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II .  

S u m m a r y .  - -  This is a continuation of the work on a generalization of 
Reissner-NordstrSm solution, namely the interior solution of a charged 
(material) sphere. Following TOLMAN (2) we may  easily obtain two special 
solutions of the field-equations, when the energy-tensor consists of two 
parts,  namely the electromagnetic and the material  parts. The second 
solution, obtained by assuming e~(v'/2r)= const is discussed here. We 
further obtain another solution based on the very restrictive assumption 
o = - - p .  We also show the validity of Birkhoff's theorem for the case 
of a charged sphere. 

1. - I n  order  to  ob ta in  the  second so lu t ion  m e n t i o n e d  in the  first  p a r t  o f  

our  no t e  (1) we s t a r t  f r o m  the  s implif ied f o r m  of f ie ld-equat ions  as ob t a ined  
b y  TOL~A~ (2) n ~ m e l y  the  se t  of equa, t ions  

(1) 
2 d ( exp  [ - -  ) , ] - -  1) d (  v ' )  

8z (~ ,  ~ - -  ~i)  - -  ~tr r ~ Jr d.r exp  [ - -  2] 2,r + 

+ exp[-- (2 + ~)]~r 2~ ' 

(; , (2) 8~p = exp  [ - -  2] + ~  - - ~ ÷ A ,  

(3) 8~o = exp  [ - -  2] - -  Jr r~ - -  A .  

(*) Present address: Research and Training School, Indian Statistical Insti tute,  
Calcutta. 
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I n  ease of our  c h a r g e d  sphere ,  we now o b t a i n  t h e  fo l lowing  t h r e e  e q u a t i o n s  

(4) s ~ ( ~  - t~) r = ~ r  - + ~7  ~r + 

+ e x p [ - - ( 2 + V ) ] d r r  e :~  , 8:rch 1 = 4nsr  ~ , 

in)  8 n p - -  8at]  exp  [ - -  2] + ~ --  ~ + A ,  

(6) 8:Lo _,L 8 ~  - -  exp  [ - -  2] - -  q- r~ - -  A .  

L e t  us a s s u m e  
,l? ! 

e" - -  = B" = c o n s t ,  
2r  

2 B 2 r  yr 
B 2 r  ~ ÷ D 

E q u a t i o n  (4) now reduces  to  

exp  [ - -  2] --- 1 

r.~ 
÷ exp  [ - -  2] 2r  - 87Eer~ + C , 

w h e r e  c is a c o n s t a n t  of i n t e g r a t i o n ,  whence  we o b t a i n  

1 ÷ ( 2 r 2 B ~ / D )  

(1 -k ( r~ 'B~ /D) ) (1  + C r  2 ~- 8:net 4) 

P u t t i n g  these  va lues  of 2, v in  eqna t i ons  (5), (6) we o b t a i n  t he  va lues  

of  p and  0- Thus  our  c o m p l e t e  so lu t ion  is 

e ~ = B 2 r  2 + D ,  

I ~ ( 2 B ~ r ~ / D )  

(1 ÷ ( r ~ B 2 / D ) ) ( 1  ~ C r  2 ÷ 87eer4) " 

The  express ions  for  p a n d  ~o a re  n a t u r a l l y  v e r y  c o m p l i c a t e d  b u t  a t  r = 0, 

t h e y  r educe  to  
4 B  2 B ~ C  

8~p -. ~ + ~ -  + (7 ÷ A ,  

6 B  2 B 2 C  r a 
8:no = - -  3 C  ,- D D " 
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2. - A f u r t h e r  so lu t ion  can  be  o b t a i n e d  u n d e r  v e r y  r e s t r i c t i v e  p h y s i c a I  

cond i t i ons .  T h e  e q u a t i o n s  (4) a n d  (5) can  b e  c o m b i n e d  to  y i e l d  

dp  - -  (0 -~ p)v'  
(7) d r  2 + 3 e r ,  

we h a v e  now to  so lve  e q u a t i o n s  (5) ,  (6) ,  (7) .  

o b t a i n  

I n t e g r a t i n g  e q u a t i o n  (6), we 

r ~ 4 ~ r  4 ~ f  exp  [ - -  ~] : 1 R~ 5 8 or ~ d r .  

I f  we now a s s u m e  t h e  v e r y  r e s t r i c t i n g  c o n d i t i o n  o + p  = 0 which  m a y  b e  

p h y s i c a l l y  r ea l i zed  on ly  in  case  of a (~ neu t ro n - f l u id  ~ sphere ,  e q u u t i o n  (7) re -  

duces  to  

p = ~ r 2  + c 

a n d  hence  we o b t a i n  

Thus  

- -  - -  a s r ~  - -  c .  

r :  4 12 q 8 
exp  [ - -  2] = ~ - -  ) ~  - - ~  7~er ~ - k  ~ s #  -~ C r  3 - -  8 ~ D .  

A s  a n y  v a l u e  of v', wil l  s a t i s fy  (7) we can  s u b s t i t u t e  p,  e -~  in  e q u a t i o n  (5) a n d  

o b t M n  t h e  v a l u e  of 

Vr~ - -  a r  5 - -  fir ~ - -  ~r  3 - -  (~r ~ - -  (2 + 8~D) 

a r  6 - -  ( f l # / 4 )  - -  ) , r  ~ - -  ( 1 / R ~ ) r  3 + r(1 - - 8 ~ D ) "  

F o r  v e r y  smal l  v a l u e s  of r,  s a y  t h e  case  of a nuc leus ,  we m a y  ne g l e c t  t h e  

h i g h e r  p o w e r s  of p a n d  s i m p l i f y  v'. 

E x t e r n a l  so lu t ion :  ou t s ide  t h e  c h a r g e d  sphere  we h a v e  a g a i n  t h e  Re i s sner -  

N o r d s t r 6 m  so lu t i on  if p = 0, Q = 0. The  wel l  k n o w n  m e t h o d  of b o u n d a r y  

cond i t i ons  a n d  e q u a t i o n s  of fi t  can  be  e m p l o y e d  to  f ind t h e  v a l u e  of c o n s t a n t s ,  

such  as  e ~ in  t h e  first  p a r t  of our  no te ,  B,  etc .  

I t  m a y  be  m e n t i o n e d  t h a t  B i rkho f f ' s  t h e o r e m  is v a l i d  in  case  of a c h a r g e d  

sphere .  O u t s i d e  t h e  sphere ,  

Thus ,  

1 2 2 

I ~  2 ra  , 2"2, ~/a = 0  

etc.  

~ 2 3 
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a n d  fu r the r ,  

~ ,  ~, ~ ,  ~ _ 0. 

We have  however  the genera l  equa t ions  

8 ~  = - -  exp [ - -  4] 4 ,  
r 

8~=; = exp[ -  ~]~. 

As ~ = ( T ~ - t ; )  and  c U ~ - ( T ~ , t ~ )  = 0 .  

We h a v e  

~ = 0 .  

This cond i t ion  leads to the  v a l i d i t y  of Birkhoff~s theorem.  

152~ 

R I A S S U N T 0  (*) 

L'articolo ~ la continuazione del lavoro sulla generalizzazione della soluzione di 
Reissner-Nordstr6m, cio~ la soluzione intcrna di una sfera (materiale) carica. Secondo 
Tolman, quando il tensore dell'energia consiste di due parti,  l 'elettromagnetica e la 
materiale, possiamo facilmente ottenere due soluzioni particolari dellc equazioni del 
campo. Qui discutiamo la seconda soluzione ot tenuta  assumendo eV(v'/2r) = cost. 0 t tc -  
niamo inoltre un 'a l t ra  soluzione basata sull'ipotesi molto restrit t iva 0- = -  P. Dimo- 
striamo anche la validit'g del teorema di Birkhoff per il caso di una sfera carica. 

(*) Traduz ione  a cura  del la  Redaz ione .  


