,,,) where e,,,, h=12 , is the forecast error
associated with the A-step ahead forecast.

[4+11+9=24]
2. (a) Distinguish between deterministic trend and stochastic trend.

(b) Discuss what, in yo{n‘ opinion, is the most important problem in case the ADF test is
carried out without any consideration to structural break(s) in the time series.

(c) Describe the Quandt-Andrews test for detecting the presence of a single structural
break in a time series.

[5+8+8 =21]

3. (a) Discuss about the nature of unit roots in a quarterly time series.
(b) Describe the HEGY test for detecting the presence of seasonal and non-seasonal unit
roots in a quarterly time series data.

[6+12 = 18]



4. (a) Discuss briefly the problem of missing observations and its consequences in time
series analysis.

(b) Consider an AR (1) model with multiple missing observations, but no two missing
observations being consecutive. Describe, with derivations wherever necessary, the

forecasting replacement method for dealing with such missing observations. State also all
the underlying assumptions.

[6+13=19)]
5. State a simple state-space model along with all the assumptions. Show how prediction
and then updating are carried out in this model by applying the Kalman filter.
[13]

6. (a) State a representation, along with all assumptions, of the stationary time series in the

frequency domain approach, and then prove that under these assumptions, the time series
is indeed stationary.

(b) Given a finite realization {x,,x,,...,x,} of a stationary time series, obtain its

periodogram, and then show that this can be regarded as a sample analogue of
27 f(A) where f(A) is the spectral density function.

(c) The spectral density function of a real-valued stationary time series {x, } is defined on
0.7} by

150, 7#/3-0.02 <A< 7/3+0.02
0, otherwise

f(/l)={

and
on [-70]by f(A)=f(-4).

(i) Evaluate the autocovariance function of {x,} at lags 0 and 1.
(b) Find the spectral density function of { }where V=X ~x,_,.

[8+8+9 = 25]
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Four questions each carrying 10 marks are required to be answered.
Records of Assignments carrying 10 marks required to be submitted on or before the
last date of the semestral examination.

1 Considering a homogeneous linear estimator for a finite population total establish general results to
show how uniformly non-negative unbaised estimators for the Mean Square Error in estimation may be
derived.

2 Derive Brewer’s Asymptotically Design unbiased predictor for a finite population total. Give a

formula to estimate its measure of error.

3 Give an estimator for the finite population total correlation coefficient based on a varying probability
sampling scheme. Show that it lies in [-1, +1]. How will you estimate its measure of error?

4 Derive Murthy’s almost unbiased ratio type estimator for the ratio of two totals, explaining its
rationale.
5 Discuss how you may employ an RR technique to suitably estimate the proportion of people loyal to

their office bosses along with an estimated variance of the estimator employed.
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Note: 1. Answer all questions.
2. All the measures considered are probability measures
3. Total Marks: 58. Maximum you can score: 50.

1. Let (X, B,u) be a probability space and T : X — X a measure pre-
scrving transformation. Let f be a p-integrable function. Then
a) show that a,(z) := L 220 f(T*z) is uniformly integrable.
b) using (a) show that lim, a,(z) = E(f|Z)(z) a.s.[u] where Z := {A €
B:A=T"1A}

(You may assuine Birkoft’s Ergodic Theorem: lim, a,(z) exists a.s. and
is invariant under T'.)

9 + 9]

2. First prove (a) then using (a) prove (b).

a) Let {¢;; : 4,5 > 1} be a double indexed bounded sequence of real
numbers such that lim);_j|e ¢;j = 0. Then show that

b) Let (X,B,u) be a probability space and T : X — X be invert-
ible measure preserving strong mixing. Show that for every strictly
increasing sequence of integers {ky},

: 1& ks
lim /X IE ;IA(T z) — p(A)|?du = 0.

[6+12]

P. T.c.



Pélafk)

3. Let (X, B, i) be a probability space such that B is countably gencerated
and let T : X — X be an invertible measure preserving transformation
which has countable Lebesgue spectrum. Suppose that P is the spectral
measure corresponding to Ur, the Koopman opcrator associated with

T. 1f f is an Lo-function on (S Bsi A), where S' is the unit circle

and A Lebesgue measure and (f, 1) = 0 and (f, f) = 1 then show that
(P(A)f, f) = MA) for any Borel A C S

(9]

4. Suppose (X;, B;, ui, T;), 1 = 1,2 are two measure preserving dynamical

systems which are spectrally isomorphic. Then show that if one of them
is ergodic, the other is also so. '

[5]

5. a) If two mcasurc preserving dynamical systems (X, B;, pu, T;), 1 = 1,2
arc conjugate then show that they have the samec centropy.

b) Give an cxample to show that the converse is not truc.

[5+3]
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Answer all Questions.  Paper carries 115 points.

1 (a) Let (X,.A,Q) be a probability space and P be another measure defined on
(X, A). Suppose G C A, be a sub-sigma field. Further let (Qo,v, N) be a
Lebesgue decomposition of () with respect to P in the sense that Qg << P,
v 1 P and P(N¢) = 0,v(N) = 0 respectively. If N € G and dQy /dP is G-
measurablc show that for any bounded A-measurable function f, Eq,(f]|G ) Ix
+E,(f||G ) (1 — Iy) is a version of conditional expectation Eq(f||G)

(b) Let the experiment £ be described by iid observations X, Xo, ..., X, where

PXi1=0)=PX1=0-0)=PX1=0+0)=1/3,0 € Z and 0 €

N. Discuss differential nature of Ev(€,z) for different configurations of the

sampled data, where £ = (zq, 23, ..., Z,) in terms of sufficiency and likelihood
principles.

(15 + 10 = 25

2. Consider a multinomial model with n observations and k cell probabilities
given by 7(0) = (71(8), m2(8), ..., m(0)) where 0 is a real valued parameter
taking values in an open interval ® C R. Let the observation vector be
denoted by = = (x1,24,...,2;). Asume that 7 is a smooth function of § and
0<m(f) <1foralliandf€®O.

(a) Define local unbiasedness at 6 = §; and obtain the locally unbiased minimum
variance estimator at 6.

(b) Define the notion of local sufficiency at # = 8y and show that the score function
£1(x, Bp) is locally suficient.

(c) Define the statistical curvature x(6,) at 6, and show that locally unbiased
linear estimator T at 6y (explicitly derive it) based on ¢,(z, 68y + t/+/1(6p))
satisfics

Var ¢,(T) = I_(%o_) + K%(60) 1% + o(t?)

as t — 0 where I(0) is the Fisher information of the model.
[ 10 + 10 + 20 = 40]

.. P.T.O.



3 (a)

(b)

Describe the notion of a parametric testing problem remaining invariant under
a group of transformations G with one nontrivial example (explicitly compute
G. G, maximal invarinat and invariance of hypotheses) .
Suppose the problem of testing g against §2; remains invariant under a finite
group G = {g1. g2, . ... gn} and that G is transitive over € and Q, repectively.
Show that there exists a UMP invariant test of g against €2; and derive the
test statistic describing critical regions at different levels of significance.
[10+15 =25

Define the notion of indifference zone and maximin tests with one nontrivial
example.
Let 6 be a location parameter, so that fo(z) = g(z — 6), and suppose for
simplicity that g(x) > 0 for all . Show that the location family has monotone
likelihood ratio in z if and only if — log g is convex.

[10+ 15 =25]



INDIAN STATISTICAL INSTITUTE

Final Examination : Semester 11 (2013-2014)

Course Name : BSDA (M. Stat. 2nd year)

Subject Name : Statistical Methods in Biomedical Research

Date : 0$-0S-1Y

,  Maximum Marks : 63. Duration : 3 hrs.
[Answer as many as you can.]

. What is the difference between clinical trials and bioassays? What are the differ-
ences between direct bioassay and indirect bioassay? What is slope-ratio assay?
Derive the relative potency, p in terms of the linear regression parameters in
slope ratio assay. [24+2+2+5=11]

. Discuss the A + B design for dose finding in toxicity. [5]

. Construct an example to illustrate how the imbalance with respect to prognostic
factors induces allocation bias. How Pocock’s minimization rule can be imple-
mented to get rid of this difficulty? [4+4=8]

. Suppose patients are entering in a system in a sequential way. If the response
time of any patient is constant (= ¢), and interarrival times are exponential
with expectation b, find the probability that the response of the 4-th patient
will be obtained before the entrance of the 10-th patient. If, instead, interarrival
times are normally distributed with mean u and variance ¢2, find the required
probability. [5+2=7)

. Discuss how type I error spending functions can be constructed by accumulating
boundary crossing probabilities. Suppose ai(t) = at, 0 < t < 1, be one type
I error spending function. Another type I error spending function o3 spends
exactly one-third of the type I error of af at the half way mark. Derive one
functional form of a3(t). [4+5=9]

. Describe a Truncated Binomial Design (TBD) for assigning subjects in two treat-
ment clinical trial. How is TBD affected by the selection bias? Show that for
such a design, the unconditional allocation probability to either treatment for
any subject remains 0.5. Also calculate the expected number of subjects in the

tail. [2+2+4-343=10]

. Let there be four treatments (A, B, C & D) under comparison in a clinical trial
where the treatment responses are binary. We start with an urn for allocating
the entering patients. Initially the urn contains 2 balls of each type. For any
entering patient, we treat him/her by drawing a ball from the urn and replace it
immediately to the urn. If the response is a success, we add an additional 3 balls



of the same kind in the urn. On the other hand, if the response is a failure, we add
an additional 1 balls of each of the other three types. Assuming the responses to
be instantaneous, develop appropriate notations and write down the conditional
probability that the nth patient is treated by treatment A, given all tHe previous
allocation and response history. Find the unconditional probability for the second
patient. [44+4=8]

. Consider a two-treatment trial with binary responses as well as binary surrogates.
Suppose both true and surrogate responses are available for m; and m, patients
for the two treatments, while only surrogate responses are available for (n; —m;)
and (no — my) patients. Let p; and p, be the true success probabilities by the
two treatments. Discuss the probability set up and illustrate that the surrogate-
augmented estimate of treatment difference is “biased’. [3+5=8]

. Consider a two-treatment response-adaptive allocation with binary responses.
Let p; and p, be the success probabilities by the two treatments. Suppose both
p1 and p; can take only two possible values: a and b, where a < b. The prior
distribution is as follows: all the four possible combinations of (py, p2) have equal
probability. State a sensible Bayesian response-adaptive design and find the
allocation probability for the 26-th patient given that out of the first 25 patients
15 are treated by the first treatment and the number of failures are 6 for both
the treatments so far. [2+8=10]
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1. The correlation matrix computed from the scores X = (X;,X,, X3)' in three different subjects
obtained by a group of schoolchildren was found to be

1 083 0.78
( 1 0.67).
1

a. Fit a 1-factor model to the data, with appropriate justification.
-b. Describe the Maximum Likelihood approach to factor analysis.
Hence deduce a likelihood ratio test (LRT) for the hypothesis that exactly k (< p)
common factors are sufficient to describe the data on a p-variate random variable X,
and state what form the asymptotic distribution of the LRT statistic has.

[6+6+(6+2)=20]

2. Consider two bivariate random variables X = (X, X,)’ and ¥ = (¥,,Y,)’. For some a and y,
where |a|<1 and |y|<1, the correlation matrix of (X;,X,,Y;,Y5)' is

1 a B B
alBB_

B B 1y
B B vy 1

a. Show that the first canonical correlation coefficient p; of X and Y is

_ 2B
e )ty

b. Hence deduce the first canonical correlation vectors for X and Y.

{10+(5+5)=20]

(Please Turn Over)



3. The following is a Euclidean distance matrix based on observations on 7 random variables:
0 1 3

1
0

W
OH&N&]
orRr TN G-
(=

Apply the multidimensional scaling technique to this matrix to arrive at a configuration of points
in the two-dimensional space R? whose (Euclidean) distance matrix is equal to D.

(20}

a. Consider a dataset consisting of 6 observations, for which the matrix of Euclidean
distances between pairs of observations is as follows:

0576 21
501 23 4
710156
D=l6 21045
23540 2
146520

Apply single linkage clustering to divide the dataset into three clusters and sketch the
dendrogram.

b. Discuss how a dataset consisting of N observations can be split into K clusters by
iterative optimization of the sum-of-squared-errors criterion, explaining clearly the
rationale behind the key steps.

[(7+3)+10=20)

5. Consider the problem of discrimination between two populations 1,1, on the basis of
observations on a random variable X. It is assumed that in IT;, i=1,2, X is distributed as

o fI=lx—al if lx—aif <1,
Pi(%) { 0 otherwise,

where a,, a, are constants satisfying the condition a; +1 < a, < a; + 2. Also, m,=r, = %

where 7; denotes the prior probability for the population I7;, i = 1,2.

a. Write down the explicit form of the Bayes rule for discriminating between I1; and
I1; under zero-one loss.



b. Determine the overall error probability for this rule.
c. Write down the modified Bayes discriminant rule if, instead of zero-one loss, the
following loss function is used:

0 ifi=j
1G,H)=1{2 ifi=1j=2
1 ifi=2j=1

Here [(i,j) denotes the loss incurred when an observation from [1; is allocated to
I1;,i,j = 1,2. How does the overall error probability change under this loss? Explain.

[5+5+(6+4)=20]

6. Consider the problem of testing the null hypothesis that exactly p — k of the p eigenvalues of
the covariance matrix Z of a p-variate random variable are equal, where 0 < k < p.

a. Write down the likelihood ratio test statistic A for this problem, in terms of a, and g,,
which are respectively the arithmetic and geometric means of the sample estimates of
the p — k repeated eigenvalues of X.

b.  How many degrees of freedom does the asymptotic y2-distribution of —2log, A have?
Justify your answer.

€. A 86 x4 data matrix led to the sample covariance matrix

29.004 -8.545 1.143 -6.594
3318 0.533 3.248

4898  5.231)

8.463

S$=10"3 x

whose eigenvalues are ¢, = 0.0337,¢, = 0.0111,#3 = 0.0006, and ¢, = 0.0002.

By testing null hypotheses of the type mentioned above, for k = 0, 1, 2, infer that the
eigenvalues of T are all distinct.

[5+5+10=20]

7. Consider a two-category discrimination problem based on four binary variables
X1, X3, X3 and X,. Suppose the following observations (in the form of 4-tuples of bits) are
available from the two categories, where the i-th bit in each 4-tuple represents the observation
onX;i=1,234:

Category 1} 0110 | 1010 | 0011 | 1111
Category 2 | 1011 | 0000 | 0100 | 1110

Use the entropy impurity measure to create an unpruned binary classification tree from this
data. [20]
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1. Show that in an OL.G model. introducing a *Pay as you go™ pension scheme will reduce the
per capita capital stock, in the steady state equilibrium.

Analyse the effect of introducing such a pension scheme on the steady state level of welfare?

[5+10

2. a) Show that in a flex price, monopolistically competitive equilibrium of the Blanchard-
Kiyotaki kind, money is neutral.

Also show that in such a model the monopolistically competitive output is smaller than the
competitive output.

b) Consider an economy with the representative agent having the utility function given by

: Y
U= (e -1 2] Twith 0 <o,y <1

Where C = n [-71; PR cip]l/p with 0 < p < 1; and ; is the consumption of the /" variety
L is the labour supply, P is the price index of varieties. Each agent is endowed with one
unit of labour, thereby (1 — L) is the leisure enjoyed. M is the money balances (and
suppose M is the initial endowment of money). The household budget constraint is given
by
PC+w(1—-L)+M=M,+w+m— T where w is the money wage rate and 7 is the
economy wide profits and 7 is the taxes. Production of varieties is given by:

Y,=0ifL; <F

= 5—"—:—F if L; > F where k>0



Y, is the output of " variety and L; is the labour employed in the production of the i

variety.

Assume that there are no costs in adjusting prices (:.e. prices are fully flexible) and that

there is no entry/exit of firms (fixed n).

(i) Derive the multiplier of a balanced budget (PG=T) increase in government

expenditure where G takes the form:

1 1/p . . . .
G=n [; o g,-p] - and g, is the government consumption of " variety.

(i) What would be the effect of such an increase in government expenditure on the price
index of varieties?
[Hint: Try to write down the goods market equilibrium (Y=C'+G) in a form which does not

involve money balances. That would require a look into the money market equilibrium
(M=M;)]

[10+5]

»

3.(a) Distinguish between short-run equilibrium and long-run equilibrium in an aggregate supply

demand model.

(b) Explain how does an increase in money supply generate a short-run fluctuation while

making a shift from one long-run equilibrium to another. [15]

OR
3. Under rational expectation hypothesis, aggregate demand management policies designed to

raise the level of output are ineffective - Examine the validity of this statement in the light of an

aggregate supply demand model (15]

4, (a) Show how divergence in the expectations regarding the future rate of depreciation of
domestic currency on the part of the domestic wealth holders can give rise to imperfect capital
mobility in a small-country open economy macro model.

(b) Examine the effectiveness of fiscal policy under a flexible exchange rate regime in this

model. Specify an index to measure the degree of capital mobility in this framework. Show how



an increase in the value of this index makes the result closer to that under perfect capital

mobility. Explain your answer. (8+7]



Indian Statistical Institute
Semester 2, Academic Year: 2013-14
Final Examination
Course: M. Stat 2nd Year
Subject: Advanced Probability I1

Total Points: 5 x 14 = 70

Date: 9.5.14 Time: 3 Hours

Answers must be justified with clear and precise arguments. If

you refer to a theorem/result proved in class, state it explicitly.

More than one answer to a question will not be entertained and
only the first uncrossed answer will be graded.

1. (a) Let M be a continuous L? martingale on [0,T] with quadratic
variation process < M >. Suppose f is predictable and such that
JT f2d < M >4< oo a.s. Show that for all A > 0 and € > 0,

AP( sup | fdes|>)\ <P / fsd<M>s>e)+4—2
0<t<T A

(b) Suppose f is continuous on [0, T]. Use the above to prove that for
any sequence of partitions 0 = tp < {1 < ... < t, = T such that the
norm of the partition goes to zero, one has

t t
sup | [ fndM — / fdM| — 0 in probability,
o<t<T Jo 0

where fr, = Y iy F(tic1) (0 7 x 2 = 14 pts.
2. Consider the following SDE:
dXt = —,BXt dt + th, t Z 0; Xo = 5,

where 8 > 0 and £ ~ N(0,0?) is independent of W which is a standard
Wiener process. Find o such that the distribution of X, is same for
all s > 0. Here we are talking of the one dimensional distribution, not
the finite dimensional distribution of the process. (Hint: consider the
Ito differential of the process Y; = ePsX,.)

3. Suppose F(t,x) is twice continuously differentiable in both time and
space variable. Write down the Ito formula for F(t, X;) where X;
satisfies dXs = b(s, Xs)ds + o(s, Xs)dW, , Xo = z. Here it can be
assumed that b, o satisfy the Lipschitz and usual growth conditions so
that the SDE has a unique strong solution.



4. Suppose (M, Fy),t e [0,T], is a continuous local martingale with
Mo =0 and ‘
Y, = eMe—g<M>¢

(a) Taking 7, = inf{t : |M;| > nor < M >;> n} write down the Ito
formula for Y;a,, and explain why Yiar, is a martingale.

(b) Show that Y is a supermartingale, which is a martingale iff EYr =
1. 7 x 2 = 14 pts.

5. Consider the standard Wiener space (£, F, uw ) on [0, 7] and suppose
Y with EY = 0is in L*(Q, F, uw) i.e. a square integrable real valued
random variable with zero mean on the Wiener space. Then prove
that ¥ = foT ®(s)dW; for some ®(-) which is adapted and satisfies
fOT E®2(s)ds < oo, using the steps below:

Suppose M is the class of all random variables My that can be repre-
sented as above. Notice that EM7r = 0.

(a) For m € L?[0,T] (nonrandom) define
Bn(£) = eJo mudWa=3 g m? w)du,

Write down the Ito formula for 8,,(T). Your main task is to show that
~1+ Bn(T) € M.

(b) Consider L?(Q, A, uw ), i.e. square integrable random variables on
the Wiener space on [0, T). fY € L}, A, uw) with EY =0,Y 1L M,
then E(Y Bm(T)) = 0, Vm € L?[0, T]. With suitable choice of m, show
that E(Y|Wy,,...,W:, ) = 0,Vk (do it for t;, then for ¢; < t3 etc.).
Explain why this implies Y = 0. 7 x 2 =14 pts.

(Hint: The (normalized) Hermite polynomials H,(z;) obtained from

>}
2
=2 = S (@),

n=0

(here oy can vary over real numbers) form a complete orthonormal
set wrt e~ *1/2dx, /V2=n. This can be extended to a few i.i.d standard
normal random variables as needed.)
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Attempt all questions:

1. Write down a simple epidemic model. Show that the solution arises from simple deterministic
model does not agree with the solution thus obtained from its stochastic analogue.

[2 + 8 = 10]

2. Write down a simple SIR epidemic model with proper assumptions. Find out the basic
reproduction number of the model by next generation matrix method. How this number is useful
for public health authority to eradicate the disease? Prove that from this model, at the end of the
epidemic. everyone will still be susceptible.

[2+6+2+5=15

3. Consider the following SIS model with standard incidence:

dS B8S1

s 4 i )] 1
dt Sxn Mt ()
dI 3SI |

@ - 1

dt CEN IR

where, S and I are respectively susceptible and infected population. A is the rate of susceptible
individuals recruited into the population (either by birth or immigration); the standard incidence
is (g% i is the natural death rate; ¢ is the recovery rate; and « is the disease related death rate.
The parameters are positive constants and variables are non-negative.

(a) Show that all solutions of the system are eventually confined in the compact subset
9 A
r:{(s,z)em 5201205 +1< ).

(b) Find out disease free steady state, a unique endemic steady state and the basic reproduction
number of the system.

(c) Show that the endemic steady state is locally and globally asymptotically stable if the basic
reproduction number is greater than unity.

B+3+(3+3) =12



4 Write down assinaple mathematical wodel on dengne fever hased o the following assumptions:

(1) Divide total human population in three mutnally exclusive sub-compartiments susceptible.
mfected mud recovered respectively,

(i) Divide mosquito population in two mutually exclusive sub-compartments susceptible mosquito
and infected respectively.

(iii) Total human population size is constant over time.
(iv) Total mosquito population size is constant over time.
Derive the expression of the basic reproduction number (12y) from the formulated model. Derive

the relation between the basie reproduction number (12p) and the toree ol infection (A). Fstiimate
Rg from the following dengue incidence data:

Time (Month) | Number of dengue cases

January 224
February 296
March 700

April 1530
May 881
June 312

July 273
August 96

[3+4+6 = 13|

5. (a) Define Fisher’s Relative Growth Rate (RGR) based on the size measurements at two
specific time points. Comments on its extension and growth law non-invariant form. Derive the
expression for this extended RGR metric for Gompertz growth law based on the size measurements
at three consecutive time points. How this extended metric is affected through reading / measure-
ment error under Gompertz law 7 The RGR with time covariate structure can also be interpreted
as the “Average rate of relative growth rate” - Explain.

(b) Let X be an (n x g) longitudinal data matrix in which any row corresponds to a q - variate
size measurements available at ¢ time points on one of the n individuals. Suggest two commonly

use empirical estimates of RGR based on the data and comment on the consistency property of
these estimates.

(¢) Derive the expressions for bias and MSE for Fisher’s RGR under both first and second order
of approximations (where order is defined by the power of “difference of relative errors” at two time

points). Write down the expressions for estimated bias and MSE based on the data structure given
in 5(b).

[(1+3+3+3+3)+(@2+5) +(8+2) =30

~no



6. Let ns assime that (X, ... X)) ~ Ny(6.X). where X (1) = size at time point t. and E(X(t) =
0(t) = f(¢.t). be a suitable growth curve. t = 1..... ¢. Suppose we are interested in testing the
hypothesis of exponential quadratic growth curve model (EPQGM). ie.. to test

Hy:0(t) = pho bt by ag. Hi:not Hg

Using the approximate expression for expectation and variance of the logarithm of ratio of size
variables for two consecutive time points describe two testing procedures and critical regions in
testing the null hypothesis of EPQGM. Also suggest required modifications of test statistics when
the time spacings are unequal and the errors are non-normal.

11 + 5 + 4 = 20)
or
7. (a) Define quasi-equilibrium probabilities of a general birth death process.

(b) Consider the Von Bertalanffy growth equation for a single species population dynamics as
follows:

dx
dt

where paramneters have their usual interpretations.

2
= ax3 — bx,

Derive the quasi equilibrium probabilities and determine the expression for the approximate
- mean and variance incorporating random perturbation in the above model. You may assume that
the growth variable z to be bounded twice the carrying capacity.

(c) Consider the data structure as described in 5(b) and let us assume that for a given time
point the distribution of absolute growth rate of n individuals is Gaussian with Von Bertalanffy
growth as mean function (the right hand side of the equation stated in 7(b)) and homoscedastic
variance (known). Discuss the profile likelihood method to estimate the most vital parameter a for
this specific time point assuming b to be the nuisance parameter.

B+ (6+6)+5 =20
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Answer any two of the following three questions. Each question carries 25 marks.

Q1. A principal {P) and an agent (A) play the following game.

I. P aunounces a comtract (K. S).

2. A aceepts or rejects the contract. Rejection vields ntility ().

3. I acceptance, A chooses effort e, at private cost e. This action is observable by
the principal but not verifiable by third parties. Revenue from the project is R(e).
where R(.) is increasing and concave.

1. P chooses whether to keep the project or sell it to the agent.

If he keeps it. e pays the agent K. Payotls are then

{»’v/) R(() Iv. UA N &

Alternatively. P sells the project to the agent for price S. Payotls are then

l]p - 8. U,1 ’ R((') S e

Let ¢ maximise R(¢) e¢. We say a contract is first best if it implements ¢* and
yields the agent utility Uy - 0. .

Construct a contract which implements the first-best. {25]

Q2. Two agents. i ¢ {1.2}, simultaneously choose efforts ¢; ¢ {0, 1} on a project.
0 clort costs 0. while effort 1 costs ¢;. where ¢ | ¢y < Tand 1 2 > maz(cy.cq).
2 C (001,

The production function is as follows: If both agents choose effort 1. the output
is 1. If both choose O effort. the output is 0. If one agent chooses effort 1. while the
other chooses effort 0, the output is .

Suppose agent i gets share 3; of the output. where 3y 1+ 3, < 1. Wesay the efficient
onteome can be implemented if there exists an equilibrinm where hoth agents exert
high effort.



() For which values of o does there exist (5. 7)) such that the efficient outcome
can be implemented? 20

(h) Show there exist sharing rales (3. 9) depending only on (¢, ¢5) and imple
menting the ellicient outcome whenever it is implementable. |3

Q3. A risk neutral agent chooses probabilities of suceess of two projects: prand
po. The private cost ol effort is "")'f)”j boepypa. where ¢ ¢ (1, 1), Agent cholces
are not observable or verifiable by (hird parties. Project i gives the principal (also
risk nevtral) o, i it sueceeds, and O i 1t fails.

Project outeome is also not verifiable by third parties. However. for cach project
there is a verillable signal. correlated with true outeowme, s, ¢ {001}, with

Pris,  project iis successiul) — Pr(s,  Olproject 7 is a failure) e, ¢ (0.5, 1).

Suppose the principal offers the agent a contract of the form wys; 1 owys,. with
w, > 0.

(a) What is the optimal contract? [20]

(h) What would have heen the optimal contract (still of the form wysy 1 wysy. with
w, > 0) il the probabilities chosen by the agent had been obscrvable and verifiable?

5:
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1. Let {B:;t € [0,00)} be a SBM (standard Brownian motion). Consider disjoint
intervals I = [a,b] and J = [c,d] where 0 < @ < b < ¢ < d < oo. Show that if
X =sup,; B, and Y = sup,; B, then, P-almost surely, X # Y. [6]

2. Let {B:,t € [0,00)} be a SBM. Fix t > 0,T > 0. Consider the process {X,,u €
(0,71} defined by X, = Byyy — #Byyr — (1 — %)By, for u € [0, T.
(a) Show that {X,,u € [0,T]} is a zero-mean gaussian process with continuous
paths and find its covariance kernel.
(b) Show that the process { Xy, u € [0,T7]} is independent of the vector (B, Byyr).
(c) Define {Y,,u € [0,T]} by Yy = Biyu. Denoting p to be the metric on C([0,7))
given by p(z,y) = OzuET | z(u) — y(u)|, show that p(X(-),Y(-)) = max{| B, |Bisr|}.

(d) Denote P. to be the conditional distribution of the process {Y,, u € [0,7)}, given
(Bt Biyr) € [—€, €] X [—€,€]. Show that, as € | 0, P. converges weakly to (the law
of) the process {X,,u € [0,T]}. (6+6+2+6) = [20]

3. Let {By,t € [0,00)} be a SBM and let 7(w) = inf{t € [0, 00) : B(t,w) = 1}.
(a) Use properties of Brownian motion to show that 7 < oo almost surely.
(b) Show that 7 is a stopping time with respect to the filtration F; = o0{B,,s < t}.
(b) Show that if n(w) = inf{t > 7(w) : B(¢,w) = 0}, then 7 and n—7 are independent
and identically distributed. (4+4+6)= [14]

4. Let (S,S) denoting a Polish space equipped with its Borel o-field.
(a) Define clearly what is meant by a continuous-path markov process with state
space S.
(b) What is meant by the Feller property for a Markov process as in (a).
(c) For a continuous path Markov process with the Feller property, define what is
meant by its resolvent operators R, on Cy(S).
(d) State and prove the resolvent identity and hence show that (i) the R, for all A
have the same range and trivial null space; and (ii) the operator AT — R;" defined
on the common range of the Ry does not depend on A. (2+2+2+(6+4+4))= [20]

5. Let {By,t € [0,00)} be a SBM. Let a > 1 and m an integer with m> (a — 1)~
(a) Denote D to be the set of all those w, for which there exists ¢ € [0, 1) such that
| [B(t + h,w) — B(t,w)]/h*| remains bounded for all sufficiently small A > 0. Show

n-m—1 m

that Dc UU N U Afw: 1BERw) - BEw)| < jlQ+1)7+1)/ne).

J=lk=1n>(m+1)k i=1 =1
(b) Denoting the set on the righthand-side in (a) by Ny, show that P(Ny) = 0.
(c) Deduce that there is a P-null set N such that for all w ¢ N, the trajectory
t — B(t,w) is nowhere Holder-continuous with exponent a. (8+6+4)= [18]
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1. Indicate whether the state space and the time set of the following stochastic processes
. are continuous or discrete.

(i) A thinned Poisson process. 1]
(ii) A Markov jump chain. (1]

(iii) A compound Poisson process. [1)

[Total 3

. Identify two major differences between stochastic and deterministic models. Mention
two benefits of modelling in actuarial work. [4]

(i) Let N(t) be a homogeneous Poisson process with rate X. Derive the condi-
tional distribution of n unordered occurrence times ¢1, - - - , ¢,, before time t, given
N(t) =n. (3]

(ii) Suppose the claims from a portfolio occur according to a homogeneous Poisson
process with rate A, but the payments on the claims occurring before the end of
a year are made at the end of the year. Define the withholding time for a claim
as the time duration since the time of claim till the payment is made. Obtain
the mean and variance of the total withholding time in a year. [3+4]

[ Total 10]

. A no claims discount (NCD) system with discount levels 0%, 20% and 50%, modelled
as a Markov chain, has run for a number of years, and can be reasonably assumed to
have reached the steady state. The probabilities of transition are as follows.

From 0% to 20% : «; from 20% to 50% : B; from 50% to 20% : 1 — ~;

from 0% to 50% : 0; from 20% t0 20% : 0; from 50% to 0% : 0,
where a, 3 and 7 take values in the unit interval.

(i) Draw the transition diagram of this chain. 1]
(ii) Write down the transition probability matrix. (1]
(iii) Explain whether this Markov chain is irreducible and/or aperiodic. (2]
(iv) Calculate the stationary probability distribution of the chain in terms of the
parameters «, 8 and 4. 4]

(v) The chain is observed in the steady state for two consecutive years, and the data
are summarized as n4p, the number of policyholders in state A in the first year
and in state B in the second year, for A, B = 0%, 20%, 50%. Write down the

likelihood of the parameters «, 8 and 1. (3]

(vi) An actuary claims that the MLE of a is ngy% 2%/ (no%0% + o%,20%). Explain
why this is not correct. 2]

(vii) Describe precisely how you would simulate a single sample path of the Markov
chain in steady state, by using the answers to parts (ii) and (iv). 8]
[Total 16]



5.

(i) Describe a marital status model by specifying all possible transitions and the cor-

responding rates (possibly time-dependent) with the states being bachelor (B),
married (M), widow/widower (W), separated/divorcee (S) and dead (D). Give
an expression for the conditional probability of being in state M at time ¢ with
the current holding time being greater than w, given that the state occupied at
time s, for s < t, is M. This expression may involve some transition probabilities.

[(1+3)]

(i) The following data gives observations on ten individuals from the underlying

Markov jump chain. Test whether the probability of separation/divorce depends
on the status prior to marriage.

BMD, BMSMSD, BMWMD, BMSMSMD, BMWMD, BMSMSD,
BMWD, BMSMSD, BMD, BMWMSMSMD. [6]

[Total 10]

6. The human mortality rate is known to follow a bathtub pattern, with a decreasing

trend over the first decade of life and an increasing trend over the last few decades.

(i) Indicate whether any of the families of survival functions, F;(t) = exp(—at?),

Fa(t) = exp(at 4+ B7t), Fa(t) = exp(—at — Bt? — 4t3), has a force of mortality
satisfying the above property. (3]

(ii) By examining the increasing/decreasing nature of the force of mortality implied

by the three common interpolation rules for life tables, indicate which of these
would be most similar to the trend in human mortality for the later decades of
life. 3]

[Total 6]

7. A graduation of the mortality experience of the population of North Eastern India

has been carried out by using a standard table. The following is an extract from the
results.

Age Actual number Graduated force of Central exposed Expected

T of deaths, 0, mortality, ﬁ,,- to risk, E: deaths Ef ﬁx
50 52 0.00549 10,850 59.57
51 54 0.00610 9,812 59.85
52 60 0.00679 10,054 68.27
53 65 0.00757 9,650 73.05
54 64 0.00845 8,563 72.36
55 87 0.00945 10,656 100.70
56 88 0.01057 9,667 102.18
57 97 0.01182 9,560 113.00
58 103 0.01323 8,968 118.65
59 105 0.01483 8,455 125.39

(i) Use the Chi-squared test to test the adherence of the graduated rates to the data.
State clearly the null hypothesis you are testing and comment on the result. [5]

(i) Perform two other tests which detect different aspects of the adherence of the

graduation to the data. For each test state clearly the features of the graduation
which the test is able to detect, and comment on your results. [6]

[Total 11]



8. In a mortality study of the Indian armed forces, the three services are asked to provide
the following summary information:

(a) the number of soldiers on 1st January 2005, 2006 and 2007, classified by age as
per the records;

(b) the number of soldiers died during the calendar years 2005 and 2006, classified
by age at nearest birthday at the time of death.

An extract of the data provideq by the three services is given below.

Army
Age No. of lives aged z No. of deaths to persons aged «
z last birthday on nearest at death during the year
1-1-2005 1-1-2006 1-1-2007 2005 2006
39 4529 4620 4707 22 20
40 4381 4439 4492 20 25
41 4467 4577 4616 25 21
Navy
Age No. of lives aged z No. of deaths to persons aged z
z nearest birthday on nearest at death during the year
1-1-2005 1-1-2006 1-1-2007 2005 2006
39 452 512 489 3 1
40 528 602 573 0 5
41 444 498 541 2 1
Air Force
Age No. of lives aged = No. of deaths to persons aged «
z next birthday on nearest at death during the year
1-1-2005 1-1-2006 1-1-2007 . 2005 2006
39 330 309 373 2 2
40 406 352 356 1 4
41 327 381 358 2 0
(i) State the type of rate interval. (1]
(ii) State the assumptions which you may need to obtain a single estimate of p49, by
pooling together all the information. (3]
(iii) Give an expression for the central exposed to risk. (6]
(iv) Estimate p49 from the available data. 3]
(v) Give an example of why the assumptions you have made may not be appropriate
in this particular investigation. 2]

[Total 15]

9. Consider life table data in k age intervals and assume that the hazard rate is constant
within an interval. In addition to the life table data, we also have information on the
failure and censoring times within each age interval along with their failure/censoring
status.

(i) Derive the maximum likelihood estimate (MLE) of the constant hazards in each

interval. [6]
(i) Derive the MLE of the survival function at a time ¢ in the jth interval. 13]
[Total 9]
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ATTEMPT ALL QUESTIONS

1. a) Considering two person zero- sum games in statistical decision theory, describe least favorable
prior ,minimax rule and minimax point.

b) Let a coin be tossed with probability of head, 0.8 € {34, % }. Let an action 6 =(x, y ) be given by :
predict by © = x if head appears and © =y if tail appears.0<x,y< 1.

Considering square error loss, find minimax rule and value of the game.

c) Let set of strategies of 1% player be {©,, 8,} in a two player zero - sum game.

Let A = { ( r(©,,d), r(©,,d)): d € set of all possible actions of second player}, where r(©,, d) is the pay off
of first player for the situation (©,,d), i= 1,2. If A ={(x, y): (x-3)*+(y-4)? < 5}, find the value of the game
and optimal mixed strategy of player 1,( in mixed extension ).

[3+11+12]

2 a) State and prove Nash’s theorem in the context of finite non-cooperative games.

b) Give example of a 2 X 3 X 4 non-cooperative game with more than one equilibrium situations, but
with different pay off at those situations for the same player. [(2+14) +4]

(P.T.0.)



Consider mixed extension of a matrix game with matrix A ,,., and A is skew- symmetric. Show
sets of optimal strategies of the two players are identical subsets of R" -

“onsider mixed extension of a matrix game with matrix A ,,, ,and A= {{3;)).n be given by:
u; ifi=j

0ifix]j

> 0 for all i, find v(A) and set of all optimal strategies.

onsider a 2 x 2 x 2 non-cooperative game. Derive a method describing how to get the set of
rissible situations in mixed extension for the 1* player in terms of the pay off functions.
[6+10+8]

XXOXXXXXXXXX
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