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Abstract

A real 2n x 2n matrix M is called a symplectic matrix if M7 .JM = .J, where J is the
2n X 2n matrix given by J = (70171 {3") and I, is the n X n identity matrix. A result on
symplectic matrices, generally known as Williamson’s theorem, states that for any 2n x 2n
positive definite matrix A there exists a symplectic matrix M such that MTAM = D @ D
where D is an n X n positive diagonal matrix with diagonal entries 0 < d;(A4) < --- < d,(A)
called the symplectic eigenvalues of A. In this thesis, we study differentiability and analyticity
properties of symplectic eigenvalues and corresponding symplectic eigenbasis. In particular,
we prove that simple symplectic eigenvalues are infinitely differentiable and compute their
first order derivative. We also prove that symplectic eigenvalues and corresponding symplectic
eigenbasis for a real analytic curve of positive definite matrices can be chosen real analytically.
We then derive an analogue of Lidskii’s theorem for symplectic eigenvalues as an application
of our analysis. We study various subdifferential properties of symplectic eigenvalues such as
Fenchel subdifferentials, Clarke subdifferentials and Michel-Penot subdifferentials. We show
that symplectic eigenvalues are directionally differentiable and derive the expression of their first

order directional derivatives.
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Introduction

A real 2n x 2n matrix M is called a symplectic matrix if M" JM = J, where .J is the 2n x 2n
matrix given by J = (701n ), I, is the n x n identity matrix. Symplectic matrices are
ubiquitous in various fields such as symplectic geometry [21], quantum optics [67, 69], quantum
information [24, 62], hamiltonian dynamics [37] and optimization problems [16, 26]. A well
known class of matrices in classical linear algebra is the set of orthogonal matrices. Replacing J
by the identity matrix in the definition of symplectic matrices yields orthogonal matrices. As
the orthogonal matrices form a group under matrix multiplication so do the symplectic matrices.
The group of 2n x 2n symplectic matrices is called the symplectic group and is denoted by
Sp(2n). The symplectic group exhibits some similar properties as the orthogonal group, e.g.,
M € Sp(2n) implies MT € Sp(2n) and det M = 1. But unlike the orthogonal group, this
group is not compact. See [23].

By the spectral theorem we know that any positive definite matrix can be reduced to a
diagonal matrix by an orthogonal congruence. The diagonal entries of the diagonal matrix are
called the eigenvalues of the given matrix. A symplectic counterpart of the spectral theorem,

generally known as Williamson’s theorem, states that for any 2n x 2n positive definite matrix A

there exists /M € Sp(2n) such that

. D O
M*AM = , (1

O D
where D is an n x n positive diagonal matrix with diagonal entries d;(A) < --- < d,,(A). The
positive numbers di(A), ..., d,(A) are uniquely determined by (1). These are the complete

invariants of A under the action of the symplectic group Sp(2n) and are called the symplectic



eigenvalues of A. See [21, 36].

Symplectic eigenvalues appear in various applications such as classical and quantum me-
chanics [21], symplectic topology [37] and harmonic oscillator systems [1, 58]. Recently there
has been a heightened interest in the study of symplectic eigenvalues by both physicists and
mathematicians. A particular reason for this being their growing importance and applications in
quantum information. Associated with an n mode quantum state is a 2n X 2n positive definite
matrix known as the covariance matrix of the quantum state. The Heisenberg uncertainty prin-
ciple tells us that a 2n x 2n positive definite matrix A is the covariance matrix of a Gaussian
state if and only if d;(A4) > % forall j = 1,...,n. See [2, 23]. The class of Gaussian states
in a quantum system is being widely studied. Of interest there are various entropy functions
associated with Gaussian states that are useful in measurement of the degree of mixedness
and entanglement of the Gaussian states. These entropy functions can be expressed as smooth
maps of symplectic eigenvalues of the covariance matrices. See [3, 36, 45]. So it is useful and
important to have a well developed theory for symplectic eigenvalues as we have for eigenvalues.

Eigenvalue problems can be classified as quantitative and qualitative in nature. The quantita-
tive problems include variational principles, eigenvalues of functions of matrices, majorisation
inequalities and computation of eigenvalues and eigenvectors. See [9, 41]. There has been much
interest in the study of relationships between the eigenvalues of Hermitian matrices A and B
and those of their sum A + B. Suppose AT(A) = ()\I(A), e )@(A)) denotes the tuple of
eigenvalues of an n x n Hermitian matrix A arranged in increasing order. In 1912, H. Weyl
discovered several relationships between the eigenvalues of sums of Hermitian matrices one of
which states that

MN(A+B) > A +A(B), 1<j<n )

The maximum principle given by Ky Fan [25] in 1949 implies that forall 1 < k£ < n,

k

k k
Y oA+ B) =Y Al(4) + ) M(B). 3)
Jj=1 J

j=1 =1



In 1950, V. B. Lidskii [50] proved the inequalities

k k k
MA+B) =3 AL )+ > M(B) (4)
j=1 j=1 j=1
forallk=1,...,nand 1 <i; <1y < --- < i < n.Inequalities (2) and (3) are special cases

of (4). Lidskii’s inequalities played a fundamental role in the study of eigenvalues of sums of
matrices and proved to be an important stimulant for the much celebrated Horn’s conjecture.
See, for instance, [8, 28]. These inequalities have attracted much attention and a number of
different proofs for these are now available in literature. See [7, 48]. But all the proofs are
generally more difficult than those for the earlier two families of inequalities (2) and (3). An
example of qualitative problems is the study of continuity, differentiability, subdifferentiability
and analyticity of eigenvalues and eigenvectors as functions of matrices. These problems have
been studied for a long time. See the classical books by Kato [43] and Rellich [64]. See also
[33,34,42,44,51, 66, 73, 74]. These have applications in optimisation [20], linear programming
[49], numerical analysis [53, 74] and physics [70]. It is natural and fundamental to study the
analogous quantitative and qualitative problems of symplectic eigenvalues.

A positive number d is a symplectic eigenvalue of A if and only if +d is an eigenvalue
of the Hermitian matrix 24'/2.J A'/2 and of the matrix 2.J A. This connection has been used to
study various quantitative properties of symplectic eigenvalues such as perturbation theorems,
majorisation inequalities, variational principles and an interlacing theorem in the past few years.
See [10, 11, 38]. For instance, the following minmax principles for symplectic eigenvalues were

given in [37]. For all 1 < 5 < n, we have

s g ) »
dimM=j (z,Az)=1

and also

4,(A) = MHCli(CnQ” ;IEI}C_%( (x,iJx). 6)
dimM=2n—j+1 (z,Az)=1



T. Hiroshima [36] gave the following symplectic counterpart of Ky Fan’s extremal principle

A — T
Z;d](A) m]vl[ntrM AM, 7

for all 1 < m < n where the minimum is taken over 2n x 2m real matrices M satisfying
MT Jo, M = Jo,, with Jop, = <3k IO’“ ) Using equation (7) he also derived a symplectic
analogue of the inequalities (3) which states that

k k k

D dj(A+B)>> dj(A)+) d;i(B) ®)

j=1 j=1 j=1

for 1 < k < n. However, some quantitative results on symplectic eigenvalues are not easy to
derive using the theory of eigenvalues. The Weyl’s inequalities (2) are a direct consequence of the
Courant-Fischer-Weyl minmax principle. But it is difficult to obtain a symplectic analogue of the
Weyl’s inequalities using the minmax principles (5) and (6) because these involve m and the
minmax conditions are dependent on A. The fact that the symplectic group is not compact makes
it tricky to get a nice analogue of the Courant-Fischer-Weyl minmax principle for symplectic
eigenvalues. Using the connection that £d;(A) are the eigenvalues of 1AY2 JAV? | a symplectic

analogue of the Weyl’s inequalities for a special class of positive definite matrices appeared in

[10] which states that forall j = 1,...,n
dj(A+ B) = d;j(A) + di(B) )

when A and B are of the form A = [8 g], B = [)(g Xo_l], where D is an n X n positive
diagonal matrix and X is any n X n positive definite matrix. A generalisation of the inequalities (9)
to any 2n X 2n positive definite matrices A, B was derived recently in [13] using an independent
theory of symplectic eigenvalues.

There have not been any explicit study of the qualitative properties of symplectic eigenvalues
in the literature to the best of our knowledge. In principle, it could be possible to study qualitative
properties of symplectic eigenvalues by using their connection with eigenvalues but it is not

feasible in practice. The matrix ¢.JA is not even normal, and the matrix 1A'/2JA'/2 has a

complicated form which makes it difficult to obtain results for symplectic eigenvalues from



the well-developed theory of eigenvalues of Hermitian matrices. For instance, even though the
matrix square root map is differentiable [22], no closed-form expression for its derivative is
known. Therefore, it is difficult to compute derivative and generalised derivative expressions
of d; when treating d;(A) as eigenvalues of 14'/2.J A'/2. Moreover, the appearance of A'/?
obscures even the simplest properties of symplectic eigenvalues. By the characterisation (7),
it is easy to verify that d; is a difference of concave functions. On the other hand, the map
A — 1AY2 ] AY/2 is neither convex nor concave as illustrated by the following example.

Example 1. For any 2 x 2 positive definite matrix A, define ¢(A) = 1AY/2JAY? Let A =
Diag(1,4). We have ¢(I3) = 1.J, ¢(A) = 22J and ¢ ((Is + A)/2) = (11/10/2).J. This gives

o (252 - Jtot) + oty = =2,

which is neither negative nor positive semidefinite. This implies ¢ is neither convex nor concave.

This makes it difficult to establish the fact that d; is a difference of concave functions from
the corresponding properties of eigenvalues of Hermitian matrices. Therefore, it is important
and necessary to develop a theory for symplectic eigenvalues independent of eigenvalues. Very
recently, some quantitative results on symplectic eigenvalues using an independent theory of
symplectic eigenvalues were given in [12, 13].

In this thesis, we study various qualitative properties of symplectic eigenvalues such as differ-
entiability, subdifferentiability and analyticity as well as some fundamental class of inequalities
on symplectic eigenvalues. We also develop, in the course of the thesis, a novel theory and
techniques that can be used to study symplectic eigenvalues further. The symplectic eigenvalue
maps d; are known to be continuous. See for example Theorem 7 of [11]. But the following
example shows that they are not differentiable in general.

Example 2. Let B be the 4 x 4 matrix B = I, ® (,'Y). We have dy (14 + tB) = 1 — |t| and

da(I4 +tB) = 1+ |t| forany ¢t € (—1, 1). The modulus function is not differentiable at ¢t = 0.
So d; and d- are not differentiable at I,4.

We show that d; is infinitely differentiable at A if d;(A) is a simple symplectic eigenvalue,
ie., d;j(A) # d;(A) for all i # j, and derive its first order derivative expression. We also

study the differentiability and analyticity property of symplectic eigenvalues of positive definite



matrices depending on a real parameter. In particular, we prove that symplectic eigenvalues
of a real analytic curve of positive definite matrices can be chosen real analytically. Even
though the symplectic eigenvalue maps are not differentiable, we can talk about generalised
derivatives of symplectic eigenvalues. Generalised derivatives are weaker versions of derivatives.
In non-smooth optimisation, one often deals with non-differentiable functions. In the absence of
differentiability, generalised derivatives play important roles. See [17, 19, 32, 52]. Among some
useful generalised derivatives are directional derivative, Clarke directional derivative and Michel-
Penot directional derivative. Using the generalised derivatives, several notions of generalised
gradients or subdifferentials are defined for various class of functions, e.g., convex functions,
locally Lipschitz functions. These include Fenchel subdifferential, Clarke subdifferential and
Michel-Penot subdifferential. Subdifferentials are useful in obtaining various optimality con-
m
ditions in non-smooth optimisation, see e.g., [5, 19, 65]. Let 0,,(A) = —2 Z d;(A). By the
extremal characterisation (7), it is easy to see that o, is a convex function. \];eluse this fact to
show that o, is directionally differentiable and derive the expressions for its Fenchel subdif-
ferential and directional derivative. We also show that symplectic eigenvalues are directionally
differentiable and compute the expressions for their directional derivatives. We use the fact
that symplectic eigenvalues are locally Lipschitz to derive the expressions for their Clarke and
Michel-Penot directional derivatives and subdifferentials. We also derive a quantitative property

of symplectic eigenvalues, an analogue of the Lidskii’s inequalities (4), using the analyticity of

symplectic eigenvalues. We show that forallk =1,... ,nandall1 <4 <--- <1 < n,
k k k
Y di(A+B)>> di(A)+) di(B). (10)
j=1 j=1 j=1

As for the case of eigenvalues of Hermitian matrices, these greatly generalise the inequalities (8)
and (9). We emphasise that the proofs of Lidskii’s inequalities (4) for eigenvalues are non-trivial.
So deriving the inequalities (10) using the connection of symplectic eigenvalues with eigenvalues
would be a more difficult problem.

The thesis is organised as follows. In Chapter 1, we introduce the notion of symplectic

eigenvector pairs, and give some preliminary results on symplectic eigenvalues and symplectic



eigenvector pairs. We introduce the notion of symplectic projection in Section 1.3 and give
an extension of the Williamson’s theorem to a class of positive semidefinite matrices. In the
beginning of Chapter 2, we recall some basic definitions on differentiability of functions on
Banach spaces. We review the theory of differentiability and analyticity of eigenvalues of
Hermitian matrices in Section 2.2. In Section 2.3, we prove that d; is infinitely differentiable
at A if d;(A) is simple, and also derive its derivative expression. We study the differentiability
and analyticity properties of symplectic eigenvalues of curves of positive definite matrices in
Section 2.4. We prove that the symplectic eigenvalues and symplectic eigenvector pairs for a
real analytic curve of positive definite matrices can be chosen analytically. In Section 2.5, we
derive the majorisation inequalities (10) and give some other applications of our analysis of
symplectic eigenvalues. In Chapter 3, we recall some basic theory of Fenchel subdifferentials and
directional derivatives of convex functions. We also review the theory of directional derivatives
of eigenvalues of symmetric matrices. In Section 3.3, we derive the expression for the Fenchel
subdifferential and the first order directional derivative of o,,. We then show in Section 3.4
that the directional derivative of d; exists and compute its expression. In Chapter 4, we review
the theory of Clarke and Michel-Penot directional derivatives and subdifferenatials of locally
Lipschitz functions on real Banach spaces. In Section 4.2, we compute the expressions for
their Clarke and Michel-Penot subdifferentials and also the expressions for the Clarke and
Michel-Penot directional derivatives. We use these subdifferentials to give an alternate proof of

the monotonicity principle of symplectic eigenvalues.






Chapter 1

Preliminaries

In this chapter, we recall the theory of symplectic spaces and symplectic matrices. We establish
some preliminary results that is fundamental to our study of symplectic eigenvalues.

We review some basic properties of real symplectic spaces in Section 1.1. In Section 1.2 we
recall the definition of symplectic matrices and discuss some useful results on these matrices.
We state a fundamental result on symplectic matrices known as Williamson’s theorem, recall the
definition of symplectic eigenvalues and introduce the notion of symplectic eigenvector pairs. We
also derive some preliminary results on symplectic eigenvalues and symplectic eigenvector pairs.
In Section 1.3, we introduce the notion of symplectic projection that is useful in our analysis of
symplectic eigenvalues. We give an extension of Williamson’s theorem to a class of semidefinite
matrices at the end of the section.

Throughout the chapter, we only deal with finite dimensional real vector spaces and real

matrices unless stated otherwise.

1.1 Symplectic spaces

In this section, we discuss some geometrical properties of symplectic spaces useful in our present
work. These properties are in contrast to the properties of inner product spaces familiar to us.

This section is based on Chapter 1 of [21].



10 Chapter 1: Preliminaries

1.1.1 Symplectic forms
Let X be a vector space. A symplectic form w on X is a mapping w : X x X — R that is
(1) bilinear:
w(au + v, w) = aw(u, w) + bw(v, w),
w(w, au + bv) = aw(w, u) + bw(w, v)
for all u,v,w € X and a,b € R;
(if) antisymmetric: w(u,v) = —w(v,u) for all u,v € X’;
(iii) non-degenerate: w(u,v) = 0 for all v € X if and only if u = 0.

By virtue of bilinearity, the antisymmetric property is equivalent to the condition w(u, u) = 0
for all u € X'. A symplectic space (X', w) is a vector space X’ equipped with a symplectic form

w.

Example 3. Let K be a 2n x 2n skew-symmetric and non-singular matrix. The K induced map
(z,y) — 2T Ky for all 2,y € R?" is a symplectic form on R?". The map is clearly bilinear. Its
antisymmetry follows from K7 = — K, and non-degeneracy is a consequence of the fact that K’

is non-singular.

Symplectic spaces are even dimensional. Let (X', w) be a symplectic space and dimX” = m.
Fix a basis B = {uq,...,un} of X. Let Q be the m x m matrix with the ijth entry given by
w(us, uj) for 1 < 4,5 < m. By antisymmetry of w, the matrix 2 is skew-symmetric. Also,
bilinearity and non-degeneracy of w imply that ker{2 is trivial. So, {2 is a non-singular skew-

symmetric matrix and therefore its size m must be even.

1.1.2 Symplectic orthogonality and symplectic basis

Let (X, w) be a symplectic space and u;,v; € & for j = 1, 2. We say that the pairs (u1,v;) and

(ug,vy) are symplectically orthogonal to each other if

w(ui)vj) = (JJ(UZ,U]) = W(’Ui,’Uj) = 07



1.1 Symplectic spaces 11

fori # j,i,7 = 1,2. We call a set of vectors {ui,...,Un,v1,...,vn} of X symplectically

orthogonal if the pairs of vectors (u;, v;) are mutually symplectically orthogonal to each other.

We call the set {uq,...,up,v1,...,0n} symplectically orthonormal if it is symplectically
orthogonal as well as satisfies w(u;,v;) = 1forall j =1,...,m.
Symplectically orthonormal sets are linearly independent. Let {uy, ..., um,v1,..., Uy} be
a symplectically orthonormal set. Let x = } 7" | (avju; + Bjv;), where j, 3; be real numbers
for j = 1,...,m. By the definition of symplectically orthonormal sets we have,
aj = w(x,v5), B = w(uy ) (1.1)
forall j = 1,...,m. So, x = 0 implies a; = §; = 0 for all j = 1,...,m. Consequently, a

symplectically orthonormal set containing dimA” number of vectors is a basis to the symplectic

space.

Definition 1.1.1. A basis of a symplectic space is said to be symplectic basis if it is a symplecti-
cally orthonormal set.

In Theorem 1.1.3 we prove that every symplectic space has a symplectic basis. Symplectic
bases are analogous to orthonormal bases in inner product spaces. For a fixed symplectic basis, ev-
ery element in the symplectic space has a canonical representation. Let {w1, ..., up, v1,..., 0}
be a symplectic basis of (X, w) and x be any vector in X'. Suppose z = >"_, (a;ju; + Bjv;),
where o, 3; are real numbers for j = 1,...,n. By relations (1.1) we have

n
v =Y (@, v)u; —wlx,u)v) .
j=1

1.1.3 Symplectic subspaces

Let X be any subset of a symplectic space (X, w). Define a set
Xt ={ueX wuz)=0 Ve X}

The set X1+ is known by various names in the literature [21, 23], we call it the symplectic

complement of X. A subspace W of X is called a symplectic subspace if the restriction of the
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symplectic form w on W is again a symplectic form. The symplectic form w is bilinear and
antisymmetric on IV by definition. This means W is a symplectic subspace if w is non-degenerate
on W. Therefore, W is a symplectic subspace if and only if W N W+s = {0}.

We know that every subspace of an inner product space decomposes the space into the direct
sum between the subspace and its orthogonal complement. Symplectic complements show an

analogous property.

Proposition 1.1.2. Let (X, w) be a symplectic space and W be a subset of X . The set W< is a
subspace of X. If W is a subspace of X then

dimW + dimW =+ = dimX and (W)t = W.
Also, the following statements are equivalent.
(1) W is a symplectic subspace.
(i1) Ws is a symplectic space.

(i) X = W @ Ws.
Proof. It is easy to verify that W1+ is a subspace of X'. Suppose W is a subspace of X. Let

{w1, ..., wy} be abasis of W. The symplectic complement of W is given by
Wt = {u € X :wwj,u)=0,1<j <k} (1.2)
Extend the basis of W to a basis {wq,...,ws,} of X. Define the vector space isomorphism

¥ R2 5 X by
2n
U(zx) = Z W,
j=1
forall x = (z1,...,29,) € R*. Let T} : R?" — R be the linear functional given by
Tj(z) = w(w;, ¥(z))
forallz € R*" and 1 < j < k. By (1.2) we have

Whe ={uec X :Tj(v (u) =0,1<j <k}

k
() ® (kerT))
j=1

k
U | () kerT;
j=1



1.1 Symplectic spaces 13

Thus we have

k
dimW*s = dim | () kerT} | . (1.3)
j=1
It follows from the linear independence of {w1, . .., w;} and non-degeneracy of the symplectic
form that 77, ...,7T} are linearly independent. Thus ﬂ?zl kerT) is the set of solutions of a

system of k independent linear equations in 2n variables. Therefore by (1.3) we have dimW s =
2n — k = dimX — dimW. Thus we have proved that

dimWs + dimW = dimX. (1.4)

Similarly we have
dimW=s + dim(W<)ts = dimX.

Thus we have dim(Ws)+s = dimW. By definition W C (Ws)Ls. This implies (Ws)ts =
w.

We know that W is a symplectic subspace of X if and only if W N W+ = {0}. But
(W+s)Ls = W. Therefore the statements (i) and (ii) are equivalent. It follows from (1.4) that
X = W @ W+s if and only if W N W = {0}. This proves the equivalence of the statements
(¢) and (zi1).

O

Theorem 1.1.3. Every non-zero symplectic space has a symplectic basis.

Proof. Let (X,w) be any non-zero symplectic space of dimension 2n. Let u; be any non-
zero element of X. By non-degeneracy of w and a suitable scaling, we get v; € X such that
w(ui,v1) = 1. The set {uy,v1} is a symplectically orthonormal set. Let W7 = span{uy, vy }*s.
By Proposition 1.1.2, W7 is a symplectic subspace of X of dimension 2n — 2. If W is a non-zero
subspace, we similarly get uz,vo € Wi such that w(ug,v2) = 1. The set {u1, ug, vi,va} is
a symplectically orthonormal set. Repeat this process to get at the kth step a symplectically

orthonormal set {uy, ..., ux, v1,...,v}. Let Wy, = span{us, ..., ug,v1, ..., v} 5. By Propo-
sition 1.1.2 we have dimW}, = 2n — 2k. The process stops when Wj, is the zero subspace of
X in which case k = n. The set {u1,...,up,v1,...,v,} so obtained is a symplectic basis of
(X, w). O

Corollary 1.1.4. Any symplectically orthonormal subset of a symplectic space can be extended

to a symplectic basis.

Proof. Let (X,w) be a symplectic space and let {u1, ..., ug,v1,..., vt} be any symplectically
orthonormal set. If it is a symplectic basis then there is nothing to prove. Otherwise, let W =
span{uy,...,ux,v1,...,v;}. The subspace W is symplectic. Therefore W= is symplectic
and X = W @ W by Proposition 1.1.2. By Theorem 1.1.3, there exists a symplectic basis
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{Uki1,- - Uny Vksts-- -, Un} of WEs. The set {uy, ..., up,v1,...,0,} is a symplectic basis
of X extending the given symplectically orthonormal set. O

We say that two symplectic spaces (X,w) and (), 7) are isomorphic if there exists a vector
space isomorphism ® : X — Y such that n(®(u), ®(v)) = w(u,v) for all u,v € X. In the
view of Theorem 1.1.3, we prove in the next theorem that two symplectic spaces of the same

dimension are essentially the same.
Theorem 1.1.5. Two symplectic spaces of the same dimension are isomorphic.

Proof. Let (X,w) and (Y, n) be symplectic spaces of dimension 2n. By Theorem 1.1.3, choose
symplectic bases {u1, ..., un,v1,...,v,} and {wy, ..., wp, x1,...,2,} of (X,w) and (Y, n)
respectively. Let @ : X — Y be the vector space isomorphism given by ®(u;) = w; and
®(v;) = x; forall j = 1,...,n. By definition we have n(®(z), ®(y)) = w(z,y), for all
x,y € {u1,...,un,v1,...,v,}. By using linearity of ® and bilinearity of the symplectic forms
we get (P (u), P(v)) = w(u,v) forall u,v € X. O

By Theorem 1.1.5 it thus suffices to study only one symplectic space of a given dimension.

Let J be the 2n X 2n skew-symmetric matrix defined as ( _%L IO" ), where I, is the n X n identity

matrix. Let (-,-)s : R?” x R?*" — R be the symplectic form on R?" induced by .J. More

precisely,

(x,y)s = (x,Jy) forall z,y € R*".
Here (-, -) is the Euclidean inner product on R”. Let z, y € R?" with components z1, . .., T2,
and y1, . . . , Yo, respectively. We have

n

n
(@, y)s = D _(Tjlntj — Tnyjys) = > det s (1.5)
j=1 j=1 Y Yntj
The symplectic space (R?", (-, -)) is called the standard symplectic space. We call the symplectic
form (-, -) the symplectic inner product on R?". The symplectic inner product is also known as
the standard symplectic form [21]. The geometrical properties of symplectic spaces are quite
different from that of inner product spaces. For example, the oriented area of a parallelogram
in R? made by two vectors (a,b) and (c, d) is given by det(¢%). So by equation (1.5), the

symplectic inner product of z,y is the sum of the oriented areas of the parallelograms in R?
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made by the pair of vectors (z;, ;) and (y;,yn+;) for all j = 1,...,n. The geometrical
properties of inner product spaces such as length of a vector, angle between two vectors are
missing in symplectic spaces. Despite these differences, we prove several results in symplectic
spaces analogous to some well known results in inner product spaces. For our present work we

only deal with the standard symplectic space in the latter part of the thesis.

1.2 The symplectic group and Williamson’s theorem
1.2.1 Symplectic and orthosymplectic matrices

A 2n x 2n matrix M is called a symplectic matrix if
MTJIM = J. (1.6)

The matrix J is a symplectic matrix. By (1.6) we have (det M)? = 1 which implies det M =
=+1. It turns out that the determinant of symplectic matrices is always equal to one, a non-trivial
fact discussed in [23]. We denote by Sp(2n) the set of 2n x 2n symplectic matrices. The
set Sp(2n) forms a group under multiplication, it is closed under transpose, and is called the
symplectic group. The symplectic group Sp(2n) is precisely the set of 2n x 2n matrices M that

preserve the symplectic inner product on R?", i.e.,
(Mz, My)s = (x,y)s forall z,y € R*.

The symplectic group is analogous to the group of orthogonal matrices in the sense that orthogonal
matrices preserve the Euclidean inner product. But unlike the set of orthogonal matrices, Sp(2n)
is not compact as it contains the matrices of the form k1I,, ® k~'I,, where k is any positive integer.
The symplectic group occurs naturally in quantum mechanics and optics [29]. In an n mode
quantum continuous variable system we have self adjoint operators x1,...,x, and p1,...,pn
on a suitable Hilbert space H called the position and momentum operators. These operators obey

the Canonical Commutation Relations (CCR) given by

[z, pr] = kh,  [xj, 2] = [pj,pe] =0 fork,j=1,...,n
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where i = h/2m, h is the Planck’s constant, d;, = 1if j = k, and O otherwise. Here
[p, q] = pq—qp for all operators p, g on the Hilbert space H. Any linear canonical transformation
xj — yj, pj — qj such that yq,...,y, and ¢, ..., g, are functions of x1,..., Ty, p1,...,Pn
and satisfy the CCR can be specified by a symplectic matrix S € Sp(2n). See [23, 68].

Let M € Sp(2n). Suppose uy, . .. Up, v1,. .., vy, are the 2n columns of M. The condition
MTJM = J is equivalent to the set {u1, ..., uy,,v1,...,v,} being a symplectic basis. This
gives a one to one correspondence between Sp(2n) and the set of all symplectic bases of the

standard symplectic space (R?", (-, -),). Consider M in the following block matrix form

A B
M = , (1.7)
Cc G
where A, B, C, G are n x n matrices. The condition M” JM = J is equivalent to the following

conditions on the blocks:
ATc=c"4, B'G=aG"B, A'G-Cc"B=1I. (1.8)

We call a matrix orthosymplectic if it is symplectic as well as orthogonal. Orthosymplectic

matrices have a specific structure stated in the following proposition. See ([23], Sec. 4).

Proposition 1.2.1. An element M of Sp(2n) is orthogonal if and only if M is of the form

M- UV,
-V U

where U,V are n x n real matrices such that U + 1V is a unitary matrix.

Proof. Consider the block decomposition of M given by equation (1.7). Suppose M is or-
thosymplectic. We have M J = JM which implies A = G and B = —C'. Therefore from (1.8)
we get

ATB=BTA, ATA+B'B=1, (1.9)

where [ is the n X n identity matrix. The matrix A + ¢B is unitary precisely when the conditions
in (1.9) are satisfied. By choosing U = A and V = B we get the desired form of M. Conversely,
suppose U, V are n x n real matrices such that U + ¢V is unitary. This implies that U and V'
satisfy the conditions

vtv =viu, v'u+viv =1 (1.10)
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u Vv
By (1.10) and (1.8) it directly follows that ( U) is orthosymplectic. ]

1.2.2 Doubly superstochastic matrices associated with symplectic matrices

Ann x n matrix A with non-negative entries is said to be doubly stochastic it

n
Zaljzl forallj =1,...,n;
i=1
n
Zaijzl foralli=1,...,n.
j=1

An n x n matrix B is said to be doubly superstochastic if there exists an n X n doubly stochastic

matrix A such that b;; > a;; foralli,j = 1,...,n. Letz = (x1,...,2,) be an element of

R™. We denote by 2T = (x{, ceey a:jl) the vector obtained by arranging the components of x in

increasing order. Let z,y € R". We say x is supermajorised by y if

k
21 >3yl (1.11)

1 j=1

J
for 1 < k < n, and is denoted by z <" y. We say that x is majorised by y (or y majorises x) if
equality holds in (1.11) for £ = n, and is denoted by = < y. There is an intimate relationship
between doubly stochastic matrices and majorisation, and between doubly superstochastic
matrices and supermajorisation. A well known characterisation of doubly stochastic and doubly
superstochastic matrices in the theory of majorisation is stated in the following result. See ([6],

Sec. 2).

Theorem 1.2.2. Ann x n matrix B is doubly superstochastic if and only if Bx <" x for every
vector x € R"™ with non-negative components. Further, B is doubly stochastic if and only if

Bx < x for every vector x € R".

Let M be any element of Sp(2n), and consider the block form of M given by the equation
(1.7). Suppose a;j, b;j, cij, gi; are the ¢jth entries of the n x n matrices A, B, C, G respectively.

Let M be the n x n matrix whose i jth entry is given by

- 1
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The matrix M is doubly superstochastic as stated in the next result. See ([11], Theorem 6).

Theorem 1.2.3. Let M be an element of Sp(2n) and M be the n x n matrix associated with
M by the rule (1.12). The matrix M is doubly superstochastic. Further, M is doubly stochastic
if and only if M is orthogonal.

1.2.3 Symplectic eigenvalues and symplectic eigenvector pairs

The following result is of fundamental importance in our present study, it is known as
Williamson’s theorem. There are multiple proofs of Williamson’s theorem available in the
literature. See [21, 72]. The proofs discussed here is based on [72]. We denote by P, (R) the set

of n x n real positive definite matrices.

Theorem 1.2.4. For every A € Pa,(R) there exists an M € Sp(2n) such that

MTAM:<D O), (1.13)
O D

where D is an n x n positive diagonal matrix with diagonal entries dy(A) < --- < d,(A).

Proof. Let A be an element of Py, (R). The matrix A~'/2JA~Y/2 is a 2n x 2n non-singular
skew-symmetric matrix. Therefore we get a 2n x 2n orthogonal matrix R and an n X n diagonal
matrix D with positive diagonal entries d1(A) < --- < d,,(A) such that,

-1
Rra VA= 9 P
o )
_ (P 0\ (D70
~\ 0o D o D)

DL/2 D1/2
< 0 ) RTA-Y27AY2R ( 0 ) = J. (1.14)

This gives

O D/2 O D2

Choose M = A~1/2 R( D(l)/ : D?/Q > The relation (1.14) implies that M is a symplectic matrix.

One can easily verify that M and D satisfy (1.13). O
The numbers d;(A), ..., d,(A) are called the symplectic eigenvalues of A. See [36]. These
numbers are the complete invariants of A under the action of the symplectic group Sp(2n). By

the spectral theorem we know that Hermitian matrices can be diagonalised by unitary matrices.
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Williamson’s theorem is analogous to the spectral theorem in the sense that positive definite
matrices of even size can be diagonalised by symplectic matrices.
Symplectic eigenvalues appear in various applications such as classical and quantum mechan-
ics [21], symplectic topology [37] and harmonic oscillator systems [1, 58]. See also [24, 45, 67].
Recently there has been a heightened interest in the study of symplectic eigenvalues by both
physicists and mathematicians. A particular reason for this being their growing importance and
applications in quantum information. See, for instance, [23, 62]. In quantum mechanics, an
object of importance is the class of Gaussian states in a quantum system. Associated with every
n mode quantum state is a 2n X 2n positive definite matrix known as the covariance matrix of the
state. Gaussian states are completely characterised by their covariance matrices. By Heisenberg
uncertainty principle, a quantum state with the associated covariance matrix A is Gaussian if and
only if
A—%Jzo. (1.15)

The condition (1.15) is equivalent to d;(A) > % for all j = 1,...,n which follows from
Williamson’s theorem.

The class of Gaussian states in a quantum system is being widely studied. Of interest there
are various entropy functions associated with Gaussian states that are useful in measurement
of the degree of mixedness and entanglement of the Gaussian states. Let A be the covariance
matrix associated with an n mode Gaussian state. The von-Neuman entropy of the Gaussian

state can be expressed as

S(A) =" H(d;). (1.16)

Here H : [,00) — R is the smooth function given by

2t+1 2t+1 2t—1 2t -1
H(t)= <;> log, <;_> - <2> log, <2> fort > 1/2,

and H (%) = 0. Another useful entropy function is Rényi-« entropy for o« > 1 which can be

expressed as

Ro(A) = Za(dj). (1.17)
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Here G : [, 00) — R is the smooth function

- (s (25 (5))

Both the entropies are smooth functions of the symplectic eigenvalues of the covariance matrices
of Gaussian states. A detailed account of applications of symplectic eigenvalues in quantum
mechanics is given in [68]. So it is useful and important to have a well developed theory for
symplectic eigenvalues as we have for eigenvalues.

The following proposition is a direct consequence of Williamson’s theorem.

Proposition 1.2.5. Let A be an element of P2, (R). There exists a symplectic basis {uq, . .., Uy, v1, ...

of R?™ such that for eachi=1,...,n
Aui = di<A)JUz‘, A’UZ‘ = —Clz(A)J’U,Z (1.18)

Proof. Let M be a symplectic matrix that diagonalises A in the Williamson’s theorem. Let

{u1,...,un,v1,...,v,} tobethe set of columns of M. We know that the set {u1, ..., up,v1,...,0n}

is a symplectic basis of R?”. We also have M~ = JMJ”. By (1.13) we get

D
AM = JMJT ( O)
O D

which is equivalent to (1.18). ]

We call a pair of vectors (u;,v;) satisfying the conditions (1.18) symplectic eigenvector pair
of A corresponding to the symplectic eigenvalue d;(A), and normalised symplectic eigenvector
pair if it also satisfies (u;, v;)s = 1. For any positive integer m < n, denote by Sp(2n, 2m) the
set of 2n X 2m matrices S = [u,...,Um, V1,..., Uy such that {u,..., Un,v1,..., 00}
is a symplectically orthonormal set. In particular, Sp(2n,2n) = Sp(2n). We denote by
Sp(2n,2m, A) the subset of Sp(2n, 2m) consisting of matrices S = [uy, ..., Um, V1, .., Un)
such that (uj,v;) is a symplectic eigenvector pair of A corresponding to d;(A). We write
Sp(2n, A) = Sp(2n,2n, A). A symplectic basis consisting of symplectic eigenvector pairs of

A is called a symplectic eigenbasis corresponding to A.

Example 4. Let A be the 2n x 2n matrix of the form (5 @) where P is an n x n positive

definite matrix. Let U be an orthogonal matrix of size n such that U7 PU is the diagonal matrix

,Un}
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with diagonal entries «; < ... < ay,. The matrix M = (g 8) is an (ortho)symplectic matrix
that diagonalises A as in (1.13). The symplectic eigenvalues of A are given by o, . .., au,.

Example 5. Let A be of the form (%1 1302 ) where Dy, Dy are diagonal matrices with positive
diagonal entries a1, . .., oy, and B, .. ., B, respectively. Let M = A=Y2JAY4JAY4J. One

can verify that M is a symplectic matrix and

MTAM = DO,
O D

where D is the diagonal matrix with diagonal entries \/a1 31, . .., v/ay B, and hence these are

the symplectic eigenvalues of A.

1.2.4 Preliminary results on symplectic eigenvalues and symplectic eigenvector
pairs
The results of this subsection are based on Section 2 of [39].

Lemma 1.2.6. Let A € Py, (R) and let d be a positive number. The following statements are

equivalent.

(i) dis a symplectic eigenvalue of A and (u,v) is a corresponding symplectic eigenvector

pair.
(ii) %d is an eigenvalue of 1J A and u F w is a corresponding eigenvector.
(iii) +d is an eigenvalue of 1AY?J AY? and AV ?u F 1AV 20 is a corresponding eigenvector.

Proof. For any two matrices X and Y, the spectrum (accounting multiplicities) of XY is the
same as that of Y X. Hence d is an eigenvalue of :JA if and only if it is so for the matrix
1AY2 ] AV? Further 1.J A(u — ) = d(u — w) if and only if 2412 J A2 (AY 2y — 1 AV ?0) =
d(AY/?y — 4 AY?v). Hence (ii) and (iii) are equivalent.

We next prove the equivalence of (i) and (ii). It is easy to see that
Au = dJv and Av = —dJu

if and only if
(1JA)u = —dw and (2J A)w = —du. (1.19)

The two expressions in (1.19) can equivalently be written as
1JA(u —w) = d(u — w).

This proves the required equivalence. O
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Since dy, . . ., d,, denote the symplectic eigenvalues arranged in increasing order, we usually
denote any collection of symplectic eigenvalues by di,... dn.
Proposition 1.2.7. For A in Py, (R), the set {t1,...,Up,01,...,0m} is a symplectically or-

thogonal set of symplectic eigenvector pairs of A corresponding to the symplectic eigenvalues
di,....dm, respectively, if and only zf{Al/Qu — A1/2 :j =1,...,m} is an orthogonal
set of eigenvectors of 1AY2J A2 corresponding to the ezgenvalues dl, . ,Jm respectively.
Further, foreach j =1,... k

|AY 20, — 1 AY 20,2 = 2d; (i, J0;). (1.20)

Proof. We know by Lemma 1.2.6 that (@, 0;) is a symplectic eigenvector of A corresponding
to d; if and only if A'/24; —1AY/2; is an eigenvector of 1A'/2.J AY/2 corresponding to d;. For
j,k=1,...,m, we have

(AYV20; — 1 AV 255, AY 24y, — 1 AY?5y)

= (U ZU]v Ay — 20y))
< U > (Uj, A’l~)k> — Z<ﬁj, Af]k> + ’L(f)j, Aﬂk>
= dj, (<uj, Joy) + (T, J7) + (0, k) + (05, JOx)) - (1.21)
If {@1,...,Um,01,...,0n} is symplectically orthogonal, then from (1.21) we see that the set

{AI/Qﬂj—1A1/2@j 17 =1,...,m}isorthogonal. When j = kin (1.21), we get (1.20). Itis easy
to see that dj is an eigenvalue of 24/2.J A'/2 with corresponding eigenvector A/ 24 — 1AY 2p;
if and only if —d; is its eigenvalue with corresponding eigenvector A/2d; +1AY/2%;. So, in a

way similar to as in (1.21), we can have

<A1/2ﬂj — ZA1/21~)]', A1/2ﬂk + ZA1/21~)k>

= di, (@5, JOg) — (U, JU;) — 1(Tj, Jug) + 1(05, JOk)) . (1.22)

Let {A1/211j — 1A1/217j : j =1,...,m} be orthogonal. Since eigenvectors corresponding to
distinct eigenvalues of a Hermitian matrix are orthogonal, A'/ 2a; — 1AY 29; and AV, +
1AV 2, are orthogonal for all j,k = 1,...,m. Hence from (1.21) and (1.22), we get the

symplectic orthogonality of the set {@1,. .., U, V1, ..., Um}- O

Corollary 1.2.8. Any two symplectic eigenvector pairs corresponding to two distinct symplectic

eigenvalues of a positive definite matrix are symplectically orthogonal.

Proof. 1t follows immediately from the above result using the fact that eigenvectors correspond-

ing to distinct eigenvalues of a Hermitian matrix are orthogonal. O
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We know that any orthogonal (orthonormal) set of eigenvectors of a Hermitian matrix can be
extended to an orthogonal (orthonormal) eigenbasis. The following proposition is a symplectic

analogue of this fact.

Proposition 1.2.9. Let A be an element of Pa,, (R). Every symplectically orthogonal set consist-
ing of symplectic eigenvector pairs of A can be extended to a symplectically orthogonal basis

consisting of symplectic eigenvector pairs of A.

Proof. We know that any orthogonal subset of C2" consisting of eigenvectors of a Hermitian
matrix can be extended to an orthogonal basis of C2". So the result directly follows from
Proposition 1.2.7. O

Corollary 1.2.10. Every symplectically orthonormal set consisting of symplectic eigevector

pairs of A can be extended to a symplectic eigenbasis corresponding to A.

Proof. Let {u1,...,Umn,v1,...,vn} be a symplectically orthonormal subset of R?" consist-
ing of m symplectic eigenvector pairs of A. By Proposition 1.2.9, extend the above set to a

symplectically orthogonal set
{ul,... s Uy U1,y - o ,’Um} U {am+1,...,ﬁn,1~)m+1,... ,’Dn}

consisting of n symplectic eigenvector pairs of A. By Proposition 1.2.7 we know that (u;, J0;) >
0. Let u; = (i, Jo;)"Y/?4; and vj = (i, J0;) /%% forall j = m + 1,m +2,...,n. The

set {u1,...,Up,v1,...,0,} is a symplectic eigenbasis corresponding to A. O

1.3 Symplectic projection

We are familiar with orthogonal projections in classical linear algebra. One can state the spectral
theorem for Hermitian matrices in terms of orthogonal projections. We introduce a symplectic
analogue of orthogonal projections and state Williamson’s theorem in terms of symplectic

projection. This section is based on our work in Section 5 of [39].

1.3.1 Symplectic projections associated with symplectically orthonormal sets

Let S = {x1,...,Zk,Y1,-- -, Yr} be a symplectically orthonormal subset of R?". We introduce
amap Pg on R?" given by

k

Ps(x) = ((x, Ja)Jx; + (z, Jy:) Jys) - (1.23)
=1
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Suppose M is the 2n x 2k matrix

M = [Jml,...,Jxk,Jyl,...,Jyk . (1.24)

We have

k
Ps(x) = Z ((z, Jzi) Jx; + (x, Jy;) Jy;)

=1
k
- Z J ((xTin)J:i + (xTin)yi)
i=1
k
=" J (wial I x + yyl T )

=1
k
= 3 () + ()T
= MMz,

Therefore Pgs is a positive semidefinite matrix. We call Pg the symplectic projection associated
with the set S. One can verify that the kernel of Pg is the symplectic complement of S. If &k = n,
i.e., S is a symplectic basis of R?", then Pg is a positive definite symplectic matrix with all
its symplectic eigenvalues 1. The symplectic projections associated with two symplectically
orthonormal sets spanning the same space need not be equal. This can be seen by the following
example.

Example 6. Let S = {(1,0)7,(0,1)T} and T = {(1,0)7,(1,1)T}. The sets S and T are
symplectically orthonormal and span R?. The symplectic projection Ps is the 2 x 2 identity

—1

matrix whereas the symplectic projection Pr is the matrix L o

In the following proposition we give a necessary and sufficient condition for the equality of

two symplectic projections.

Proposition 1.3.1. Let S = {uy,...,ux,v1,..., 05t and T = {x1,...,Tm,Y1,---,Ym} be
two symplectically orthonormal subsets of R*™, and let P and Q be the symplectic projections
associated with them. Let M and N be the 2n x 2k and 2n x 2m matrices given by (1.24)
corresponding to the sets S and T, respectively. Then P = Q if and only ifk = mand M = NU

for some 2k x 2k orthosymplectic matrix U.
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Proof. If k = m and M = NU, the equality P = @ easily follows from the orthogonality of U,
and the fact that P = M M7 and Q = NNT.

Conversely, let P = (). Clearly the subspaces spanned by S and 7" are the same, and hence
k = m. By equation (1.23) we have

k

PSUj = Z (O[UJUZ' + 5”:]7)1)
=1

forall j = 1,...,k. Here oj; = (zj, Ju;) and B;; = (zj, Jv;), 1 < 0,5 < k. Since P = @,
Px; = Jy;. This gives

k
yj = Z (auju; + Bijvi) - (1.25)
i=1
Also since x; belongs to the span of the symplectically orthonormal vectors w1, . .., ug, v1, .. ., U,

k

g o= Y (g, Jviu; — (g, Jui)vy) (1.26)
i=1

k

= > (Bijui — aijvi) (1.27)

1

<.
Il

Let X and Y be the k x k matrices X = |:Oéijj| andY = [ﬁij} ,and U be the 2k x 2k matrix

Y X g
U p—
-XY
Using the fact that x1, ..., 2, Y1, . . - , Yi are symplectically orthonormal, we can see that the

columns of U are orthonormal as well as symplectically orthonormal vectors in R?*. Finally,
from (1.25) and (1.27) we obtain M = NU. ]

1.3.2 Williamson’s theorem through symplectic projection

Let H be an m x m Hermitian matrix and 71, . . ., 7 be the distinct eigenvalues of H. Suppose
Fh, ..., E} are the orthogonal projections onto the eigenspaces of H corresponding to the

eigenvalues 71, . . ., n respectively. The spectral decomposition of H is also given by

k
H= Z njEj'
Jj=1
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In the same spirit, we give an alternate statement for Williamson’s theorem which states that

every element of Po, (R) can be written as a linear combination of symplectic projections.

Proposition 1.3.2. For every A in Py, (R) there exist distinct positive numbers i1, . . . , [iy, and
symplectic projections Py, . .., Py, that satisfy the following conditions.

(i) PjJPy=0forallj £k jk=1,... ,m.

(ii) S PuJP, = J.
k=1

(i) A= 3 Py
k=1
The numbers (i1, . . ., by and the symplectic projections Py, ..., Py, are uniquely determined
by the above conditions. Further, for every 1 < j < 'm, u; is a symplectic eigenvalue of A and
Pj is the symplectic projection associated with a symplectically orthonormal set of eigenvector

pairs of A corresponding to ;.

Proof. Let uy, ..., 1 be the distinct symplectic eigenvalues of A with multiplicities k1, . . . , K,
respectively. Forevery j = 1,...,m let S; = {u;1,...,%jk;,Vj1,---,Vjk; } be a symplec-
tically orthonormal set of symplectic eigenvector pairs of A corresponding to u;. Let P; be
the symplectic projection associated with S;. By the definition of symplectic projections and
Williamson’s theorem, we can see that pq, ..., 4y and Py, . .., Py, satisfy (i)-(iii).

Now, let 71, ..., n; be [ distinct positive numbers and (1, . . . , ; be symplectic projections
that also satisfy (i)-(iii). Forevery j = 1,...,1,letT; = {xj1,..., %, Yj1,-- -, Yjr; } DE QA
symplectically orthonormal set corresponding to () ;. By using (i) and (iii), we can see that each 7);
is a symplectic eigenvalue of A, and (z;;,y;,), 1 <4 < r;, are the symplectically orthonormal
symplectic eigenvector pairs corresponding to 7);. Condition (ii) implies that {7y, ..., 7} forms
the set of all distinct symplectic eigenvalues of A. By the uniqueness of symplectic eigenvalues,
we have | = m and {p,...,m} = {m,...,m}. We can assume that p; = n; for all
J = 1,...,m. By (iii) we see that r; is equal to the multiplicity of y;. Since symplectic
eigenvector pairs corresponding to different eigenvalues are symplectically orthogonal, S; is
symplectically orthogonal to T}, for all j # k. Consequently Pjz = 0 for all € T}, and for all
k # j. Thus for every (z;,,y;,i) in T} we have

1 Qi = piYsi = Axji = pi P .

and since p; # 0, Pjzj; = Q;x;,. Similarly Pjy;; = Q;y;.. Since UT} forms a basis for R?",
we get Pj = Qj forall j =1,...,m. O

We can see thatif dy (B), . .., d, (B) are the symplectic eigenvalues of B and {uy, ..., u,,v1, ...
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is a corresponding symplectic eigenbasis, then

where P; is the symplectic projection corresponding to {u;, v;}.

Corollary 1.3.3. Let A € Py, (R), and let d be its symplectic eigenvalue with multiplicity k.
Let S = {w1,...,wg, 21, ..., 2k} be a symplectically orthonormal set of symplectic eigenvector
pairs of A corresponding to d. Then the set T = {x1, ... ,xk,y1, ..., Yk} is also a symplectically
orthonormal set of symplectic eigenvector pairs corresponding to d if and only if there exists a

2k x 2k orthosymplectic matrix U such that

N = MU,

where M and N are 2nX2m matrices with columns wy, ..., Wk, 21, .-, 2, ANA T1, . .. , T, Y1, - - -

respectively.

Proof. Let P and @ be the symplectic projections associated with the symplectically orthonormal
sets .S and T respectively. By the uniqueness of symplectic projections in Proposition 1.3.2 we
have P = (). Therefore by Proposition 1.3.1 we get a 2k x 2k orthosymplectic matrix U such
that

[Jz1, ..., Jzk, Jy1, ..., Jyk] = [Jwi, ..., Jwg, Jz1, ..., Jz] U,

which is the same as N = MU. O

1.3.3 An extension of Williamson’s theorem

The proof of Proposition 1.3.2 is based mainly on the fact that there is a symplectically or-
thonormal set S; = {uj1,... s Wjkejs Ujids - - ,ijgj} associated with each distinct symplectic
eigenvalue p; of multiplicity k;. The arguments in the proof hold even if we assume one of the
symplectic eigenvalues y; = 0. In that case A is a positive semidefinite matrix whose kernel is
the symplectic subspace spanned by .S;. This observation leads to an extension of Williamson’s
theorem to 2n x 2n positive semidefinite matrices whose kernel is a symplectic subspace of
R2". A statement of the extended result is given in ([39], Remark 2.6) without proof. We set up
some notations and definitions for convenience.

Let Z be any matrix with m columns and let 7 any subset of the index set {1,...,m}. We

denote by Z 7 the submatrix of Z obtained by removing those columns of Z with indices not in

> Yk
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J.Letma, ..., my be positive integers with m; + ... +mg =n. Forall j = 1,..., k define
Ij:{mj_l—i—i:l§i§mj}u{n+(mj_1+i):1§i§mj}

with mg = 0. The sets Z1, ..., Z, form a partition of {1,...,2n}. Given a matrix S with 2n
columns, we say that

S:Szlo...oSIk (128)

is the symplectic column partition of S of order (mq, ..., myg).

Example 7. Let n = 6 and m; = 2, mg = 3, m3 = 1. Then we have Z; = {1,2} U {7,8},
To = {3,4,5} U{9,10,11}, Zs = {6} U {12}

Proposition 1.3.4. Let S be a matrix with 2n columns and my, ..., my be positive integers
whose sum is n. Let S = Sz, © ... o Sz, be the symplectic column partition of S of order
(mq,...,myg). We have

TS:TSIl <>---<>TSIk> (1.29)

where T' is a matrix of appropriate size.

Proof. We know that the jth column of T'S' is given by T's;, where s; is the jth column of S.
Therefore we have (17'S)z, = T'Sz, for all j, and this implies that (1.29) holds. O

We recall a symplectic version of matrix direct sum introduced by Bhatia and Jain in [11]. If

Aj are m; X m; matrices for j = 1,..., k then ®©A; is their usual direct sum. It is the n X n
block-matrix with Ay,..., Ay on its diagonal and zeros elsewhere. Let
P Q;
A= , j=1,....k
R; 5

be 2m; x 2m; block-matrices with each block of size m; x m; . The s-direct sum of A; is
defined as the 2n x 2n matrix
OP; @Qj

@SAJ: y ]:1,,k
OR; @I,

Theorem 1.3.5. Let A be a 2n X 2n positive semidefinite matrix. Then there exists a symplectic

matrix M such that (1.13) holds for some n x n nonnegative diagonal matrix D if and only if
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the kernel of A is a symplectic subspace of R*™. If dim Ker A = 2m, then exactly m diagonal
entries of D are zero. In this case, we call the nonnegative diagonal entries of D to be the

symplectic eigenvalues of the positive semidefinite matrix A.

Proof. The result is trivial for m = 0,n. So we assume 1 < m < n. Suppose kerA
is a symplectic subspace of R?" of dimension 2m. By Proposition 1.1.2 we know that
dim(kerA)*s = 2(n —m). Let {x1,..., Ty, Y1, Y} a0d {Trni1, oy Ty Y1y - - Yn }
be symplectic bases of kerA and (kerA)!s respectively. Let S be the element of Sp(2n) whose
ith column is z; and (n + i)th column is y; fori = 1,...,n.Let S = S o S be the symplectic

column partition of .S of order (m,n — m). We have

STAS = S5T AS @, STAS
= Ogyp @5 STAS,

where Oy, is the 2m x 2m zero matrix. The columns of S form a symplectic basis of (kerA4)=t
and kerA N (kerA)Ls = {0}. This implies STAS is a 2(n — m) x 2(n — m) positive definite
matrix. By Williamson’s theorem get ) € Sp(2(n — m)) such that

rer s (D O
QSASQ—<O 5>,

where D is the (n — m) x (n — m) diagonal matrix with diagonal entries a1, ..., . Let
M be the 2n x 2n matrix with symplectic column partition M = S o SQ of order (m,n — m).

The matrix M is symplectic and we have
MTAM =S AS @, QTSTASQ
D O

Choose D as the n x n diagonal matrix with diagonal entries 0, ...,0, a1, ..., Qp_m.
——

m times
Conversely, suppose M AM is a diagonal matrix given by (1.13), where D is a non-negative

diagonal matrix with exactly m zero entries. Let M = Mo M be the symplectic column partition
of M of order (m, m—n). The kernel of A is spanned by the columns of M which is a symplectic
subspace of R?" of dimension 2m.

O
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Chapter 2

Differentiability and analyticity of
symplectic eigenvalues

This chapter is based on our work in the paper [39]. The main aim of the chapter is to investigate
the differential properties of symplectic eigenvalues and symplectic eigenvector pair maps
on Py, (R), and on a curve in Py, (R). We recall some preliminary definitions and results on
differentiability of functions on real Banach spaces in Section 2.1. In particular, we discuss
the matrix square root function and the Implicit Function Theorem. We review the theory
of differentiability and analyticity of eigenvalues of Hermitian matrices in Section 2.2. The
results in this section are useful later in the chapter. In Section 2.3, we prove that if d;(A) is a
simple symplectic eigenvalue of A then d; is smooth at A and there exists a smooth symplectic
eigenvector pair map corresponding to d;. We also compute the first order derivative expressions
for these maps. In Section 2.4, we show that if ¢ — A(¢) is a real analytic curve in Pa, (R)
over an open interval J, then one can choose symplectic eigenvalues and symplectic eigenbasis
real analytically over the interval J. Further, the symplectic eigenvalue maps ¢ — d; (A(t)) are
piecewise real analytic over any subinterval [a, b] of J. In Section 2.5, we give some applications
of our analysis of symplectic eigenvalues. In particular, we prove a symplectic analogue of
Lidskii’s theorem that gives a majorisation inequality between the symplectic eigenvalues of two
positive definite matrices and their sum.

We denote by M, (C) the set of n x n complex matrices equipped with the usual inner

product (A, B) = tr A*B for all A, B € M,,(C). Let H,,(C) and S,,(R) be the real subspaces

31
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of ML, (C) consisting of Hermitian matrices and real symmetric matrices respectively.

2.1 Differentiability of functions on real Banach spaces

Let X, Y be real Banach spaces and U be an open subset of X. A function ¥ : U — Y is said

to be differentiable at a € U if there exists T € B(X,Y’) such that

[W(a+h) = ¥(a) =T

lim =0,
[ 7]
where B(X,Y") is the Banach space of bounded linear maps from X to Y and || - || is the norm

in the appropriate Banach space. The linear map 7" is unique and it is called the derivative of ¥
at a. It is also known as the Fréchet derivative of ¥ at a and is usually denoted by DW (a). If ¥
is differentiable at every point of U, we say that it is differentiable on U. The map ¥ is said to
be continuously differentiable at « if it is differentiable on an open neighbourhood V' C U of a
and the map DV : V' — B(X,Y) is continuous at a. The higher order derivatives are defined
inductively. Suppose for some p > 2 and all 1 < k < p, the k™ order derivative has been defined;
the k™ order derivative of W at a being an element D*W(a) € By (X,Y) where Bi(X,Y) is
the Banach space of bounded k-linear maps from the k-fold Cartesian product of X to Y. Here
D' (a) = D¥(a) and B1(X,Y) = B(X,Y). The map ¥ is p order differentiable at a if it is
(p — 1) order differentiable on an open neighbourhood of @ and DP~1W is differentiable at a.
The p™ order derivative of W at a is given by DPV¥(a) = D(DP~1¥)(a).

The map ¥ is said to be C? or p-times continuously differentiable at  if it is p™ order
differentiable on an open neighbourhood V' of a and the map DPV¥ : V — B,(X,Y) is
continuous at a; it is said to be C? on U if itis CP at every point in U. If the map is C? at a for
all p > 1, it is said to be C'™° at a; and if it is C'°° at every point in U then it is said to be C°° on

U. C°° maps are also known as infinitely differentiable or smooth maps.

Example 8 (Constant maps). Let x : X — Y be a constant map and a be any element of X.
We have k(a + h) — r(a) = 0 for all h € X. So, the constant map is differentiable at a and
Dk(a) = 0.

Example 9 (Linear maps). Let L be any element of B(X,Y’) and a be any element of X.
We have L(a + h) — L(a) — L(h) = 0 for all h € X. Therefore L is differentiable at a and
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DL(a) = L. Since DL is a constant map, we have DPL(a) = 0 for all p > 2.

Example 10 (The matrix square map). Let ® : M, (C) — M,,(C) be the matrix square map
and A € M,,(C). For any B € M, (C) we have

®(A+B)=(A+ B)>=®(A) + (AB + BA) + B>

Note that B — AB+ BA is alinear map and éimo | B2||/||B|| = 0. Therefore & is differentiable
—
at A and we have D®(A)(B) = AB + BA.

Example 11 (The matrix inverse map). Let ¥ : GL,(C) — M,,(C) be the matrix inverse map,
where G L,,(C) is the complex general linear group. Let A € GL,(C) and B € M, (C) such
that | B|| < 1/||A~Y||. We then have A + B € G L, (C), and

U(A+B)=(A+B)!
=A'I+BAH!

=A"1 <1 —BA '+ i(—l)k(BA_l)’“) :
k=2

By using the geometric sum we get

A7
VU(A+ B)—U(A)+ A 'BA7Y < | Bl
R4 ) (4) | (1*HB||||A*1||)H |
This gives
_ -1 -1
oy NYA+B) A +ATBATY
|1B]|—0 B

Therefore, ¥ is differentiable and we have DW(A)(C) = —A~*CA~! for all C € M,,(C).

2.1.1 The matrix square root function

The set Py, (R) is open in Sy, (R). Let ¢ : Pg, (R) — S, (R) be the matrix square root map and
A € Py, (R). The map g is infinitely differentiable on Py, (R), and its first order derivative at A
is given by

Do(A)(H) = /0 e~teld) fretelA) gy 2.1

for all H € Sy, (R). See Moral and Niclas ([22], Theorem 1.1). We know by Lemma 1.2.6 that
the symplectic eigenvalues of A are eigenvalues of 10(A).J o(A). Therefore the regularity proper-

ties of symplectic eigenvalues follow directly from the corresponding properties of eigenvalues.
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But getting a closed form for the derivative expression (2.1) of g is a non-trivial problem. So the
computation of derivatives of symplectic eigenvalues demands a different approach to dealing
with symplectic eigenvalues.

In the latter part of the chapter, we use the fact that if A : § — Py, (R) is a real analytic
curve on an open interval J then the composite map g o A : J — Py, (R) is also real analytic.
Since we could not find an explicit proof of this in the literature, we include its proof in here for

the sake of completeness. The following two results can be found in the appendix of [39].

Lemma 2.1.1. Let X and Y be Banach spaces, and let T : X* — Y be a bounded k-linear map.
oo

Suppose ) ajy, is an absolutely convergent series in X with sum aj forall j = 1,... k. For
=0
" oo
eachn,letcp, = Y, T(aj,.-.,ak;, ). Then the series ) c, is absolutely convergent
i T dk=n n=0
in Y and has sum T (a1, ..., ax).

oo
Proof. The absolute convergence of the series ) ¢, follows from Merten’s theorem for Cauchy
n=0
products of series of real numbers. We shall prove that its sum is 7'(aq, . . ., aj) by induction on

k. When k = 1, the statement directly follows from the boundedness and linearity of 7. Assume

[e.e] oo
that the result holds for k. Let > aj, (1 < j < k)and ) b, be absolutely convergent series
n=0 n=0

o0 o0
in X such thata; = > ajpandb= ) b,.
n=0 n=0

For each m, define the map T, from X — Y as

Tp(z) = Z T(aij,.--,akj, ).
it gi=m

It is easy to see that T}, is linear and bounded with || T3, || < || T > laj |- - [laws, |-
e

o0
Since each ) ||a;n|| is convergent, by Merten’s theorem for Cauchy products of series of real
n=0

[e's} - o0 ~
numbers, we see that Y |75, || converges. Let K = ) ||T,]|. For each j > 0, let
m=0 m=0

Tj = ](b)v
and
j ~
¢ = ZTj—l(bl)
1=0
o0
Clearly ¢; = > T(ajys-- - akj,,br). We need to show that > ¢; is convergent to

it inH=] 7=0
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o0

T(a,...,a,b). Let (X,), (Cy) and (B),) be the sequences of partial sums of the series )  z;,
=0

o0 o0 [&.°] !

> c¢jand ) bj, respectively. By induction hypothesis, ) - x; is absolutely convergent and its

j=0 j=0 j=0

no .
sum equals T'(a1, ..., a;,b). Take d,, = b — By, and E,, = ) Tj(d,—;). We have
j=0

o = Y T

§=0 1=0

= D Tib)

=0 j=l
n n—I n
=Y () =S dsa
=0 =0 =0
= G0 - Y Tilday)
=0 =0
= X,—FE,.

It suffices to show that £, — 0 as n — oo. Since d,, — 0, we can find a positive number M
such that ||d,, || < M for all n > 0. Given an € > 0, choose N in N such that for all n > N

€

d - -
ldnl < 2K + 1)
and
o0
ST < o
_ J oM
j=n+1

Then for all n > 2N we can write

n

N
1Eall < > IT5ldn—sl + D IT5 1 dnsl
=0

j=N+1

N n
€ ~ ~
< 75 T M E T;

j=N+1
< ¢ K+M-S <
_— — <e.
2(K +1) oM =
This proves lim C, = lim X,, =T(ay,...,ax,b). O
n—0o0 n—o0

Proposition 2.1.2. Let A : § — Py, (R) be a curve on an open interval J that is real analytic at

to € J. Then the composite map p o A is also real analytic at t.

Proof. Without loss of generality, we can assume that § = (—1,1) and t; = 0. Since the
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curve A is real analytic at ¢ = 0, there exists an » > 0 such that A(¢) can be expressed as
o0 [e.e]

A(t) = A(0) + > Ot/ forall |t| < r. Here Y C;t/ is absolutely convergent for [t| < 7.
j=1 j=1
Since each kth order derivative D*p o A(0) is k-linear and bounded, by Lemma 2.1.1 we have

DFpo A(0)(A(t) — A(0),...,A(t) — A(0))

:i Z t"D*00 A(0)(Cjy, ..., C}).

n=0 ji+-+jp=n

Let By, ,, denote the matrix S>> DFoo A(0)(Cj,,---,Cy,) for k < n, the zero matrix
st je=n
otherwise. We have the Taylor expansion of p at A(0) in a neighbourhood U C P5, (R) of A(0)

[22].

o(A) = o(A0) + 3 L DFo(A(0)(A— A(0), -, A~ A(0))
k=1 "

We use the same notation p to denote the square root function on positive real numbers for

convenience. Suppose Ag is the minimum eigenvalue of A (0). Since Ao > 0, the square root

o0
function g is real analytic at A, i.e., there exists an r > 0 such that the series Y. £ 0" (Xo)(t —
k=1

Ao )* is absolutely and locally uniformly convergent in (Ao — 79, Ao + 7). Choose 6, 0 < § <
0 .

such that ) ||C}[|¢? < rg and A(t) € U forallt € (—9,6). Thus for all |t| < J,
j=1

o(AW) = o(AO) + 3" 2> Brat” @2
k=1 n=k

00 00 o0 .

We show that the iterated sum Y. 2 >° || By ||[t|" < co. Let C be the sum Y ||C;|7. For
k=1 n=k j=1

|t| < J, we have

[e’e) oo
D IBralllt™ < 1 Bralis
n=~k n=k

< Z Z HDkQOA(O>(Cj17"'7Cjk)H5n

n==k ji+--+jr=n

< DoAY > (IC;1I67) - (IICs,[16%)

n==k j1+---+jr=n
=||D*o 0 A(0)||C*.

o0

The last equality follows from the convergence of Cauchy product of the series Y ||C;[|67. By

Jj=1
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[14] we have
ID¥g 0 A0)] = [|e™(A(0))]] = [o®) (Mo)].

For |t| < 9, we have C' < r( and hence

o] 1 [ee] . 0o 1
D 2 IBralliel™ < 37 1P (0)|C* < oo
k=1 " n=k k=1

This implies that the iterated sum on the right hand side of (2.2) is equal to the sum
o0 n

o %Bk’nt”. This shows that /A () can be expressed as the power series

n=1k=1

VA(t) = vA0) + i <Zn: ];Bk.n> t" for all |¢]| < 4.
n=1 \k=1

2.1.2 Implicit Function Theorem

We use the Implicit function Theorem for maps on real Banach spaces in the main result of
Section 2.3. Let us recall the statement of the theorem. We refer the reader to [57] for a detailed
account of differential calculus in real Banach spaces.

Let X, Y, Z be real Banach spaces and O C X x Y be an open set containing a point (xg, o).
Let f : O — Z be a CP-map for some p > 1. We denote by (z,y) any element of X x Y. The
derivative of f at (z, yo) is a linear map D f(xo,y0) : X X Y — Z. The partial derivative of f
at (o, yo) with respect to the first component z is the linear map D f(zo,yo) : X — Z given
by

D1 f(wo,y0)(x) = D f(xo,y0)(,0),

and with respect to the second component y is the linear map Ds f(xo,yo) : Y — Z given by
Da f(0,y0)(y) = D f(z0,90)(0,y)
for all (z,y) € X x Y. The Implicit Function Theorem states that if

(i) f(zo0,%0) = 20,

(1i) Daf(wo,y0) : Y — Z is an isomorphism,
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then there exists an open set U C X containing z¢ and a CP-map ¢ : U — Y such that ¢(zo) =
yo and for all z € U, (z,¢(x)) € O and f(z, ¢(x)) = 2. Further, Dy f (z,¢(z)) : Y — Z is

an isomorphism for all x € U and the derivative of ¢ at x is given by
Dé(x) = —Daf (,¢(x)) ™" © Daf (x,6(x)).

2.2 Differentiability and analyticity of eigenvalues and eigenvec-

tors of Hermitian matrices

Given H € H,,(C), we denote by \i(H) < ... < \,(H) the eigenvalues of H arranged in
increasing order. This defines n eigenvalue maps Ag, ..., A,, which are continuous on H,, (C).
In fact, by the well known Weyl’s Perturbation Theorem ([9], Corollary II1.2.6), the eigenvalue
maps are Lipschitz continuous on H,, (C). The following simple example of Rellich [64] shows

that the eigenvalue maps \; are not differentiable in general.

t 0
Example 12. Define a map H(t) = <0 . fort € (—1,1). This is a C* curve in Hy(C).

The eigenvalues of H(¢) in increasing order are given by A\ (H(¢)) = —|t|, \a(H(t)) = |¢|. So
the composite maps A\; o H and Ay o H are not differentiable at 0. This implies that both the

eigenvalue maps A; and A\, are non-differentiable at H(0).

Let H € H,,(C) and X be an eigenvalue of H. The cardinality of the set {j : \;(H) =
A, 1 < j < n}is called the multiplicity of the eigenvalue A. An eigenvalue with multiplicity one
is called a simple eigenvalue. The multiplicity of eigenvalues plays an important role in their
differentiability. If \;(H) is a simple eigenvalue H, then )\; is infinitely differentiable at H. A
proof of this result using complex function theory is given by Kato ([43], Ch.II, Theorem 5.16).
Furthermore, Magnus ([51], Theorem 2) also proved the existence of infinitely differentiable
eigenvector maps corresponding to simple eigenvalues of Hermitian matrices, and derived the
derivative expressions for simple eigenvalues and the corresponding eigenvector maps. We state
this result in the following theorem. The Implicit Function Theorem is used in proving the

existence of the smooth eigenvalue and eigenvector maps.

Theorem 2.2.1. Let H € H,,(C) and \;(H) be a simple eigenvalue for some j = 1,...,n. Let

xo € C" be a unit eigenvector of H corresponding to \j(H). There exists a neighbourhood
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U CH,(C) of H and a map x : U — C" such that for every A € U and B € H,,(C) we have
(i) \j and x are C*> on U with x(H) = xo;
(ii) the eigenvalue \;(A) is simple and x(A) is a corresponding unit eigenvector of A;

(iii) the derivative of \; at H is given by

DX;(H)(B) = (x(H), Ba(H)); 2.3)

(iv) the derivative of x at H is given by
Dz(H)(B) = (\;(H)I — H)' By,

where I is the n x n identity matrix and (\;(H)I — H )1 is the Moore-Penrose inverse of
Nj(H)I — H.

Eigenvalues and eigenvectors of one parameter family of Hermitian matrices are widely
studied in the literature and several interesting results have been obtained [34, 43, 44, 64, 73]. Let
d be an open interval in R and H : J — H,,(C) be a curve. We know that the eigenvalue maps
obtained by arranging eigenvalues in increasing order are continuous functions of Hermitian
matrices. Therefore, the maps given by \;(¢t) = A;(H(t)) are continuous on J for all j =
1,...,n. We know by Example 12 that the eigenvalue curves \; : J — R are not differentiable in
general even though H is infinitely differentiable. But a suitable arrangement of the eigenvalues
given by A\(t) = t and \o(t) = —t gives differentiable eigenvalue maps A; and Ao, not
necessarily in order. This suggests that fixing eigenvalues in increasing or decreasing order can
compromise their differentiability properties. In the following theorem, we see the existence of

eigenvalue maps that inherit the differentiability of curves in H,, (C). See Kato([43], pp.111-114).

Theorem 2.2.2. Let J be an open interval and H : § — H,,(C) be a curve. If H is differentiable
at tg € J, then there exist n real valued functions 5\1, e A on differentiable at ty such that
(1), ..., Au(t) are the n eigenvalues of H(t), not necessarily in increasing or decreasing order,
forallt € J. Further, if H is C' on J, then we can choose the aforementioned eigenvalue maps

to be Ct on J as well.

By Theorem 2.2.2, we get C! eigenvalue maps for C'* curves in H,(C). Also, for the C'>°

curve in Example 12, we get C* eigenvalue maps by a suitable arrangement of the eigenvalues.
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So, one would expect the existence of C* eigenvalue maps for C* curves in H,,(C) for all
1 < k < oo. But this is not true. The following example illustrates that there do not exist C*2

eigenvalue maps for C*° curves in H,, (C).

Example 13. Let H: (—1,1) — Hy(C) be the C*° curve given by

H(t) = (sin(l/t)elﬂt e 1/t

fort >0, H(t)=0fort <O0.
e 1/t —Sin(l/t)e_1/2t> ®)

The characteristic equation of H(t) is given by A2 — f(¢), where
f(t) =sin®?(1/t)e "Vt +e 2t fort >0, f(t) =0fort <O0.

Therefore, the eigenvalues of H(t) are given by the square roots of f(¢). But the function f does

not possess a C'2 square root on the interval as shown in ([4], Sec. 2).

The differentiability properties of eigenvectors of curves of Hermitian matrices are rather
pathological in nature. The following example due to Rellich [64] shows that one cannot even

guarantee continuous eigenvector functions for C*° curves in H,, (C), much less differentiable.

Example 14. Let H: (—1,1) — Hy(C) be given by

sin2 —cos?2

2 2
H(t) = e & (Cosg Smt) fort#0, H(0) =0,
t

1 1
The eigenvalues of H(t) are given by e 2 and —e ™ ¢* with corresponding eigenvectors z(t) =

(cos %, sin %) and y(t) = (— sin %, coS %) respectively for ¢t # 0. These eigenvalues are simple

and hence any other eigenvectors are scalar multiples of one of the two vectors x(t), y(t). The

functions cos % and sin % oscillate near zero. By elementary real analysis arguments one can

show that there does not exist any eigenvector curve for H that is continuous and does not vanish
att = 0.

Alekseevsky, et al. ([4], Theorem 7.6) showed that under an additional condition, both
eigenvalues and eigenvectors can be chosen smoothly for smooth curves in H,, (C). We say that

two functions f and g continuous at £y meet with infinite order if for every p € N there exists a

function h,, continuous at to such that f(t) — g(t) = tPhy(t).

Theorem 2.2.3. Let J be an open interval and H : § — H.,,(C) be a smooth curve such that for
all 1 <@ # j < neither \j(t) = \j(t) for allt € J or \i(t) and \;(t) do not meet with infinite
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order at any point in J. Then all the eigenvalues and corresponding eigenbasis can be chosen

smoothly int on J.

Eigenvalues and eigenvectors exhibit nicer regularity properties for real analytic curves. If
H is a curve in H,,(C) that is real analytic at a point, then there exist eigenvalue and eigenvector
maps real analytic at the given point. See Kato ([43], Ch.II, Sec.6) and Rellich ([64], Ch.1, Sec.1,

Theorem 1).

Theorem 2.2.4. Let J be an open interval and ty € J. Suppose H : § — H,,(C) is a curve real
analytic at to. If X is an eigenvalue of H(to) with multiplicity m, then there exists an € > 0 so
that we can find m eigenvalue functions \1, . .., Ay, : (to — €,t0 +€) — R and m corresponding
orthonormal eigenvector functions x1, ..., xn, : (to — €,to + €) — C" that are real analytic at
to. Also \i(tg) = A foralli=1,...,m.

The following result shows that eigenvalue and eigenvector maps can be chosen analytically

over an interval for real analytic curves in H,,(C). A proof of this result is given in Kato ([43],

Ch.VII, Theorem 3.9).

Theorem 2.2.5. Let J be an open interval and H : J — H,,(C) be a real analytic curve on
d. Then there exist real analytic curves \j : § — Rand x; : § — C" for j = 1,...,n such
that \i(t), ..., A\ (t) are the eigenvalues of H(t) with a corresponding set of orthonormal
eigenvectors x1(t),...,x,(t) forallt € J.

As an application of the analysis of eigenvalues and eigenvectors of analytic curves of
Hermitian matrices, Kato ([43], Ch.II, Sec.6.5) gives an analytic proof of the well known

Lidskii’s theorem which states that for any two matrices A, B € H,,(C) we have
M(A+ B) = AT(4) < A1(B). (2.4)

Here AT(A) denotes the n tuple whose j™ component is A;(A).

2.3 Differentiability of simple symplectic eigenvalues

This section is based on our work in Section 3 of [39]. Given A € Py, (R) and a symplectic
eigenvalue d of A, we say that m is the multiplicity of d if the set {j : d;(A) =d,1 < j < n}

has exactly m elements. A symplectic eigenvalue is called simple if its multiplicity is one. Recall
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that dy(A) < ... < d,(A) denote the symplectic eigenvalues of A in increasing order. So we
have the symplectic eigenvalue maps d; : P2, (R) — Rfor j =1,...,n.

A result on symplectic eigenvalues analogous to the Weyl’s perturbation theorem states that
for A, B € P, (R) we have

max |d;(A) — d;(B)| < (s(A)x(B))"/* | A - B|, 2.5)

1<j<n -

where k(A) is the condition number of A. Also, one can not replace (f<;(A)/<c(B))1/2 in (2.5)
with any constant independent of A, B. See [38]. Therefore the symplectic eigenvalue maps
d; are locally Lipschitz (but not Lipschitz), and hence continuous on Py, (R). The following

example is based on Example 12. It shows that d; are not differentiable in general.

Example 15. Let B be the 4 x 4 matrix B =1, ® (' V). We have dy (14 + tB) = 1 — |t| and
da(Iy +tB) = 1+ |t| forany ¢t € (—1, 1). The modulus function is not differentiable at ¢t = 0.
So d; and d» are not differentiable at I,4.

The multiplicity of d;(A) determines the differentiability of d; at A. We prove in this section
that simple symplectic eigenvalues are infinitely differentiable. Observe that in Example 15 that

the symplectic eigenvalues of I, are not simple.

2.3.1 Infinite differentiability

The following proposition is an easy consequence of continuity of symplectic eigenvalues that is

useful later in the chapter.

Proposition 2.3.1. Let A be a 2n x 2n real positive definite matrix, and let d be a symplectic
eigenvalue of A with multiplicity m. Let ro = min{|d—d| : d is a symplectic eigenvalue of A, d #
d}. Then for any positive number v < 1, there exists an open neighbourhood U of A in Pa, (R)
such that every P in U has exactly m symplectic eigenvalues (counted with multiplicities) in
(d—r,d+r).

Proof. Let dZ(A) < di_:,_l(A) = ... = dH_m(A) < di+m+1(A) such that di+1(A) = ... =
di+m(A) = d. By our choice of r we see that

dZ(A) <d—-r<d+r< di+m+1(A)-

Since each d; is continuous, we can find an open neighbourhood U of A such that for every
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PelU,
dit1(P), ..., digm(P) € (d—r,d+7),
dZ(P) < d—rand di+m+1(P) >d+r.

Thus for every P € U, there are exactly m symplectic eigenvalues d; +1(P), ..., ditm(P) of P
that are contained in (d — r,d + r). The cases d = dy and d = d,, can be proved in a similar
way. 0

In the following lemma, we use the Implicit Function Theorem and the proof idea of Theorem
2.2.1 by Magnus [51]. Here we prove that simple symplectic eigenvalues are smooth. Moreover,
we prove the existence of smooth symplectic eigenvector pair maps corresponding to simple
symplectic eigenvalues. Recall that Py, (R) is an open subset of the real Banach space So, (R).

We view C2" x C as a real Banach space in the proof of the following lemma.

Lemma 2.3.2. Let A be a 2n X 2n real positive definite matrix. Suppose dy is a simple symplectic
eigenvalue of A with corresponding normalised symplectic eigenvector pair (ug, vo). Then there
exists an open subset U of Pa,,(R) containing A, and C* maps d : U — R and u,v : U — R?"
that satisfy the following conditions.

(i) For every P € U, d(P) is a simple symplectic eigenvalue of P with the corresponding

normalised symplectic eigenvector pair (u(P),v(P)).
(ii) d(A) = do, u(A) = ug and v(A) = vy.
(iii)
<U0, JU(P» + <U07 JU(P)> =0. (26)

Proof. Since dy is a simple symplectic eigenvalue of A with symplectic eigenvector pair (ug, vg),
by Lemma 1.2.6, it is a simple eigenvalue of 2JA with eigenvector xg = ug — 1vg. Also
(wo, Jzo) = —21{ug, Jvg) = —21. Define the map ¢ : Py, (R) x C?* x C — C?" x C as

o(P,x,d) = ((1JP — d)x, (xg, Jz) + 21) .

Clearly, ¢ is a C* map and ¢(A, z¢, dy) = 0. Let D2 denote the partial derivative of ¢ with
respect to (z, d). Then
1JA—dy —xo
Dop(A, x0,do) = < i ) :
xg 0
Thus det Dap(A, zg,do) = —(z0, J(2J A — dg)*Wz0). For any m x m matrix X, X4 denotes
the adjoint of X. This is the m x m matrix with the ijth entry (—1)**7 X (4,4), where X (3, 1)
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is the (j,7) minor of X. Since dj is a simple eigenvalue of :J A, 0 is a simple eigenvalue of
1J A — dy. So we have (1J A — dg)*¥zq = cxg, where c is the product of all nonzero eigenvalues
of +J A — dy. This gives

(z0, JJA — do) o) = e(xg, Jxo) = —21c # 0.

By the Implicit Function Theorem, there exists an open subset U of Pa,, (R) containing A, and
C®mapsd:U — Candz: U — C?" that satisfy 1J Pz(P) = d(P)z(P), (z¢, Jr(P)) =
—21, 2(A) = xp and d(A) = dp. Clearly z(P) # 0, and hence d(P) is an eigenvalue of 2.J P. All
the eigenvalues of +.J P are real. Hence d(P) is real. Since dy > 0, we can assume that d(P) > 0
for all P € U. By Lemma 1.2.6, we see that d(P) is a symplectic eigenvalue of P for every
P € U. Also since Dog(P, x(P),d(P)) is invertible, (+.J P — d(P))*¥ # 0 and this implies that
d(P) has multiplicity 1. Let x(P) = @u(P) — 10(P) be the Cartesian decomposition of (P). By
Lemma 1.2.6 we see that (a(P), v(P)) is a symplectic eigenvector pair of P corresponding to
d(P). Also, the maps P — @(P) and P +— 0(P) are C* on U, and 4(A) = up and 0(A) = vp.
We know that (ug, Jvg) = 1. Hence we can assume that (a(P), Jo(P)) > 0 for all P € U. This
implies that the map P — (@(P), Jo(P))~/? is C* on U. Define the maps u, v : U — R>" as

u(P) = (@(P), Jo(P))"*a(P)

and
v(P) = (a(P), Jo(P)) V%5 (P).

The maps u and v are C*° and (u(P), v(P)) forms a normalised symplectic eigenvector pair of
P corresponding to d(P). This shows the existence of infinitely differentiable maps d, u, v on U

that satisfy (i) and (ii). Moreover, since the real part of (xq, Jx(P)) is zero,
(ug, Ju(P)) + (vo, Ju(P)) =0

This proves (iii). O

Remark 2.3.3. By Proposition 1.2.7, dy is a simple symplectic eigenvalue of A if and only if it is
a simple eigenvalue of 24'/2.J A'/2_ We also know that the matrix square root map is infinitely
differentiable on Ps,, (R). So we can obtain (i) and (ii) of Lemma 2.3.2 from the corresponding
differentiability properties of simple eigenvalues given in (i), (ii) of Theorem 2.2.1. But we give
an independent proof as (2.6) is required in the computation of the derivatives of symplectic

eigenvector pair in Theorem 2.3.5.

Theorem 2.3.4. Let A € Py, (R), and suppose that d;(A) is simple. Then there exists a
neighbourhood U of A in Py, (R) such that for every P € U, d;(P) is simple and the map
P — d;j(P) is smooth on U. Further, if (ug, vo) is a normalised symplectic eigenvector pair of A
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corresponding to d;(A), then there exist smooth maps w;,v; : U — R2" such that for every P
inU, (uj(P),v;(P)) is a normalised symplectic eigenvector pair of P corresponding to d;(P),
uj(A) = up and vj(A) = v, and u;(P), v;(P) satisfy (2.6).

Proof. If d;(A) is a simple symplectic eigenvalue of A, then by Lemma 2.3.2, we can find
an open neighbourhood V' of A in Py, (R), and C*° maps d : V — R and u,v : V — R?>?
that satisfy (i)-(iii) of Lemma 2.3.2; i.e., d(P) is a simple symplectic eigenvalue of P and
(u(P),v(P)) is a corresponding normalised symplectic eigenvector pair such that d(A) =
d;j(A), u(A) = ug,v(A) = vg, and u(P), v(P) satisfy (2.6). Let 7 be a positive number with
r < min{d;y1(A) — d;j(A),d;(A) — dj—1(A)}. By the continuity of the map P +— d(P) and
Proposition 2.3.1, we can assume that for every P in V, d(P) is the only symplectic eigenvalue
of P contained in (d;(A) — r,d;(A) + r). We know that the map P — d;(P) is continuous.
Hence there exists an open neighbourhood W of A such that d;(P) € (d;j(A) —r,d;j(A) + 1)
for every P in WW. But this implies that d(P) = d;(P) forevery P € VNW.Take U =V NW.
Hence the map d; is infinitely differentiable on U with the corresponding normalised symplectic
eigenvector maps u, v that satisfy the required conditions. O

2.3.2 Computation of first order derivatives

Let d be a simple symplectic eigenvalue of A and (u, v) be a normalised symplectic eigenvector
pair of A corresponding to d. We know by Proposition 1.2.1 and Corollary 1.3.3 that if (z, y) is
any normalised symplectic eigenvector pair of A corresponding to d then there exist real numbers

a, b with a® + b? = 1 such that

[, y] = [u,v]

Therefore we have

x=au —bvand y = bu + av.

Using this observation, we now compute the first order derivative expressions for simple sym-
plectic eigenvalues and a corresponding symplectic eigenvector pair maps.
Theorem 2.3.5. Let A € Py, (R) be such that d;(A) is simple, and let (uj,v;) be a normalised

symplectic eigenvector pair map through (uj(A),vj(A)) obtained from Theorem 2.3.4. Let
M € Sp(2n, A) be fixed. Then the derivatives of dj, u; and v; at A are given as follows: for all
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B € So,(R) we have

(uj(A), Buj(A)) + (vi(A), Bvj(A))

Dd;(A)(B) = 5 , 2.7

Duj(A)(B) = MDMT Bu;(A) + MDJMT Bu;(A), (2.8)
and

Dv;(A)(B) = MDMT Bv;(A) — MDJMT Bu;(A), (2.9)

where D and D are the 2n x 2n diagonal matrices with respective diagonal entries given by

Tdm KR 1<k<n

D) = 1 L

(D)kk— ~ 3] k=j1<k<n (2.10)
(D). k=n+il<i<n,

and

A i 1<k<n

- d2(A)—dZ (A) LS RS

Pk =\ k=j,1<k<n (2.11)
(D), k=n+i1<i<n.

Proof. Since d;(A) is simple, by Theorem 2.3.4, we know that the map d; is infinitely differ-
entiable at A. Since (u;,v;) is a normalised symplectic eigenvector pair map obtained from

Theorem 2.3.4, we have

Pu;(P) = d;(P)Ju;(P), 2.12)

Pv;(P) = —d;(P)Ju;j(P), (2.13)

(uj(P), Ju;(P)) =1, (2.14)

(uj(A), Juj(P)) + (v;i(A), Ju;(P)) = 0. (2.15)

Let B € S(2n) be arbitrary. Differentiating (2.12) and (2.13) at A we have
Bu;j(A) + ADu;(A)(B) = Dd;(A)(B)Jv;(A) + d;(A)J Dv;(A)(B), (2.16)

and
Bu;(A) + ADv;(A)(B) = —Dd;(A)(B)Ju;j(A) — d;(A)JDu;(A)(B). (2.17)

Taking the inner product of (2.16) with u;(A) and using the fact that (u;(A), Jv;(A4)) = 1, we
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get

{u;(A), Buj(A)) + (u;(A), ADu;(A)(B))
= Dd;(A)(B) + (uj(A),d;(A)JDv;(A)(B)). (2.18)

Since

(uj(A), ADu;j(A)(B)) = (Au;(A), Duj(A)(B))
= d;j(A)(Dui(A)(B), Jv;(A)),

we can write (2.18) as

Ddj(A)(B) = (u;(A), Buj(A)) + dj(A)(Du;(A)(B), Juv;(A))
—d;(A)(u;(A), JDv;(A)(B)). (2.19)

Similarly, taking the inner product of (2.17) with v;(A4), we get

Dd;(A)(B) = (v;j(A), Bv;j(A)) — d;(A)(Du;(A)(B), Ju;(A))
+d;(A)(u;(A), JDv;(A)(B)). (2.20)

Adding (2.19) and (2.20) finally gives (2.7).
We next compute the derivatives Du;(A) and Dv;(A).
Let the columns of M be w4, ..., %y, V1,...,0,. We know that the columns of M form a

symplectic basis of R?". We can express Du;j(A)(B) and Dv;j(A)(B) uniquely as
Duj(A)(B) =Y akitp + > _ B,
k=1 k=1
and " "
Duj(A)(B) =Y iy + > ki,
k=1 k=1
where oy, = (Duj(A)(B), Jok), B, = —(Duj(A)(B), Juk), vk = (Dv;(A)(B), JU) and
0 = —(Dv;(A)(B), Juy) for all k = 1,...,n. Since d;(A) is simple, we can assume that
@; = au;(A) — bvj(A) and 0; = bu;(A) + av;(A) for some a,b € R with a® 4+ b? = 1. Thus

(i, Jui(A)) = (uj(A), Jig) = dpja 2.21)

and
(g, Juj(A)) = (O, Jvj(A)) = 0k;b (2.22)
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forallk = 1,...,n. Here d;; = 0if j # k and 6;;, = 1 otherwise. Taking inner product of
(2.16) with uy, we get

(g, Buj(A)) + (ug, ADu;(A)(B))
= Dd;(A)(B)(ux, Jv;(A)) + dj(A)(ak, J Dv;(A)(B)).

Using (2.21) and the values of oy, and dg, this reduces to
di(A)oy, — d;j(A)o, = aDdj(A)(B)dy; — (tk, Buj(A)). (2.23)

Similarly, taking inner products of (2.16) with ¥, and of (2.17) with u;, and ¥y, and using (2.21)
and (2.22), we obtain the expressions

di(A)Br + dj(A)vi = bDd;(A)(B)dy; — (U, Buj(A)), (2.24)

dj(A)By + dp(A)vi, = —bDd;(A)(B)dk; — (ak, Buj(A)), (2.25)

—d;j(A)ay + di(A)or, = aDd;(A)(B)dy; — (U, Bu;j(A)). (2.26)

Thus for each £ = 1,...,n we have a system of four linear equations in four unknowns

ag, Br, vi and 0. When k # 7, this system is

dk(A) 0 0 —dj(A) €73 <~k’Buj(A)>
0 dp(A) dj(A) 0 Be | _ | (on, Buj(A))
0 dj(4) di(4) 0 Yh (g, Bvj(A))
—d;(A) 0 di(A) Ok (U, Buj(A))

Here d;(A) # dj,(A) therefore the coefficient matrix above is invertible. Left multiplying by the

inverse we get

a dp(A) 0 0 di(A)) [(ax, Buj(A))
B _ (dJQ(A) _ d%(A))_l 0 dk(A) _dj(A) 0 <1?k,B’U/](A)>
Vi 0 —d;j(A) d&(4) 0 (ix, Buj(A))
Ok, d;(A) 0 0 di(A) (U, Bu;(A))
The solution is thus given by the following equations
o = =) A By () + (A Bey(4), @2)
B b @A) B, Buy(A) — di(A) i, Buy(4)) . @28)

T 2(A) - &(A)



2.3 Diftterentiability of simple symplectic eigenvalues 49

_ 1
B -

1
T () - di(A)

di(A) g, Boj(A)) — dj(A)(op, Buy(4)),  (2.29)

oy (A (A) (B, Buy(A) + dy(A) i, Buy(A))). (2.30)

Now, for k£ = j we have the following system

dj(A) 0 0 —di(A)\ (o (aj, Buj(A)) — aDd;(A)(B)
0 di(A) di(4) 0 i (aj, Buj(A) + bDd;(A)(B))
—d;(A) 0 0 di(4) ) \9; (03, Buj(A)) — aDd;(A)(B)

Using the expression for Dd,;(A)(B), the fact that B is symmetric, and the relationship between
(t5,05) and (uj(A),v;(A)) one can see that the solution to the above system exists and is given
by

1 - -
aj =0 = 20,(A) ((0(A), Bvj(A)) — (u;(A), Bu;j(A))) (2.31)
B+ = 5y () By () + 5 (5(4), By(4). @32

Differentiating (2.14) and (2.15), respectively, gives
(Duj(A)(B), Juj(A)) + (uj(A), JDvj(A)(B)) = 0

and
(uj(A), JDu;(A)(B)) + (vj(A), JDv;(A)(B)) = 0.

These in turn imply o; + 0; = 0 and 3; — v; = 0. Thus

05 = 0y = 7y (85(4), Buy(A) = (35(4), Buy(4)) 233
and 1 ) . )
=% = 0 (). B + 7o (@A), Buy(4). @34

Simplifying the above expressions we get for k # j,

1

W (di(A)(Jﬁk,Aleuj(A» + d;(A)(J vy, JBU].(A») 7

(07—

1

T B(A) — (4

B = (d2(A)(JTitg, A" Buj(A)) + d;(A) (Jg, T Buj(A)))
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B = G AT By (A) s (B (4)

Let x be the 2n real vector with components a1, . . ., &, 51, - - ., Bn. Then we see that x can
be written as
x=DDM A7 Bu;(A) + DM~ JBv;(A),

where D is the 2n x 2n diagonal matrix with diagonal entries the symplectic eigenvalues of A,
di(A),...,dn(A),di(A),...,d,(A), and D and D are the diagonal matrices given by (2.10)
and (2.11), respectively. Therefore

Duj(A)(B) = MDDM A7 Buj(A) + MDM~'.JBuv;(A)
= MDMTBuj(A) + MDJMT Bu;(A).

The last equality follows from the fact that M7 AM = D and MJMT = J. This proves (2.8).
Similar computations give (2.9). O

The derivative expressions for simple eigenvalues and simple symplectic eigenvalues are
similar. The role of the eigenvector in (2.3) is played by a symplectic eigenvector pair in (2.7).
Remark 2.3.6. Let A € Py, (R), and let d, u, v be maps on a neighbourhood U of A such that
d(P) is a symplectic eigenvalue of P and (u(P),v(P)) is a pair of normalised symplectic
eigenvectors. If d, u, v are differentiable at A, then by following the same steps used to prove
(2.7), we can compute the derivative of d at A, even if d(A) is not simple, as

Dd(A)(B) = = ((u(A), Bu(A)) + (v(A), Bu(A))) . (2.35)

N | -

As a corollary to Theorem 2.3.5 we compute the first order derivative for simple symplectic
eigenvalues of differentiable curves of positive definite matrices. For a given curve A : J —
P2, (R) we denote the symplectic eigenvalue d;(A(t)) by d;(t),1 < j <nandt € J.
Corollary 2.3.7. Let J be an open interval and A : J — P9, (R) be a curve that is infinitely
differentiable at ty € J. Suppose that d;(to) is simple. Then there exists an open interval

Jo C J containing to such that the map d; is infinitely differentiable on Jo. If (ug,vo) is a

corresponding normalised symplectic eigenvector pair of A(ty), then we can find an infinitely
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differentiable normalised symplectic eigenvector pair map (u;,v;) on Jo corresponding to d;
such that (u;(to), v (to)) = (uo, vo), and (u;j(t),vj(t)) satisfies

(1, Ju; (1)) + (vo, Juj (1)) = 0

forallt € Jg. Further, for any fixed M € Sp(2n, A(ty)),

2(t) = (uj(t), A'(t)u; (1)) -ZF (uj(t), A'(t)u;(t)) forallt € 9o, (2.36)
uj(to) = MDMT A (to)ug + MDJIM™ A (o) v, (2.37)

and
vli(to) = MDMTA'(0)yvg — MDJIMT A’ (to)uo, (2.38)

where D and D are the diagonal matrices associated with A(ty) given by (2.10) and (2.11),

respectively.
Theorem 2.3.8. Following the notations of Corollary 2.3.7, the second order derivative of d; at
to is given by
1
d;.,(to) :5 ((uO,A"(tO)uo> + <U0, A,/(to)vo>>
+2(A(to)uo, MDJMT A’ (to)vo)
+ (A (to)ug, MDMT A (to)uo) + (A (to)vo, MDMT A (to)vo), (2.39)
where D and D are the diagonal matrices associated with A(ty) given by (2.10) and (2.11),

respectively.

Proof. By (2.36), we have

(), A (t)u;(t (), A (t)v;(t
ity = LA OO (0, 000 040
for every t in Jo. Differentiating (2.40) at ¢ = t, and using the fact that A’(t¢) is real symmetric,

we get

d}l(to) = ((’LLO, A//(to)U0> + <UQ, A//(to)u[)))

+ (W (to), A (to)uo) + (v} (to), A’ (to)vo).- (2.41)

NN

Using the expression (2.37) for the derivative u(to), we get

() (to), A (to)uo) =(M DM A (to)uo, A’ (to)uo)
+ (MDJIMT A (tg)vo, A’ (to)up). (2.42)
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Similarly using (2.38), we have

() (t0), A (to)vo) =(MDMT A’ (t)vo, A’ (to)vo)
— <MﬁJMTA'(t0)u0, A/(to)vg>.

Since DJ = JD, we have

(V) (to), A (to)vo) =(MDM™T A (to)vo, A’ (to)vo)
+ (MDJMT A (to)vo, A’ (to)uo). (2.43)

Using (2.42) and (2.43) in (2.41), we obtain (2.39). O

2.4 Symplectic eigenvalues of curves of positive definite matrices

This section is based on our work in Section 4 of [39]. In this section, we study the regularity
properties of symplectic eigenvalues and symplectic eigenvector pairs for curves in Py, (R).

Here we use the results on eigenvalues and eigenvectors discussed in Section 2.2.

2.4.1 Differentiable curves in P, (R)

The following result is a symplectic analogue of Theorem 2.2.2. We shall use di,...,dpto

represent symplectic eigenvalues in any order.

Theorem 2.4.1. Let J be an open interval and A : J — P2, (R) be a curve that is differentiable
at ty € J. Then all the symplectic eigenvalues of A(t) can be chosen to be differentiable at ty,
i.e., we can find n functions di,....dpina neighbourhood of ty that are differentiable at t such
that dy(t), . .., d,(t) are the symplectic eigenvalues of A(t). If. in addition, A is C* on §, then

dl,...,dn can be chosen to be C' on J.

Proof. We know that the matrix square root map is C° on Py, (R). So the differentiability of
A attg € J implies that ¢ — 1A (t)'/2JA(t)'/? is also differentiable at to. By Theorem 2.2.2,
we get functions Ay, ..., Ao, :  — R differentiable at to such that A (t), ..., Aoy (t) are the
eigenvalues of 1A (£)'/2JA(t)'/2. By reordering, suppose A1 (to), . . ., An(to) are the symplectic
eigenvalues of A(tg). Let Jo C J be an open subinterval containing ¢y such that for ¢ € g,
A1(t), ..., An(t) are all positive, and hence these are the symplectic eigenvalues of A (t). Define

. M) tedo,
di(A(t)) t¢ do.
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Thus, d, .. ., d, are the required symplectic eigenvalue maps on J differentiable at ¢;.

If A is C! on J we again get by Theorem 2.2.2 eigenvalue functions Ay A d— R
that are C'* on J. We know that all the eigenvalues of +A (t)*/2J A (t)'/? are non-zero for all
t € J. In fact, there are equal number of positive and negative eigenvalues. Therefore we can
assume, by reordering, that Ay (), . .., A, (t) are positive for all t € J. Choose d;(t) = \;(t) for
allt € J. Hence dy, . . ., d, are C* on J such that Jl(t), cel Jn(t) are the symplectic eigenvalues
of A(t) forallt € g. O

We see the existence of C'' symplectic eigenvalue maps for C* curves in Py, (R). But in
general, there do not exist C* symplectic eigenvalue maps corresponding to C* curves in Po,, (R)

fork > 2. Let A : (—1,1) — P4(RR) be the C'™° curve given by
At) =1 ® (aly +H(t)) forallte (—1,1),

where H is the curve given in Example 13, and o > 0 is such that the translated matrices
als + H(t) have positive eigenvalues for all ¢ € (—1,1). The symplectic eigenvalues of A ()
are given by o & /f(t), where f(t) = sin?(1/t)e "/t + e72/t for t > 0 and f(t) = 0 for
t < 0. So the existence of a C? symplectic eigenvalue curve corresponding to A would give a
C? square root of f. But we know by Example 13 that f does not possess a C2 square root.
Symplectic eigenvectors show the similar pathological behaviour as eigenvectors. We have
a C* curve in P4(R) for which there does not exist even continuous selection of symplectic

eigenvector pair maps. Let B : (—1,1) — P4(R) be the C*° curve given by
B(t) =1L ® (I +H(t)) forallte (—1,1)

where H is the curve given in Example 14. The symplectic eigenvalues of B(t) are given
by di(t) = 1 — e V% dy(t) = 14+ e /¥ for t # 0, and dy(0) = da(0) = 1. Let uy () =
e1®[cos 1,sin 1]7, v1(t) = ea®@|cos 1, sin 1]7 and us(t) = e1®([sin 1, — cos 1|7, va(t) = e2®
[sin 1, — cos #]T where e1 = [1,0]7, e2 = [0, 1]7. One can easily verify that (u;(t), v1(t))and
(ua(t), v2(t)) are normalised symplectic eigenvector pairs corresponding to d;(¢) and da(t)
respectively. Suppose that there exist functions @, 9 : (—1,1) — R* continuous at 0 such that

(u(t),v(t)) is a normalised symplectic eigenvector pair of B(t) corresponding either to d; (),
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or to da(t). Therefore we can get a sequence (t;)jen of nonzero terms in (—1,1) converging
to 0 such that for all j € N, the pair (@(t;),0(¢;)) corresponds either to d;(¢;) or to da(t;).
Consider the case when (u(t;),0(t;)) corresponds to d;(t;) for all j. For each j, di(t;) is a
simple symplectic eigenvalue of B(¢;). This implies that the normalised symplectic eigenvector
pair (a(t;),v(t;)) is of the form u(t;) = ajui(t;) — bjvi(t;),v(t;) = bjui(t;) + ajvi(t;)
where a;, b; € R and a? + b? = 1. The continuity of @ and v at t = 0 implies that the limits
Jlggo a;sin(1/t;) and jlggo b;sin(1/t;) exist, which in turn imply that jlirgo sin?(1/t;) exists.
This is a contradiction.

We use Theorem 2.2.3 to show that under some additional conditions, symplectic eigenvalues
and corresponding symplectic eigenvector pairs can be chosen smoothly for smooth curves in
Py, (R). Recall that two functions f and g continuous at ¢y meet with infinite order if for every

p € N there exists a function h,, continuous at ¢y such that f(t) — g(t) = tPh,(t).

Theorem 2.4.2. Let J be an open interval and A : J — P, (R) be a smooth curve such that
forall1 <i # j < neither di(t) = d;(t) forallt € J or d;(t) and d;(t) do not meet with
infinite order at any point in J. Then all the symplectic eigenvalues and corresponding symplectic

eigenbasis can be chosen smoothly in t on .

Proof. By the smoothness of the matrix square root map, we know that ¢ — 1A (t)1/2JA(t)Y/? is
also smooth on J. The eigenvalues of 2A (£)'/2J A (t)'/? are +d,(t) for j = 1,..., n. Therefore,
no two of the ordered eigenvalues meet with infinite order at any point in J unless they are
equal on whole J. By Theorem 2.2.3 we get smooth maps 5\]- :J — Rand uj,vj : J - R
forall j = 1,...,2n such that Ay (£), ..., Aon(t) are the eigenvalues of 2A (t)'/2J A (t)'/2 with
corresponding orthonormal eigenvectors uy (t) — w1 (t), ..., ua,(t) — wa,(t) forall ¢ € J. The
eigenvalues of 2A (t)'/2JA(t)'/? are all non-zero for every t € J. Therefore, by continuity
and reordering, we can assume that A{(t), ..., A, (t) are the positive eigenvalues for all ¢ € J.
Choose a?j = :\j, and define

@ (t) = \/2d; (1) A(t) " Puy(1),

Tj(t) =\ 2d; (DA() ", (t)
for j = 1,...,n and t € §. By Proposition 1.2.7 we know that (a;(t),?;(t))
is a normalised pair of symplectic eigenvectors of A(t) corresponding to Jj(t), and

{a1(t), ..., Un(t), 01(t),...,9,(t)} is a symplectic basis of R?" for all ¢ € J. Also, the maps
d;, @ and ; are smooth on J. This proves the existence of the required smooth maps. ]
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2.4.2 Analytic curves in Py, (R)

Symplectic eigenvalues and symplectic eigenvector pairs inherit the regularity properties of real

analytic curves in Py, (R) as we show in the next theorem.

Theorem 2.4.3. Let J be an open interval and A : J — Py, (R) be a curve real analytic at
to € H .

(i) If dis a symplectic eigenvalue of A (ty) with multiplicity m, then for some € > 0, there exist
m symplectic eigenvalue maps diy... dp (to — €,t0 + €) = R, and m corresponding
symplectically orthonormal symplectic eigenvector pair maps (t1,71), - - -, (Um, Om) :

(to — €, to + €) — R?™ x R?" that are real analytic at to with each d;(to) = d.

(ii) There exists an € > 0 such that all the n symplectic eigenvalues of A(t) and a corre-
sponding symplectic eigenbasis can be chosen on (to — €,tg + €) to be real analytic at
to.

Proof. Let H : J — Ha,(C) be the map given by H(t) = 1AY2(t)JAY2(t). Since A is
real analytic at £y, by Proposition 2.1.2, the map H is also real analytic at tg. By Proposition
1.2.7, the multiplicity of the eigenvalue d of H(¢() is m. Hence by Theorem 2.2.4, there exists
an € > 0, and m functions Jl, Y (to — €,tp + €) — R and m functions =1, ...,z :
(to — €, to + €) — C2™ that are real analytic at to such that dy (t), .. ., d,,(t) are m eigenvalues
of H(¢t) and {x1(t),za(t),...,zm(t)} is a corresponding orthonormal set of eigenvectors.
Also Jj(to) = d forall j = 1,...,m. Since H(¢) is invertible for every ¢ and d > 0, each
d;(t) > 0. Hence d;(t) is a symplectic eigenvalue of A(t) for every t € (to — €,to + €) and
j=1,...,m.Letx;(t) = u;(t) — w;(t) be the Cartesian decomposition of x(t). For every
t € (to — e to + €) let @j(t) = /2d;(t)A~Y2(t)w;(t) and §;(t) = \/2d;(t) A2 (t)T,(2).
Since d;(t) and A~1/2(t) are real analytic at tq, ii;(t) and ©;(t) are real analytic at t,. Finally
by Proposition 1.2.7, {1 (t), ..., Um(t), 01(t), ..., 0n(t)} is a symplectically orthonormal set
of symplectic eigenvector pairs of A (t) corresponding to d1 (t),..., cim(t). This proves (i).
Let di < --- < dj, be distinct symplectic eigenvalues of A(ty) with multiplicities
my, ..., Mk, respectively. By statement (i) of the theorem, we can find an € > 0 and n symplectic
eigenvalue functions d1 1 (t), ..., d1my (t), - dp1(t), -, dim, (t) of A(t) on (to — €t + €)
that are real analytic at ¢g. Also foreach j = 1, ..., k, we can choose corresponding symplec-
tically orthonormal symplectic eigenvector pairs (@;;(t),7;i(t)), 1 < i < myj, that are real
analytic at £y9.Using Proposition 2.3.1, we can assume that ¢ > 0 is small enough so that for
allt € (to — €,tp + €) Jr,i(t) # Js,j(t) foralll1 <i<m,and1 < j < mg, r # s. Thus by
Corollary 1.2.8 the symplectic eigenvector pairs (@;;(t), 0;(t)), 1 <i <mj, 1 < j <k, form
the required symplectic eigenbasis. O
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We now prove that one can choose symplectic eigenvalues and a symplectic eigenbasis real
analytically for real analytic curves in Py, (R) over an interval. We only provide an outline of

the proof since it is similar to that of Theorem 2.4.3.

Theorem 2.4.4. Let J be an open interval and A : J — P, (R) be a curve real analytic on J.
We can choose n symplectic eigenvalue functions and a corresponding symplectic eigenbasis

map such that they are real analytic on J.

Proof. The curve A being analytic on the whole interval J implies that the curve ¢t —
1A ()2 JA(t)'/? is analytic on J. By Theorem 2.2.5, the eigenvalues and a correspond-
ing eigenbasis can be chosen analytically on J. By arguing in a similar way as in the proof
of Theorem 2.4.3(i), we get real analytic maps de : § — (0,00), and @j,0; : J — R™
for j = 1,...,n such that di(t),...,d,(t) are the symplectic eigenvalues of A(t) with
{a1(t),...,un(t),v1(t),...,0n(t)} corresponding symplectic basis for all ¢ € J. O

We know that the symplectic eigenvalue maps dy, - - - , d,, are not differentiable on Py, (R)

in general. But we show that they are piecewise real analytic for real analytic curves in Py, (R).

Theorem 2.4.5. Let A : J — Py, (R) be a curve real analytic on the open interval J and let
[a, b] be any compact interval contained in J. Then for each j = 1,...,n, the map t — d;(t) =
d;(A(t)) is piecewise real analytic on [a,b]. Further for eacht € [a,b], we can find a symplectic
eigenbasis {u1(t),...,up(t),v1(t),...,vn(t)} of A(t) corresponding to di(t), ..., dy(t) such

that the maps uy, . .., Up, V1, ..., vy, are also piecewise real analytic on [a, b].

Proof. By Theorem 2.4.4, we can find n symplectic eigenvalues d; (t), . .., d,(t) of A(t) and a
corresponding symplectic eigenbasis {u1(t), ..., un(t),01(t), ..., 0,(t)} such that each of the
maps d;, ii; and ©; are real analytic on J.

Define 7 to be the set of all ordered pairs (,), 1 < i # j < n, such that d;(t) # d;(t) for
at least one ¢ in [a, b]. Let E be the set of all points ¢ in [a, b] such that d;(t) = d;(t) for some
(7,7) € Z. By using the real analyticity of the maps di,...,d, and the definition of the set Z,
we can see that E is finite. Then for every i = 1, ..., n the multiplicity of d;(t) is the same for
all ¢ in [a,b] \ E. Hence dy, . . ., d, can be reordered so that d;(t) = d;(t) forall t € [a,b] \ E.
The theorem thus follows by suitably reordering the symplectic eigenvalues di,...,d, and

correspondingly reordering the symplectic eigenvalue pairs 1, . . . , tUn, V1, - - - , Un- O
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2.5 Symplectic analogue of Lidskii’s theorem and other applica-

tions

This section is based on our work in Section 5 of [39]. Recall for elements x, yy of R™ that x is

said to be supermajorised by y, in symbols z <" y,iffor1 <k <n

k
Z xl > Z yl. (2.44)

Here :c{ < ... <z arethe components of x arranged in increasing order. For a positive definite
matrix A, we denote by d'(A) the n-tuple of symplectic eigenvalues arranged in increasing
order, i.e.,

dT(A) = (d1(A),...,dn(A)).

We give a symplectic analogue of the Lidskii’s theorem (2.4) as an application of our analysis of
symplectic eigenvalues for real analytic curves in Pg, (R). The proof of the result is inspired by

the analytic proof of the Lidskii’s theorem by Kato ([43], Ch.II, Sec.6.5).

Theorem 2.5.1. Let A, B be two 2n x 2n positive definite matrices. Then
d"(A+ B) —d'(A) <¥ d"(B). (2.45)
Proof. Define the map ¢ : [0, 1] — Pg,(R) as
o(t) = A+1tB.

Clearly ¢ is real analytic with ¢’ (t) = B.Let 1 < j < n, and let d;(t) = d;j(¢(t)). By Theorem
2.4.5, d; is piecewise real analytic. Also by the same theorem, we can find a piecewise real ana-
lytic symplectic eigenbasis S(t) = {ui(t), ..., un(t),v1(t),...,v,(t)} of ©(t) corresponding

to di(t),...,dy(t). For any ¢ in [0, 1] at which d;, u; and v; are real analytic, we have

((uj (), Buj(t)) + (v;(t), Bu;(t))) - (2.46)

N =

di(t) =

Let u; < ... < uy be the symplectic eigenvalues of B and 5 = {z1,...,%n,Y1,...,Yn} be
a corresponding symplectic eigenbasis. Let P; be the symplectic projection corresponding to

n
(j,y;). Then B = Zl 5 P;. Thus by using this expression for B and using (1.23) for P}, in
j:
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(2.46), we get

dt) = 305 ((us(t), Py (1) + (v5(8), Py (1)
k=1
= 7 B (1), Ty + (u (0), T)?
k=1
+(v;(t), Jyk)® + (vj(t), Jzp)?) . (2.47)

Since 5(t) and (8 are symplectic bases of Pa, (R), the matrix M (¢) with rsth entry

(uj(t), Jay) r=j,s=k1<jk<n

(uj(t),Jyg) r=g,s=n+k1<jk<n
mrs(t):

(vj(t),Jzg) r=n+js=k1<jk<n

<v](t)7<]yk> r:n+j,5:n+k,1§j,k¢§n

is a symplectic matrix. Let M (t) be the n x n matrix with jkth entry

m?k (t) + m?(nJrk) (t) + m%nJrj)k(t) + m%n+j)(n+k) (t) '

2

Then by (2.47), we see that d’;(t) is the jth component of the vector M(t)d"(B), ie.,
d'(t) = M(t)d"(B). (2.48)

where d'(t) = (d}(t),...,d,(t))T. Since d;,u;,v; are piecewise real analytic on [0, 1], the

maps d; and M are integrable on [0,1]. Denote by M, the n x n matrix
1
M= / M (t)dt.
0

We know by Theorem 1.2.3, each M (t) is doubly superstochastic. Since the set of doubly
superstochastic matrices is closed and convex, M is also doubly superstochastic. Integrating
(2.48), we get

d"(A+ B) —d'(A) = Md"(B).

We finally obtain (2.45) by Theorem 1.2.2. O
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Corollary 2.5.2. For A, B € Py, (R), and forall 1 < i; < --- < i <mn,

k k k
> di,(A+B) Z )+ di(B). (2.49)
j=1 j=1 j=1
In particular,
dj(A + B) > dj (A) + d (B), (2.50)
and

dj(A+1)>dj(A)+1
Here I denotes the 2n x 2n identity matrix.

Proof. Letz,y € R™ and w = 21 — y'. Suppose z € R™ is such that w <% z. Let 1 < i; <
. < i < m be any indices. We have

k k
Z < - yz]) - Zwij
j=1 J=1
k
>3]
j=1
k
> Z zj..
j=1

This gives
k k
R
j= j=1

The assertion now follows directly from Theorem 2.5.

— o
IIMw
AN

When {i1,...,i;}is the set {1,...,k} in (2.49), we obtain

k k

k
D di(A+B) > d;(A) + ) di(B),

j=1 Jj=1 Jj=1
the inequalities first proved by Hiroshima. See [11, 36]. Using eigenvalue inequalities and the
fact that d;(A) are eigenvalues of 1AV2 JAY2  the inequalities (2.50) were proved recently by

R. Bhatia in [10] in the case when A and B are of the following type:

D O X O
A: s B:

O D o X!
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where D is the n x n diagonal matrix with diagonal entries d;(A),...,d,(A) and X is any
n x n positive definite matrix. This also illustrates that treating d;(A) as eigenvalues of
1AY2JAY/? and using eigenvalue inequalities makes it difficult to obtain general results on
symplectic eigenvalues. We point out that the supermajorisation in (2.45) cannot be replaced
by majorisation. Let A = (2 1) and B = I, the 2 x 2 identity matrix. The only symplectic

eigenvalues of A, B and A 4+ B are
di(A) =3, di(B) = 1and d, (A + B) = 2V/2.

Clearly dl(A + B) > dy (A) + dl(B)

As a consequence of Theorem 2.5.1, we have the following local maximiser and local

minimiser properties on sums of symplectic eigenvalue maps.

k
Corollary 2.5.3. Forallk = 1,...,nand 1 <i; < --- < i < n,themap A 3 d; (A)
i=1

on Py, (R) has neither a local minimiser nor a local maximiser in Po, (R). In particular, for
every j =1,...,n, the map A — d;(A) has neither a local minimiser nor a local maximiser in
Po, (R).

Proof. Let I denote the 2n x 2n identity matrix. Let A € P9, (R) and € > 0 be such that
A £ €l € Py, (R). Then replacing B by €l in (2.49) we get

k

> di(Atel) >

Jj=1 J

di; (A) + ke

M-

1

Similarly, replacing A by A — eI and B by eI, we get

k k
D di(A) =D di (A~ el) + ke
j=1 j=1
Consequently, we get
k k k
D di(A+el) > di(A) > di(A—el)
7=1 j=1 7j=1

d

Recall that the von Neumann entropy of a Gaussian state with the covariance matrix A is
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given by

4= (s 5o (wcar+ 3) = (w00 s (w00 )]

Theorem 2.5.4. Let G(2n) be the set of 2n x 2n Gaussian covariance matrices and A : J —
G(2n) be a real analytic curve on an open interval J. Then the entropy map S(t) = S(A(t)) is
monotonically increasing (decreasing) on J if A’(t) is positive (negative) semidefinite for all t in

d.

Proof. Since A is real analytic on ¢, by Theorem 2.4.4, we can choose the
symplectic eigenvalues dy(t),...,d,(t), and a corresponding symplectic eigenbasis
{a1(t),...,un(t),v1(t),...,0,(t)} of A(t) to be real analytic on J. By Remark 2.3.6, we
have

&) = 5 ({(0), A" (05 (0) + (55(1), A'(0)75(1)) 2.51)

If A’(t) is positive semidefinite, then each J; (t) > 0. Since the maps d; are continuous and
S is a continuous map of d;, t — S(¢) is continuous on J. The matrices A(t) are Gaussian
covariance matrices for all £. Hence azj(t) >1/2foralll < j <nandforallt e J.Let F be
the set {i : d;(t) = 1/2forallt € J}. If F = {1,...,n}, then S(t) = O forall t € J. So, let
F #{1,...,n}.Let Jo C J be any open bounded interval. Clearly it suffices to show that S()
is monotonically increasing on Jo. Consider the set E = {t € Jo : d;(t) =1/2,1<j <n,j ¢
F'}. By the analyticity of dj, we know that F is finite. For all ¢ € Jo \ E, we have

1
=3 g ( (1) + >dj(t),
1<j<n t) 1

J¢F

By (2.51), 8'(t) > 0if A’(t) > 0 forall t € Jo \ E. This together with the continuity of S(t)

proves the theorem. O

In 2015, R. Bhatia and T. Jain [11] discovered a perturbation theorem for symplectic eigen-

values. Given any unitarily invariant norm ||| - ||| and A, B € P, (R), we have
|IDiag(d(4)) - Diag(@(B))IIl < (412 + IBIV2) 1A - B2, @52)
where || - || is the operator norm and J(A) the 2n vector with components

di(A),...,dn(A),d1(A),...,d,(A). Another perturbation theorem on symplectic eigenval-
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ues appeared in 2017 by M. Idel et al. [38] which states that
|[[Diag(d(A)) — Diag(d(B))||| < (s(A)&(B))"/*|||A - B]||. (2.53)

In deriving the results (2.52) and (2.53), the authors use several matrix inequalities for Hermitian
matrices and the fact that d;(A) are eigenvalues of 1AY/2 J A2 We give another perturbation

theorem for symplectic eigenvalues using a completely different method.

Theorem 2.5.5. Let A, B € Py, (R). Then

max |d;(A) — d;(B)| < K(A, B)||A - B, (2.54)

1<j<n

1
where K (A, B) = [ k(A +t(B — A))dt.
0
Proof. Define ¢ : [0,1] — P, (R) as
p(t)=A+t(B—-A).

As in the proof of Theorem 2.5.1, we see that d;(t) = d;(¢(t)) is piecewise real analytic
on [0, 1], and we can choose a corresponding piecewise real analytic symplectic eigenbasis
B(t) = {ui(t),...,un(t),vi(t),...,va(t)}. Then for ¢t where d;, u;,v; are real analytic, we

have
d;(t) = % ((u;(t), (B = A)u;(t)) + (v;(t), (B — A)v;(t))) -

Integrating the above equation, we get

|d;(B) — d;(A)]
1

= |/d;(t)dt|
0

[(u (2), (B = A)u; (1)) + (v;(t), (B — A)v;(t))[dt

N | =

IN
N | —

o O~

(lus DI + lo;(D11%) dt 1A - B]|. (2.55)

Since (u;(t), v;(t)) is a normalised symplectic eigenvector pair of ¢(t) corresponding to d;(t),

s ()2 + s IF < @ (e 2us 012 + o) 20, 0)]1?)
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= o) 12d;(t) < 2k(p(1)).

Thus (2.55) gives (2.54). O]

Even though our perturbation bound in (2.54) does not improve the recently obtained
perturbation bound in [38], it does better in some cases. This is illustrated by the following

example.

Example 16. Let A = <162 2) and B = I, the 2 x 2 identity matrix. For any ¢ € [0, 1] we

have k(A +t(B — A)) = %rt which gives K (A, B) = 2In2 ~ 1.39. Also, (k(A)x(B))Y/? =

V2 ~ 1.41. Thus we have K (A, B) < (k(A)x(B))'/2.
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Chapter 3

First order directional derivatives of
symplectic eigenvalues

We know that the symplectic eigenvalue maps d; are smooth at A € Py, (R) whenever d;(A) is a
simple symplectic eigenvalue of A. But d; are not differentiable in general as we see in Example
15 that dy and d» fail to be differentiable at A (0) = I,. We study some weaker differentiability
properties of the symplectic eigenvalue maps d;. The main thrust of the chapter is to develop
tools using the theory of symplectic eigenvalues and convex analysis to show that the symplectic
eigenvalue maps are directionally differentiable, and derive the expressions for the directional
derivatives.

In Section 3.1 we summarize definitions and some interesting theory of Fenchel subdiffer-
entials for convex functions. We review the theory of Fenchel subdifferentials and directional
differentiability of eigenvalues of real symmetric matrices in Section 3.2. We begin Section 3.3
by establishing convexity of the maps o,, = —2(dy + ... + d,;,) and derive a simple expression
for the Fenchel subdifferentials of these maps in Theorem 3.3.3. In Section 3.4, we prove that o,
are directionally differentiable and derive the expression for their directional derivatives. We then
prove that d; are directionally differentiable and compute the expressions for their directional

derivatives in Theorem 3.4.3.

65
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3.1 Fenchel subdifferentials of convex functions

The theory of derivatives plays a significant role in studying minimisers and maximisers of
differentiable functions. Several optimality conditions of differentiable functions are expressed
in terms of their derivatives. Let O be an open subset of the Euclidean space R™” and a € O. A

map f : O — Ris said to be directionally differentiable at @ in any direction d € R"™ if the limit

) -t PO 1)~ F(@)

1
an) t G-

exists in R. We say that f is directionally differentiable at « if the limit (3.1) exists in R for all
d € R™. The map f’(a;-) : R™ — R is called the directional derivative of f at a. If f/(a;-) is
a linear map then f is said to be Géteaux differentiable at a, and the vector V f(a) given by
(Vf(a),d) = f'(a;d) for all d € R™ is called the gradient of f at a. The first order necessary
condition for local minimisers states that if f is Giteaux differentiable at a € O and a is a local
minimiser of f then V f(a) = 0.

In the theory of optimization, there often arise functions that are not Gateaux differentiable.
The tools of derivatives can not be used to study such functions. Apart from the directional
derivatives, several other weaker notions of derivatives such as directional derivatives, Dini direc-
tional derivatives, Clarke directional derivatives and Michel-Penot directional derivatives have
been studied in the literature, and they are known as generelised derivatives. These generalised
derivatives give rise to Fenchel subdifferentials, Dini subdifferentials, Clarke subdifferentials
and Michel-Penot subdifferentials. See [17, 19, 52]. The generalised derivatives are useful in
obtaining optimality conditions for functions that are not necessarily differentiable. The utility
of each generalised derivative depends on the class of functions one aims to study. An important
class of functions that frequently arises in optimization problems is convex functions. But convex
functions are not Gateaux differentiable in general. This is illustrated by the following simple
example.

Example 17. Let f : R — R be the modulus map f(x) = |z| for all z € R. The function is

directionally differentiable at x = 0 and its directional derivative is given by f’(0; ) = |« for

all & € R. But f/(0; ) is not linear in «, therefore f is not Gateaux differentiable at x = 0.
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Directional derivatives are also useful in obtaining optimality conditions. If a is a local
minimizer of f and the function is directionally differentiable at a then f’(a;d) > 0 for all
d € R™. So it is useful to develop tools to study directionally differentiable functions. We see in
Theorem 3.1.2 that convex functions are directionally differentiable. The Fenchel subdifferentials
of convex functions have been widely studied in the literature. See [17, 63, 65, 75]. We review
the theory of Fenchel subdifferentials for convex functions in this section. This section is based

on Chapter 3 of [17].

3.1.1 Directional differentiability of convex functions

Let f : R™ — (—o00, 00| be a map. Recall that f is said to be convex if

flaz+ (1 —a)y) <af(z)+ (1 —a)f(y)

forall « € (0,1) and =, y € R™. Here we use the convention 0 - co = 0.

Lemma 3.1.1. Let h : R — (—00, 00| be a convex function such that h(0) = 0. Then, the map
g : R\{0} — (—o00, 00| defined by ¢(t) = @ is non-decreasing.

Proof. Let 0 < s <t be arbitrary numbers. We have

h(s)zh(it)
(-9
< ;h(t) + (1 - ;) h(0)

= Zh(t).

t

This implies g(s) < g(t). Similarly, we get g(—t) < g(—s). Also,
1 1
h(s) + h(—s) =2 (Qh(s) + 2h(—5)>

S —S
>on (22
> h<2+2>

This gives h(s) > —h(—s), which implies g(s) > g(—s) for all s > 0. Therefore, we have
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g(—t) < g(—s) < g(s) < g(t) forall 0 < s < t. This proves the monotonicity of g on
R — {0}. O

The function f is said to be sublinear if it is positively homogenous and satisfies f(z + y) <
f(x)+ f(y) for all x,y € R™. Here positively homogenous means f(Ax) = Af(x) forall A > 0
and x € R™. Equivalently, f is sublinear if it is convex and positively homogeneous. We denote
by int K the interior of any subset K of the Euclidean space R".

Theorem 3.1.2. Let ® : R™ — (—oc0, 00| be a convex function and a € int ®~(R). Then ® is

directionally differentiable at a and ®'(a;-) is sublinear.

Proof. Let d € R™ be arbitrary. Define h(s) = ®(a + sd) — ®(a) for all t € R. Clearly, h is a
convex function on R with 2(0) = 0. By Lemma 3.1.1, the map s — h(s)/s is non decreasing
on R\{0}. Choose ¢ > 0 small enough to ensure that a + td € int ®~*(R). Thus we have

< h(tt) < 00 (3.2)

< < )
—t s
forall 0 < s < ¢. By (3.2), the map s — h(s)/s is bounded below on (0, ¢] by a real number.
Therefore, the limit
lim h(s) — lim ®(a+ sd) — ®(a)
sl0 S s0 S

exists in R. So, ® is directionally differentiable at a.

For any A > 0, we have

®(a+ tAd) — P(a)

®'(a; \d) = lim

t}0 t
_ (hm O(a+tAd) — <I>(a)>
t10 tA
= \P’ (a;d).

Also, for any e € R",

®'(a;d + e) = lim ®(a+Hd+e)) ~ ()

t10 t
— lim O(a+2t(d/2+e/2)) — (a)

tl0 t

. 3 (®(a+2td) + ®(a+ 2te)) — (a)
<l t

. ®(a + 2td) — ®(a b(a+ 2te) — P(a
:%( (a2 = Ble) | a2t <>)
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Therefore, ®’(a; -) is sublinear. O

3.1.2 Fenchel subdifferentials of convex functions and Max formula

The theory of Fenchel subdifferentials of convex functions is used throughout the chapter. We
summarise the relevant results from convex analysis useful for our present work. In particular,
the Max formula plays an important role later in the chapter. We include a detailed proof of the

result to make the exposition self contained.

Definition 3.1.3. Let & : R” — (—o00, oo| be a map. The Fenchel subdifferential of i at a € R™

is the closed convex set

Oh(a) ={p e R": (p,x —a) < h(z) — h(a), Ve R"}.

We illustrate the computation of the Fenchel subdifferential of some simple functions in the

following examples.

Example 18. Let / be the modulus map defined by h(x) = |z| for all z € R. We have

Oh(0) = {a € R:a-(8—0) < h(8) — h(0) VB R}
={aeR:af <|f] VBeR}
= [-1,1].

Similarly, the Fenchel subdifferentials at other points are given by

1 if a > 0,
Oh(a) = iy
{-1} ifa<0.
Example 19. Let || - ||o and || - ||; be the norms on R™ given by
n
l2lloo = max faif, |zl = z; 3]
1=

for all x € R". Let y € 0||0|loc. By definition we have (y,z) < ||zl for all z € R™.
This implies Y ;" ; y;x; < ||z|/o for all z € R™. Choosing x with ith component +1 implies
lly|l1 < 1. Conversely, if y € R™ with |ly|[1 < 1 then (y,z) < |lyll1]|z]|lcc < [|%|loo- This

implies y € ||0]|oo. Thus we have

O0floc = {y € R™ - [lylL < 1}.
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One can similarly verify that
A0 = {y € R™ : Jlylloc <1}

Proposition 3.1.4. Let ® : R® — (—o00, 00| be a convex function and a € int ®~(R). The
Fenchel subdifferential of ® at a is given by

0%(a) = {p € R" : (¢,d) < ®'(a;d) Vd € R"}.

Proof. Suppose ¢ € 0P(a). By definition of Fenchel subdifferential we have (¢, td) < ®(a +
td) — ®(a) for every d € R™ and ¢ > 0. Dividing the expression by ¢ and then taking the limit
t 10, we get (¢,d) < ®(a;d) for all d € R™. For the other side inclusion, suppose ¢ € R"
satisfies (¢, d) < ®'(a;d) for all d € R™. By Lemma 3.1.1 we have forall 0 < ¢ < 1 and

r € R™,
P(a+t(x —a)) — P(a)
t

< ®(z) — P(a).
Taking the limit ¢ | 0 we get
&' (a;x —a) < ®(z) — (a).
This implies (¢, x — a) < &' (a;2 — a) < P(z) — D(a). O

For a sublinear function f : R" — (—o0, o0], let lin f be the set

linf={zeR": f(—z) = —f(z)}.

Proposition 3.1.5. Ler f : R" — (—o00, 00| be a sublinear function. The set lin f is the largest

subspace of R™ on which f is linear.

Proof. By definition, lin f contains all the subsapces of R™ on which f is linear. Thus, we only
need to prove that lin f is a vector subspace and f is linear on it. By sublinearity, we know that
f(0) = 0. This implies 0 € lin f and hence lin f is non-empty. Let z,y € lin f and « € R.
We will show that ax + y € lin f. We avoid triviality by assuming that o« # 0. Observe that

f (ﬁ(—x)) =—f (ﬁx) . Thus we get,
f(—az —y) < f(—az) + f(~y)
iy (w@,em) )
— Jalf (‘“(—@) i)

|
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Also, we have
f(—az —y) + flaz+y) > f(~az —y+ az +y) = £(0) = 0,

which implies f(—ax —y) > —f(ax + y). Therefore, we have f(—ax —y) = —f(ax + y),
and hence ax + y € lin f. This proves that lin f is a vector subspace of R”. Further,

fla+y)=—f(-z—y)

and this implies f(x + y) = f(z) + f(y). By definition we have f(ax) = o f(z) provided
a > 0. Otherwise,

flax) = —f(-ax) = —=(=a) f(z) = af ().

Therefore f is linear on lin f. O

The following lemma plays a key role in proving the Max formula.

Lemma 3.1.6. Suppose that p : R" — (—o0, 00| is a sublinear map and a € p~'(R). Then the
function q(-) = p/(a;-) satisfies the following conditions

(i) q(Aa) = Aq(a) forall X € R,
(ii) ¢ < p,and
(iii) lin q D lin p + span{a}.

Proof. For arbitrary A € R, choose ¢ > 0 small so that 1 + ¢\ > 0. This implies p(a + tAa) —
p(a) = (1+tA)p(a)—p(a) = tAp(a) for small t > 0. Thus we have p(a+tAa) —p(a) = tAp(a)
for small ¢ > 0. Dividing both the sides by ¢ and taking the limit ¢ | 0 gives g(Aa) = Ap(a).
Similarly, ¢ < p directly follows from the fact that p(a + td) < p(a) + tp(d) for all d € R and
t>0.

Let z € lin p. From the second part, we have

q(—z) < p(=2) = —p(x) < —q(2). (3.3)
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By Theorem 3.1.2, we know that ¢ sublinear and ¢(0) = 0. This gives
0=4q(0) = (== + ) < q(—x) + q().

Therefore we also have g(—z) > —q(z). So, by (3.3) we have g(—z) = —¢(z). Thus we have
lin p C lin g. From the first part, we have span{a} C lin . We know by Proposition 3.1.5 that
lin p, lin ¢ are vector subspaces. We conclude that lin p 4 span{a} C lin g. O

Theorem 3.1.7. (Max formula) Let ® : R" — (—o00,00] be a convex function and a €
int ®1(R). Then, 0®(a) is non-empty and we have

®'(a;d) = max{(¢,d) : ¢ € 0P(a)}

foralld € R™.

Proof. In the view of Proposition 3.1.4 it suffices to show that for any d € R", there exists
¢ € 0%(a) suchthat (¢, d) = ®(a;d). Let d be a fixed unit vector of R". Choose an orthonormal
basis {e1, ..., e,} of R™ such that e; = d. Define the function py(-) = ®’(a;-). By Theorem
3.1.2 the function py is sublinear. Define the functions px(-) = pr_1(ex;-) fork =1,...,n. By
part (7i7) of Lemma 3.1.6, we know that p,, is a linear functional on R"™. So, there exists ¢ € R"
such that p,,(-) = (¢, -). By part (ii) of Lemma 3.1.6, we have p,(x) < po(z), which implies
(p,2) < ®'(a;x) for all z € R™. Proposition 3.1.4 thus implies ¢ € 9P (a).
By Lemma 3.1.6 and sublinearity, we get the following set of inequalities

pu(d) < p1(d) = po(d; d) = —py(d; —d) = —p1(—d) < —pn(—d) = pu(d).
The above inequalities are thus equalities, and we get
(¢,d) = py(d; d) = po(d) = ¢'(a; d). (3.4)

The equality in (3.4) holds for all non-zero elements d if we take e; = d/||d||. If d is zero, then
we could repeat the same process by taking the standard basis of R™ and the conclusion would
trivially hold. 0

In Example 18, the function A is convex and is Gateaux differentiable at non-zero points. Its

derivatives at non-zero points are given by

1 if a > 0,

-1 ifa<0O.
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Therefore we have Oh(a) = {h/(a)} for all a # 0. Thus, the Fenchel subdifferential of & is
singleton exactly at those points where the function is Gateaux differentiable. In the following
corollary we see that this is the necessary and sufficient condition for Gateaux differentiability of

convex functions.

Corollary 3.1.8. Let ® : R® — (—o00, 0] be a convex function and a € int ®~1(R). ® is
Gateaux differentiable at a if and only if 0®(a) is a singleton set. In this case, 0P(a) =

{Ve(a)}.

Proof. Suppose 0®(a) is a singleton set given by {y}. By the Max formula, we have ®'(a; d) =
(y,d). So by definition ¢ is Gateaux differentiable at @ and y = V®(a). Conversely, suppose
is Gateaux differentiable at a. By Lemma 3.1.1 we have forall 0 < ¢t < 1 and z € R",

P(a+tlx—a)) — P(a)
t

< ®(z) — P(a).

Taking the limit ¢ | 0 we get
(VP(a),z —a) < ®(z) — P(a).

This implies V®(a) € 0®(a). Let ¢ € 0P(a) be arbitrary. By the Max formula, we get
(¢, d) < ®'(a;d) = (V®(a), d)

for all d € R™. This implies ¢ = V®(a). Thus we have 0®(a) = {VP(a)}.

3.2 Directional derivatives of eigenvalues of symmetric matrices

The theory of eigenvalues serves as a guiding tool in the present study of symplectic eigenvalues.
So, we review the theory of Fenchel subdifferentials for eigenvalues of symmetric matrices
and summarise the relevant results in this section. Eigenvalues arise in various applications
and optimisation problems. Among others are graph partitioning problems that deal with
the minimisation problem of the sums of m largest eigenvalues [20], optimisation problems
in structural systems where sensitivity of eigenvalues plays an important role [31, 46, 60],
medical imaging area where semismoothness of eigenvalues is applied [49]. Due to the growing

importance in the areas of nonsmooth optimisation problems several generalised differential
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properties of eigenvalues have been studied in the last few decades [33, 34, 73]. This section is
based on the work by Hiriart-Urruty and Ye [34].

For a given subset K of S,,(R), we denote by convk the closed convex set generated by K.
Let m < n be any positive integer. Denote by M, ,,,(R) the set of n x m real matrices. Let
Ay Sp(R) — R be the map given by A, (A) = )\%(A) ..+ ANa(A) forall A € S,(R).
Here we denote by )\%(A) > ... > M, (A) the eigenvalues of A arranged in decreasing order. By

Ky Fan’s maximum principle ([25], Theorem 1) we have
A (A) = max {tr XTAX : X € M, ,»(R), XX = I,,,}. (3.5)

Using the characterisation (3.5) one can verify that A,,, are sublinear functions. In particular, A,
are convex functions. The expression for the Fenchel subdifferential of A,, is derived in two
steps. In the first step, it is proved that the Fenchel subdifferential expression for A,,, at A is

given by
O (A) = conv{X X7 : X € My, (R), tr XTAX = A (A), XTX =1,,,}. (3.6)

A key role is played by Ky Fan’s maximum principle in deriving (3.6). In the second step,
the convex set on the right side of (3.6) is further simplified by using the multiplicities of the
eigenvalues of A and properties of matrices. A more transparent expression for JA,,(A) is
presented in the next theorem.

Let an, B, Ym be non-negative integers where ., = i, + By, is the multiplicity of A, (A)

and o, > 1. Further,

(A)=...=\

mtm+1(A):

In particular, oy = 1,87 = 71 — 1 and oo, = Y, B = 0. Here we assume )\é(A) = 0o and

)‘i 4+1(A) = —oo0. Let V,,(A) be the subset of M, ,,,(R) consisting of matrices Z given in the
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block matrix form

I, 0
Z=10 Wi, 3.7
0 0

where k = m — a,, and W € M, . (R) such that WI'W = I,,, . Let U be an orthogonal

matrix such that U7 AU is the diagonal matrix with diagonal entries )\%(A), L AR(A).

Theorem 3.2.1. The Fenchel subdifferential of A, at A is given by

O (A) = com{UZZTUT - Z € V,,(A)}. (3.8)

The Fenchel subdifferential expression (3.8) is characterised by the matrices of the set
Vm(A). Using the Max formula one can now derive the expression for the directional derivative
of A, at A. Suppose uy, ..., u, are the columns of U. Let Uy = [uy, ..., Un—q,,] and Uz =
[Um—am+1s - - - s UmtBn) -

Theorem 3.2.2. The first order directional derivative of A, at A is given by
am
N (A H) = r UTHU + > (U3 HU) (3.9)

k=1

forall H € S, (R). Here ju, (U] HUs) denotes the kth largest eigenvalue of the matrix U] HUs.

The eigenvalue maps )\%, ey A} can be written as a difference of the directionally differen-
tiable maps A1,...,A,. This implies that the eigenvalue maps are also directionally differen-

tiable. One can directly get A%;(A; -) using the expressions for A/ (A;-).

Theorem 3.2.3. The first order directional derivative of )\im at A is given by
No(A;H) = pa,, (U HU?) (3.10)

forall H € S, (R).
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3.3 Fenchel subdifferentials of the negative sums of symplectic
eigenvalues

In 2006, T. Hiroshima proved a symplectic analogue of Ky Fan’s maximum principle. Given any
P € Py, (R) and positive integer m < n we have

> dj(P) = min {tr STAS : S € Sp(2n,2m)}. (3.11)

J=1

See ([36], Sec. V, Lemma 1). This characterisation implies that the map P — Z d;(P)isa
j=1
concave function on Py, (R). Define the map o, : Sop, (R) — (—00, 00| by

—2% d;(P) if P € Py,(R),
om(P) = j=1

00 otherwise.
The set Py, (R) is open and convex in Sg, (R). Therefore o, are convex functions. We use the
theory of symplectic matrices and symplectic eigenvalues developed in the previous chapters to
derive the Fenchel subdifferentials of o,,. This section is based on our work in Section 3 of [56].
We note a useful property of the space S,,(R) in the following lemma. A more general result

for locally convex topological vector spaces is given in Zilinescu ([75], Theorem 1.1.5).

Lemma 3.3.1. Let C and K be non-empty subsets of S,,(R). If C is closed, K is compact and
C N K =, then there exist C € S,,(R) and § > 0 such that

rCX+o6<uwrCY

forall X e CandY € K.

Let A be an element of Pa,, (R). We derive the expression for 0o, (A) in two steps similar
to eigenvalues discussed in Section 3.2. We first compute a preliminary expression for 0o, (A)

in the following proposition.

Proposition 3.3.2. The Fenchel subdifferential of o, at A is given by

0o (A) = conv {—SST : S € Sp(2n,2m, A)} . (3.12)
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Proof. Let Q = conv {—SST : S € Sp(2n,2m, A)} For any S € Sp(2n,2m, A) and B €
Son(R) we have

(=8ST. B—A) = -t SSTB+tr SsTA
= —tr S"BS +tr STAS
= —tr STBS — 0,,(A)
< om(B) — om(A).
The last equality follows from the fact that A € Sp(2n,2m, A) and the last inequality follows
by the definition by 7,,. This implies that —SS” € do,,,(A). We know that 9o, (A) is a closed
convex set. Thus we have Q C Jdo,,(A).
For the other side inclusion, we assume 9o, (A)\Q # () and derive a contradiction. Let
B € 00, (A)\Q. By Lemma 3.3.1 we get C' € S9,(R) and 6 > 0 such that for all S €
Sp(2n,2m, A) we have
(B,C) > (=88T,C) + 6. (3.13)

Let (a,b) be an open interval containing 0 such that A(t) = A + tC' is in Py, (R) for all
t € (a,b). By Theorem 2.4.5 we get an € > 0 and continuous maps d;, uj,vj on [0,¢) C (a,b)
for j = 1,...,n such that d;(t) = d;(A(t)) and {u1(%),...,un(t),v1(t),...,vn(t)} is a
symplectic basis of R?" consisting of symplectic eigenvector pairs of A(t) for all t € [0,¢).

Therefore the matrix
S(t) = [ur(t), -, un(t),vi(t), ..., vn(t)]

is an element of Sp(2n, A(t)) forall t € [0, ). For any ¢ in (0,¢) we have

(=SS, 0y = —uSt)'Cs(t)

—tr S()T(A+t0)S(t) +tr S(H)TAS(¢)
-t S(H)TA®)S(t) —|t— tr S(t)TAS(t)
om(A(t)) +tr S(tt)TAS(t)

om(A(t)) — ;m(A)

> (C, B). t

AV

The second last inequality follows because S(¢) is an element of Sp(2n,2m) forall ¢t € (0, ¢),
and the last inequality follows from the fact that B € do,,(A). By continuity we get

(—S(0)S(0)",C) > (B,C).
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But S(0) € Sp(2n,2m, A) and hence we get a contradiction by (3.13). Therefore our assumption
dom(A)\Q # 0 is false. This completes the proof. O

We now simplify the convex set in the right side of the equation (3.12) and derive a simpler
expression for do,(A). Let iy, jm, m be the non-negative integers given as follows. Let

Tm = im + jm be the multiplicity of d,,(A) and i,, > 1. Further,

In particular, 31 = 1,j; = r1 — 1 and iy, = 7y, jn, = 0. Define A,,,(A) to be the set of 2n x 2m

real matrices of the form

I O |0 O
O U |0V
O O |0 O
O O |I O
O -V 0o U
O O |0 O

where I is the (m — 4,,) X (m — i,,) identity matrix, and U, V" are r,,, X i, real matrices
such that the columns of U + «V are orthonormal. Recall that if S is a matrix with 2n columns
and my, ..., my are positive integers with my + ... + my; = n then the symplectic column

partition of S of order (my, ..., mg) is given by (1.28).

Theorem 3.3.3. Let A € Py, (R) and M € Sp(2n, A) be fixed. The Fenchel subdifferential of

om at A is given by

00 (A) = conv {-MHH"M" : H € A, (A)}. (3.14)
Proof. We first show that

Oom(A) Ceonv {-MHH " M" : H € Apy(A)} .

By Proposition 3.3.2 it suffices to show that for every S € Sp(2n,2m, A) there exists some
H € Ap,(A) such that SST = MHHT MT. Let I denote the 2n x 2n identity matrix and
I=To1Io]bethe symplectic column partition of I of order (m — iy, 7, n — M — jm ). Let
M = MT, M = MI and M = MT. The columns of M consist of symplectic eigenvector pairs
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of A corresponding to the symplectic eigenvalue d,,,(A). Let S € Sp(2n,2m, A) be arbitrary
and S = S o ) be the symplectic column partition of S of order (m — i,,, i, ). Extend S to
a matrix S o S5 in Sp(2n, 2(m + jm), A) by Corollary 1.2.10. The columns of S consist of
symplectic eigenvector pairs of A corresponding to d;(A), ..., dmn—i,, (A), and the columns of
S¢Sy consist of symplectic eigenvector pairs of A corresponding to d,,,(A). By Corollary 1.3.3
we can find orthosymplectic matrices () and R of orders 2(m — iy, ) X 2(m — iy, ) and 27, X 27,
respectively such that S = MQ and §1 o §2 = MR.Let R = R o R be the symplectic column
partition of R of order (i,,, jn). By Proposition 1.3.4 we have Si oSy = MR o MR. This
implies S; = MR. Therefore

S=505 =MQoMR.

So we have
S=MIQ<IR).

By Proposition 1.2.1 there exist r,,, X ry, real matrices X, Y such that X + /Y is unitary and

()

Let U,V be the r,, X i, matrices consisting of the first i, columns of X,Y respectively.

R= ( v V) ) (3.15)
-V U

Therefore

We have

SST = M(IQoIR)(IQoIR)" MT
(TIQ)T + (TR(IR)") M”
(TQQTTT + (TE)(TE)T) MT
(HT + (TR)(TR)T) MT

(ToIR)IoIR)"MT.

The second and the last equalities follow from Proposition 1.3.4. The fourth equality follows
from the fact that @ is an orthogonal matrix. Let H = I ¢ I R. By the definition of A,,(A) and
(3.15) we have H € A,,(A). Therefore SST = MHHT M™ where H € A,,,(A).

We now prove the reverse inclusion. By definition, observe that any H € A,,(A) is of the

H=Tol vov )
-V U

form
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By Proposition 1.3.4 we thus have

va=tto0i (Y V).
VU

We know that the columns of M correspond to the symplectic eigenvalues
di(A),...,dm—i, (A). By using the fact that the columns of M correspond to the sym-

plectic eigenvalue d,,(A) we get

T T
(U V) MTAM<U V)_dm(A)<U V) <U V)
VU VU v u) \-vu
= dp(A) L, .

Here we used the fact that the columns of ( 7UV ‘U/) are orthonormal. The above relation implies

that the columns of M ( _UV Z ) also correspond to the symplectic eigenvalue d,, (A). Therefore
we have M H € Sp(2n,2m, A) for all H € A,,(A), and hence

0om(A) D conv {—MHHTMT tH e Ap(A)}.
This completes the proof. O

It is interesting to see the similarities between the expressions for Fenchel subdifferentials
of 0., and A,,,. In particular, A, (A) in the expression (3.14) for do,,(A) plays similar role as

Vm(A) in the expression (3.8) for A, (A).

3.4 First order directional derivatives of symplectic eigenvalues

This section is based on our work in Section 4 of [56]. We know that convex functions are
directionally differentiable and o, are convex functions. Thus o, are directionally differentiable.
We use the expression (3.14) in computing the directional derivatives of oy, .

We set up some notations for our convenience. Let A be an element of Py, (R) and M be
an element of Sp(2n, A). Let I denote the 2n x 2n identity matrix and I = T o I o I be the
symplectic column partition of I of order (m — iy, m,n — m — jm). Let M = MT, M = MI
and M = M1I. Let B be any element of Son(R). Define B = ~M"BM and B = —MTBM.

Note that B is a 2r,, X 27y, real symmetric matrix. Consider the block matrix form of B given
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by
~ Bi1 Bio
B=1| B ,
BIL, Ba
where each block has order r;,, X7,,,. Denote by B the Hermitian matrix B 11 —i—BQQ—H(Blg —sz) )

Theorem 3.4.1. The directional derivative of o, at A is given by

o' (A;B) = tr§+ZAj(§) (3.16)
j=1

forall B € Sgp,(R). Here )\j(é) denotes the jth largest eigenvalue ofé.

Proof. By the Max formula we have
ol (A; B) = max {(C,B) : C € 0o, (A)}

for all B € Sy, (R). It suffices to take the maximum in the above expression over a subset that
generates 0o, (A). By Theorem 3.3.3 we have

o' (A;B) =max {(-MHHT"MT B): H € A,,(A)}. (3.17)

Every element of A,,(A) is of the form I o IR where R is given by (3.15). Let H = I o I R be
an arbitrary element of A,,,(A). This gives

MHH"MT = (M(IoIR))(M(I<cIR))"
= (MT o MIR)(MT o MIR)"
= (Mo MR)(M o MR)"
= MM + MRR M. (3.18)

The second and the last equalities follow from Proposition 1.3.4. This implies

(~-MHH" MY B) =tr (—MHHTMTB)
—tr (~MM ' B)+tr (-MRR' MTB)
= tr (~MM B) +tr (-R' MTBMR)

tr (~M' BM) +tr (R’ BR)
=tr B+tr (UL B1U + VI BV — 2UT BpyV)
+tr (VIB,V 4+ UT ByU + 20T BLYV)
=tr B+tr (U + V)*(B11 + By + 1(B1a — BL)(U 4 1V)
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—tr B4tr (U + V) B(U + V). (3.19)
Therefore by (3.17) and (3.19) we get
ol (A;B) =t B+ Inax tr (U+ V) B(U + V),

where the maximum is taken over 7, X i, unitary matrices U + V. By Ky Fan’s extremal

This completes the proof. O

We see that the directional derivative expression (3.16) of o,,, has two terms, a linear term
and a sublinear term which is analogous to the directional derivative expression (3.9) of A, for

eigenvalues.

Corollary 3.4.2. Let A be an element of Py, (R) and M be an element of Sp(2n, A). If dy,(A) <
dpm+1(A) then o, is Gdteaux differentiable at A with the gradient

Vom(A) = —(Mo M)(M o M)".

Here we assume dy,+1(A) = oo form = n.

Proof. If d,,,(A) < dpi1(A) then j,, = 0 and i,, = 7,,. Therefore R is a 2r,, X 27,
orthosymplectic matrix in the proof of Theorem 3.4.1. By (3.18) we have

MHH™MT = MM' + MM"
forall H € A,,(A). By Proposition 1.3.4 we have
~MM" — MMT = —(M o M)(M o M)T.
Therefore we have by Theorem 3.3.3
dom(A) = {—(M o M)(M o M)T}.
By Corollary 3.1.8 we conclude that o, is Gateaux differentiable with

Vom(A) = —(Mo M)(Mo M)".
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O]

The symplectic eigenvalue maps d, . . ., d,, can be written as the difference of two direction-

ally differentiable functions. If o is the zero map on Sg,, (R), we have

1

dmzi(am_l—am) forl <m <n.

Therefore, the symplectic eigenvalue maps are also directionally differentiable. By definition we

get,
A (A5) = 5 (001 (A;-) — 07, (459)) -

Theorem 3.4.3. The directional derivative of d,, at A is given by

d (A;B) = —%Afm(ﬁ) (3.20)

forall B € Sop,(R).

Proof. By definition we have i, > 1. We deal with the following two possible cases separately.
Case: i, > 2

This is the case when d,,,(A) = dy,—1(A). This implies

Z.m—l = Zm - 17jm—1 = jm + 1;rm—1 =Tm-

Therefore we have m — i, = (m — 1) — iy,—1. From Theorem 3.4.1 we get,

1
di(4; B) = 507, 1(4; B) = 507,(A; B)
tm—1 A
1 m : m
= 5B+ Y OM(B) - S(wB+ > A(B))
7=1 7j=1
1., .5
- _5)‘z‘7n(3)'

Case: i,, = 1

In this case we have d,—1(A) < d;,,(A). By Corollary 3.4.2 the map 0,1 is Giteaux differen-
tiable at A and we have

Vom_1(A) = —-88T,

where S is the submatrix consisting of columns with indices 1,...,(m — 1) + j,,,—1 of M. But

here we have j,,—; = 0 which means that (m — 1) + j,,—1 = m — i,,. In other words, we have
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S = M. This gives

~1(4; B) = Vom-1(A)(B)

:<—WT B)
tr (-1 B)
tr (~M" BM)
tr B.

By Theorem 3.4.1 we have
0t (A: B) = 0, 1 (4 B) + \{(B).

Therefore we get _
2d},(A; B) = =X{(B)

which is the same as (3.20) for ¢, = 1. O

Suppose d,,,(A) is a simple symplectic eigenvalue of A. If u, v are the mth and (n 4+ m)th

columns of M then we have M = [u,v]. For any B € S,,(R), we have

B B — (u, Bu) (u, Bv)
(v, Bu) (v, Bv)

Hence B = —(u, Bu) — (v, Bv) is a scalar. By (3.20) we thus have

(u, Bu) + (v, Bv).
2

dy,(A; B) =

This verifies the fact that the directional derivative of d,,, at A reduces to its derivative (2.3.5)

whenever d,,(A) is a simple symplectic eigenvalue.



Chapter 4

Clarke and Michel-Penot
subdifferentials of symplectic

eigenvalues

The theory of Fenchel subdifferentials for the class of convex functions has lead to new insights
and inspire new methods in nonsmooth analysis and optimization. A much successful attempt
in generalising the theory of subdifferentials to a larger class of functions has been for locally
Lipschitz functions and the ideas of F. H. Clarke have played a pioneering role. In 1983, F.
H. Clarke [18] introduced a notion of generalised gradient for locally Lipschitz functions
known as Clarke subdifferential. Let X be a real Banach space and ¢ be a locally Lipschitz
real valued function on X. The Clarke subdifferential of ¢ at x, denoted by 0°¢(x), is a
nonempty, convex, weak* compact set. Clarke subdifferential has found applications in various
fields such as optimal controls and mathematical programming [19]. It is also used in the
geometry of Banach spaces in studying the differentiability of distance functions [27], and in
establishing optimality conditions for weak efficient, global efficient and efficient solutions
in vector variational inequalities [30]. In 1992, Michel and Penot [54] introduced another
notion of generalised gradient called Michel-Penot subdifferential. We denote by 0°¢(x) the
Michel-Penot subdifferential of ¢ at x which is also a nonempty, convex, weak™ compact set
and 0°¢(x) C 9°¢(x). Michel-Penot subdifferential has applications in optimization problems

such as the steepest descent direction and stochastic programming [15], composite nonsmooth

85
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programming [40], in global convergence of Newton’s method for nonsmooth equations [61],
optimality conditions in nonsmooth optimal control [71].

The main feature of Michel-Penot subdifferential lies in the fact that it is smaller than Clarke
subdifferential and hence easier to compute. In particular, if ¢ is Gateaux differentiable at x
then 0°¢(x) is the singleton set containing the Gateaux derivative of ¢ at x but 9°¢(x) may
contain more elements. An advantage of Clarke subdifferential over Michel-Penot subdifferential
is that the map = — 0°¢(x) is upper semicontinuous whereas x — 0°¢(x) is not. Michel-
Penot subdifferential can not be used to extend the Lagrange multiplier rule for nonsmooth
mathematical programming involving equality constraints due to the lack of upper semicontinuity
which is needed to handle the equality constraints. See [59]. Therefore it is fruitful to study both
the subdifferentials in order to develop a richer theory for nonsmooth functions. The aim of this
chapter is to discuss the Clarke and Michel-Penot subdifferentials of the symplectic eigenvalue
maps.

The work of Hiriart-Urruty and Lewis [33] on Clarke and Michel-Penot subdifferentials for
eigenvalues of symmetric matrices was a motivation for our work. Let B € S, (R) and m < n
be a positive integer. Denote by E,,,(B) the eigenspace of B corresponding to the mth largest

eigenvalue A}, (B). We have
°A:(B) = 0°X\- (B) = conv{za” : z € Ep(B), ||z = 1}.

See ([33], Theorem 5.1). In particular, the Clarke and Michel-Penot subdifferentials of )\in
coincide at B and are independent of the choice of m corresponding to the equal eigenvalues of
B. We prove an analogous result for symplectic eigenvalues in Theorem 4.2.3.

The chapter is organised as follows. We summarise definitions and some basic theory of
Clarke and Michel-Penot subdifferentials for locally Lipschitz functions in Section 4.1. In
Section 4.2, we derive expressions for the Clarke and Michel-Penot subdifferentials of the
symplectic eigenvalue maps and show that both the subdifferentials coincide at every element of
Py, (R). As an application of Clarke and Michel-Penot subdifferentials, we give a new proof of

the well known monotonicity property of symplectic eigenvalues.
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4.1 Clarke and Michel-Penot subdifferentials of locally Lipschitz

functions

Let X be a real Banach space and O be an open subset of X. A function f : O — R is said to

be locally Lipschitz at z € O if there exist X > 0 and r > 0 such that

[f(y) = f(2) < Klly — 2|

forall y, z € O satisfying ||y — z|| < ||z — z|| < r. If f is locally Lipschitz at every element
of O it is said to be locally Lipschitz on O.
Let f : O — R be locally Lipschitz on O and x be any element of O. The Clarke directional

derivative of f at x in the direction d € X is defined by

fo($;d) _ limsup f(y + td) — f(y)

y—x t
£10

4.1

The quotient in (4.1) is bounded by K ||d|| for y near = and small ¢ which implies that the quantity

f°(x;d) is finite. The Clarke subdifferential of f at x is defined as
O flx) ={y € X" : (y,h) < f*(z;h) Vh € X},
where X * is the dual of X and (y, h) = y(h). The Michel-Penot directional derivative of f at x

in the direction d is defined by

f°(x;d) = sup limsup flattyt+td) - flz+ ty)'
’ yER™  t10 3

The locally Lipschitz property of f ensures that quantity f°(x;d) is finite. The Michel-Penot
subdifferential of f at x is defined by

O°f(x) = {y € X*: (g, h) < f°(w:h) Vh € X}. “2)

The following result gives a relationship between the Clarke and Michel-Penot subdifferen-

tials. See ([17], Corollary 6.1.2).
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Theorem 4.1.1. Let ¢ : O — R be a function locally Lipschitz on O. Given any © € O we have
0°6(x) C 9°9(x). (4.3)

Furthermore, Clarke and Michel-Penot directional derivatives exhibit analogues of the Max

formula given by

¢°(x;d) = max{(y,d) : y € O°¢(w)}, (4.4)
¢°(x;d) = max{(y,d) : y € °¢(x)} (4.5)

foralld € X.

The Clarke and Michel-Penot subdifferentials also exhibit nice properties for scalar multiples

of locally Lipschitz functions. The proof of the following theorem can be found in [19, 55].

Theorem 4.1.2. Let ¢ : O — R be locally Lipschitz on O. Given any x € O and any real

number r,

9°(rg)(z) = rd°¢(z), (4.6)
0°(ro)(z) = rd°¢(x). 4.7

It can be easily verified for convex functions that both Clarke and Michel-Penot directional
derivatives are the same as the usual directional derivative. So Clarke, Michel-Penot and Fenchel
subdifferentials coincide for convex functions. See ([19], Proposition 2.3.6).

The following example illustrates the limitation of Fenchel subdifferential theory. It fails to
give any useful information about the directional differentiability of functions as simple as the

negative of the modulus function.

Example 20. Let g(x) = —|z| for all z € R. A simple calculation shows that v € 9g(0) must
satisfy a5 < —|3| for all 5 € R. But this implies « < —1 and « > 1 which is absurd. Thus we
have dg(0) = . One can easily compute the Clarke and Michel-Penot directional derivatives of
this function and get

9°(0;2) = ¢°(0; ) = ||

for all a € R. This gives 9°g(0) = 9°g(0) = [-1, 1].

The Clarke and Michel-Penot subdifferentials turn out to be equal in Example 20 but they

may be greatly different. This is illustrated by the following example of [30].
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Example 21. Let f : R — R be the function defined by

a?cos (L) | ifa #0,
0 ifz=0.

fz) =

Here f°(0; ) = 0 and f°(0; ) = 7| for all &« € R. This gives 9° f(0) = {0} and 9° f(0) =
[_777 ﬂ-] :
The following simple properties of Clarke and Michel-Penot directional derivatives are useful

later in the chapter.

Proposition 4.1.3. Let ¢ : O — R be locally Lipschitz on O. Let x € O be fixed and d € X be
arbitrary. If ¢ is directionally differentiable at x then

¢°(z;d) = sup{¢'(x;d +y) — ¢ (z;d)}. (4.8)
yeX

Furthermore, if ¢ is directionally differentiable in an open neighbourhood of x then

¢°(x; d) = limsup ¢'(y; d). (4.9)

Yy—x

Proof. For arbitrary y € X and ¢ > 0 we have

Ola+ty+1d) — dla+1y) _ oo +ty+1d) = o(z) _ 9o +ty) — o(x)

t t t

Taking lim sup on both the sides as ¢ | 0 and using the fact that the directional derivative of ¢

exists at x, we get

. d(x + ty + td) — ¢p(x + ty)
lim sup
£10 t

= ¢ (z;y+d) — ¢'(2:d).

By taking supremum over y € X we get (4.8).

For the second part, we assume without loss that ¢ is directionally differentiable on O. Let
€ > 0 be arbitrary. By the definition of lim sup, for any 6 > 0 and p € N we get yg € O with
|z —yo|| < dandt, € (0, 1%) such that

d)O(x; d) < ¢(y0 + tptci) - (rb(yO) )

Since ¢’ (yo; d) exists, by taking the limit p — oo we get

¢°(z;d) — € < ¢/ (yo; d). (4.10)
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Again, by definition of limsup we get o > 0 and ¢ty > 0 such that for all y € O with
|z — y|| < dp and t € (0,%p) we have

Py + td) — ¢ (y) -
t

¢°(x;d) + €.
Taking the limit £ — 0O in the above inequality we get
¢'(y;d) < ¢°(x;d) + €. 4.11)

The conditions (4.10) and (4.11) imply (4.9).
O

4.2 Clarke and Michel-Penot subdifferentials of symplectic eigen-

values

We know by (7) that the symplectic eigenvalue maps are locally Lipschitz on Py, (R). We
use the theory of locally Lipschitz functions discussed in Section 4.1 to study the Clarke and
Michel-Penot subdifferentials of symplectic eigenvalues. The results of this section are based on
our work in Section 4 of [56].

Let A be an element of Py, (R). We denote by S,,(A) the set of normalised symplectic
eigenvector pairs (u, v) of A corresponding to the symplectic eigenvalue d,,,(A). Let m be the
index of the smallest symplectic eigenvalue of A equal to d,,(A). More precisely, d;(A) =
dm(A) implies j > m. Let M € Sp(2n, A) be fixed and M = M o M o M be the symplectic

column partition of M of order (m — iy, 7, n — M — jn,). For any B € Sy, (R) recall that B

is the ry,, X 7, Hermitian matrix given as follows. Let B = —MTBM in the block matrix form
be given by
~ By Bis
B=1| R ,
BL, Bs

where each block is of order r,,, X ry,. The matrix B is given by
E = Bu + BQQ + L(Blg — Bg)

The following result plays a key role in deriving the expression for the Michel-Penot
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subdifferential of symplectic eigenvalues. In the proof of the result, we use the fact that if

f is a sublinear map on X then we have

f(d) = sup{(z,d) : x € 9f(0)} (4.12)

for all d € X. See ([35], p.168, Remark 1.2.3). To keep notations simple, we use (-, -) to denote

any inner product. Their meanings become clear from the context.

Proposition 4.2.1. Let A be an element of Pay,(R). The function —d. (A; -) is sublinear and its

Fenchel subdifferential at zero is given by
1
O~ (45))(0) = conv{— (x2” +yy") : (3,9) € Sm(A)}.

Proof. By definition we have i3 = 1. Therefore by Theorem 3.4.3 we have

1 pe
—~df (A B) = S N(B)

for all B € Sy, (R). The map B B is linear and the largest eigenvalue map )\i is sublinear.
Therefore —d- (A; ) is a sublinear map. By the property (4.12) of sublinear maps, it suffices to
show that 1

—d(A;B) = max{—§<:c:cT +yy",B) : (z,y) € Sm(A)} (4.13)

for all B € S, (R). Let (z,y) € S (A) be arbitrary. By Corollary 1.2.10 extend [z, y] to S
in Sp(2n, 2r,,) with columns consisting of symplectic eigenvector pairs of A corresponding to

dm(A). We get a 21, X 2r, orthosymplectic matrix @ by Corollary 1.3.3 such that S = M Q.
We know that () is of the form
u v
()

where U, V are r,,, X ry, real matrices such that U + .V is unitary. Let u be the first column of
U and v be the first column of V. This implies

lz,y] = M < “ ”) . (4.14)

—U U

Conversely, if u + v is a unit vector in C"™ and z,y € R?" satisfy the above relation (4.14),
then (z,y) € Sy, (A). Therefore (4.14) gives a one to one correspondence (z,y) — u + v
between S,,,(A) and the set of unit vectors in C"™. We consider C"™ equipped with the usual
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inner product (z, w) = z*w for all z,w € C"™. We have

—gler” + 497 By =~ {(z. 4]l )", B)

1
= —§tl'[x7 y]TB[xa y}

T
:_1tr<“ ) MTBM<U )
2 \—v wu —v u
. T
N A Y
2 —v —v

= %(u + w)*B(u + w)
= %(u + w, E(u + w)).
Therefore we get
~d (4 B) = ;M(B)
= 1maux{(u + v, E(u +w)) ¢ |lu+ w| =1}

2
= max{—%(xxT +yyT,B) : (z,y) € Sm(A)}.

The last equality follows from the above observation that (4.14) is a one to one correspondence

between S, (A) and the set of unit vectors in C™. O]

We give the expression for 9°d,, (A) in the following theorem and show that it is independent

of the choice of m corresponding to equal symplectic eigenvalues of A.

Theorem 4.2.2. The Michel-Penot subdifferentials of d,, coincide at A for all the choices of m

corresponding to the equal symplectic eigenvalues of A, and are given by
O°dm(A) = —0(—dj;(4A;-))(0).

Proof. By the property (4.6) we have —0°d,,(A) = 9°(—dm)(A). So, it is equivalent to
showing that

We know that —d’. (4; -) is convex and takes value zero at zero. By Proposition 3.1.6 of [17]
we have

A(—d.- (A;))(0) = conv{B € San(R) : (B, H) < —d.-.(A; H) VH € Son(R)}.

U
m
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By the definition of Michel-Penot subdifferential it theorefore suffices to show that
(=dm)°(A; B) = —d-(A; B) for all B in Sy, (R). We know that —d,, is directionally dif-
ferentiable at A. Therefore by the property (4.8) it is equivalent to showing

sup {—d,(A;B+ H)+d, (A;H)} =—d-(A;B). (4.15)
HeSo, (R)

Let B, H be elements of Sy, (R). It is easy to see that

By Theorem 3.4.3 we get

1 — 1 ~
(A B+ H) + d, (A H) = SN (B +H) = 5y (H)
= JAL (B4 H) - oL ().

It can be verified that {H : H € S,(R)} = H, (C). Also, by Theorem 3.4.3 we have
—d(A;B) = %)\%(E) By (4.15) we thus need to show that

sup  {Xf (B+C) =\ (O)} = M(B). (4.16)
CeH,.,, (C)
The inequality _ B
X (B+C)—A; (C) < X{(B) 4.17)

is one of the Weyl’s inequalities. See ([9], Corollary II1.2.2). To see the equality in
(4.17) is attained, choose a unitary matrix U such that UTBU is the diagonal matrix
Diag(/\f(é), . AL (B)). Leta > )\f(f?) — A, (B) and C be the Hermitian matrix given by

C = U'Diag(0,...,0, a,...,a )U.
—_——

(im—1) times

This gives
B+ C=UTDiag\\{(B),... . (B, . o(B)+a,..., X, (B)+a)U.
We then have A} (C) = 0and A} (B + C) = A{(B). This proves the equality (4.16). O

We now give the main result of this section. The highlight of the result is the coincidence

of the Clarke and Michel-Penot subdifferentials of symplectic eigenvalues. In particular, both
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the subdifferentials are independent of the choice of index corresponding to equal symplectic

eigenvalues.

Theorem 4.2.3. Let A be an element of Pa,, (R). The Clarke and Michel-Penot subdifferentials
of d, are equal at A and they are given by

8°dm(A)::8°dm(A)::cvnv{%(xxT—%ny):(x,y)eASm(A)}

In particular, the subdifferentials are independent of the choice of m corresponding to equal

symplectic eigenvalues of A.

Proof. By Proposition 4.2.1 and Theorem 4.2.2 we have
O 1 T T
0%dy(A) = conv{i(a;a: +yy' ) (x,y) € Sm(A)}.

By the relation (4.3) we have 0°d,,(A) C 0°d,(A). Therefore it only remains to prove
that 0°d,,(A) C 0°d,,(A). Equivalently, using the properties (4.6), (4.7), we prove that
80(_dm)(A) < 80(_dm)(A)-
Let B in Sg,,(R) be fixed. By the property (4.9) we get a sequence A,y € P2,(R) forp € N
such that lim, . A(,) = A and
(=dm)°(A; B) = — lim d,, (A

pP—o0 m

»); B)- (4.18)
Let Z, = {i: di(A(p)) = dm(A(p))} for every p € N. There are only finitely many choices for
T, for each p. Therefore we can get a subsequence of (A )pen such that 7, is independent of
p. Let us denote the subsequence by the same sequence (A(p))peN for convenience and let Z
denote the common index set Z,,. Let M, be an element of Sp(2n, A(,)) for all p € N. If (u, v)
is a normalized symplectic eigenvector pair of A, corresponding to a symplectic eigenvalue d,
we get
- 1/2 1/2
lull? + [[v]2 < A I AL ul? + AL ol?)

AL A2, AY2,12

= Al - 14g e =gl

= 2d(u, Jv)HA_%H

(»
= 2d|| Al
< 2|4l - 145,
= 2r(Ap),

where [| A, || and HA(;H represent the operator norms of A, and A(p%, and k(Ay) is the
condition number of A,). The second equality follows from Proposition 1.2.7, and the second
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inequality follows from the fact that d < || A(y)||. Therefore we have
|Mpll% < 2n8(Ag)), (4.19)

where || M;)||r represents the Frobenius norm of M, for all p € N. We know that x is
a continuous function and the sequence (A )yen is convergent. Therefore the sequence
(k(A(p)))pen is also convergent, and hence bounded. By (4.19) the sequence (My))pen of
2n x 2n real matrices is bounded as well. By taking a subsequence we can assume that
(M(p))pen converges to some 2n x 2n real matrix M. The set Sp(2n) is closed, therefore
M € Sp(2n). By continuity of the symplectic eigenvalue maps we also have M € Sp(2n, A).

Let m; = minZ and my = maxZ and M,y = M(p) o M(p) o ]\7@) be the symplectic

column partition of M, of order (my —1,mg —my + 1,n — mg). Let

53 AT
By = —My,) BM),

p—>00 P)
and
S
B = Jim By = — Mg BM). (4.20)

Consider the block matrix form of é(p) given by

where each block has size my — mq1 + 1. Let

By = (Bpy)11 + (Bp))2z + (B2 — (Bgy))ia) (4.21)

be the Hermitian matrix associated with E(p) and define

By = lim_ B
Recall that M = M o M o M is the symplectic column partition of M of order (m — iy, 7, n —
m — jm, ). The matrix M, (0) is the submatrix of M consisting of the ith and (n + )th columns of
M for all i € Z. By continuity of the symplectic eigenvalues we have Z C {m — i,,, + 1,m —
im~+2,...,m+ jm} Therefore M (0) is also a submatrix of M. It thus follows by relation (4.20)

that each block of B(O) is obtained by removing ¢th row and ith column of B for all i not in Z.

Therefore B (0) 1s @ compression of B. By Cauchy interlacing principle ([9], Corollary III.1.5)
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we have B B
M(Bg)) < M(B).

Using equation (4.18) we get

(—=dm)°(A; B) = — lim d,,(A(,); B)

p—00

1 . =
< 3 lim )\%(B(p))

p—0o0

1y =
= 3Mi(lim By)

pP—0o0

[
|
S
)
=
3

Thus we have proved that (—d,,)°(A; B) < —d-(A; B) for all B in S,(R). By definition
this implies 0°(—d,,)(A) € 0(—d(A;-))(0). By Theorem 4.2.2 we have 0°(—d,,)(A) =
d(—d’.(A;-))(0) which implies that 9°(—d,,)(A) C 9°(—dm)(A). O

Corollary 4.2.4. Let A be an element of P2, (R). We have
d,,(A; H) = d;, (A; H) = —dy, (A; —H).
forall H € Sy, (R).

Proof. By Theorem 4.2.3 and the formulae (4.4), (4.5) we get d, (A;-) = d;,(A;-). Also, for
any H € Sy, (R)

1
dy (A;H) = max{§<$mT +yyl H) - (z,y) € Sm(A)}.
By (4.13) we have d;,,(A; H) = —d., (A; —H). O

As an application of Clarke and Michel-Penot subdifferentials of d,,, we give a new proof of
the monotonicity principle of symplectic eigenvalues. We recall a result on Clarke subdifferentials
of locally Lipschitz functions known as Lebourg mean value theorem. Let U be an open subset
of a real Banach space X and ¢ : U — R be a locally Lipschitz function. Let x, y € X such that
tz + (1 —t)y € U forall t € [0,1]. Then there exists s € (0,1) and z € 0°P(sz + (1 — s)y)
such that ¢(z) — ¢(y) = (z,z — y). See ([47], Theorem 1.7).
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Corollary 4.2.5. For every A, B in Py, (R), we have d;(A) < d;(B) forall j = 1,2,...,n,
whenever A < B.

Proof. By Lebourg mean value theorem, let P = sA + (1 — s)B for some s € (0,1) and
C € 0°d,,(P) such that

By Theorem 4.2.3 we have
o 1 T T
0°dm(P) = conv{z(zz” +yy") : (2,y) € Sm(P)}-
Therefore we have
1
dm(A) — dn(B) € conv{§<:n:nT +yy", A= B): (z,9) € Su(P)}. (4.22)
Thus, A < B implies
conv{5 (" +yy", A~ B) - (2,9) € S(P)} € (~00,0].

By (4.22) we conclude d,,,(A) < dp,(B).
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