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Group B

This group carries 25 marks and is an open notes examination. Answer all questions.

1. Consider two autosomal biallelic loci with alleles (D,d) and (M,m) respectively and
recombination fraction 6 between the loci . In a family, the father is DdMm, the mother is
Ddmm while the offspring are DDMm, DdMm and DDmm. Assuming that both haplotype
phases have equal prior probabilities, obtain the posterior probability of the father being
in the coupling phase. [6]

2. Consider the following genotype data on 500 randomly selected individuals at two
autosomal biallelic loci with alleles (4,a) and (B,b) respectively. Do the data provide
evidence of linkage disequilibrium between the two loci? (8]

BB | Bb | bb
AA 1133189 |19
Aa 133 | 147 | 88
aa |5 16 |20

3. Consider a dominant disorder controlled by an autosomal biallelic locus. Suppose that
a marker locus is in linkage disequilibrium with the disease locus. For what value of the
disease allele frequency will the difference between the marker allele frequencies among
cases and controls be the maximum? [6]

4. Suppose genotype data are available on M randomly selected trios suitable for
performing the classical TDT and on N randomly selected sibships (without parental
information) suitable for performing the Sib TDT. How can you combine the two sets of
data to perform a suitable test of linkage in the presence of association? [5]
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1. (a) Consider a disorder controlled by L unlinked autosomal biallelic loci such that an
individual is affected if and only if he/she is homozygous recessive in at least one of
these loci. If both parents are heterozygous at all L loci, what is the probability that an
offspring will be affected?

(b) Consider two biallelic loci with alleles (4,a) and (B,b) such that the recombination
fraction between the two loci is 6. Suppose A is dominant over a and B is dominant over
b. Hence, there are four possible phenotype combinations with respect to the two loci:
dominant-dominant, dominant-recessive, recessive-dominant and recessive-recessive.
Consider families where both parents are double heterozygous with one parent in the
coupling phase and the other in the repulsion phase. Obtain the probability distribution of
the different phenotype combinations of an offspring in such a family. Given the
frequency distribution of the phenotype combinations of offspring in a random set of
such families, describe an algorithm to obtain the maximum likelihood estimate of 6.
Show all computational steps clearly.

[3+12]

2. (a) Consider two DNA sequences,

Seql: ACACAACGG

Seq2: AAAACG.
Compute the best global alignment of the two sequences assuming match score of 1,
mismatch penalty of -3, gap opening penalty of -3 and gap extension penalty of -1.

(b) Describe the alignment you would expect if the gap opening penalty was infinity.
What kind of alignment would you expect if the gap start penalty and gap extension
penalty were both zero?

[6+2+2]

3. (a) Let P be the PAM-1 transition matrix and p; be the background frequency of amino
acid j. Give an expression for the PAM-120 log odds scoring matrix in terms of P and p;.

(b) Can the BLOSUM-40 matrix be derived directly from the BLOSUM-62 matrix? If
not, what additional information would you need?

[2+3]
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1. (a) Describe how will you generate an observation from a four-dimensional distribution with p.d.f.

f{x) o ||x|| exp{—||x]|}, where || - || denotes the usual Euclidean norm. 6]

(b) Describe how you will generate an observation from the uniform distribution on the region
S={(z92): |z +2lyl+3|z| <6}. (6]
(c) In order to get observations from the uniform distribution on the d-dimensional unit sphere
S¢ = {x € R*: ||x|| < 1}, one generates observations from the uniform distribution on
[~1,1]% and then uses the rcjection method. Let X be the number of trials needed to get an
observation from the uniform distribution on S4. Show that E(X) diverges to infinity as the

dimension increases. 6]

2. (a) Consider a function k, which is symmetric in its arguments. Let X1,. .., X, be n independent
observation from a distribution F' with [ h(z,z)dFz < co and [ h(z1,z2)dFzi1dFz; < oo.

n T
(i) Show that T,, = -1;1; > 2 h(Xi, X;) is a biased estimator of 8 = [ h(zy,z2)dFz1dFz,

i=1j=1
and its bias is of the order O(n™1). 3]
(i) Show that the corresponding bias corrected jackknife estimator of 8 is given by Tyack =
n=l o n
()7 X X h(XiX;). [4]
i=1 j=it1

(b) Consider an auto-regressive model X; = 6X;_1 +¢;; ¢t =1,2,...,n, where Xo = 1 and the

€¢’s are i.i.d. with mean 0 and variance 1.

(1) Find the least square estimate of 6. 2]

(ii) Describe how you will use the residual bootstrap method to construct a 95% confidence
interval for 6. 6]

{(c) Consider a moving average model X, = u + ¢, + % €~1; t=1,2,...,m, where €g,€1,..., ¢,

are i.i.d. with mean 0 and variance o2 > 0.
(i) Find the asymptotic distribution of /(X — u). (4]
(i) Let X7, X5,..., X, be a bootstrap sample generated from the empirical distribution with

mass points X1, Xa,..., X,. Does the bootstrap distribution of \/n{X* — X) give a good
approximation for the distribution of \/n(X — u)? Justify your answer. 6]

[P T0]



3. (a) Show that the influence function for the mean of a distribution is unbounded but that for the

median is bounded. (3+5]
(b} Prove or disprove the following statements.

{i) If the half-space depth of a point with respect to a continuous probability distribution is

less than 0.5, it cannot be the half-space median of the distribution. [3]
(ii) Half-space median of a continuous probability distribution cannot lie outside the support
of the distribution. 13]
(iii) Simplicial depth is affine invariant. 13

(iv) If the underlying distribution is elliptically symmetric with the mean g and the dis-

persion matrix X, then the half-space depth of a point x is a decreasing function of
(x— TS H(x - p). [4]
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1. Describe how the posterior distribution can be used for estimation of a
real parameter. How do you measure the accuracy of an estimate?
[7]

2. What is a conjugate prior? Give an example to show that a conjugate
prior can be interpreted as additional data.
[5]

3. Consider the linear regression model y = X3 + € where y = (y1,...,yn)’
is the vector of observations on the “dependent” variable, X = ((Zi;))nxp
is of full rank, z;; being the values of the nonstochastic regressor variables,
B = (B1,...,By) is the vector of regression coefficients and the components
of € are independent, each following N(0,c?). Consider the noninformative
prior 7(8,0%) %, B € RP, 0? > 0. Find the following:

(a) The marginal posterior distribution of 3.
(b) The marginal posterior distribution of ¢
(¢) The 100(1 — @)% HPD credible set for 8.
[5+4+10=1Y]

4. Let X,..., X, be 1.1.d. with a common deusity f(z]f) where § € R and
7(€) be a prior density of 6.

(a) State the result on asymptotic normality of posterior distribution of
suitably normalized and centered 8 under suitable conditions (to be stated
by you) on the density f(:|¢) and the prior distribution.



(b) Show that under suitable regularity conditions, for any &y > 0, with
probability one,

/ (B, + tn~V?) exp|Ln(6n + tn~?) - Lo(@,))dt — 0
J{|t]>d0v/n}

as n — oo where L,,(6) = 7 log f(X;|¢) and 8., is the MLE.

(c) Under suitable regularity conditions find a large sample approximation
to a 100(1 — @) % HPD credible interval for 6.

(d) Use a stronger version of the result on asymptotic normality of pos-
terior (to be stated by you) to prove that (@, — 6,) — 0 with probability

oue, where ¢, and 6, denote respectively the posterior mean and MLE.
[5+13+5+6=29]
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ANSWER ANY FOUR QUESTIONS.

R denotes a commutative ring, Q the field of rational numbers and R the field of real numbers.

1.

(i) Let I, Py, P, be ideals of R and P; a prime ideal of R such that ] C P, U P U B,
Prove that J C P; for some j, 1 < j <3.

(if) Give an example to show that the result does not hold without the hypothesis
that P; is prime. [6+3=9]

. (i) Let ¢ : M — F be a surjective R-linear map from a finitely generated R-module M

onto a free R-module F'. Show that the kernel of ¢ is a finitely generated R-module.

(ii) Let k beafieldand R=k® R, & --® R, D - be a graded ring. Prove that if
R is Noetherian, then R is a finitely generated algebra over k. [4+5=9]

. Let f(X) = X*—1€Q[X] and A = Q[X]/(f(X)).

(i) Prove that there exists a ring-isomorphism from A to the direct product of fields
B =Q x Q x Q(i).

(ii) Identify a 3-tuple (a1,a2,a3) in the product ring B which corresponds to the
element X of A under the above isomorphism.

(iil) Which element in A corresponds to the element (0,0, 1) under the above isomor-
phism? [6+2+2=9]

Let C = R[X,Y]/(X?+ Y2 —1) and M the ideal (z,y — 1) where z and y denote
respectively the images of X and Y in C. Prove that:

(i) C is a Noetherian domain.

(if) M is a maximal ideal of C.

(ili) For every prime ideal P of C, Mp is a free Cp-module of rank one. [34+2+4=9]

. Find an element f in the ring D = C[X,Y, Z]/(X? + Y? + Z?2) such that D/fD =

C[T,1/T]. (Prove all the isomorphism steps.) 9]

ol
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1. Consider the problem of discrimination between two populations w,,w, based on
observations on a random variable X. It is assumed that in w;, i=1,2, X is distributed as

plwy) = = —
v on x—a\2’
1+
] (12 )
p(xlwy) = EW
2

where 0 < a < b. Assume that m,=n, = % where 11; denotes the prior probability for the
population w;, i = 1,2.

a) Show that the Bayes rule for discriminating between w, and w, is linear.
b) Under zero-one loss, show that the overall error probability for this rule is
1 1 b—a

———tan™!
2 m 4

¢) Write down the modified Bayes discriminant rule if, instead of zero-one loss, the
following loss function is used:

0 ifi=j
G, ) =41 ifi=1j=2,
2 fi=2j=1

Here I(i, j) denotes the loss incurred when an observation from w; is allocated to
w;,i,j =1,2. How does the overall error probability change under this loss?
Explain.

[4+6+(4+6)=20]

(PLEASE TURN OVER)



2. Consider a two-category discrimination problem based on two discrete variables X and Y

where X is a binary variable which takes values 0 or 1, while Y takes one of four ordinal

values, a < b < ¢ < d. Suppose the following observations (in the form of pairs xy) are

available from the two categories, where the 15t and 2" elements in each pair represents

the observation on X and Y respectively:

Category1|0a |0d|1a|1b | 1d
Category2 | Ob | 1c | Oc | Od

Use the misclassification impurity measure to create an unpruned binary
classification tree from this data choosing, at each node, variables and split values
optimally so as to maximize the decrease in impurity as a result of the split. Explain
each step clearly, preferably through tables associated with each node which
contain the relevant quantities.

Explain in brief the rationale behind cost-complexity pruning of classification trees
and write down the main steps of the algorithm that finds the optimal pruned tree

in this sense.

[12+(4+4)=20]

Formulate, as an appropriate optimization problem, the problem of training a
Support Vector Machine (SVM) for discriminating between two classes, using n
observations on a d-dimensional feature vector X.

In the context of SVMs, explain, with the help of an example, how the choice of a
suitable kernel function can take care of the issue of transformation of the feature

vector to a higher-dimensional space without having to define the transformation
explicitly.

[8+7=15]
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1. Let X,Y be normed linear spaces and T : X — Y be a linear map (not necessarily
continuous). If T is an open map, then T is onto. [10]

2. Let X and Y be normed linear spaces and T : X — Y be a linear map. Define
Izl = llzll + |1 T(2)ll, =€ X.

(a) Show that || - ||; is a norm on X. (5]
(b) Show that || - ||; is equivalent to || - || if and only if T" is continuous. (5]

3. Let X be a normed linear space. Consider the following statements :

(a) X is finite dimensional
(b) Any two norms on X are equivalent
(c) For any normed linear space Y and any linear map 7' : X — Y, T'is continuous

(d) Any linear map f : X — K is continuous

Assuming (a) = (b) (done in class), show that all the statements are equivalent. [20]

4. A subset A C X* is said to separate points of X if whenever z1 # z2 € X, then there
exists f € A such that f(z1) # f(z2).

Let X, Y be Banach spaces. Let A C Y™ separate pointsof Y. LetT : X —» Y be a
linear map. Show that T is continuous if and only if g o T" is continuous for all g € A.
[10]

5. Let {e,} be an orthonormal basis of a Hilbert space H. Suppose {f.} C H is an
orthonormal set such that

o0
Z llen = full® < 1.
n=1

Show that { f, } is also an orthonormal basis for #. [15]
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1. Suppose you are to weigh 4 objects using a weighing balance with two pans; the balance needing zero

bias correction. You are allowed to make 4 observations and suppose all observations are independent

with constant variance o2.

‘Derive a lower bound to the variance of the best linear unbiased estimators of these weights. (5]

. When is a block design said to be balanced? Given a Balanced Block Incomplete block (BIB) design
with parameters v = b,r = k, A, one block from the BIB design is deleted and all treatments which
appear in this block are deleted from the other blocks. Show that the remaining blocks will give a

BIB design. Find it parameters. (5]

. a) Define mutually orthogonal Latin squares.

b) Let p be a prime number. Consider the squares A;j, j = 1,...,p — 1, constructed as follows:
0 1 2 p—1
J I+ 24y p—1+4+j
24 1+2j 2425 p—1+4+2j

-1 1+(-1)7 2+(-1j ... -1)+(-1)j

where all entries in A; are reduced mod p. Prove that the above squares form a set of mutually

orthogonal Latin squares.
(¢) Construct two mutually orthogonal Latin squares of order 8.

(You need to show the first square and only three rows of the 2nd square.) (24+4+4=10]

. a) Define a Hadamard matrix.

b) Can there exist a Hadamard matrix of order 157 Justify your answer with a proof. [ 24+4=6]

. a) Describe an experimental situation where you have to compare 4 treatments and you would use a

row-column design. Justify your answer.

b) Give the model for analysing data from an experiment conducted using your design in (a) above.

c¢) Write down the information matrix for (a) above under the model in (b). [3+3+3=9]
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1. Consider the random walk with drift model
Xe= 0+ ﬁct_1+ Wy
fort=1,2,..., with x5 = 0, where w, is white noise with variance ¢;2.
(a) Show that the model can be written as x, = 8t + XL, wy.
(b) Find the mean function and the auto-covariance function of x,.

(c) Argue that x; is not stationary.

(@SMwﬂmﬂwAGM%&—1J%=/%iﬂlastﬁcn“mmmme
implication of this result?

(e) Suggest a transformation to make the series stationary, and prove that the
transformed series is stationary. [I+2+3)+2+3+(2+2)=15]

2. Find the conditions on the parameters of the AR(2) model,
(1= @B — 9B%)x; = wy, '
for causality. Show this causality region in the (¢;, ¢,) — space diagrammatically.

[4+3=7]

3. Find the ACF of an ARMA (1, 1) process
Xt = QX1+ Owey + wy,
where |@]| < 1. [8]
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1. Suppose 4 is a signed measure on a measurable space (2, F). Then show that there exist a probability
v on (2, F) and a random variable X defined on it, such that, u(4) = E[X 14] for all A € F,where
the expected value is computed with respect to the probability v.

2. Show that Lebesgue o-algebra on (0, 1) is not countably generated.

3. Let (Q,F,P) be a probability space and (X;);5, be i.i.d. random variables defined on it. Assume
E[[X1]] < 00. Let Sp := X; + Xp + -+ + Xy, n> 1. Find E [Xl sn].

4. Suppose X and Y are two independent random variables defined on a probability space (2, F,P).
Let ¢ : R2 — R be a bounded Borel measurable function. Let h : R — R be a function defined as

h(z) =E[¢(z,Y)], z € R. Then show that E [qs (X,Y) \X] = h(X) as..

5. Let (X,),,»; be i.i.d. tl-variables with p := P(X; = +1) < P(X; = —1). Put Sp = 0 and S, :=
X1+ Xo+ -+ X,,n>1. Show that

Sn
(a) Y, = (1—;9) , n 2 0 is a martingale with respect to the filtration (o (X1, X2,...,X5)), 5q; and

) B[swp ] < 125

n>0

Good Luck
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1. State whether the following statements are true or false. Write brief reasons support-
ing your answers. For each correct guess you will get --1 point but for each wrong
guess you get —2 point. If your guess is correct and your reasoning is also cor-
rect then you will get an additional +4 points. However, if you give a wrong rea-
soning then you will receive additional —3 points. [(14+4)x3 = 15]

(a) Suppose (My, Frn),>q is a bounded increment martingale with My = 0. Then there
exists a sequence of positive real numbers, say (0n),;, such that,

M,
S N Normal (0,1).
Tn

(b) Suppose (X,),,; is a sequence of random variables such that (X;, X;) < (X;, X3),
forall 1 <i+# j < oo. Then (Xn)p>1 is exchangeable.

(c) Let X be a random variable such that | X| ~ Exponential (1). Then the distribution
of X and the Lebesgue measure on (R, Bg) are equivalent.

[please turn over]



2. Let (9, F,P) be a probability space and let (X,),, be iid. Bernoulli (1) random
variables defined on it. Let Q be the law of the sequence (X,) ., on (R®, Bge).
Let Vi, = 1(Xpn=1,Xpy1=1,-- , Xpsx=1) for £k > 1 and n > 1. For each
k > 1, denote by Py, the law of the process (Yi ), -, defined on (R*, Bgo). Define

P .= Z %Pk
k=1

(a) Show that for any k > 1
1 ¢ 1
—TZZYk’j — ﬁ a.s.
j=1
(b) Show that Py and Py are mutually singular for any 1 < k # k' < o0.

(c) Find the Lebesgue decomposition of P with respect to Q.
[8+5-+2=15]

3. Suppose (X,),~; is a sequence of random variables, such that for any & > 1 and
1 <ip <ip < -+ < i < 00, the joint distribution of (X, X4y, -+, X;,) is multivariate
normal. Then show that (Xy),, is exchangeable, if and only if,

X,=0+2,, ¥Yn>1,
where § ~ Normal (u, 0%), for some 4 € R and ¢® > 0; (Zy,),,5, are i.i.d. Normal (0,7?)
for some 7” > 0; and 6 is independent of (Zy),5,. [15]

Note: Here Z ~ Normal (a,0) means Z is the degenerate random variable Z = a.

4. Suppose (2, F, P) is a probability space and all random variables are defined on it.
(a) Let (Xn, Fr),>o be a non-negative super-martingale. Then show that there exists

N C Q, such that, P (N) = 0 and for all w ¢ N, if X; (w) = 0 then X,4% (w) = 0,
for all n > 0. [7)

(b) Suppose (Xn, Fn),5 is @ super-martingale and and (Y;,, Fr),,5, is a sub-martingale,
such that, Y, < X, a.s. for all n > 0. Then show that there exists a martingale
(M"’]:n)nZO’ such that, Y, < M,, < X,, a.s. for all n > 0. 8]

Hint: Consider Z,; := E {Xn_Hg ']—‘n}, for k > 1.

Good Luck



INDIAN STATISTICAL INSTITUTE

First Semester Examination : 2018-19

Course Name: M.Stat. 2nd Year
Subject Name: Advanced Design of Experiments

Date: 9%& /4 V@””Ofe)ﬁ&d/‘g Total Marks: 70.

Duration: 3 hours Note: Answer question 1 and any four Questions.

Answers should be to the point. Marks may be deducted for unduly lengthy answers.

1. (a) Define E-optimality and explain its statistical significance.

(b) Prove that a regular generalized Youden Square design is universally optimal in a suitable
class of row-column designs. Where do you need the ‘regular’ property in the proof?

[2+4=6]
2. a) Construct a Hadamard matrix of order 12, clearly stating the result you use to construct
this (proof of result not required).

b) Prove that the existence of a Hadamard matrix of order 4¢ implies the existence of a
symmetric BIB design (the parameters of the BIB design are to be determined by you).

c) Prove that a Youden square can always be constructed from a symmetric BIB design.
[(4+6+6=16]
3. (a) A factorial experiment is to be conducted with 3 factors Fy, F, and F3 at levels 2, 3 and

4, respectively. Using suitable notation, write down(without proof) the expression for a full
set of orthonormal treatment contrasts belonging to the interaction F F3.

(b)Prove that the set of contrasts written by you in (a) is indeed a set of ‘contrasts’.

(c)Prove that the set of contrasts written by you in (a) is indeed a ‘full set’ of contrasts.

(d) Prove that contrasts belonging to any two distinct interactions are always mutually or-

thogonal. [4+4+4+4=16)
4. (a) Show that if a factorial design is balanced for a factorial effect, then the BLUE'’s of every

two mutually orthogonal contrasts belonging to this effect are uncorrelated.

(b) Define a fractional factorial plan. Obtain a necessary condition for the estimability of
contrasts belonging to the factorial effects if the experiment is to be conducted in N runs
(clearly state the results you are using).

(c) What is meant by a resolution (2,3) plan for a factorial experiment?
(d) Obtain a 9-run main effect plan for a 3% experiment.

[4-+4+4-+4=16)

5. (a) Define an orthogonal array OA(N, k, s,t) with s symbols and strength t,
(b) For each of the following statements write whether it is True or False.
(i) An OA(N, k,s,t) is also an OA(N, k,s,t'), where 0 < t' < t.



(ii) An OA(s%k, s,2) always exists if £ < s — 1.
(iii) Not all N x k’ subarrays of an OA(N, k, s,t) are orthogonal arrays of strength ¢.

(iv) Suppose A = ’:1 ) is an OA(N, k, s,t). If Ay is itself an OA(Ny, k, s,t1), then Az is

2
an OA(N - Nl,k,s,tg) with to > 1.
(c) Prove that for N > 4, the existence of a Hadamard matrix of order IV implies the existence
of an OA(N,N —1,2,2).
(d) From the OA of (c) above, how can you get an orthogonal array of strength 37

[2+(2x 4) + 3+3=16]

. (a) Describe an experimental situation where you would use cross-over designs for experimen-
tation. State the model and associated assumptions for analysing data from these designs.

(b) Construct a balanced uniform crossover design with 6 treatments and the minimum pos-
sible number of periods and subjects needed.

(c) Give the conditions on the parameters under which a strongly balanced uniform crossover
design may exist.

(d) Prove that for a strongly balanced uniform crossover design, the information matrix for
direct effects is completely symmetric.

[4+4-+4+4=16]
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1. Let X, = Xo+Ri+---+R, and Y, =Yg+ S1+---+ 5, foralln > 1, forall n > 1,

where (Ry, S) are i.i.d. random variables with Bivariate Normal distribution with mean

1
(0,0) and covariance matrix ( /1) ) with —1<p< 1.
p

(a) (4 marks) Assuming X, = 0 = Y, give brief reason that X, and Y, are martingale

with respect to appropriate filtering { %, } after describing this {F,}.
(b) (6 marks) Find the compensator for {X?} and for {X,Y,}.

2. Consider the portfolio optimization problem with N risky assets, as given by the data.

(a) (4 marks) Based on 3/4 of (time series) data, find the (i) minimum variance port-
folio vector; (ii) minimum variance portfolio vector with shorsale constraint; (iii)
minimum variance portfolio vector which gives 8% return; (iv) minimum variance

portfolio vector with shorsale constraint which gives 8% return, .

(b) (5 marks) Assume there is also a risk-free asset in the market of N risky asset that

pays r = 6% per annum.

Describe the risk-free asset and the corresponding tangent portfolio convex combi-
nation of which generates an expected return of 8% and with minimum possible

variance. Find the variance.

(c) (6 marks) Use remaining 1/4 of data to find the out-of-sample variance of all the
returns corresponding to portfolio vectors described above and compare it with the

corresponding in-sample variances.

3. Let the market has 5 risky asset and one risk-free asset. where the intial price vector of
the asset is given by (1,0.8982,1.1914, 1.1634, 1.2955, 1.1275)’.

At the next time period possible change of prices are given as follows.

P.T.O.



1.05 1.05 1.05 1.05 1.05 1.05
0.8359 0.8649 0.8367 0.8051 0.8328 0.8795
1.308 1.296 1.329 1.229 1.276 1.203
1.0957 1.1395 1.1147 1.1489 1.1172 1.1590
1.2950 1.3401 1.3161 1.3722 1.2588 1.3032
1.1405 1.1795 1.1522 1.1970 1.1613 1.1298

(a) (5 marks) Is the market arbitrage free? Justify your answer by showing the existence

of probability measure w.r.t. which the assets are (discounted) markingale.

(b) (3 marks) Is the market complete? Justify your answer.
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Note: Answer as many questions as you can. The maximum you can score is 100.
Use of calculators is permitted.

(a) For solving a c-class pattern recognition problem based on a training set of size n,
consisting of n; (> 0) observations from class w;, i = 1,2,-+,c (= 2), with ¥{_,; n; = n,
describe the k-Nearest Neighbour (k-NN) rule, where k is a pre-specified positive
integer such that k « n.

(b) Show that, as n — oo, the limiting value of the overall error probability of the 1-NN
rule is bounded above by

p (2 -- i 1P*),

where P* is the Bayes error for the problem.

(¢) In the context of a 2-class problem, describe the editing procedure for reducing the
training set size, starting with a k-NN rule.

(d) Show that the k-NN ruie with editing has an error rate approximately equal to that
of the Bayes rule under certain conditions.

(e) Consider a 2-class problem based on a d-dimensional feature vector x whose
components x;,j = 1,2,-,d, are independently and identically distributed in class

wi,i =1,2,as

oy _ (61 -6, forx=0,1,
Pij(x) = { 0 otherwise,
where 6, € (0,1), i = 1,2.

Suppose d is an odd integer greater than 1. Further, let 8, =p (> 0.5), 8, =1—p,
and m; = m, = 0.5. Derive the Bayes classification rule for the problem and
determine the limiting value of the Bayes error as p - 0.5.

(Hint: You may use the fact that the cumulative distribution function P(x) = P{X <
x] of a binomial random variable with parameters m and p can be written as the

Incomplete Beta function I;_,(m — x,x + 1).)

[4+6+4+6+(4+6)=30]

(PLEASE TURN OVER)



(a) Formulate the problem of clustering n d-variate observations in an unlabeled training
set D, where d > 1, as a problem of estimating the (unknown) parameters of a finite
mixture of probability densities, making appropriate assumptions.

(b) Presuming the underlying mixture model to be identifiable, deduce an iterative
algorithm for computing the maximum likelihood estimates of the unknown
parameters, including the mixing proportions m;, for the special case where the
mixture density has d-variate Gaussian components with (unknown) mean vectors
uii =12,k and a common dispersion matrix a1, o being known.

(c) Write down the main steps of the k-means algorithm for grouping the n d-variate
observations in the unlabeled training set D into k clusters.

(d) Show that k-means algorithm in (c) may be looked upon as a limiting form of the
iterative algorithm in part (b) of this problem. Clearly state any assumption(s) you

may need to make for this purpose.

[2+5+5+8=20]

(a)
i. Briefly discuss the principle of Boosting in the context of classification problems.
ii. For a two-class problem, write down the main steps of the popular AdaBoost
algorithm used for boosting the performance of a weak classifier.

{b) Describe the Random Forests algorithm for classification and explain how it improves
upon over the Bootstrap Aggregating (Bagging) of tree classifiers.

[(3+7)+(8+2)=20]

(a) Describe Rousseeuw’s silhouette index and explain how it can be used for cluster
validation as well as for determination of the optimal number of clusters.
(b) What is a Receiver Operating Characteristic (ROC) curve? Explain its utility in the

context of assessment of the performance of supervised classification methods.

[(4+3+3)+(4+6)=20]



() What are Radial Basis Function (RBF) neural networks? Discuss how they can be used
for supervised classification, providing details of any method known to you for
training such networks.

(b) Show that an RBF network having two hidden nodes with respective activation
2
functions ¢;(x) = e~lx=cil ,j = 1,2, where ¢; = (0,0),¢; = (1,1), can solve the 2-

class exclusive-OR (XOR) problem, for which the training data is given in the
following table:

Class label

=
ook
=
)

—_ Q- O

BDlw| ||~
OoO|l=(—|0O

Assuming all input-to-hidden weights to be equal to 1, estimate the hidden-to-output
weights.

[(4+3+6)+7=20]
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This paper carries 125 marks. Maximum you can score is 100. Precisely justify all your

steps. Carefully state all the results you are using.

1. (a) Let X be a normed linear space over K = Ror Cand f : X — K be a linear
map. Show that ker f = {z € X : f(z) = 0} is either closed or dense in X. [5]
(b) Let X be a Banach space and f : X — K be a linear map. Show that [ is

continuous if and only if ker f is a Gs-set in X. [15]

2. Let (X, d) be a metric space and f : X — R. Show that the following are equivalent :

(a) fislower semi-continuous

(b) For zy,,z9 € X, xn, — z¢ implies liminf f(z,) > f(=z0)

(c) for any 2o € X and € > 0, there exists § > 0 such that for all z € B(zg,4),
flz) > flzo) —e. (12]

3. Let S be a linear subspace of C[0, 1]. Show that S is closed in L]0, 1] if and only if S

is finite dimensional, by proving the following :

(a) Any finite dimensional subspace of any normed linear space is closed. [8]
(b) Show that S is also closed in C[0, 1]. (5]
(c) Show that there is a constant M > 0 such that for all f € S, (71

[flle < 1flloe < M| £l2

(d) It {f1, f2,..., fn} is a finite orthonormal set in S C L?[0, 1], then [10]
> 1fe(@)? < M forall z € [0, 1].
k=1

(e) Show that dim(S) < M2. [5]

[Note : The constant M in (d) and (e) is same as that in (¢).] [PTO]



4. Let X, Y be Banach spaces. Let T € £L(X,Y). Show that there is a constant ¢ > 0

such that || Tz} > c||lz|| for all z € X if and only if T is 1-1 and T'(X) is closed in Y.

5. Let (an) € £°. Define a linear map T : ¥, — £, by
T((Tn)) = (anmn)v (xn) € 4.
Show that

(a) T is continuous, normal and || T} = ||(an) |} co-

(b) T is invertible if and only if {«a,} is bounded away from 0.

(c) Aisan eigenvalue of T if and only if A = o, for some n > 1.

(d) o(T) ={an:n>1}

(e) T is compact if and only if (o) € co.

[20]
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1. (a) Describe how you will generate an observation from the bivariate distribution with probability

density function [4]
e_(z+y)

/Ty ’

(b) Consider the discrete univariate distribution with probability mass function

O<z,y< oo

fz,y) =

1 - —
m lfl‘—-—l,—2,...

f@)=14 % ifz=0

1 TR
m 1f:1:—1,2,....
Using only one random number from the U(0,1) distribution, how will you generate an ob-

servation from this distribution? 8]

2. Suppose that Xy, Xs,...,X, are independent and identically distributed random variables with
distribution function F satisfying [ z* dF(z) < oo. Define F), to be the empirical analog of F.

(a) Let T, = T(F,) be an estimator of § = T(F) with Bias(T,) = O(n~?) for some é € (0,1).
Find the order of bias for the corresponding jackknife estimator. 6]
(b) If T(F) = [z dF(z), find the jackknife estimator and the bootstrap estimator of Var(Ty).

Hence comment on their unbiasedness. 16]

3. (a) Find the half-space median, the simplicial median and the spatial median of the univariate

distribution with probability density function [24+-2+2]

flz) =

2z if0<z<1
0 otherwise.

(b) Consider the following observations generated from a distribution with location parameter 6.
I = 12.9 Iy = 10.1 T3 = 11.2 T4 = 9.8 Iy = 13.5
zg =106 27,=11.5 x5=28.9 g =122 x19 =118
(i) Find the least median of squares estimate for §. (3]

(i) Find the set of all values of a that minimize f(a) =3 2321 lz; — a| + E:gl(xi —a). 3]

4. (a) Show that the iteratively re-weighted least squares algorithm used for LAD regression can
be viewed as a majorization-minimization (MM) algorithm. Does this algorithm always con-

verge? Justify your answer. [5+3]



(b) Check whether the following bivariate functions belong to the class of (i) additive models,

(i1) projection pursuit models. [4]
( 1 ) N1 (.’81,3:2) = lOg(.TlIz) (m) fg(.’L‘l,.’L‘Q) = (1 + Il)(l + :1:2)
(iiz) fa(x1,xq) = €¥1F22 (1) fa(z1,x2) = sin(zy + 32) sin(z; — z2)

5. Consider the following data set.

z -5 -4 -3 -2 -1 0 1 2 3 4 5
y 25 16 9 4 1 0 1 4 9 16 25

(a) Find the equation of the line y = o + Sz that passes through the point (0,4) and minimizes
E}il lyi — & — Bx;|. (Here (z4,;) denotes the i-th observation (i = 1,2,..., 11)). (6]
(b) Find the regression depth of the linear fit obtained in (). Is this a linear fit with the maximum

regression depth? Justify your answer. [3+3]

6. (a) Consider the following data set with two missing values

r -5 -4 -3 22 -1 1 2 3 4 5
y 107 95 103 89 x x 97 85 81 7.3

Let fh be the Nadaraya-Watson estimate of the regression function obtained from this data
set when a Gaussian kernel with bandwidth h is used. If it is known that lims o f4(0.5) =
limptoo fh(O.S) = 9.0, find the limiting value of the local linear estimate of the regression

function at 0.5 as the associated bandwidth tends to infinity. 6]

(b) Consider a two-class problem. In order to construct a classification tree, one needs to find
the best split based on a categorical measurement variable C, which has three categories Ci,

Cs and C3. The number of observations in these three categories are given below

Category C; | Cy | C3 | Total
No. of. observations from class-1 | 30 | 40 | 30 | 100
No. of. observations from class-2 | 70 | 0 | 30 | 100
Total 100 | 40 | 60 | 200

Assuming the impurity function to be concave and symmetric in its arguments, find the best
split based on C. 6]

7. {(a) Describe the Metropolis-Hastings algorithm for generating observations from a target distri-
bution 7. Show that if X; ~ m, all subsequent observations generated by this algorithm will

follow the same distribution. [3+43]

(b) Use Gibbs sampling algorithm to generate observations from the following distribution

y {100 -y)}*
- , 0<y<1; z=1,2,...,
where C is a normalizing constant. [6]

8. Computer assignments (20]
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NOTE : THE PAPER HAS QUESTIONS WORTH 57 MARKS. SHOW ALL YOUR
WORK TO GET THE FULL CREDIT. RESULTS USED MUST BE CLEARLY
STATED. STANDARD CALCULATORS AND TABLES, AS PER RULE OF IS],

MAY BE USED.

1. Let X, = Xo+ R1+---+ R, and Y, =Yy + S1+--- + Sp, for all n > 1, where (R, Sk)
are i.i.d. random variables with P(Ry = 1,5y = 1) = p = P(Ry = —1,5 = —1) and
PR =-1,8=1)=¢q=P(Ry=1,S; =—1), where p >¢ >0, andp+¢g=1/2.

(a) (2 marks) Assuming Xo = 7 = Yp, note that X,, and Y, are martingale with respect to
appropriate filtration {F,}. Describe this {Fy}.

(b) (8 marks) Find the compensators for {X,,Y,}. Is M,, = (¢/p)?" a martingale with respect
to the above filtration, where Z,, = | Xo + Yo| + Yk=1 | Rk + Sk| — n? Justify.

(c) (5 marks) If the price of an asset on the nth day is M,, Rupees, then find the expected time
that log(M,)/log(q/p), the price, will hit either 0 or 30 Rupees.

2. Let {S;} be a price of a share at time ¢, given by
dSt = Mdt -+ UdBt,

where {B; : t > 0} is a standard Brownian motion defined on a probability space (2, F, P), and
i is the real world growth rate and the o > 0 is the instantaneous volatility.
(a) (5 marks) Show that S; = Sgexp{(u — 02/2)t + 0 B:}.

(b) (5 marks) Let r > O be the risk-free interest rate. Find the measure P* with respect to
which {S;} grows at the rate of risk-free rate r (instead of real world growth rate y).

(¢} (5 marks) Find the distribution of M; = Mazo<y<tSu.

3. (a) (5 marks) Write the Put-Call parity equation for currency options (European type). Justify
the equation using no-arbitrage argument.

LT.0



(b) (5 marks) Use Black-Scholes-Merton’s framework for risk-neutral valuation to show that
the European type Call (on currency) option price at time ¢t > 0 and to mature at time
T>t,is

Cy = e T 98,8(dy,) — Ke T T09(dy)
where S; is the price at time ¢t and K is the strike price, di; = [In(S;/K) + (rg — 75 +

o?/2)(T = t))/lovVT —t], dy = diz —ovV/T —t, and rq and 75 are domestic and foreign
risk-free interest rates, respectively.

(c) (5 marks) Find the Black-Scholes-Merton’s p.d.e. for above call options.

4. (444+4=12 marks) For any of the following, write TRUE or FALSE and justify your answer.
Do any three.

(a) Suppose two portfolios have equal expected return. Then the portfolio with more volatility

is preferable to the portfolio with less volatility, whether the expected return is positive or
negative.

(b) With one risky asset and one risk-less asset, if a no-arbitrage market is incomplete then

there is a unique martingale measure to determine the prices of any derivative (or claim).

(c) The explicit difference method is always more accurate than the implicit difference method
and always similar to the trinomial method.

(d) VaR is a better measurement of risk than Expected Shortfall.

All the best.
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N v s

k denotes a field and R a commutative ring with 1.
GROUP A
ATTEMPT ANY FIVE QUESTIONS.

Let I be a finitely generated ideal of R satisfying I? = I. Prove that there exists
f €I for which f2= f and I = (f). [9]

Let B be a subring of an integral domain A. Suppose that there exists a nonzero
element f € B such that B[1/f] = A[l/f] and fANB = fB. Prove that B = A. [9]

Prove that R is a reduced ring (i.e., does not have nonzero nilpotents) if and only if
Rp is a reduced ring for every prime ideal P of R. 9]
Prove that if M and N are Noetherian R-modules, then so is M Qg N. [9]
Prove that any k-subalgebra of k[X] is a finitely generated k-algebra. 9]
Prove that A = C[X,Y]/(Y? — X% — X3) is a non-normal integral domain. 9]

Let V be an affine algebraic set in C* and g an element of the coordinate ring C[V]
such that g(z) # 0 for each x € V, considering g as a polynomial function on V.
Prove that g is a unit in C[V]. [9]

GROUP B
ATTEMPT ANY TWO QUESTIONS.

Let A=R[X,Y,Z]/(X*+ Y2+ Z%2-1).
(i) Prove that A is a Noetherian integral domain.
(ii) Examine whether A is a UFD. (Clearly state the result(s) that you use.) [5+10=15]

(i) Compute k[X]/(X*) ®xx) k[X]/(X5).
(ii) Let M and N be finitely generated R-modules such that M ® g N = 0. Prove
that AnngM + AnngN = R. [Hint: Use Local-Global Technique.] [6+10=15]

(i) Let A be an integral domain which is finitely generated as a k-algebra and L the
field of fractions of A. Prove that if A # L, then A[1/f] # L for any f € A.

(i) Give an example of a proper subring B of Q and an element f € B such that
Bl/f]=Q. [10+5=15]
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Answer all questions

1. (a) What are the difficulties with improper noninformative priors in Bayes
testing? Describe the intrinsic Bayes factor (IBF) as a solution to this prob-
lem with improper priors.

(b) Suppose we have observations Xi,...,X,. Under My, X, are ii.d.
N(0,1) and under M;, X; are i.i.d. N(6,1), # € R. Consider the noninfor-
mative prior g1(d) = 1 for § under M;. Find the intrinsic prior for & for the
AIBF and show that the ratio of the AIBF and the BF with this intrinsic
prior tends to one as n tends to infinity.

(¢) Let Xy,..., X, belid. observations with a common density f(z]¢) =
exp(—{(z—#0)), z > ¢. Our problem is to compare the models My : § = 0 with
M, 1 8 > 0. Using the standard noninformative prior under M;, calculate
the fractional Bayes factor (FBF) and comment on its suitability as a model
selection criterion.

[(3+7)+11+12=33]

4. Consider p independent random samples, each of size n, from p normal

populations N(6;,0%), 7 = 1,...,p. Assume o2 to be known. Also assume
that 01,...,0, are i.i.d. N(m,7n;). Our problem is to estimate 0y,...,6,.
(a) A natural estimate of (6y,...,8,) is the vector of sample means. Why

is a suitable shrinkage estimate expected to perform better than this esti-
mate?

(b) Describe the Hierarchical Bayes and the parametric empirical Bayes
(PEB) approaches in this context. Derive the James-Stein estimate as a PEB
estimate.

[5+(1547)=27]

P.T. O



4. Suppose we are studying the distribution of the number of defectives X
in the daily production of a product. Consider the model X|Y,8 ~ Bin(Y, 6)
where Y, a day’s production, follows Poisson (A). The difficulty is that Y is
not observable and inference has to be made on the basis of X only.

Consider a Beta(a, 8) prior for #, and show how Gibbs sampling can be
used to sample from the posterior distribution of 8. Find all the required
conditional distributions.

[17]

é. Write down the Laplace approximation for an integral in the multidi-
mensional case. Describe how this approximation can be used to obtain the
Bayesian information criterion (BIC) for model selection.

[8]

§. Suppose we have observations Xi, ..., X,. Consider the model selection
problem with two candidate models My and M;. Under My, X; are ii.d.
N(0,1) and under M, X, are i.i.d. N(6,1), 8 € R. As there are difficulties
with improper noninformative prior, one may like to use a uniform prior over
[~ K, K] for a very large K under M;.

(a) Explain why this is not a reasonable specification. of prior for this
problem.

(b) Will there be a conflict between P-value and the posterior probability
of My? Justify your answer.

[84+7=15]
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Note: Give proper justification to your answers. State clearly all the results you are using.

(1) For f € LY(T), let Sy f be the N-th partial sum of the Fourier series of f. Define
S*f(z) = sup |Sn f ()],
NeN

the maximal operator associated with {Sy}. Let 1 < p < oo and assume that the
operator S* : L?(T) — LP(T) is bounded. Prove that
(a) {z € T: |f(z)| = A} < CHE for some C > 0.
(b) Sy f converges to [ almost everywhere for all f € LP(T). [15]

(2) Suppose f, f € L}(R™) be such that

[f@)+1f@)<C

(1 + |z[)m+°
for some C,0 > 0. Define F(z) = Z f(z + 2kr). Show that F € L'(T") and
kezr
compute the Fourier coefficients of F in terms of . [10]

(3) Let 1 < p,g,r < cosatisfy L +1= i + 5 Prove that
If*glir < NS llzeligllee
for all f € LP(R") and g € LY(R"). [10]
(4) Let f be a real-valued Schwartz class function on R. Show that
(Hf)?=f?+2H(fH),

where H is the Hilbert transform. [10]
(5) Prove that for almost every £ € R,

1 1
> (E+2km)?  4sin’(£/2)

kez
[Hint. Consider the scaling function of the Haar MRA and use the fact that integral
translates of a scaling function are orthonormal.] [5]

(6) Let ¢ be the scaling function of a multiresolution analysis so that there exists a
sequence {a : k € Z} € ¢*(Z) with

p(z) = Zaksm,k(.’ls) = Zak21/2gp(2x — k).

keZ kez
Show that
(&) ) lal =1,
kez
(0) Y aytiar = b for all L € Z. [10]

kez
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Attempt ALL questions. Be brief and to the point.
You may use standard textbook notation automatically.

1. Consider the two series x; = w; and y, = w; — Gw;_; + u;, where w; and
u, are independent white noise series with variances 6.3 and o7, respectively,
and 6 is an unspecified constant.

(a) Express the Autocorrelation function (ACF), p,(h) forh=0, +1,£2, ... of
the series v, as a function of 6.2, 6. and 0

(b) Determine the Cross-correlation function (CCF), py,, (h) relating x; and y,.

(c) Show that x; and y, are jointly stationary. [S+5+5=15]

2. Consider a process consistirig of a linear trend with an additive noise term

consisting of independent random variables w, with zero means and variance

2
O-W’

Xy = Po+ Pt + wy,
where 8, and [5; are fixed constants.
(a) Prove x; is non-stationary.

(b) Prove that the first difference series Vx; = x, — x,_ is stationary by
finding its mean and auto-covariance function.

(c) Repeat part (b) if w, is replaced by a general stationary process, say y;, with
mean function p,, and auto-covariance function y,, (h). [4+6+5=15]

3. Consider the MA(1) series x, = w; + 6w,_; where w, is white noise with
variance 0,2.

Page 1 0of 3



(a) Derive the minimum mean-square error one-step forecast based on the
infinite past, and determine the mean-square error of this forecast.
(D) Let XMy = X7 + o+ Xty + Oy + -+ 0, W, _, be the
truncated one-step-ahead forecast. Show that

E[(ny — Zp)?] = o?(1 4 62427,
Compare the result with (a), and indicate how well the finite approximation
works in this case. [7+(7+6)=20]

4. first-order autoregressive model is generated from the white noise series w;
using the generating equation x; = ¢x,_; + wy,

where ¢, with || < 1, is a parameter and w, are independent random variables
with zero mean and variance ;3.

(a) Show that the power spectrum of x; is given by

Ty
1+ ¢2 —2¢cos(2nw)’

fr(w) =

(b) Show that the inverse transform of the auto-covariance function of this
process: '

"
1-— ¢?%
forh=0, 41, £2, ... is indeed the spectrum derived in (a). [7+7=14]

Vx (h) =

5. Show that the 2 X 1 gradient vector for an ARCH(1) model
1 = o0& and 0f = g+ a;1P

is given by

2

al/ n )
dag \ ( 1 ) y %o t Ty T
ol - z : rZ 2 Y2
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Then use the result to calculate the 2 x 2 Hessian matrix

9%l 021/
day? dayday
62l/ 9%l '
dayday da,>

[9+9=18]

6. Consider the model y, = x; + v;, where v, is Gaussian white noise with
variance g2, x, are independent Gaussian random variables with mean zero and
var(x,) = .02 with x, independent of v, and ry, ..., 15, are known constants.
Show that applying the EM algorithm to the problem of estimating o and o7
leads to updates (represented by hats)

1o o? + p? 1%
A2 t t 22 Z 2 2
=~ ) ——— and §; = — - + of},
x nz T v = (Ve — 1e) £]
t=1 t=1
where, based on the current estimates (represented by tildes),
~2 52 52
g = —2% _ ando? = =T
1,62 + 52 £ n62+ 62

[18]

Page 3 of 3
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¢ Please write your roll number on top of your answer paper.

There are four problems carrying 25 points each. Solve as many as you can. The maxi-
mum you can score is 45.

Show all your works and write explanations when needed.

This is an open note examination. You are allowed to use your own hand written notes
(such as class notes, your homework solutions, list of theorems, formulas etc). No printed
materials or photo copies are allowed, in particular you are not allowed to use books,

photocopied class notes etc.

. State whether the following statements are true or false. Write brief reasons support-

ing your answers. [(1+4) x5 =25]

(a) There is no i.i.d. sequence of random variables (Xy),>, which is a martingale.

(b) Let (Xn),>o be an exchangeable sequence of random variables taking values in
{0,1}. 'Then the tail o-algebra of (X,),, is always trivial.

(c) Suppose 4 < v are two finite measures on a measure space (§2, ). Let A be another
measure which is singular with respect to v. Then p L A.

(d) It is not possible to have a pair of random variables (X,Y’) such that the marginal
“distributions of X and Y are continuous, but the conditional distribution of X
given Y is always discrete.

(e) A predictable super-martingale converges on [—o00, 00].

[please turn over]



. (a) Give an example of a probability space (Q, F,P) and two sub-g-algebras Fy and
Fo, and a random variable X defined on (2, 7, P) such that

2o x| ][] # e x]7] 7]

(b) Suppose E[X?] < oo and let G be a sub-o-algebra. Then show that
Var (X) = E [Var (X ’gﬂ +Var (E X ’ g) .
(10]

(c) Show that if X and Y are two square integrable random variables such that
E[X,Y]:YandE[Y’X}:X. Then X = Y as. [10]

. (2) Let (X1),50 and (Yn),so be positive integrable and adapted to a filtration (Fr), 5o
Assume -
E [Xn+ll}'n] <(+4Y) Xa V20,

Show that the two events [ ooV, < oo] and [(Xa),s0 converges | are almost
surely equal. - , [10]

(b) If (Xn)pnso is @ non-negative super-martingale and N < oo is a stopping time then
E Xy <E[Xo) .

[Note: Here we write X, as the almost sure limit of X,,’s which exists.] [15]

. Suppose (Xn)n21 be an exchangeable sequence of square integrable random variables.
(a) Show that E[X;X;] > 0for all 4,5 > 1. [10]
(b) Show that

;(’nl__f)' Z (X: — X;)? —£—1> Var (X1 ‘ 8) and also a.s.,

1I<i<j<n

where £ is the exchangeable o-algebra. [15]

Good Luck
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1. Consider a two-class discrimination problem based on a univariate feature X. It is
assumed that in the class w;, i=1,2, X is distributed as N (u;, a?). Let my=m, = % where
m; denotes the prior probability for the population w;, i = 1,2.

a) Show that the minimum probability of error for a linear classification rule based on

X for discriminating between w, and w, is

-2*/2 4z,

1 o0
P =—f e
¢ vV2m ’
a
where

=Iu1—uzl
20

b) Show that P, - 0 as '—"%“2—' - 0,

[10+5=15]

(a) What is meant by a kernel density estimator? Explain

(b) Define the Mean Integrated Square Error (MISE) criterion for assessing the
goodness of such estimators.

(c) For kernel density estimation of a probability density function f which has
continuous derivatives of all orders, if a symmetric probability density function
with expectation equal to 0 and variance equal to k,(# 0) is used as the kernel,
determine the optimal window width h which minimizes th& Mean Integrated
Square Error (MISE) in an approximate sense, as a function of the kernel K,

f'" and the number of observations, n.

(PLEASE TURN OVER)



(d) If the density f is M (u, 02) and the kernel K used for estimating it on the basis
of n observations is (0, ¢?), show that the optimal value of h is approximately

equal to

1.060
W

given that [[¢" (x)]?dx = % , where ¢ denotes the probability density function

of the standard normal distribution.

[3+3+10+4=20]

3. Create a binary tree classifier for a univariate two-class pattern recognition problem,
presuming the availability of a very large number of observations on the feature X from
the two classes w; and w,, with
(). m=m,= % where m; denotes the prior probability for the population w;, i = 1,2;
(i)).  plxlwy) =N(0,1) and p(x|w,) = N(1,2).

The tree should be small with one root node, two other nonterminal nodes and four leaf
nodes. All nonterminal nodes should have decisions of the form “Is x < x,?” with respect

to the misclassification impurity measure, deduce, in terms of the c.d.f. ¢ of the
standard normal distribution,

(a) the split value x; at each of the three terminal nodes,

(b) the final test error of the tree classifier.

[12+3=15]

i
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(a) Using only two random numbers from U (0, 1) distribution, how will you generate an obser-
vation from the two-dimensional uniform distribution on S = {(z1,z2) : 1 < 2? + 22 < 4}7

Find the mean vector and the dispersion matrix of this distribution. [6+2+6]

(b) Consider a non-negative continuous function ¢ : [a,b] — [0,¢], In order to estimate § =
f: ¥(z) dz, a student generated n independent observations (z1,y1), (£2,92), - - -, (Tn, yn) from
U(a,b) x U(0, c) and proposed the estimate 8; = (i;al Soiet Yyi<p(en)}- Another student
generated n independent observations z1, 23, ..., z, from U(a,b) and proposed the estimate

6y = b*T“ > ¥(z:). Which of these two estimates will you prefer? Justify your answer. [6]

(a) Show that simplicial depth is invariant under affine transformations. 3]

(b) If # is a spherically symmetric distribution, which is symmetric about the origin, show that

SD(x, I}, the simplicial depth of x with respect to #', is a function of ||x||. [4]

(c) Show that the simplicial depth of an observation x with respect to N (g, 3} distribution is a
function of the Mahalanobis distance {(x — p) 27 (x — p)}1/2. 3]

(a) A arandom sample of size 25 is to be drawn from {1,2,...,25} using SRSWR technique.

(i) Calculate the total number of distinct samples that can be drawn from {1,2,...,25}. [4]
(i) If X denotes the median of a random sample, find P(X = k) for k =1,2,...,25. 5]
(iii) Check whether X is unbiased for the population median. 5]

(b) Show that the bootstrap estimate of Var(X,,) is biased, but the jackknife estimate of Var(X,,)
is unbiased. 6]

(a) Give an algorithm for generating two random variables X; and X3 such that X; ~ U{0,1),

X3 ~ U(0,1), they are uncorrelated but not independent. 5]

(b) Is it possible to have a bivariate distribution, where the half-space depth of the spatial median

is higher than 0.5? Justify your answer. [5]
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1. Compare the Bayesian approach and the classical frequentist approach in
the context of estimation of a real parameter 6 with a loss function L(4, a),
indicating the difference in the evaluation of performance of an estimator in
these two approaches. : (8]

2. Suppose that for a given set of data, for which the model involves an
unknown real parameter #, a classical 95% confidence interval and a 95%
Bayesian credible interval for 6 are both obtained as (2.7, 4.3). How will a
frequentist and a Bayesian interpret this result? 5]

3. Let X,,X; be i.id. with a common density belonging to a location
parameter family of densities with a location parameter §. Assume without
loss of generality that FgX; = 6. One can find a frequentist 95% confidence
interval of the form (X — ¢, X + ¢). Suppose now that X, — X, is known
and one calculates P(the interval X F ¢ covers 6 | X, — X3). What is Welch’s
paradox in this context? Give an example where Welch’s paradox occur.
Can Welch's paradox occur if X, X5 are i.i.d. N(0,1)7 (Explain.)
[5+3=8]

4. Let Xp,..., X, beiid. N(8,0?) variables.

(a) Consider a standard noninformative prior for (6,0?) and find the
corresponding 100(1 — )% HPD credible set for 6.

(b) Assumne that o2 is known and cousider a conjugate prior for ¢. Find
the posterior distribution of ¢ and the posterior predictive distribution of a
future observation X,41. [(7)+(4+7)=18]



5. Let Xy,...,X,, and Y},..., Y, be two independent random samples from
two normal populations with distributions N(u1,0?) and N(ug.0?) respec-
tively. Assume that the prior distribution of (u1, ug, log o?) is improper uni-
form where g, 3 and 02 are independent. Find the posterior distribution of
K1 — H2.

16

6. Let Xi,...,X, be iid. with a common density f(z|f) where § € R.
State the result on asymptotic normality of posterior distribution of suitably
normalized and centered # under suitable conditions (to be stated by you)
on the density f(-|¢) and the prior distribution. 5]
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1. (a) Describe how you will generate observations on two random variables X and Y such that
X follows Bin(5,0.5) distribution, Y follows Bin(10,0.5) distribution, and the correlation
co-efficient between X and Y is —0.25. 6]

(b) Let 0.3862,0.7908, 0.0246 and 0.1325 be four independent observations generated from U(0, 1)

distributions. Using these observations, generate an observation (X, X3) from the following

bivariate distribution with cumulative distribution function given by 8]

F(z1,22) = 1 — exp{—2z:} — exp{—a2} + exp{—=z1 — z2 — 0.5x122}, where z;, 72 > 0.

2. Consider a moving average process X; = p+¢&;+¢e4_1 for t = 1,2,. .., where the &,’s are i.i.d. with

the mean 0 and the variance o2.

(a) Define X,, = 3", X;/n. Find the asymptotic distribution of ¥, = \/n(X,, — ). 14
(b) Now, consider a bootstrap sample Xf,..., X} drawn from {Xi,...,X,}. Define X} =
Yy Xi/n and Y7 = /n(X}; - X,). Check whether the asymptotic distribution of ¥;?
matches with that of Y. [6]

3. Prove or disprove the following statements:~

(a) Simplicial depth of an observation x with respect to the multivariate normal distribution
N(p, X) is a function of the Mahalanobis distance [(x — p) 7% (x — p)]/2. 8]

(b) Both least squares (LS) and least absolute deviation (LAD) estimators of regression coefficient

in simple linear regression have zero asymptotic breakdown point. 6]

(c) For univariate data, the Minimum Covariance Determinant (MCD) estimate of location turns

out to be the Least Trimmed Squares (LTS) estimate of location. 8]

{(d) Consider a logistic linear regression problem involving a binary valued response variable Y
and a p dimensional covariate X. Let S; be the convex hull formed by the X-observations with
Y =i(i=0,1). If Sp and S; are disjoint, maximum likelihood estimate of the parameters of

the logistic regression model will not exist. 6]

(e) Consider a data set {(z:,%); i = 1,...,n}, where y; = f(z;) for i = 1,...,n and f is
monotonically increasing. For any fixed choice of the bandwidth h, the Nadaraya-Watson

estimate f, based on the Gaussian kernel will also be monotonically increasing. 8]

[P.T.0]



4.

(a)

(c)

(a)

Consider a regression problem with observations (z1, 1), (Z2,%2), -+, (Zn, yn). Suppose that
a linear spline with power spline basis and knots tg < t1 < ... < t1p is used to estimate the
regression function f. If there are no ;s in the interval (i4,%), show that the projection

matrix is singular. 14]

Give an example of a regression problem, where projection pursuit regression is expected to
peform better than regression based on additive model. Describe how you will fit a pro-
jection pursuit regression model to a data set on a response variable Y and p covariates
X1, X2,y X (2-+4]

Let fh be the Nadaraya Watson estimate of a regression function f based on a kernel K and
bandwidth h. Assume that f is Lipschitz continuous, and K has a bounded support. Show
that for any fixed z, bias of fj(z) converges to 0 as the bandwidth h shirnks to 0. 4]

Let z1,22,...,2, be n observations generated from a mixture of three univariate normal
distributions N(u1,0%), N(u2,02) and N(uz,02) (where pu1 < g2 < p3) with mixing propor-
tions p?, 2pg and ¢% (p + ¢ = 1), respectively. Describe how you will use the expectation-

maximization (EM) algorithm (clearly state your choice for the initial values of the parameters

and the convergence criterion) to estimate p. 8]
Show that EM algorithm can be viewed as a special case of minorization-maximization (MM)
algorithm ‘ (4]
Suppose that there are 2m balls numbered 1,2,...,2m. These balls are randomly divided

into two boxes. At any stage, we choose one of these 2m balls at random and move it to the
other box. Let X, (n =0,1,2,...) denote the number of balls in the first box after the n-th

stage. Check whether
(i) Bin(2m,1/2) is the stationary distribution of the Markov chain {Xyn; n > 0}. [5]
(ii) sup, |P(Xn < k) — 35 o ((™)(3)2™| = 0 as n diverges to infinity. 4]

Describe how you will use the Gibbs sampling algorithm to generate observations from the

following distribution

{1001 - y)}#
f(w,y,2)=0<1fy> {x,((z_?i);, z2=142,...;z=0,1,...,2;, 0<y <1,

where C is a normalizing constant. 5]
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(1) Let f be integrable on T and is differentiable at zo € T. Show that Sy f(zo) = f(x0)

as N — oo, where Sy [ is the N-th partial sum of the Fourier series of f. [20]

(2) Let {c, : n € Z} € ¢*(Z). Prove that there exists a unique f € L*(T) such that

f(n) =c, for all n € Z. [15]
(3) Show that there exists a constant C > 0 such that
sup |P.f(z)| < CMf(x), ze€T,

0<r<1

where P, is the Poisson kernel and the M is the Hardy-Littlewood maximal operator

on T. [15]
(4) Compute the Fourier transform of the function f, where f(z) = e#*/2, € R. [10]

(5) Let &y be the Dirac mass at 0. Compute the Fourier transform of the distribution

0%0y, where « is a multiindex. [10]
(6) Let H={z € C:Imz > 0} be the upper half-plane in C. For F € L?(0,c0), define
flz)= /00 F(t)e*dt, z€H.
0
Show that f is analytic in H. [10]

(7) Let [ € L}Y(R™), t € R™ and ¢ > 0. Show that there exists h € L*(R™) with ||h]j; < ¢
such that A(s) = f(t) — f(s) for all s in a neighbourhood of ¢. [10]

(8) Let g € L*(R) such that {g(- — k) : k € Z} is an orthonormal system in L*(R). Show
that |supp g| > 27. Also prove that equality holds if and only if |§| = xk for some
K CR. [10]




INDIAN STATISTICAL INSTITUTE
Backpaper Examination
First Semester, 2018-2019
M.Stat. 2nd Year

STATISTICAL INFERENCE II

Date: 1 February, 2019 Max. Marks: 100 Duration: 3 Hours

Answer all questions

1. Let X,..... X, be iid. N(f.0?%) variables. Consider a standard nonin-
formative prior for (#,0?) and find the posterior distribution of . Also find
the 100(1 — «)% HPD credible set for 6.

[(64+4)=10]

2. Consider 1.1.d. observations Xi,..., X, with a common density f(z|f) =
exp{c(0)+0t(z:) }h(z) (one parameter exponential family). It is given that the
usual regularity conditions hold and ¢(#) is sufficiently smooth. A statistically
natural parameter is o = I%L(X). Show that u is a one-one function of ¢.
Find MLE of ;.. Show that for a conjugate prior m(¢) = cexp{mc(¢) + ¢/s},
the posterior mean of p is a weighted average of the prior estimate and
the classical estimate (MLE). (assume that 7 is supported on [a, b] where
m(a) = 7(b) =0.)

(15]

3. What are the difficulties with improper noninformative priors in Bayes

testing? Describe the intrinsic Bayes factor (IBF) and the fractional Bayes

factor (FBF) as solutions to this problem with imnproper priors.
[(3+10)=13]

4. Consider p independent random samples, each of size n, from p normal
populations N(6;,0%), i = 1....,p. Assume ¢? to be known. Also assuine
that ¢#y,...,6, are L.i.d. N(pu,72). Our problem is to estimate #,....6,.



Describe the Hierarchical Bayes and the parametric empirical Bayes (PEB)
approaches in this context. Derive the James-Stein estimate as a PEB esti-
mate.

[(15+7)=22]

5. Consider the set up of Question (49) with ¢? unknown. Assume that
o? follows Inverse-Gamma (a1, b;) and is independent of @ = (#),...,4,).

Counsider the second stage priors:
g~ N(ug,08) and 7% ~ Inverse-Gamma (ag, by)

where 1 and 72 are independent. Assume that a1, b1, az, by iy and o2 are
specified constants.

Describe how Gibbs sampling can be used to sample from the posterior
distribution of €. Find only the conditional posterior distribution of o2 given
0.1, 7 and that of u given @, 0%, 72,

[17]

6. Suppose we have observations Xi,...,X,,. Consider the model selection
problem with two candidate models My and M. Under My, X; are i.i.d.
N(0,1) and under M;, X; are i.i.d. N(#,1), § € R. As there are difficulties
with improper noninformative prior. one may like to use a conjugate N(0, %)
prior for § under Af; where 72 is very large. Is this a reasonable specification
of prior for this problem? Justify your answer.

[12]

7. Suppose X has density e=@=9[(z > ) and the prior density of ¢ is
p(f) = [7(1+ 6%, & € R Find the Bayes estimate of ¢ for the loss
function L(6.a) = I{{#f — a|] > 6) for some specified § > 0.

(1]
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1a) Consider the following game in Statistical Decision Theory,
Let set of states of Nature = { 61, 82,83}

Let xi =1(6i,d), i=1,2,3 and d € Decision space

Let risk set
A={x=(x1,%2,%3): 2(x1-3)2+(x2-4)2+(x3-6)2 €22}

Find value of the game, minimax point and Least favourable prior.

[2+2+4]

b) Let V(A) = value of the mixed extension of matrix game A, for matrix A: mxn.
Show that V ( A) is a continuous function from the set of mxn matrices to R.

[5]
c) Let A be an n x n positive definite matrix.
V (A) = value of the mixed extension of the matrix game A
ShowthatV(A) 2(1/n) Amin
Where Amin = minimum eigenvalue of A
[5]

2. a) For {(a, b) a real-valued function on A x B, define (ao,bo) € AxB tobea
saddle point of f.

State and prove necessary and sufficient condition on the existence of saddle point
in this context.

[2+12]

b) Define value of a two-person, zero-sum non-cooperative game.
Show that value of the game is unique in this context (if it exists)
Prove rectangular property of the set of equilibrium situations in this context.
[2+3+3]

bl 22224



Indian Statistical Institute
Second Midsemestral Examination 2018-19
M. Stat. II yr
Statistical Inference III

Date: February 19, 2019 (14:30 hrs) Maximum marks: 60 Duration: 2 hrs.

Answer all Questions.

1. Let {Xo, X1,..., Xk} be a segment of a time-homogeneous discrete Markov chain
with transition probability matrix P. Assume that the initial random variable Xy
has an initial pmf belonging to P = {py : 6 € ©} (0 unknown) over the discrete
state space of the Markov chain. Further let T(X,) be a sufficient statistic for the
family P. Next consider two experiments T = {T'} and & = {Xo, X1,..., Xk}
respectively. Show that deficiency §(£7,&) = 0 using Theorem 2 of LeCam and
Yang (2000) or otherwise.

[20]

2. Consider two random observations (Y, T') taking values jointly in (¥ x T, A x B).
Suppose that under two different hypotheses Hy and H; their joint distributions
Py and P, can be represented by joint densities f(y) g(t) and h(y,t) respectively
with respect to a fixed product measure g x v on (Y x T, A x B). Assuming
h{y,t)/f(y)g(t) < oo show that the marginal density of Y on (Y, A) is given by

(v, T)
Pyy:fy)E[————lY a.e 1,
() = 1) Bo| 55k
where Ej is expectation under Hj.
[20]
3. Consider two experiments on a sequence of Bernoulli trials X, X5, X3,... with

success probability 8, 0 < 6 < 1 (unknown) given by & = {Xi,Xs,..., X5}
and & = {7 = min{m —3: X; + Xy + -+ + X,, > 3}} respectively. Suppose we
perform a mixture experiment £* by choosing one from &; and £, with probability
0.5. Write down the sample space of the mixed experiment explicitly and find a
minimal sufficient statistic for £*.

[20]
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1. Consider a continuous longitudinal response variable Y and a set of covariates X, for n
individuals. Under the usual assumptions, derive the generalized estimating equation
(GEE) for this correlated data. Specify the underlying sandwich structure of the
working covariace matrix, and mention why GEE results in a robust estimate for the
model parameters. [10]

2. In a disease mapping project, suppose data are collected on the number of cases of
disease from S different locations, with Y, be the observed number of cases for the
location s, where s = 1,2,..., 5. Data are also collected on a set of related covariates,
say, T1,%T2,...,Zs; from all S locations. In the data, s;(< S) responses are found to
be exactly equal to zero and non-zero responses are denoted by Yi,Ys...,Y;,, where
51+ 5y = S. Considering a suitable parametric covariance function, develop a Bayesian
Two-Part model for the above dataset with the goal of predicting the number of cases
of disease for a new location s* given the relevant information on the covariates for
that location. Show all the steps for your modelling and prediction. [15]

3. A study was conducted on metabolism in 15 year old females. Data are collected from
20 subjects, and let X; be the energy intake over a 24 hour period for the i-th individual.
We model log(X) with Normal(6, 02), and further consider a Normal(6y, 72) prior for 6,
and an Inverse Gamma (a, b) prior for 0®. Note that the density of an Inverse Gamma
distribution with parameters (a,b) is given as the following:
f(c?|a,b) zaz)lﬁexp(glz).

In a Bayesian framework, derive explicitly the joint posterior distribution, the full
conditional distributions for § and o2, and explain the Gibbs sampler algorithm (by

identifying the respective full conditional distributions) for estimating the underlying
model parameters. (15]

4. Define the following terms:
(i) Directed graph, (ii) Bayesian network, (iii) Importance sampling, (iv) Horseshoe
prior for variable selection, (v) Quantile crossing. [10]
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1.

2.

3.

(a) Given two densities g and f with respect to the same measure, define the Bregman
divergence between them defined by a strictly convex function B(-). [Here, as well
as in the other parts of this problem, you may assume that B is twice continuously
differentiable.

(b) Suppose that a random sample X1, X3, ..., X, is available from an unknown dis-
tribution G, which is modeled by the parametric family {Fp;8 € ©}. Explain
how one can set up an empirical version of the Bregman divergence between the
unknown data density g and the model density fy.

(c) Derive the influence function of the minimum Bregman divergence estimator of 8
in terms of the defining convex function B(-).

[3+3+8=14]

Consider the location model F,,(z) = Fy(x — p) where Fy is symimetric about zero. Let
¥ be a nondecreasing and bounded 1+ function; let k = 1(00). Consider the mixture
distribution H = (1 — €)F), + €G, where G is an arbitrary contaminating distribution.
Define m(b) = Egy(X + b). Notice that m(-) is odd; it will be assumed that m is
increasing. Let T'(F,) = p, and T(H) = py, where T(-) represents the functional
corresponding to the M-estimator based on the function . The quantity py — p is
the bias in estimation. Let € < 0.5. Show that the maximum bias in estimation is the
solution b, of the equation

ke

m(b)zl—e

[Hint: Without loss of generality, assume p = 0, so that the bias is simply py. Look
at the estimating equation for the mixture distribution.]

[10]
(a) Define a statistical functional T'(F"). Give two examples of statistical functionals.

(b) Under appropriate assumptions and notations, define the von-Mises derivative of
a statistical functional. How is the influence function of a functional related to
the von-Mises derivative?



()

(a)

()

(a)

Explain the dual role of the influence function in describing the robustness and
cfficiency of an estimator.

[3+4+7=14]

Let Xi,...,X, be iid. observations from a discrete distribution supported on
x ={0,1,2,...}. Let G be the true distribution function having probability mass
function g(z); let fs(z) represent the probability mass function of the model.
Also let d,,(z) be the relative frequency at z € x. Define the disparity pc(dn, fo)
between d, and f; based on the function C(-). Describe the properties that the
defining function C(-) must have.

What is the residual adjustment function (RAF) A(-) of a disparity? How can
one standardize the disparity so that A(0) = 0 and A’(0) = 1.

Find the RAF of the Hellinger distance and the Neyman’s chi-square.
[3+3+4=10]

One definition of breakdown says that the functional T'(-) breaks down at the dis-
tribution F at the level of contamination e, if |T(H,) — T(F)| —= oo, as n — o0,
where H, = (1 — €)F + €V}, and the sequence {V,,} represents arbitrary con-
taminating distributions. When the parametric model is the family of Poisson(\)
distributions and the true distribution belongs to the model, show that the mini-
mum Hellinger distance estimator has asymptotic breakdown point €* = 0.5.

Consider a location M-estimator corresponding to a 1-function which is monotonic
(but not necessarily odd). Suppose that k; = —(~00) and ky = 9(0c0) are finite.
Show that the asymptotic breakdown point of the location M-estimator is given

by
* min{kla kZ}

 kitke ‘
(6+6=12]
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1.

MUST BE CLEARLY STATED.

(5+7=12) Consider the followig Black-Schole-Merton PDE %% +rS % + f-f—zggé =rf with
the boundary condition f(S,T) = maz(K — S,0) for some positive K,r and o.

(a) Use expligit difference method to formulate this equation and find the condition for stability,
if any.

(b) Transform the B-S-M equation using Z = logS and then find the stability condition for
explicit difference method for the transformed equation. Further find the stability condtion, if
any, for implicit difference method for this transformed equation.

(Hint: You may use that the eigenvalues of the tridiagonal matrix 4 of dimehsion N x N isof
the form A\; = a + 2,3\/——232003(1—};’[—1-) where A = ((ai5)) given by aij = a for j =1, a; = for
J=1i+1, a;;=1v for j=4i—1 and a;; = 0, otherwise.

]

(5+5=10) Evaluate the integration f14 f(z)dz using the following two methods and compare.
() Gaussian quadrature formula Y1, w;f(;) for n = 3, where f(z) = exp(z?) , where the zbis
are the appropriately chosen weights using Legendre polynomials over the interval [—1, 1] which
are given by po(z) = 1, p1(z) = z, pa(z) = (1/2)(32% — 1) and p3(z) = (1/2)(5z° — 3z).

(ii) Simpson’s 1/3rd rule dividing them into 3 equal interval.

. (5+5+3=13) Consider the SDE, dry = k(6 — r;)dt+odW, where k,o and 8 are positive constants

and {W;} is a standard Brownian motion.
(i) Solve for r¢, over the time period [s,7], for 0 < s < T.

(ii) Let PT be the price of a zero coupon bond at time s that matures at time T(> s) and given
by Elexp(— fsT ridt) | Fs] (under risk-neutral measure), where Fy = a({W,, : 0 < u < s} U{ro}),
ro is independent of the Brownian motion {W}. Evaluate P7.

(ili) For k=2,0=0.04, T =3, 0 =0.25, r, = 0.04 and s = 1 months, find the value of PT.

All the best.
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Note: This is a closed notes/closed book examination. Do any four of the following problems.
Notations, if not explicitly explained, are to be interpreted as defined in class.

1. Closure of open balls. 2+ 3]

Let (M, p) be a metric space, z € M, e > 0. Show that B(z;¢€) # Blz; €] in general. If, however, M is a
normed vector space, with p coming from the norm, then show that B{z;€) = Blz;e].

2. Tightness of a Gaussian family. (5]

Let A CR x (0,00). Set IT4 = {P,, .2 | (4, 0%) € A}, where P, ;2 is a N (i, 0*) probability measure. Show
that Il is tight if and only if A is bounded.

3. Weak convergence in countable and discrete spaces. 3+ 2]

Suppose that M is countable and discrete, and let P,,P be Borel probability measures on M. Show
that P, = P if and only if P,{z} — P{z} for all x € M. Show also that, in this case, dpy(P,,P) :=
SUD 4eB(M) |P.(A) —P(A)| — 0.

4. Some Brownian computations. : 2+ 3]

(a) Let X,Y,Z be random variables defined on a common probability space. If (X,Y) L Z, then show
that E[X | Y, Z] = E[X | Y] as.

(b) Using the above result, or otherwise, compute (i) E[B(s) | B(r), B(¢)], (ii) Var[B(s) | B(r), B(t)],
where 0 <r<s<it<1.

5. The number of levels reached by a simple symmetric random walk. 2 + 3]

Consider a simple symmetric random walk (S)x>0, and let L,, denote the number of levels reached by the
random walk by time n. Thus Ly =1, L; = 2, Ly € {2, 3}, and so on. Show that % converges weakly and
give an expression for its limit CDF.
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This examination is gpen books and gpen notes. The entire question paper is for 65 marks. The

maximum score is 60.
Obtain a closed form expression for the mean residual life of a unit at age t, if its hazard rate

function is A(t) = 2 + 4t. {3)

Suppose X5, ..., X, is a randomly right censored sample from a life distribution having survival

function S(t) = e~0% >0, where A is an unknown and positive valued parameter.
(a) Derive the maximum likelihood estimator of A.
(b) Derive the maximum likelihood estimator of $(0.5).
(c) Describe the asymptotic distribution of the estimator of part (b).

(d) Describe a confidence interval of ${0.5) with asymptotic coverage probability 0.95.
[6+2+4+3=15]

Show that the Kaplan-Meier estimator of the survival function reduces to a simple function of the
empirical distribution function when the data are not censored. 6]

For the data set 3, 5, 5+, 23, 35, 48+, 64, calculate the Kaplan-Meier estimator by using the
redistribute-to-the right algorithm. Also obtain the nonparametric maximum likelihood estimate
of the mean. [8+4=12]

Consider the counting process formulation of survival data with random right censoring.

(a) Specify Aalen’s class of two-sample test statistics for the equality of two
deterministic intensity functions, after describing the set-up.

(b) Describe the asymptotic null distribution of the test statistic, with justification. (There
is no need to provide an expression for the asymptotic variance.)

{c) How can the asymptotic variance of the test statistic be estimated consistently?

(d) Show that the test of part (a) reduces to the log-rank test for a particular choice of the
weight function.

(e) How does the expression of part (¢) simplify in the special case of (d)?

[5+6+3+8+2=24]
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1. (@) How do you calculate power of the 3 — period variance ratio statistic
VR (3) under the AR(1) alternative?

(b) In particular, explicitly calculate the alternative distribution when the AR
parameter ¢ = 0.37 [6+3=09]

2. Consider the model of non-synchronous trading. If we look at the return of

q — period time aggregation for a portfolio, show that the maximal spurious
autocorrelation — 1 as the non-trading probability m,, for portfolio a, — 1, for a
fixed q. [10]

3. How do you calculate power for tests using
(a) Cumulative abnormal return for security i, CAR, ?

(b) Cumulative average abnormal return CAR? [6+5=11]
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Group A: Answer all questions.

1. (a) What are the advantages of Zelen’s play-the-winner rule over an equal allocation
rule? If n patients are treated by this rule in a two-treatment set up, find the expression
of the proportion of allocation by a-particular treatment. [4+8]

(b) Suppose a Cyclic Play-the-Winner rule is carried out for a 4-treatment clinical trial
with success probabilities ‘0.8, 0.6, 0.4 and 0.2, respectively. Find the probability of
allocating the 4th patient to the first treatment. 8]

2. (a) Discuss how type I error spending function (and a discrete set of boundaries) can
- be constructed for a discrete stochastic process in group sequential set up. 8]

(b) If there are only three groups in a group sequential study, give one form of type I
error spending function which will spend the total type I error in a 1:7:56 fashion in the
three groups (assuming the time intervals are in the ratio 1:1:2 for the three groups).

[5]

3. What is Friedman and Wei’s Urn Design? Write the expression for the proportion of
balls of any kind in the urn up to the first n patients as a function of the difference of
the number of patients treated by the two treatments up to that patient. [3+4]
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1. Prey population grow in a logistic fashion and the interaction between predator and prey
follow Holling tvpe I functional response. The death of predator population is density
dependent.

(a) Following the above asswinptions, write down the mathematical model in terms of
ordinary differential equations.

(b) Show that the solutions which initiate in R arc uniformly bounded.
(¢) Find out the condition(s) for which both the population will coexist?

(d) By constructing a suitable Lyapunov function, show that the system is globally asymp-
totical stable around the positive interior equilibrium point.

(24+4+445)=15

2. Cousider N population of Yeast cells are growing by fission. There is a certain probability
that a particular cell will divide in a given time interval. Investigate the stochastic form
of the process by calculating the mean and variance.

(12)

3. (a) Derive Holling disc equation with proper assumptions.

(b) The Rosenzweig-MacArthur predator-prey model in dimensionless form is written as

dr . (1 B l) _ary

i K/ 1+
dy azry
E =Tt 1+

where the symbols have their usual meaning. By using Dulac criteria, show that there
15 no periodic orbit around the positive interior equilibrium point.

(c) What is Allee cffect. Write down a typical model of strong Allee effect with harvesting
and point out the transcritical bifurcation point.

(3+5+5)=13
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This paper carries 55 marks. Maximum you can score is 50. Precisely

justify all your steps. Carefully state all the results you are using.

1. Let Y be a w*-closed subspace of a dual Banach space X*. Let z* €
X*. Show that there exists y* € Y such that

lz* —y*|| = inf{||z" — 2*|| : 2" € Y}

[Hint : The norm on X* is w*-lower semi-continuous.] [10]

2. (a) Show that the space ¢y is not isometric to the dual of any Banach
space. [10]

(b) Show that the space ¢! is not reflexive. [10]

3. Let X be a Banach space. For a closed bounded convex set K C X,

zg € K is called a denting point of K if, for each £ > 0,
zq & CO(K \ Be(z0))-

(a) Show that zp € K is a denting point of K if and only if for each
e > 0, there is a slice S(K, f,a) such that zp € S(K, f,a) and
the diameter of S(K, f, ) is less than €. [10]

(b) Show that a denting point is always an extreme point. (5]

{¢) Show that the converse holds if K is compact. [10]



INDIAN STATISTICAL INSTITUTE
M.STAT SECOND YEAR
Second Semester, 2018-19
DX.. AR.04 19 Inference for High Dimensional Data
Vime: 3% Hours Semestral Examination Full Marks: 100

[Answer all questions. The maximum you can score is 100.]

1. (a) Show that Benjamini-Hochberg’s step up method controls the false discovery rate at the

desired level even when the test statistics are positively regression dependent. [6]

(b) What modification will you suggest for negatively regression dependent test statistics?

Justify your answer. (2+4]
2. (a) Consider a data cloud Q, = {x1,X2,...,Xn} consisting of d-dimensional observations,
where x; # 0 foralli=1,2,...,n. If d > n and x1,X3,...,X, are linearly independent,

show that the half-space depth of the origin with respect to this data cloud is 0. (6]

(b) Let X; and X3 be independently distributed d-dimensional standard normal variates.
Show that as the dimension diverges to infinity, X1, X5 and the origin tend to lie on the

vertices of a right-angled isosceles triangle with probability tending to one. 6]

3. Consider a linear model Y = X3+ ¢, where X is non-stochastic, £(e) = 0 and Var(e) = 1.

(a) If XTX = I, show that the LARS algorithm gives the entire LASSO path. [6]
(b) What is LASSO modification of LARS algorithm? 2]

(c) Give an example, where instead of LASSO, one should use the elastic net algorithm.

Give justification for your answer. 4]

4. (a) Suppose that #' is a multivariate distribution symmetric about 8, and X;,X,,...,X,
are independent copies of X ~ F. Also assume that £(||X||) < oo, where || - || denotes

the Euclidean norm. Define
-1
. n
r=(5) {1 X - - X0}
i<
Show that £(1') > 0, where the equality holds if and only if 8 = 0. (6]
(b) Let /' and G be two multivariate distributions with finite first moments. If Xy, X5 ~ #
and Y;,Ys ~ G are independent, show that
EIX1 - Xo|1 + £IY1 = Yall1 £ E|X; = Y2l + E[Y1 - X2,

where || - ||; denotes the £; norm. When does the equality hold?. [4+2]



5. (a) Let X and Y be two random vectors of dimensions p and ¢, respectively. Show that
they are independent if and only if a' X and B'Y are independent for all a € R and

B e R (3]

(b) Using spatial sign and rank functions, how will you generalize Spearman’s rank correla-

tion coefficient p and Kendall’s rank correlation coeflicient 7 for testing uncorrelatedness

between two random vectors? (4]

(c) Suppose that one wants to construct a test of independence between X and Y based
on a traversal of the edges of a minimum spanning tree constructed using observations
on X. Give an example to show that instead of random traversal, it is better to use

traversal based on Prim’s algorithm to construct the test statistic. 15]

6. Suppose that we have two sets of independent observations X1, . ..,X,, and yy,...,¥, from two

d-variate normal distributions Ny(0,I) and Ny(p, 1.51), respectively, where p = (0.7, . .. ,07)T.

(a) In order to test the equality of the two distributions, a person projects the observation

along the direction X — ¥ and then computes the test statistic
1 & 1
1= sup ‘EZJ{(X -9 x <t} - ;Z!{(J‘( -9 Ty, <t}
i=1 =1

The null hypothesis is rejected if the observed value of 1" is bigger than the threshold

computed based on permutation principle. Compute the asymptotic poWer of this test

as the dimension increases to infinity. (6]

(b) If m/n > (1+a)/(1—a), show that the power of the multivariate run test (with nominal

level ) based on the minimum spanning tree converges to 0 as d tends to infinity. [6]

(¢) Assuming the prior probabilities of the two distributions to be equal, a person constructs
a kernel discriminant analysis rule using these m + n observations. T'he person uses the
Gaussian kernel with a common bandwidth matrix A%l for both classes. If h is of the
order O(+/d), find the asymptotic misclassification probability of this classifier when d
grows to infinity. [6]

(d) If the average linkage method (based on Euclidean distance) is used to find two clusters

in this data set, what will be the configurations of the estimated clusters when the

dimension is large? Justify your answer. (6]

7. Computer Assignment [20]
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Precisely justify all your steps. Carefully state all the results you are using.

1. For a Banach space X, show that the following are equivalent: -+ [15]

(a) X has the RNP.

(b) Every closed bounded convex set in X is the norm closed convex hull of its

denting points.

(c) Every closed bounded convex set in X has a denting point.
2. Let (Q, X, ) be a probability space and X* be a dual Banach space.

(a) Show that f : @ — X is y-measurable if and only if f is almost separably valued

and for each z € X, T o f is measurable. [15]

(b) If each separable subspace Y of X has Y* separable, show that X* has the RNP.
[15]

3. (a) For a continuous convex function ¢ on a Banach space X, define the subdiffer-

ential 0¢(z) of ¢ at some z € X. [5]
(b) If ¢(x) = ||z|| for all z € X, show that [10]

0d(z) = {z* € Sx~ : z*(z) = |jz||}

(c) Find all points of ¢! where the norm is Gateaux differentiable. [10]

(d) Show that the norm on #! is not Fréchet differentiable at any point. [10]
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1. a) Write down Holling - Tanner model for predator-prey interaction and point out the
drawback of the model.

b) Consider the following assumptions: -

(i) prey population grow with logistic fashion
(ii) predator-prey interaction follows Holling - Type I functional response
(ii1) density-dependent mortality rate of predator.

Based on the above assumptions, write down a predator-prey model. Show that the solutions
which initiate in R2" are uniformly bounded. Prove that the system around the positive interior
equilibrium point is globally asymptotically stable.

(3+8)

2. Population of the US in 1800 and 1850 was 5.3 and 23.1 million respectively. Predict its
population in 1900 and 1950 using the exponential model of population growth. Then consider
that the population of the US in 1900 was actually 76 million. Correct your prediction for 1950
using the logistic model of population growth (Hint: with this data. the rate of population growth
=0.031476 in the logistic model). What is the carrying capacity of the US according to this
model?

)
3.a) Stating clearly the basic assumptions, write down the general epidemic model.

b) Show that the spread of the disease will not stop due to lack of susceptible population and
hence deduce Kermack and McKendrick's threshold theorem. (3+5+8)

4. State the basic deterministic model of recurrent epidemics and determine the stability of the
equilibrium. Discuss the drawback of the model (7+1)



3. a) Write down the underlying assumptions of the model

ds :
Ez—k51+b5+pb1—y5+g1

dl—k51+ b1 —7rl+ gl
dr q r g

with $(0)>0. [(0)>0andp + g =1
b) Find out the basic reproductive ratio of the system.

¢) Find out the conditions for which the zero equilibrium will be locally asymptotically stable
(LAS)

d) Show that the endemic equilibrium is LAS whenever it exists

e) Sketch a schematic diagram of the system. (2+2+2+2+2=10)

6. Pseudo-recovery is a relapse phenomenon whereby signs and symptoms of a disease are
reverted after a period of improvement and it is due to incomplete treatment of the disease. Write
down a simple deterministic epidemiological model with pseudo -recovery by dividing the total
human population into four categories, namely, susceptible, exposed. infected and recovery
population. Find out the basic reproductive ratio by using next generation matrix approach and
show that the disease-free equilibrium is globally asymptotically stable by using a suitable
Lyapunov function.

(2+4+4=10)
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1. (a) Define the deficiency 8(&,F) between two experiments according to Theorem 2
of Le Cam and Yang (as discussed in class). Let (X,.A, Py) be an experiment
(denoted by &) and (S, B, PT) be a subexperiment induced by a statistic T on X
and a uniform random variable U which is independent of £ (denoted by F). If
the deficiencies §(&, F) = §(F, &) = 0, is the statistic T" sufficient? If yes, justify
your answer, else provide a counterexample.

(b) Consider the experiment & in (a). Suppose there is a countable set of values {6;}
and a sequnce of positive constants {c;} satisfying AM(A) = Y ©° ¢:Ps,(A) = 0 if
and only if Pp(A) = 0 for every # and A € A. Then show that a statistic T is
sufficient in £ if

By uw(X) = Exu(X)g(8,T(X))
for some measurable and integrable, nonnegative kernel g on © x X for every
bounded measurable statistic u : X — R.
[ 10420 =30]

2. Let X1,X5,..., X, beiid Fand Y1,Y;,...,Y, beiid G respectively, N = m + n.
Show that for sufficiently small § > 0 the Wilcoxon test at level a = k/ (1:: ), ka
positive integer, maximises the power (among rank tests) against the alternatives
(F,G) with G = (1 — 0)F + 9F2.

[15]

3. (a) Define notions of specific sufficiency, f-oriented statistic and partial sufficiency in
a model (2, A, M) where M = {Py 4} with ¢ being a nuisance parameter.

(b) Let X,Y be independently normally distributed as N(f,1) and let V =Y — X.
Define W = V[I[(X +Y > 0) — (X +Y < 0)]. Show that both V and W are
ancillary, but neither is a function of the other. Further show that (V, W) is not
ancillary.

[8+12=20]

4. In a multiple testing problem discuss the notion of false discovery rate (FDR)

along with arguments in support of FDR over FWER (answer must be brief,

to the point and must contain a motivation for considering FDR). Describe the

Benjamini-Hochberg procedure for multiple testing in the independent case. State

the main theorem on the validity of BH procedure in controlling FDR from the
flagship article mentioned in the class.

[15]

... P.T.O.



Let d be a measure of distance of an alternative § from a given hypothesis H. A
level o test is ¢ is said to be locally most powerful (LMP) if, given any other level
« test ¢, there exists a A > 0 (may depend on ¢) such that B,,(8) > B4(f) for all
6 with 0 < d(8) < A. An LMP test is locally uniformly most powerful (LUMP) if
there exists a A > 0 such that 84,(8) > B4(0) for all 8 with 0 < d(f) < A for any
level a test ¢.

Let the data (X, Y') be independent Poisson random variables with means A and
A + 1 respectively (A > 0). It is desired to test Hy : A = Ao against Hy : A > Xo.
Determine the LMP test for this problem and show that the LMP test is not
LUMP.

(20]
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1. If the mean residual life of a lifetime random variable at time ¢ is %e“‘, what is its

survival function? 8]

2. Derive a confidence interval (with asymptotic coverage probability 0.95) for the survival
probability beyond time ¢y, from randomly right-censored data (T1,61),...,(Tn,6n),
where the underlng uncensored lifetimes are assumed to have the survwal function

S(t) == et 9]

3. Assuming that nonparametric MLE (NPMLE) of the survival function for randomly
right-censored survival data consists of point masses allocated to the times of observed
failure, show that the NPMLE is the Kaplan-Meier estimator. 8]

4. Describe Tarone and Ware’s family of two-sample tests. Show that for a suitable choice
of the weights, the test reduces to Gehan’s test. Give an approximate expression for

the null variance of Gehan'’s test statistic, with justification. (3+2+4=9]
5. Let (Tip,0), @ = 1,...,m4, h = 1,...,k be survival times and censoring indicators
from & samples. You have to test whether the cumulative hazards A;(t),..., Ax(t)

of the underlying populations are identical. Let A;(t),. .. , Ag(t) be the Nelson-Aalen
estimators of A;(t), ..., A(t), respectively, and A(t) be the corresponding estimator
computed from the pooled sample. Suppose, for h=1,...,k Ay(t) = JI Jn(s)dA(s),
where Ji,(t) = I(Yy(t) > 0), Ya(t) = X%, I(Ti, > t) and I(-) is an indicator function.

1__

(a) Show that the difference Ay(t) — Ap(t) is a martingale under appropriate assump-
tions.

(b) Suppose, for b = 1,...,k, Zy(t) = [ L(t)Ya(t)d(Ar — Ap)(s), where L(s) is a
predictable process. Show that 3F_; Zh( ) =0 for all ¢.
(c) Show that the variance-covariance matrix of Z;(t), ..., Zx(t) is singular.

(d) Describe a consistent estimator of the variance-covariance matrix of Z;(t), ..., Zx(t),
with justification.

(e) Devise a test statistic for the hypothesis of homogeneity of the samples by suitably
scaling Z1(t),. .., Zx(t). [54+24-1+44+3=15]

6. Assuming that covariates do not depend on time, show that the relative risk regression
model and the accelerated failure time regression model can hold simultaneously if and
only if the life distribution for any given covariate profile is Weibull. (10]



7. You have censored data on time to event of two groups, male and female, along with
a single real-valued covariate. It is believed that for a given value of the covariate, the
ratio of the hazards of the male and female groups is a linear function of time.

(a) Explain how the significance of the effect of the covariate can be tested in the
framework of Cox’s relative risk regression model.

(b) Using suitable notations, give an explicit expression for the partial likelihood.
(c) Describe large sample distribution of the test statistic, with justification.

(d) If one allows for arbitrary hazard ratio (disregarding the information of linear
hazard ratio) but still believes the covariate effect would be identical in the two
groups, how would the answer to part (a) change? [4+2+4+3=13]

8. This question concerns times between first treatment and either death or end of the
study for a group of 90 patients diagnosed with either Hodgkins disease (HL) or non-
Hodgkin’s lymphoma (NHL) of the larynx, who were treated with allogeneic (allo)
bone marrow transplants from an HLA-matched sibling or an autogeneic (auto) bone
marrow transplant. There are several covariates, including the type of transplant (1-
allo, 0-auto), disease (1-HL, 0-NHL), a disease-transplant type interaction (1 if allo
and HL, 0 otherwise), the patient’s initial Karnofsky score (a measure of the patient’s
condition at transplant) and the waiting time from diagnosis to transplant in months.
A Cox model is fitted with the first four covariates, and the martingale residuals are
plotted against the fifth one, along with a smooth, in the following figure.

.
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(a) What is a martingale residual?
(b) What does the plot indicate?
(c) Suggest a reasonable course of further analysis. [244+4-3=9]



9. In a particular data set of randomly right censored failure times with fixed covariates,
it so happens that there are exactly two failure times tied at every observed occasion of
failure. Write down the partial likelihood for this data, by breaking ties in all possible
ways and averaging over the relevant terms. What would be Efron’s approximate
likelihood in this situation? [44+3=7]

10. A university student believes that the time taken from graduation till getting the first
job (T') is a random variable with log-normal distribution, but the time also depends
on fraction of daily time (z) spent on studies. He conducts a survey of his seniors to
collect data on T and z.

(a) Describe the Accelerated Failure Time (AFT) regression model for this data.
(b) How would you interpret the hypothesis that the regression coefficient of z is zero?

(c) Derive suitable scores for a linear rank test for testing the hypothesis of part (b),
assuming that all graduates get a job, and the time of getting the first job is
observed.

(d) Explain how the regression coefficients can be estimated by using rank scores.
(e) Explain the advantages and disadvantages of using linear regression for this prob-
lem. [2+1+4+242=11]

11. Consider the relative risk regression model
Ai(t2) = )\Oj(t)GZ"B’ j=1,...,m

for competing risks data (T3, 6;, i, Z:), ¢ = 1,...,n, where T, d;, ji, Z; are the time to
event, censoring indicator, failure type index and covariate vector for the ith case.

(a) Write down the partial likelihood for this data and explain how you would estimate
the regression coeflicients.

(b) Explain, using the counting process theory for the partial likelihood process, the
large sample distribution of the estimators of part (a).

(c) How would you estimate the baseline cause-specific hazards? [24+742=11]
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Note: This is a closed notes/closed book examination. Do any five of the following
problems. Notations, if not explicitly explained, are to be interpreted as defined in class.

1. (a) Show that P, = P if and only if lim sup
f that is bounded from above.

oo Pnf < Pf for any upper semicontinuous

(b) Let & be standardized random variables defined on a common probability space
(L AP), S, = >0 & and X, (t) := é\i/—;;i + (nt — Lnf_l)ﬂl‘\}—%r—l Assume that

X,, = B. Show that
1 |5l
it 52 s 702 ) =0

[4 + 4]
2. (a) Let X be a random element of D[(), 1] such that

lim sup = (IX(t—HS)—X(t)IZe):O

60 0<t<1-4
for any € > 0. Show that P(X € C[0,1]) =

(b) Suppose & xS Beta(a, 3), a, 8 € (0,00). Let F, s denote the CDF of a Beta(a, )
random variable. Find the limit distribution of

a,3
T( ), Lbup|—21( —o0.t) (&) — Fap(t)].

5 + 3]

3. (a) Show that J; := {z | z(¢) # 2(t—)} is Borel measurable (in the Skorohod topology).

(b) Suppose that P,om,! , = Por;! , forallt; € Tp,k € N, where Tp is the set of
all points ¢ € [0, 1] for which =, is contmuouq P-a.e. If P(J;) = 0, show that

lim lim sup P, (w,[1 = §,1) > ¢) = 0 for any € > 0.

-0 0

3 + 5]



4. (a) Suppose that z,, € D[0,1] and ||z, — || — 2 for some measurable function x. Does

x € D[0,1]?
(b) Let
0 ift<i-2
z,(t) = {1 ift > £, and
linear on 3 — 2 3].

Does the sequence {z,} converge in (D[0,1],d°)? If yes, what is the limit function?

13 + 5]

5. {a) Define the concept of VC-dimension. Why are Boolean function classes of finite
VC-dimension useful in empirical process theory?

(b) Let Fpan = {B[u;r] | € R% 1 > 0} be the class of all 2-dimensional closed Euclidean
balls. Compute the VC-dimension of Fiay.

(2 + 1) + 5

iid. . . : e
6. Let & "~ &t = 1,...,n. Ignoring measurability issues, show that, for any convex
nondecreasing function ¢ and any class of measurable functions F, one has

n

B¢ 2(5 fy% S af(6)]) < BB([P, — Pl5) < Ee &2 sup | 3 6))

i=1 " =1

where F = {f — Pf | f € F} and (&)1<icn 15 a vector of i.i.d. Rademacher variables,
independent of the &;’s.

[(4 + 4)]
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Be brief and to the point, use examples whenever applicable.
You may use standard textbook notation automatically.

1. What is the Efficient Market Hypothesis? What are the different versions of

this? Are these testable — answer with a specific example of model.
[3+3+5=11]

2. (a) Define the Cowles — Jones statistic (CJ) for the sequences and reversals
test for Random Walk. In the usual Markovian model, what are the
situations when CJ = 1?

(b) How is the variance ratio (VR) used in testing for Random Walk?
Why do the weights decline linearly in

Var([r(q)] -1 k
VR(q) = Z5 8 = 14231711 - Hp(k)?
[(B+4)+(B3+3)=13]

3. (a) What is the effect of non-synchronous trading on stock prices and
observed returns?
Under the non-trading process defined by (assuming independence)
5. = {1 (no trade) with probability m;
= | 0(trade)  withprobability (1 —m;)
Xit(k) = (1 = 64)0it-16it-2 - ity k>0
_{1 with probability (1 — m)nf
0 with probability 1 — (1 — m)nk
and assuming that virtual returns have a linear one factor structure
Tie = pi +Bife + ¢ i=1,..,N,
show how non-trading affects the estimated beta of a typical security.

Page1o0f3



(b) What are the components of bid-ask spread? Using Glosten’s model, show
that this creates a negative serial correlation in stock returns.
[2+4)+ (B3 +4)=13]

4. (a) For measuring normal performance of the market, explain the role of the
following models:
(i) Constant mean return model
(ii) Market model

(b) What is the exact factor pricing model? What are the alternative versions
of this model?
[BX2)+(B+3)=12]

5. (a) What is the mean-variance portfolio optimization problem?
(b) Prove the following consequence of the mean-variance portfolio
optimization exercise:
For a multiple regression of the return on any asset or portfolio R, on the
return of any minimum-variance portfolio R, (except the global minimum -
variance portfolio) and the return of its associated orthogonal portfolio R,p,;
Ry = Bo+ BpRp + BopRop ;
will satisfy (i) B = 0 and (ii) B, + Bop = 1. [4+6=10]

6. (a) What is Brownian Motion?
(b) Explain the Maximum likelihood method of parameter estimation for an
option pricing model — use a specific example. [4+5=9]

7. You are told that an 8-year nominal zero-coupon bond has a log yield to

maturity of 9.1%, and a 9-year nominal zero-coupon bond has a log yield of
8.0%.

(a) Can the pure expectations theory of the term structure describe these data?

(b) A year goes by, and the bonds in part (a) still have the same yields to
maturity. Can the pure expectations theory of the term structure describe these
new data?

(c) How would your answers change if you were told that the bonds have an 8%
coupon rate per year, rather than zero coupons? (3+4+4=11]

Page 2 of 3



8. Assume that the homoscedastic lognormal bond pricing model given by
Xepp = (=Pl + dxe + $ia
and
—Mepr = X+ Béeys
holds with ¢ < 1. &, is a normally distributed shock with constant variance.

(a) Suppose you fit the current term structure of interest rates using a random
walk model augmented by deterministic drift terms,

Xewi = Xegio1 T Gevi T Sevin

where g;4; 1s a deterministic drift term that is specified at time ¢ for all future
dates (t + i) in order to fit the time ¢ term structure of interest rates.

Derive an expression relating the drift terms to the state variable x; and the
parameters of the true bond pricing model.

(b) Compare the expected future log short rates implied by the true bond pricing
model and the random walk model with deterministic drifts. [S+5=10]

9. Consider the GARCH (1, 1) model where the volatility at ¢ is governed by
of = w+ ot + an? where ny1~ N(0,0#)

What is the condition for weak stationarity of , ? Find the conditional and

unconditional variance of n,,, when stationary.
[3+4+4=11]

Page 3 of 3
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Note : This paper carries questions worth a total of 68 marks. Answer as much as you can.
The maximum you can score is 60.

(a) State Reflection Principle for a Standard Brownian Motion.
(b) Define what is meant by the Resolvent Operator of a Markov Process.
(

¢) For a filtered probability space (Q, A, (A, t > 0), P), define the class ’C%oc'

(d) State Ito’s Formula for ¢ ( fot fsdBs, fg gsds), stating the assumptions on ¢, f and g.
(4 x 2)=[8

2. Let {By,t > 0} be a SBM on (Q, A, P) and {A4;,t > 0} be its natural filtration.
(a) Prove that, for any s > 0 and ¢ > 0, a regular conditional distribution of |Bs4|, given
As, is given by p(t, |Bs|, ), where p(t,z, A) = P[|N(z,t)| € A].
(b) Deduce that {|B;|,t > 0} has the Markov property.
(8+7)=[15]

3. Let {B;,t > 0} be a SBM and let M; = max{B; : 0 < s <t} for t > 0.
(a) For z > 0 and y < «, find the probability P[M; > z, B; < y|.
(b) Using (a) or otherwise, show that, for z > 0, the random variable T}, the hitting time
of z, has an absolutely continuous distribution.

(c) Show that {T,z > 0} is a stochastic process with almost surely right-continuous paths
and stationary, independent increments.
(4+4+7)=[15]

4. (a) Assuming usual notations for a Markov Process, show that, for all & > 0,¢t > 0,
R,T; = Ty R, and hence show that g € Dy = T;g € D4 and ATig = T1Ag.
(b) Representing Poisson process with intensity A > 0 as a Markov process with the set of

non-negative integers as the state space S, find the generator (A4, Dy).
(8+7)=[15]

5. Let (2, A, P) be a probability space with a right-continuous filtration (A, ¢ > 0) and let
{B,t > 0} be a {A;,t > 0}-Brownian motion. Assume also that A4 is complete and that
Ap contains all P-null sets in A,

(a) For each n > 1 and s € [0,00), w € Q, define fu(s,w) = > i>0 B(%,w) I(l"&l] (s).
Show that f,,(-,-) — B(-,-) in £2 and hence deduce that fotBsst =1(BZ-1t),t>0.
(b) Let f € leoc and let 7 be a stopping time. Define f7 as f7(s,w) = f(s,0)li<r ().
Show that f7 € £120c and that fOMTfsst = fotfsTst, t>0.

(8+7)=[15]
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Group A: Answer all questions.

. (a) How a randomized play-the-winner rule can be adjusted in the presence of delayed
response? 4]

(b) Obtain the transition probability matrix of the delayed response indicator where the
response time follows an exponential distribution with mean ¢!, and the interarrival
time follows another exponential distribution with mean b=}, independently of each
other. Show that the entries of the transition probability matrix are functions of b/(a+

b). 8]
. (a) Discuss how optimal safe dose can be obtained in a phase II clinical trial set up.
What is the role of a bivariate binary distribution for this purpose? [7+3]

(b) Discuss and compare cumulative cohort design and the continual reassessment
method in the context of phase I clinical triai set up. [4+4+2]

. Suppose we have a two-treatment set up with binary responses where p4 and pg be the
success probabilities. The prior distributions of p4 and pp are same and independent
of each other. The prior for pg is: For 0 < a < b < 1, pi can take the values a or b
with probabilities 1/4 and 3/4; k = A, B. Find a suitable Bayesian response-adaptive
design for allocating the (n + 1)st patient based on the data from the first n patients.

8]

. We need to analyze the data from a clinical trial to compare three alternative dose
regimens of haloperidol for schizophrenia patients. Sixty-five patients with diagnosis
of schizophrenia were randomly assigned to receive 5, 10, or 20 mg/day of haloperidol
for 4 weeks. After randomization, we had 22, 25 and 18 participants for three dose
groups respectively. The outcome variable Y was the Brief Psychiatric Rating Scale
Schizophrenia (BPRSS) factor, measured at j = 1 (baseline), j = 2 (week 1), and j =
3 (week 4).

Twenty-nine patients dropped out of the study at j = 3, with 10, 10 and 9 dropouts from
three dose groups respectively. Accordingly, the missingness indicator R; = 1, if ¥i3 is
observed; and R; = 0, if Y;3 is missing. A poor BPRSS outcome may cause patients to
leave the study, particularly if combined with unpleasant side effects associated with
the drug.

Develop a suitable selection model for the above dataset. Considering appropriate prior
distributions for the model parameters, develop a Bayesian estimation method for the
above problem. [10]
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Attempt all questions

1. a) State Nash’s Theorem on finite non-cooperative games.

b) Give example of a 3-player game with number of strategies 3, 4, 5 respectively, such that the game
has more than one equilibrium situations each with different pay-off for the same player.

Show that rectangular property for the set of equilibrium situations does not hold in the above

context.
{2+5]
2. Let Abe a 2x2 real matrix.
Consider mixed extension of matrix game A.
Discuss graphical solution of the above game with optimal strategies and values, considering
different cases (7 cases).
[12]

3. a) Define co-operative Games.

b} Let v be a characteristic function of a co-operative game deduced from a constant-sum non-
cooperative game. Show that the following holds:

v(KUL) 2 v(K)+v(l) VKLsuchthatKnL=®

c) Define inessential co-operative games.
Show that for those games, the characteristic function satisfies

v(K) + v(L) = v(KUL), V K,LsuchthatKnl=®

d) Show that the 3-player, constant —sum, essential, co-operative game is unique in 0-1 reduced form.
[1+11+6+6]

4. Let A be an mxn real matrix.
Consider the matrix game A (not mixed extension).
Show that the game has a saddle point if#all the 2x2 submatrices of it have a saddle point.
[Consider all entries of A are different.]

(8]
5. a) Find the value of the mixed extension of the matrix game lon.
b) For each m,n in N (m,n>1) give example of a matrix Am«, Such that the mixed extension of matrix

game A, does not have equilibrium situation in pure strategies.
[4+5]

XXXXX
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Attempt all the problems. Juslify every slep in order to get full credil of your answers.
All arguments should be clearly mentioned on the answerscript. Points unll be deducted for
missing o1 incomplete arguments.

tanding assumption: Cardinality of all groups and dimension of all vector spaces are
a,ssumed to be finite unless mentioned otherwise. For a finite group G and a subring R of C,
(i) Fusr(G) denotes the ring of R-linear combination of isomorphism classes of irreducible
representations of G with mltiplication given by the tensor product, and
(i) RChar(G) is the set of all R-linear combination of elements in Char(G) (= the set of
characters of G).

(1) If H is a subgroup of G, then Ind$, (KChar(H)) is an ideal in KChar(G) for any
K =2 Q,R.C.
[5 marks]

(2) For a cyclic group I/, let ay : Il — C denote the function ay(a) = digy=y |H|. Show

that Z Ind% () = |G] where CS(G) denotes the set of all cyelic subgroups
HeCS(G)

of G.
[8 marks]

(3) Let G be a finite group and « be a class function of G.
(a) If R is a subring of C such that @ ¢ R and Res%(a) € RChar(H) for every
cyclic subgroup H of G, then o € RChar(G).
(b) If R is a subring of C such that Z ¢ R and Res%(a) € RChar(H) for every
elementary subgroup H of G, then a € RChar(G).

(6406 marks]

(4) Show that H is normal in G if and only if Ind$;(1) is zero outside H.
[5 marks]

(5) For a conjugacy class C' of G, let d¢ be the class function given by d¢(g) = d,ec. If
¢ denotes the sct of all irroduvibl(‘ characu;rs of GG, then show that

ZHGEG

@ forany ge C .
ag = ga)}|

[10 marks]



3]

(6) Let p: G — Aut(V) be a representation of the group G.
(a) If the function F, from G to power series with complex cocflicient is given by
Falg)(t) =Y xaev(9) t*,
k>0
then show that Fa(g)(t) = det(1 + p(g)1).
(b) If the function Fgy, from G to power series with complex coefficient is given
by

FSym(Q)(t) = Z XSymkV(g) tk 3
£>0

1

then show that Fsym<g)({,) = m

|104+15 marks]
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1. Define qualitative robustness. Show that the sample mean is not qualitatively ro-
bust. [2+7]

2. (a) Define a statistical functional T'(F), and its von-Mises derivative.

(b) Define the influence function. Discuss its dual role in indicating the robustness

and the efficiency of an estimator. [3+6]
3. Derive the influence function of the 10% trimmed mean. 8]
4. Suppose that we have a random sample X1,. .., X, from the true unknown distribution

G which is modeled by a discrete parametric family {Fy}, and without loss of generality
let {0,1,2,3,...,} be the common support of G and {Fy;}. We are interested in
estimating the unknown 6 using an appropriate disparity. Let d,, represent the observed
relative frequencies obtained from the data. Let {¢; : j = 1,2,...} be a sequence of
elements of the sample space and let ¢ € (0,1) be the contaminating proportion.
Consider the contaminated data density

dj(x) = (1 - e)dn(z) + exg, (2),
where x,(z) is the indicator function at y.
(a) When do we say that {£;} constitutes an outlier sequence for the model density
fo and the data density d,?

(b) Let di(z) = (1 — €)dn(x). Show that under suitable conditions (to be stated by
you) on the C(-) function of the disparity,

pc(d;, fo) = polds, fo) as j — oo
for any outlier sequence {53}

(c) What is the effect of the convergence in part (b) in case of the estimator and the
test based on the Hellinger distance? - 14+7+2]



d.

(a) Consider the parametric model {Fp}, and suppose we have i.i.d. data from the

true distribution G (which is modeled by Fy). We are interested in estimating
the parameter 6. Let G, represent the empirical distribution based on the data.
Suppose

(i) By is an isolated root of [(xz,8)dG(z) = Ag() = 0.

(i1) 1¥(z,6) is monotone and continuous in 6 at 6 = 6.
(iii) [ *(z,0)dG(z) < oo for € in a neighborhood of 6.
(iv) Ag() is differentiable at 6 = 6, with A (6g) # 0.

Then 6 is unique, and any solution sequence {T,,} of g, (6) = 0 converges to 8y
with probability 1. Further,

n*(T, — 6,) = Z N(0,0%(T,G)),

with 03(T, G) = [ ¥2(, 80)dG(x) /(X5 (0o)]? = 0. 12]

6. Consider the problem of testing parametric hypothesis using the deviance test based

on the Hellinger distance (rather than the likelihood ratio test).

(a) Derive the power breakdown bound of the deviance test based on the Hellinger

distance.

(b) Consider the problem of testing the hypothesis Hy : A = 1 under data which are

assumed to be generated by the Poisson(\) model. Compute the power break-
down bounds for the deviance test based on the Hellinger distance when the true
distributions are (i) Poisson with mean 4 and (ii) Poisson with mean 8.  [5+4]
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1. (4+8+8=20) Consider the followig Black-Schole-Merton PDE %{: +rS % + %555z = rf where
f is price of an American Put Option.

(a) Transform the B-S-M equation using Z = log S. Is the trinomial probability model cor-
responding to the explicit difference method stable for some values of the parameters? Justify

your answer showing your calculations.

(b) Find the price of the American Put option numerically, dividing (3 months maturity) time
into 30 parts and the space unit into 40 parts. Here you can assume, r = 6% per annum, Sy = 60,
K = 60, Smax = 160 and choose any two values of ¢ for which the trinomial probability model

is stable and find the price for each and compare.

(¢) Use Monte Carlo method to simulate the path of asset for the data given in part (b) above,
and find the American Put option price and while reducing its variation using (i} antithetic

method, and (ii) control variate method. Also provide the corresponding variances.

2. (4+8=12) Consider the CIR model for the interest rate, dr; = k(0 — r¢)dt + 0/r;dW; where k,o
and 6 are positive constants and {W;} is a standard Brownian motion.

{a) Can you give a condition on k, § and ¢ for which r; remains positive whenever rg > 07
Justify your answer in terms of financial reasoning.

(b) Let PT be the price of a zero coupon bond at time s that matures at time T(> s) and given
by Elexp{— fsT redt} | Fs] (under risk-neutral measure), where Fs = o({Wy : 0 < u < s}U{ro}).
Evaluate PST , using Monte Carlo method simulating the corresponding path for the given data,
while reducing its variation using (i) antithetic method, and (ii) control variate method. Also

provide the corresponding variances.

[Assume: k =2, 6 = 0.04, T = 6 months, o = 0.3, s = 1 month and r; = 0.03]

3. (2+8=10) Consider the following Black-Schole-Merton PDE %{1 +78 gg + "ZZS ? g—z,é = rf for the
evaluation of the price of the up-and-out European Call option with the barrier H.

(a) Give the boundary and maturity conditions in this case.



(b) Find the price of the option numerically using implicit or explicit method, dividing (4
months maturity) time and the space units appropriately near and away from the barrier. Here
you can assume, r = 4% per annum, ¢ = 0.25, K = 50, H = 70 and do the problem for various
values of initial price Sp = 44, 48, 52, 56.

. (34-5+8=16)

(a) Give an example of a random number generated by Mersenne Twister.

(b) Let R; ~ ¢;or and In(0}) = ap 4 arei-1 + m(les-1] — E(le—1])) + B1In(o?), where {e:}
are i.i.d. N(0,1). Would this model for R; be showing clustering effect or correlation with o2?
Justify your answer by calculating kurtosis of R; and Cov(Ry,0?), assuming stationarity.

() Define VaR and Expected Shortfall for a given price data set. Find the VaR and Expected
Shortfall for the minimum variance portfolio of the given data set of asset prices (to be supplied

during the exam). Give an estimate of variability of your estimate.

All the best.
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1. Consider a multiple linear regression model with n subjects and p predictors: Y =
X B + ¢, where € ~ N(0,021).

For n > p, following Park and Casella (2008), develop a Bayesian hierarchical model
for variable selection through LASSO by considering a Laplace prior on the regression

coefficients. Discuss the Bayesian estimation method for model parameters by Markov
Chain Monte Carlo (MCMC). ' [4+6=10]

2. (a) Define a semi-parametric model. Show that Cox Proportional Hazards model is a
semi-parametric model.

(b) Define the term “exchangeable random variables”. State De Finetti’s theorem of
exchangeability for an infinite sequence of random variables. [5+5=10]

3. (a) Let a random probability measure G on (2, B) be assigned a Dirichlet Process (DP)
prior, i.e. we assume that G ~ DP(«,Gy), where « is the concentration parameter,
and Gy is the base measure on (2, B). For all B € B, show that
(i) E(G(B)) = Go(B); and (ii) Variance(G(B)) = SBU=Co(B))

4o
(b) Consider the following Dirichlet Process Mixture model for n observations:
Xi|; ~ N(6;,10); 6;/G ~ G; G ~ DP(a,G,). The goal is to sample from the
joint posterior distribution P(6y,0,,...,0,|X1,X5,...,X,). Considering truncation
approximation to Dirichlet Process, develop a Blocked Gibbs sampler for sampling
from the joint posterior distribution. [4+8]

4. Consider the following regression model:
Yi = f(Xi) +e; for i = 1,2,...,n; where e;s are iid N(0,1). Assuming a zero-mean
Gaussian Process prior (with squared exponential covariance kernel) for the random
function f(.) how can you predict the response Y, for the (n + 1)-th subject given
the relevant covariate X, .17 Write down the steps and the algorithm clearly. 8]

5. Consider a cluster-based network with 5 clusters; and n; denotes the size of the i-th
cluster. For each node of each cluster, binary state values (1/0) are recorded at 10
different discrete time points. ‘Our goal is to develop a semi-parametric approach for

modeling the network so that information on model parameters is shared across the
clusters.

Write down an appropriate linear statistical model, and the prior distributions on
model parameters. State the Markov Chain Monte Carlo (MCMC) computation steps
for estimating the model parameters. [10]
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1. (a) Give an example to show that Sidak’s multiple testing procedure may fail to control
the family-wise error rate at the desired level when the test statistics corresponding to

different tests are not independent. 18]

(b) Give an example of a multiple testing procedure which provides a weak control on family-

wise error rate but fails to provide a strong control on it. 6]

(c) Suppose that X, Xy, ..., X, jointly follow a multivariate normal distribution with the
dispersion matrix X = ((0;)). Show that they are positively regression dependent if

and only if o5 > 0 for all ¢ # 3. (6]

2. (a) Show that in a multiple linear regression problem, the LASSO estimate of regression
coefficients can be viewed as the mode of a posterior distribution for a suitable choice of

the prior distribution. 14]

(b) Write down the soft thresholding operator used in LASSO. Give an example of a multiple
linear regression problem, where the LASSO solution can be obtained by using this

operator on the least squares estimates. Give justification for your answer. [242+4]

(c) Why do we need group LASSO algorithm? Write down the objective function used in

grouped LASSO. [2+2]

(d) Describe how coordinate descent method can be used to estimate the model parameters
when a fused LASSO algorithm is used. {4]

3. Suppose that we have two sets of independent observations X, ...,Xn and yq,...,Y, from two

d-variate normal distributions Ng(0, o3T) and Ng(ps, 031), respectively, where p = (v, ..., .

(a) Find the high dimensional behavior of the multivariate run statistic based on the min-
imum spanning tree and that based on the shortest Hamiltonian path when (i) 12 >
lo? — 03] (ii) ¥2 <o} - o3]. (5+5]

(b) Consider the k-nearest neighbor test with & < min{m,n}. If n/(m—1) < (1—«)/2 and
v? < 0% — 02, show that the power of this test converges to 0 as d tends to infinity. How

will you modify this test to take care of this problem? 64+4]
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1.

(a) State clearly Kolmogorov Consistency Theorem and Kolmogorov Continuity Criterion.
(b) Show that there is a zero-mean Gaussian process {X;,t > 0} with continuous paths
and Cov(X,, X;) = exp(—|s — t}).

(c) Show that it is not possible to have a process {X¢, ¢ > 0} with continuous paths where
the Xy, t > 0, are i.i.d. N(0,1) random variables. [(2+2) + 8+ 8] = [20]

(a) Let {B:,t €[0,1]} be a SBM. Show that X = fol B?ds is a random variable and find
its mean and variance.

(b) Let {Bi(t)},...,{Bk(t)} be independent standard Brownian motions. Show that for
every x € R¥ with ||x|| = 1, {B(t) = (x,(B1(t), .., Bk(t))) }i>0 is a standard Brownian
motion. Here, || - || denotes the usual euclidean norm on R*.

(c) Let {By,t € [0,00)} {Bi,t € [0,00)} be two SBMs independent of each other. Denoting
7, = inf{t > 0: B; > a} for a > 0, find the distribution of the random variable g, .

(d) Let {By,t € {0,00)} be a SBM.

(i) Denote o = 2’:;*;12, where m > 2 is an integer. For integers j > 1,k > 1, denoting D,
m . .
to be the event ) U N{w:|B(ELw) - B w)| < 5[+ 1) + 2] /n%],

n>(m+1)k 1<i<n—m =1
show that P(D;x) = 0.
(ii) Deduce that, there is a P-null set N such that, if w ¢ N, then for all ¢ > 0 and for all

a > 1, the set {B—S(T—Q__’%—M, s # t} remains unbounded, as s — t. [44+4+44(6+6)] = [24]
Let C denote the set of all real continuous functions on [0, 00) and {Xj, t > 0} denote the
co-ordinate process on C. Denoting {C;};>0 to be the natural filtration of the process {X;}
and C = V{C,,t > 0}, show the following:

(a) 7 is a {C;}-stopping time if and only if for every w,w’ € C, 7(w) < ¢ and X,(w) = Xs(w')
for s < ¢ imply 7(w) = 7(w').

(b) For any open set G C R, the random variable 7(w) = inf{t > 0 : X;(w) € G} is a
{C:¢}-optional time, but need not be a {C;}-stopping time.

(c) A real random variable Z on (C,C) is C,-measurable if and only if for every w € C,
Z(w) = Z(w"), where w™(t) = w(t A 7(w)). 8 +6+ 8] ={22]

. Let § = [0,00) and, for each z € S, denote P, to be the distribution of the process

{Xt = |z + Be|, t > 0}, where {By,t € [0,00)} be a SBM.
(a) Show that the family {P;, z € S} of probabilities on the appropriate path space is a
Markov process with state space S = [0,00) and find its transition probabilities.

(b) Show that the above Markov process has the Feller property.
(c) Taking Cy(S) as the underlying Banach space, find the generator of the above Markov
process. [May use: [ e~ (ou=Blu)? gy — lé—i_l, for any a>0,5>0.) (8 + 4 4 8] = [20]

. Let (0, A, {A;, t > 0}, P) be a filtered complete probability space with Ag containing all

P-null sets and let {By,t € [0,00)} be a SBM with respect to {A;, ¢ > 0}.
' 2
(a) Show that, for any f € £?, M; = [fot fsst] - fot 2ds, t > 0 is a martingale.
(b) For a Cy; function ¢, state and prove Ito’s formula for (B, t). [6 + 8] = [14]
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Attempt All Questions

1. State and prove Nash’s Theorem on finite non-cooperative Games.  [20]

2. Let A be anm X 2 matrix, consider mixed extension of matrix Game
A, Discuss how to solve the above game graphically, highlighting
different cases with values and optimal strategies. [20]

3. Let {I,va} and {l,v2} denote two co-operative games on the same set of

players. When are they called strategically equivalent? Show that all
essential co-operative games are strategically equivalent to some
unique co-operative game in 0-1 reduced form.  Show that all
inessential games are strategically equivalent to zero games. [20]

4. Let A,, xn be a real matrix. Consider mixed extension to the matrix
game A. Prove the following-

a) MAXx Miny XAY"and Miny Maxx XAY" exist.
b) Maxyx Miny XAY" =Miny Maxx XAY". [10+15]

5. Let A,, xn, be a diagonal matrix with diagonal elements d;,d;, ds ...,d..
Consider mixed extension to the matrix game A. Considering different
cases, derive the value of the game and optimal strategies of the
players. [15]

Kok ok 3k % ok ok ok %k ok K % ok XK
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You may use all standard notation automatically

1. How are the Random Walk Hypotheses RW1, RW2 and RW3 related? Use a

Venn diagram for your answer and provide specific examples. [15]

2. Suppose the trading process {0} defined by

5. = {1 (no trade) with probability m;
@~ | 0(trade)  withprobability (1 —m;)

were not 7id, but followed a two state Markov chain with transition probabilities

Ot
0 1
5. . 0 <(1 -m) W )
o m' o (1-m)

Derive the unconditional mean, variance and first order auto covariance of §;;

as functions of 7r; and ;' [4+5+7=16]

3. (a) What is the mean-variance portfolio optimization problem?
(b) Prove the following consequence of the mean-variance portfolio

optimization exercise:

Page1of2



For a multiple regression of the return on any asset or portfolio R, on the

return of any minimum-variance portfolio R, (except the global minimum -

variance portfolio) and the return of its associated orthogonal portfolio Ry y;
Ra = Bo+ BpRy + BopRop

will satisfy (i) fo = 0 and (ii) B + Bop = 1.

(c) Show that the intercept of the excess-return market model is zero if the

market portfolio is the tangency portfolio. [5+ 8+ 7=20]

4, What is the exact factor pricing model? What are the alternative versions of
this model? How are they tested in practice? [4+4+8=16]

5. Distinguish between statistical and economic models in the context of event

study analysis. Use a specific example for your answer. [16]
6. What is an Itd process? Explain how the [t6’s lemma help in obtaining the

price of a European Call option. State the relevant assumptions carefully.

[6+11=17]

Page 2 of 2
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Precisely justify all your steps. Carefully state all the results you are using.

1. (a) Show that the space c; is not isometric to the dual of any Banach space. [10]
(b) Show that the space cg is not even isomorphic to the dual of any Banach space.

[10]

2. (a) Let X be a Banach space. Define a denting point of a closed bounded convex set

KCX. [5]
(b) Show that a denting point is always an extreme point. [10]
(c) Show that the converse holds if K is compact. [10]
3. For a Banach space X, show that the following are equivalent : [15]

(a) X has the RNP.

(b) Every closed bounded convex set in X is the norm closed convex hull of its

denting points.

(c) Every closed bounded convex set in X has a denting point.

4. (a) For a continuous convex function ¢ on a Banach space X, define the subdiffer-

ential 8¢(xz) of ¢ at some z € X. [5]
(b) If ¢(z) = ||z|| for all z € X, show that [10]

I¢(z) = {2* € Sx- : 27(z) = [lz] }-

(c) Find all points of £! where the norm is Gateaux differentiable. [10]

(d) Show that the norm on ¢! is not Fréchet differentiable at any point. [15]
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1. Suppose (M, p1), (Ma, ps) are two metric spaces and let M = (M; X Mg, p1V p2) be their product.
Show that
(a) M is separable if and only if M; and M, are so.

(b) Let P,P,,n > 1 be probability measures on (M, B(M)). Assuming M to be separable, show
that P, = P if and only if P,(A4; x Ay) — P(A; x Ay) for all Po 77! continuity sets A; and
Pomy ! continuity sets Ao, where 7;’s are the co-ordinate projections.

(c) Let M; = [0,1] equipped with the Euclidean metric. Let P, be the uniform distribution on M,
and Py be the uniform distribution on the diagonal {(z,z) | x € [0,1]}. Show that P; and P,
have identical marginals.

(d) Using (c) or otherwise, show, in the context of (b), that P,,on;? % Por! and P omy ! = Pom, !
together do not imply that P, = P.

4+10 + 3 + 3]

2. (a) Show that A : [0,1] — [0,1] is a homeomorphism with A(0) = 0,A(1) = 1 if and only if A is a
continuous strictly increasing surjection on [0, 1]. Show that such A’s form a group with respect
to function composition.

) Define the Skorohod mietric d on D0, 1].

(c) Let on(t) = oo 1(t) and ¢(t) = (L) 1y(t). Show that d(¢n,¢) — 0.

(d) Show that if z € C[O 1} and z,, € D[0,1],n > 1, then d(z,,z) = 0 = ||z, — z||oc — 0.
) 0,1

Show that if z € D[0,1] and z, € C[0,1],n > 1, then d(z,,z) > 0 = ||z, — 2|l — O.

(2+3)+24+5+4+4]

3. Let & "R F.i=1,...,n. Consider the empirical process

1
= \/ﬁ(—I Z Lig,<y — F(1)).
1<i<n
Derive the limit distribution of (X, (t1),...,X,(t:)), where t; € (0,1). State Donsker’s theorem for
X,

Now suppose that F is the CDF of the uniform distribution on {0,1]. Then X, is the uniform
empirical process. State with proper justification if X,, is measurable with respect to

1



(i) the Borel g-field on (D[0, 1], - {l~),
(ii) the ball o-field on (D[0, 1], || - |l), and

(iii) the Borel o-field in the Skorohod topology on D[0, 1].

(B3+2)+(5+4+5+5)
4. (a) Suppose F,Fy,F, are P-Glivenko-Cantelli classes. State with proper justification which of th

following are P-Glivenko-Cantelli classes:

(1) ]:1 U FQa

(ll) fl n ]:27

(ii)) {a1fi +azfo | fi € Fi, la;| < 1}, ‘
(iv) {f | 2 a sequence (f,)m>1 in F such that f,, — f pointwise as well as in L;(P)}.

(b) Suppose X;,i = 1,...,n are independent random variables defined on some probability spac
(2, A,P) and taking values in a Hilbert space (H, (-,-)z). Let || -||» be the corresponding norm
Suppose that || X;||x < b; almost surely, for constants b; > 0,7 = 1,...,n. Consider the randor
variable S, = || 37, Xi|l». Show that

n26?
P(|S, — ES,| > nd) < 2exp| — 55 @
i=1"

[(24+2+4+6)+¢

5. (a) Define covering and bracketing numbers. Give an example where these are equivalent (up t

J.

constant factors).

(b) State and prove the classical Glivenko-Cantelli theorem using Lq-bracketing numbers.

(c) The §-packing number M (8; M, p) of a (pseudo-)metric space (M, p) is the maximum cardinalit

of a set of points in M that are more than ¢ apart in p. If N(6; M, p) denotes the §-coverin
number of (M, p), show that

M(26; M, p) < N(6: M, p) < M(6; M, p).

(B3+2)+7+ (4 +4
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