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SUMMARY. Tho paper oxomincs tho naturo of 1ho latent mndom variables which oceyr in
lincsr structurnl mexlels, under the plion that thoy are inds 1! It is shown that alternalive
roprescntations with different wlas of coefficionts for the latent varinbles of differvnt numbors of Istent
varinblos are pomible whon snd only when some of the lLatent variobles or some of their lincar combina.
lions havo & univnriate normal distribution. Tho igation haa application in the prollem of
i ility of in lincar relations. An i il ization of the multi-
variale normal distribution fe doduced.

1. INTRODUCTION
In factor analysis as devoloped by the psychalogists a linear model of tho type
X=AF+¢ S (L)

ia imposcd on a vector random variablo X, whero F is & vector of random variables
called commuon factors (ot variables), A is a fixed matrix of coofficients and ¢ is a vector
of randum variables called specific factors (or variables). The common and specific
variables avo all uncorrolated and cach column of A is assumed to contain at least two
non-zeto clements to maintain the distinction between connion nnd specifio factors.
It can also bo assumed, without loss of generality, that no two columna of /1 are cqui-
valent in the senso that ono is a multiplo of the other. (Lf ono column of A is a multiple
of another wo ean obtain a reduced representation by omitting ono of tho columns
but nssociating with tho other, o variablo which is a suitable lincar combination of
tho variables connccted with tho original two columns.) Wo shall, therefore, assume
through that in & rof ation such as (1.1) the matrix multiplying random
variables does not have any two columns which aro equivalent. Wo shall refer to
tho model (1.1), with tho stated restrictions on the elements of . and on tho random
variables in F and ¢, (which may bo jointly calied Intent variables), as & factor
analysis model. Tho principal problem of factor analysis is to detcrmine a matrix A
with the minimum possible rank for which a representation such ns (1.1) is feusible.

Wo shall consider an analogous problem by d ling that the and
specific variables aro independent and non-degonerato and examine the feasibility of
a ropresontation such as (1.1) with minimum rank for A.

It appenrs, under tho hypothesis of independenco of tho latent varinbles, that
the question of minimum rank is meaningful only in the context of some of tho common
variables having o normal distribution. For instance, let us suppose that in the re-
presentation (1.1) with some matrix 41, no element of tho vector varinblo F is normal,
Then it is not possiblo to have an slteruative roprosentation with another matrix
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of a smaller mnk, or evon with a matrix of tho aame order but not equivalent to A
{two matrices A and I} aro said to bo equivalent if the columns of /1 are multiples of tho
columins of B and vico versa). Alternative representations with possible reduction
in the rank of .1 aro availablo only when some of tho common variables have a normal
distribution. Further; the oxistence of an altcrnativo reprosontation with increased
rank implics that in tho original represontation semo lincat functions of the specifio

inbles have normal comp (a varinblo is said to have & normal component if its
distribution can Lo expressed aa the convolution of two distributions of which ono is
normal). In addition somo of tho common variables may bave normal components
individually or in certain lineor combinations.

Wo infer these results by oxamining tho conditions under which two non-
oquivalent representations of the typo (1.1) exist. (Two representations of tho typo
(1.1

X= AF+t¢, X=DBG+e
aro said to bo oquivalent if the col of I} aro all multiples of thoso of A and vice-
versa),

To begin with, we study a moro general represontation of tho form X = AF
with no restrictions on .. An important result providing a characterisation of
the multivariate normal dutnbullon is as follows. Let X = /AF and X = BG be
two repre iona of a p-di 1 fIom variable X{whcro F and @ are random
veetors with indepondent elements) subject only to tho condition that no column of
A is a multiplo of any colurn of B. Then X has a p-variate normal distribution,
A different proof of this result is given earlicr by the suthor in Rao (1865). Another
interesting rewult is on the class C of qui Tep H X=AF. Lot
C contain & momber with rank A equal to the number of columns of A. Then @ con-
sists of only a ainglo momber or an infinity of members.

2. PRELDMINARY LEMMAS

Wo prove somo preliminary lommas which are of general interest.

Lemma 1: Let a;, ..., a0, de a given sct of non-null veclors in a vector space
Jurnished with an inner product. Then there exisis a veclor @ schich is nol orthogonal
o any one of the scl @y, ..., .

Supposo f, is not orthogonal to the firat & vectors a,, ..., @, but is orthogonal
to a3, Then considor Po+cay,; whoro ¢ a constant. Its inner product with
afi S k) is

dy = (B a)+clag,, o) e (20)
which may not bo zero for any ¢ or which may bo zero for ¢ = ¢;.  Thon if we chooso
a vaho of ¢ to bo different from ¢;, i = 1, ..., & and zcro, nono of tho dj, § = 1, ..., k,
vanish, Lot B, = Po+cay,, for auch n choico of c. Then @, is not orthogonal to
@y, -y @pe1- Sinco wo have an initlal choico In B, = &, with & = 1, tho result follows
by induction.
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Lemmao 2: Let A be a pxk malriz and I3 a pXm matrix such that the first
column (without losa of gencrality) of A is not a wmultiple of any other column of A or of
any column of B. Then there exisls a 2X p matrix I such that the malrices

C, =114, Cy=1B e (22)
of orders 2xk and 2Xm respectively satisfy the following property : the first column of
C, is not a multiple of any other column of C, or of any column of C,.

Without loss of gencrality, let tho elements in tho fitst rows of A and £ convist
of zerves and unities only and thoe eloment in tho first row and column of A be non-zero.
Lot tho columns of A with unity as first cloment bo denoted by a,, ..., @, and thoso of
B, by By, .. B,.

Lot ua choose tho first row vector of tho desired matrix M as (1, 0, ..., 0) and tho
second row as y' = (0,7;, ..., 7,) such that

Yia—a)#0, i=2,...,r

Y(a—B) #0, i=1,..8a e (2.3)
Such a y oxists by Lemma 1. Then it is casy to verify that JI so chosen satisfics
the requirements of Lomma 2,

Lemma 3: Given lwo veclors a,, &y, which are not multiples of one another, we
can find an infinily of pairs of linear combinationa p, = ¢\, 46,0, and fy = dya, +dya;
such that ¢,d,+edy = 0 and neither B, nor By is a multiple of any vector in a given finite
set of veclors which may include «, and ay.

The lomma is casy to establish.

Lemma 4: Consider the equation

Vilu+by o)+ ydutdy v)+...+yludb, v) = A{u)+ B(v)+Qlu, v} e {24)
in [wo real variubles u and v valid in || < 8y, |v| <t &, where @ is a quudratic function.

(i) by, ..., b, be all different, and

(i) ¥y, ..o Vo A, B be continuons functions.
Then 3y, ..., ¥ A and B are all polynomial functions of degree max (2,r) at most in o
neighbourhood of the origin.

Following Linnik (1960), we multiply Loth sides of (2.4) by (x—u) and integrato
with respect to u from 0 to x whero [z]| < ;. This gives

2": .j' (s— )+ by o) ds

= f G—u) A+ B) | te—uidut | (z~u)tu, v)dtu
° . []
= )+ Byfo)+2L) - (23)
whera L{v) is linear in v and By(v) is a continuous function of v. Making the trans-
formation u+b; v = 7 in the j-th term of tho left member in (2.6), [7] < & < 4,

, whe
£ (e +byv—1) gir)dr = 22 L{r)+23 By} +C(a). e (20)
5 e
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Tho equality (2.6) is truo when || < &, [v| < &, 0 < & < 8,. Tho loft hand sido
of (2.6) is dilferentiable with respect to v for each fixed valuo of z, |2] < 8,. This

implies that B,(v) is difforontiablo with respoct to v. Then, difforentiating both sides
of (2.8) with reapoct to v wo have

sty
St ] pirhdr = ket Bilokt+ B oke+ Do) - e

whero A is & conatant, By(r) and By(v) avo suitable functions of v and tho cquality (2.7)
is truo for a cortain domain of v and z.

Diferontiating both sidos of (2.7) with reapect to z and writing u for z

by y(u+byw) = Shut4-2uBi(v)+ By(v). e (28)
Patting v =0 in (2.8) we obtain the oquation
by ylu) = Py(u) . (29)

where Py,(x) is a polynomial in u of degreo 2.
Starting from the equation(2.8) and applying the samo analysis as on tho cqua-
tion (2.4) wo obtain
X Wle) = Pyfu) v (210)
whore Pyy{t) is & polynomial in u of degree 2,
Thus repoating tho analysis r times wo obtain tho equations
i)t +b, Yilu) = Py(u)
B(u)te- 4] Ylu) = Pylx) e (211)
by (u)+-+b, y{u) = Py(u)
whore P,{u) is a polynomial in u of degreo v, Sinco &y, ..., ,, are different, the equa-
tion (2.11) can bo solved uniquely for yy(u), ..., {(z). But the solution for yr{u)is a
lincar combination of Py,(u), ..., P{x). Honce i, is a polynomial of degree max(2, r)
at most in a neighbourhood of tho origin.

Corollary :  1f the equation (2.4) of Lemma 4 is of the form
‘}': Yilutby v) = autcvtd
=1
with r &3, then under the conditions of Lemma 4, ¥, i=1,...,r, are all linear
Junctions.

Lomma 5: Let ¥ be a two-dimensional random variable (Y, Yy} admitting
hwo represenialions

Y1="uf1+"'+"nfr} Y|=b"g,+---+b,,y,}
and

Yy=anhittenl Yy=bu01+++bom g
where f,, ..., [y are independent random variables, g,, ..., gn are independent random

(2.12)

variables and a,, by are constants. Let the r-th column N in the first represenlation
g0 by ag,
of (2.12) be not a multiple of any column of the type (:U).j # ror of any column of
£l
the type (:Z), J=li..,m. Then the variable f, hag a univariate normal distribution.
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Lot ¥, bo tho second charactoristio (i.e., principal branch of tho logarithm of
the charncteristio function, which fa uniquely dofincd in a noighbourhnod of the
origin) of f;, and @, Lo that of g;.  Considering tho joint ck teristio function of Yy, ¥,
from tho two representations, taking logarithms and equating thom, wo have for
vl <ty fol <4
log [E expli u ¥y 4+ v Yy)] = (o utanv)+... 4 Vyla,utann)

= ylbyu+by0)+ ... + Galbiati-t boat).
Wo may, without loss of generality, assunte that a,, ¢ 0 and replrce non-zero a, and
by by wnity, which only meana scaling tho original variables f; and g, Then using the
condition of Lemma 5, tho equation (2.13) roduces to
Vi{utagyv)+ny(uteyv)+... 4 nluteg,v) = Alu)+ Biv) o (2.14)
ifag, # 0, and to

(2.13)

Mlutenv)+..+7,(utenb) = yilu)+Blv) o (218)
if @, = 0. In (2.14) and (2.15) evory 7 function is obtained by adding the ¢ func-
tions and subtracting tho ¢ functions having a flicient for v in (2.13).
Observo that ay,, €4, ..., €3, ¢on all bo takon to bo different and tho function 7, which
ia the sccond charnctoristic of f,, cannot bo combined with any othors.

Now, applying Lomma 4, ¥, is a polynomial of degveo at most 4 in 8 noighbour-
hood of the origin: Honco 3, must bo quadratic if f, in a degs to random
variablo. Thus , has a univariato normal distribution, and Lomma G ia established.

Lomma 6: Let the i-th column in the first represenlation of (2.12) be a multiple
of the j-th column in the second representation of (2.12) and nol of any other column in
either vepresentation, then the sccond characleristics of f, and g, differ by a polynomial in
a neighbourhood of the origin.

Wo can tako § = j without loss of gonerality and obsorve that ono of tho 1]
funetions in (2.14) and (2.15) is indeod tho differenco bot tho sccond characteriati
of f; and g But every 7 function s a polynomial by an application of Lemma 4.

An oxamplo showing that tho difference of two second characteristics can be
n non-quadratic polynominl, dus to Dr. B. Ramachandran, is ns follows.

Lot f(f) = L (3 easy to show that f(f} ia convex in 2> 0 and othor-
wiso satisfics Polya's conditions and is thus a c.f, Choosing g{t) = ¢~'", which in a
o.f., wo find

S(fg) = 1%, Tog () =1og glt) =—14/4
yiolding tho dosired reeult.

Lot us obaorve that Lomma 6 providos only the relationshipin a ighbourhood'
of the origin between the socond chacacteriatics of two fandom variablea, which ara
thomeclves, in gonoral, dofined only in tho neighbourhood of the origin. This result
doca not, thoroforo, provide tho relationship t the ch istia functions of
tho two variablos over tho ontixo roal line but only in an intorval round tho origin,
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3. Tre MAN RESULTS

Theorem 1 is concerned with ropresontations of the form X == AF, with no
restrictions on A except that it is in & reduced form (without loss of genorality) with
no two of ita columns being oquivalent.,

Theotem 1: Let X = AF and X = BG be fico representations of a p-dimen-
sional randomn variable X, where A and IY are fixed mutrices, and, F and @ are veclors of
independent non-degenerate randowm variables. We shall lake A 10 be @ pxr matrizand
B lo be a pX & matrix withou! any resfriclions on ranks of A and B, and indicale the
elements of the vector variable F by [y, ..., [, and those of G by . Then the
Jollowing are true :
{i;

()

The ranks of A and I are the same.

=

1f the i-th column of A is not a mulliple of any column of B then f; has
univariale normal distribution,

(iii) 1S the i-th column of A is a multiple of the j-th column of B, then the second
characteristics of the variables f; and g; differ by a polynomial in a
neighbourkood of the origin.

Proof: Lot a bo a column vector which is otthogonal to tho columna of A.

Then R
aX=adF =0. . (3)
Using tho second reprosontation

0=a'X=o'BG. e (3.2)

But G is a vector of non-degenerato indcpendent random variables so that no lincar
combination of the elements of @ is non-degencrate except when all the coeffcicnts
aro zoro. This implics that a'B = 0. Thus «’'Ad = 0 == «’B = 0, and vice versa;
henco A and B havo the same rank, establishing (i)..
To prove (ii), let us assumo, without loss of gonerality, that the first column of
A is not a multiplo of any column of B. Thon by Lomma 2, wo can find 82X p matrix
II to give two matrices €y = HA, C; = If B such that tho first column of C, is not
a multiple of any othor columin of €, or of any column of €;. Now
HX=Y=CF and NX=2Y=0C,G . (3.3)
and applying theresult of Lemma 5, wo find that f, has a univariate normal distribution,

To prove (iii), lot us nssume, without loss of gonerality, that the first column of
A ia tho samo as tho first column of B. Then by Lemma 2, we can find a 2X p matrix
I which yrovides two matrices, C; = IfA and €y = ¥ such that tho first column
of €, is not cquivalent to any other column of C; or any column of C, oxcept tho
first. Now
HX=Y =CF IUX=Y=CG" e (3.49)
and applying Lomma 6, wo find that the socond charactoristics of fy and g, diffor by a
polynomial noar the origin.  We have shown in Soction 2, that theto exist oxamplos of
such socond charaotoriatica whoro the degroo of 1he polynomial can b higher than 2.
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Corollary 2: If no column of A is a mulliple of any column of B then X has
@ p-variale normal distribution.

Tho zesult follows since each f; has & univariate normal distribution.

Theotem 2: Lel C be the class of all non-equivalenl represeniations of a
p-dimensionul yandom varialle X. (To represeniations are equivalent if the columns
in the mairix of one representation are multiplea of the columns in the other and vice veraa).
Furthermore, lct C have a member of the type X = AF where the rank of A is equal 1o
the nunber of columns of A.  Then C kas one member or infinitely many.

Let X = BG be another represontation.  If thoro aro two columns of 13 which
are not multiples of any columns of 4, then at {east two cloments of G havea vnivarints
normal distribution. Then moking orthogonal transformations on such elemonts
tho two columns of /3 oan Lo altored in infin‘tely many non-zquivalont ways, by
lemma 3.

Supposo, thors is only one colamn in B which ia not a multiple of any column
of A. Then we have tho explicit representationa {without loss of generality}

Xy =apfit.taufs } X, = oyt ot o i } @8
X, = au /it taph

whero the rank of the matrix {ay), i = 1,...,p, § =1, ..., kiak. Since, by nssumption
tho column associated with the voriable gy, is'not & multiple of any other column,
it follows that g;,, has n univariate normal distribution. Then writing down the
joint (first) charactecistic funetion of (X, ..., X}) in two ways (cortesponding to the
two represontations)

X, = apudi+ .+ 00+ 0y Gen

SilantiFo Fagt) . dalant o Fagt) = Yilaph+. Fay,) . Viauh+...4+a,0)
Xoxpl—Mapplit o ot .. (3.0)
whoro ¢, is tho chaiactoristio function of f;, vy that of g;, and A is the varianco of g,,,
whoso oxpectation is takén as zoro without loss of generality. Making the transfor-
mation
n=ahttaly, T gk . (37
tho equation (3.0) reduces to
) ... &ilTs) = Yiln) o Yalra) exp (—diry—...—dimy)Y) o (38)
sinco tho column of covficients (13,1, +.y Fpr4s) Must dopend on the other columna,
by rosvlt (i) of Theorom 1. Putting 7, =10, j=1,...,i~1, i+ 1,..., k in (3.8),
$dr) = Ydrloxp(—dirl)} §=1,..., k. - (3.9)
Then it follows that the varinble f; has a normal T which is degenerate
ifdg#£ 0. At least two of tho d; nro not zero, for otherwiae it would mean that the

column of coofficionts of g,,; is 8 multiplo of some other column. Thus at least two
of the f,, say [, and f,, have d normal

257




SANKHYA  THE INDIAN JOURNAL OF STATISTICS : SER1Es A.

Writing fi = gi+2 fa= 0s+20 fo= g3 s o = 02 Wo havo the ropreson-
tation
X, = ayg -+ Fapgt o +an 2,
. (3.10)
X, =001+ et a2+t
derived from tho ficst ropresontation of (3.56). By making orthogonal transformations
on the independont normal varinbles z;, z, wo can obtnin reprosontations whero tho
last two columns aco not multiples of the other columns, by Lemma 3. Thus an
infinity of non-equivalont representations can bo obtained.

Noto that the caso whers tho numbor of col in the two i

of {3.5) are tho snme but only (k—1) of the columns are equivalont can bo ruled out.

We havo shown that if thore oxists & second member in C othor than the
typo assumed, then thero must be an infinity of them. On the other hand, thete may
not bo any sccond member.

Tho third theorem concerns factor analysis models. Let

X=AF+¢, snd X=DBGi¢ . (301)

be two ropresentations whers A is a p X r matrix of rank m, B is a p X s matrix of rank
n, and ¢, and ¢, ave voctors of apecifio variables {factors)and F and G represent common
factors. \We represent the cloments of F by f,, ..., f,, of G by g, ..., 9, of ¢ by
€ vees 6 nd of €y by €], .., ¢5. With these notations we have Thoorem 3.

Theorem 3: Let m <n, Then

(i) at least (n—m) of the common variables in the second representation
of (3.11) are normally disiributed,
(ii) there are linear combinations Y'e,, ¥'¢, of the specific variables which differ
by & non-degenerate normal component, and
{ili) the second characteristics of at least one of the pairs (e e), 1 =1,...,p
differ by a second degree pol ial in a neighbourhood of the origin.’

Proof: Tho condition m < n implies that there are at least (n—m) columns
of B which aro not multiples of eolumns of A. Honce by (ii} of Thoorom 1, tho associnted
random variables are normal, which proves the assertion (i) of Theorem 3.

- To provo (ii), lot g,,g;... be the random variables such that the nssociated
columna of B aro lincarly indepondent of tho columns of A. Lot us choose a vector

¥’ = (Y1 +-s ¥p) 8uch that it is orthogonal to all the columns of A but not to every
column of B. Lot

Y =¢YX=YAF+y'e, =Yg, . {3.12)
Y=YX=vBGLy'e, = coteg+..+Ye . {3.13)
whero ¢, ¢;, ... aro conatants, not all zero, and gy, gy, ... are all nocesearily normal vari-

ables by virtuo of (ii) of Theorom 1. Tho equations (3.12) and {3.13) show that y’e,
and Y'¢, differ by a normal componont which proves {ii) of Thoorom 3,
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To prove (iii) consider an olomont, say X, of X for which ¢, % 0. Writing
X, in two ways,
X, = agfit.tafite, e (3.14)
Xy = bt tby 00 e (316)
the joint socond chazacteristio of (X, Y) can again bo written in two ways by consider-
ing tho represontations in tho pairs of oquations (3.12), (3.14) and (3.13), (3.15)

log E{oxpliuX,+ivY)]

= £ gon w4+ Bt v+t o (210)
= Pl W)+ F Vgt By ) e (317)

whoro ¢,¥,, E;, Es 71 ond 9, ato the socond characteristics of random variablos
Jp itptoY' =Yty 0nd y'eg—y.e; Tospoctively. Obsorving that ¥, ... aro all
quadratic, wo obtain on oquating (3.18) and (3.17) that

Eyutyw)—Exfuty,v) = Qu, v)+ A(u)+ B(v) v (3.18)

whero @ is quadratic and A{z) and B{v) aro suitable functions. Thon, applying
Lemma 4, §y(u)-E;(x) is & polynomial of degreo two at most in a noighbourhood of the
origin. We procoed to show that for at loast one of tho paira (¢, ¢;), 1 < ¢ < p the
socond characteristica diffor oxactly by a second degreo polynomial in & neighboux-
hood of the origin.

Suppose the second charactoristica of all the pairs (e, €;) for which ¥, # 0

differ locally by a linoar function. Taking tho socond characteristics of Y in two ways

ponding to tho rep tions (3.12), (3.13) and equating thom, wo find that the

second characteristio of €%+¢g;+... is a linoar function, which cannot bo, sinco

6, €, .. ar0 not all zor0 nnd g, g;... are sl non-degencrate random variables by
assumption. Honce the assortion (iii) of Thoorem 3 follows.

Theorom 4 : Lel k be the maximal integer such that k columns of A are mulliples
of k columns of B. Withou! loss of generality, we shall take these lo be the first k columns
of A and the corresponding columns of B. If the first k columna of A (and hence those
of B) are independent, then the second characteristics of each pair(e;, ¢;), i = 1, ..., p differ
al most by a polynomial of degree two in the neighbourhood of the origin and furiker
the second characteristics of each pair (f,, g)), § = 1, ..., k differ al most by a polynomial
of degree two in & neighbourkood of the origin.

Thoeorem 4 i3 casy to establish using the of tho provious th
and lommas. It is not possiblo, in gonoral, to assort that (¢, &) or {f;, g,) differ by &
normal componont sinco the results of Thoorom 4 provido ouly a local rolationship
b tho cl toristio fi i (i.0., tho ratio of tho oharacteristic functions
may have a normal factor loeally but not ovor tho ontire real lino). An examploe duo
to Dr. B. Ramachandran clarifies tho point.
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Consider tho functions

=it for 1] €8

Gy = . (3.19)
hyoit for |i] > ¢
1 for |¢] <8

c,(1)={ e (3.20)
hge1"t for 1| > ¢

whero h = Pt R RPN

Thus it is casy to sco that Cyft) and Ct) aro characteristic functions and
log C,(t)—1log Cy{ty) = —2 for |{| < 4.
But
0] ={¢"’" for |t] <&
hofhy for |tj>¢
50 that Cy(t) docy not differ from Cy(t) by a normal factor.

Theo results of this paper can bo used in making statoments on identifiability
of parameters in a linear structural rolation, & problem considered by Reiersol (1950).
For instanco let (X, X,) have the two roprosentations

X, = f+e, X =g+¢ }
Li=/+e Xy=ag+q

where a %20, # 1, f,¢,,¢, aro independent varinbles and g, e;, ¢ ate independent
varinbles. Thcorem 1 shows that a # 0, 3 1 implics that f and g are normally distri-
buted. Thon it follows that (e,, ¢} differ by a normal component and so also (e,, ¢).
If £ is not normal and not degonerato, thon @ must have valuo 1.

(3.21)

In conclusion I havo great pl in thanking Dr. B. R handran for the
useful discussions I had with him during tho proparation of this paper.
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