Projective modules and complete intersection
ideals over affine algebras

Sourjya Banerjee

Indian Statistical Institute

January 2023






INDIAN STATISTICAL INSTITUTE

DoCTORAL THESIS

Projective modules and complete intersection
ideals over affine algebras

Author: Supervisor:
Sourjya Banerjee Prof. Mrinal Kanti Das

A thesis submitted to the Indian Statistical Institute
in partial fulfillment of the requirements for
the degree of
Doctor of Philosophy (in Mathematics)

Theoretical Statistics & Mathematics Unit

Indian Statistical Institute, Kolkata

January 2023






In memory of my grandmother
Renu Banerjee






Acknowledgements

This is going to be long!

To ISI Kolkata: For allowing me to enroll as a graduate student and for the full financial
support throughout, thank you.

To the staff of the SMU office: Thank you for actively helping me with the mundane tasks.

To Paramita di and Urmi di: Thanks a lot for helping me with the desktops and Paramita
di, in particular, for bearing with me (us) for a good couple of years.

To all my teachers at ISI Kolkata: For the wonderful coursework and the pressure-free
atmosphere that helped me learn and most importantly enjoy the process, | am indebted to you
all.

To Prof. Ravi Rao: For interacting with me, for the invitation to TIFR Mumbai, for the
generous hospitality, for teaching me all | know about the theory of matrices, for reading my
paper, and for the kind suggestions, | cannot thank you enough.

To Prof. Neena Gupta: For teaching me commutative algebra, for giving tons of examples
whenever | have doubts, and for your kind encouraging words, many many many thanks!

To Prof. Aravind Asok: For clarifying my doubts on the concept of the "Cohomological
dimension” of a field, | thank you.

To Prof. Wilberd van der Kallen: For clarifying my doubts on “Elementary orbit space of
unimodular rows”, | thank you.

To Prof. Manoj Kumar Keshari: For clarifying my doubts about some “Cancellation prob-
lems”, | thank you.

To Prof. Jean Fasel: For interacting with me with your kind words, | thank you.

To Soumi di: For everything, starting from clearing my doubts unconditionally many many
many times, for dealing with my outbursts, for supporting me and making me smile till today,
| can not thank you enough.

To Zinna da: For clearing my doubts in the subject many times, for your encouraging words,
and for always creating a friendly and supportive atmosphere, | thank you.

To Parvez da: For suggesting me the problem on the “Rees algebra” and collaborating with
me, | thank you.

To Aritra da and Suvrajit da: For being my go-to person at ISI, whether it was math or
something else, for the encouraging words, for making me believe in myself, for making me
smile, and for so many other things which can’t be mentioned here, saying “thank you" won't
do justice to you guys. Without you two, my Ph.D. life won't be the same.

To Nurul: For always encouraging me from the first day we met at the last bench of the
Science College, for making silly jokes about me which made me smile afterward, and of course
for discussing math, thanks a lot.

To Asfaq, Gopal and Sumit: For making a less competitive, rather more joyful environment,

| thank you, guys.



To Animesh da and Nikhilesh da: For listening to my silly questions and answering them
with patience, and of course for sharing the joy of doing algebra, | thank you.

To Sampat and Kuntal da: For clearing my doubts in my TIFR days, | thank you.

To Parnashree: For sharing the office, secrets, and of course math, | thank you.

To Subarna: For asking questions, for taking the pain of reading the introduction of my
thesis, and for pointing out several mistakes, | thank you.

To Tushar sir: For teaching me mathematics in my school and college days, for supporting
me, for believing that | can do the math, | will always be grateful to you.

To Sudipto sir and Sutopa madam: For believing in my earlier days that | too can be decent
in the study, | thank you.

To Anirban and Sampreet: For facing my outbursts, for showing faith in me, for listening
to me all the time, for being happy with each and every tiny bit of happiness in my life, and for
so many other things which | am not going to “list” here, | thank you, guys.

To Atenea: For teaching me to open up, to break the shackles, and to keep faith in my own
abilities, | thank you.

To my sister: For supporting me every single day, and for giving me the best possible gift
ever, Putu, | thank you.

To Putu: For making me unconditionally happy every time we met, and for asking so many
questions (except on math), | thank you.

To my supervisor: The day | got selected at ISI, | could not imagine in my wildest dream the
relationship we maintain today. If | could not do the math, | could have easily said to you that
you helped me in uncountably many ways! Whatever | learned on the subject, it is because of
you. Thank you for taking me under your supervision, for believing in me, for your every single
encouraging word, for ignoring the enormous mistakes that | have made, for keeping patience
with me, for listening to me, for teaching me how to express mathematics, for creating the
environment where | can discuss anything with you. | cannot express your influence on me.
Thank you for everything.

To all my friends, sisters, and brothers, | could not mention here: For always staying there
for me, | thank you all.

To my parents: Listing your influences in my life is meaningless. It does not matter how
much time | take to remember and write it down, | will always miss the majority of those. | just
want to say the “degree” belongs to you. Whatever | did, it just would not be possible without

you two, and this is what | am quite certain about.

Sourjya Banerjee
January 2023



Contents

Acknowledgements v
Contents vii
List of Notaions 1
1 Introduction 3

I On various base rings and its polynomial and Laurent polynomial exten-

sions 19
2 Preliminaries 21
2.1 Projective modules and locally complete intersection ideals . . . . . .. .. .. 21
2.2 An improvement of a result by Mandal and Murthy . . . . ... ... ... .. 24
2.3 Some miscellaneous results . . . . . . ... 28
3 On a question of Nori 33
3.1 Main theorem . . . . . . . 33
3.2 A projective version of the main theorem . . . . . . . . ... ... L. 35
3.3 Avrelative version . ... 37
3.4 Thecase of dimensiontwo . . . . . . .. .. ... 39
3.5 Question of Nori: Precise obstruction . . . . . . .. .. ... .. ... ... .. 43
4 An obstruction group on affine algebras over F, 51
4.1 Some addition and subtraction principles . . . . . .. .. ... 51
4.2 The Euler class group of affine algebrasover F, . . . . . ... ... ... ... 53
4.3 The Euler class of stably free modules . . . . . . . ... ... ... ...... 54

vii



viii Contents

5 On a question of Roitman 59
5.1 Over some finite Z-algebras . . . . . . . . . . ... 59
5.2 Over affine Fp-algebras . . . . . .. ... ... 61

6 Monic inversion principle 63
6.1 Main theorem . . . . . . . .. 63

7 Splitting criterion via an obstruction class in an obstruction group 67
7.1 Some addition and subtraction principles . . . . . .. .. ... L. 67
7.2 Anobstruction group . . . . ... 68
7.3 Anobstructionclass . . . . . . ... 70

8 A splitting criterion via projective generation of complete intersection curves

over algebraically closed field of characteristic # 2 75
8.1 A cancellation result in dimension two . . . . . ... ... 75
8.2 A splitting criterion . . . . . . 76

8.3 A necessary and sufficient condition for splitting of a projective module on poly-

nomial algebrasover F, . . . . . .. L 78

9 On Laurent polynomial algebras 81
9.1 Ontwo conjectures . . . . . . . . . ... 81
9.2 An obstruction group and obstruction class . . . . ... ... 82

10 Segre class of an ideal 87
10.1 On polynomial algebras over ?p ......................... 87
10.2 On Laurent polynomial algebrasover F, . . . . . ... .. ... ... ..... 90

11 Equivalence of two conjectures 93
11.1 Equivalence of two conjectures . . . . . . . . . .. ... ... 93

Il On real affine algebras 97
12 Preliminaries 99
12.1 Stably free modules and unimodularrows . . . . . . ... ..o 99
12.2 Application of Swan’s Bertini theorem . . . . . . . . ... ... ... .. ... 103

12.3 Cancellation of projective modules . . . . . . .. ... ... ... ... ... 107



Contents ix
12.4 Excision ring and relative cases . . . . . . . .. ... 108
12.5 Mennicke and weak Mennicke symbols . . . . . .. .. ... ... ... ... 110
12.6 Euler and weak Euler class groups . . . . . . . . ... ... 112
12.7 Chow groups and its divisibility . . . . . . . .. ... ... o oL 114

13 W. van der Kallen’s group structure on the orbit spaces of unimodular rows 117
13.1 A nice group structure of WM Sy 1(R) . . . . . . . .. 117
13.2 MSy11(R) is a divisible group . . . . . ..o 119

14 Improved stability for K of classical groups 121
14.1 Improved stability of SKy . . . . . . . . .. 121
14.2 Improved stability of K1Sp . . . . . . . . 122

15 Divisibility of the Euler class group E(R) 125
15.1 A natural map g : Eg(RQrC) = Eo(R) . . . . . . . . .o 125
15.2 E(R) is uniquely divisible . . . . .. ..o 127

16 Projective generation of a curve in polynomial extension 129
16.1 Projective generation of a locally complete intersection ideal of top height . . . 129
16.2 Projective generation of a curve in a polynomial extension . . . . .. .. ... 132

Bibliography 135
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N The set of all natural numbers {1,2,...}

Z The set of all integers {0,+1,+2,...}

el The vector (1,...,0)

Um,(4) The set of all unimodular rows of length n over the ring A.

M, (A) The set of all n x n matrices over the ring A.

GL,(A) The set of all invertible n x n matrices over the ring A.

SL,.(A) The set of all invertible n x n matrices with determinant 1 over the ring A.
eij(N) The matrix with only possible non-zero entry is A at the (4, j)-th position.
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E; j(N) I, +eij(N).
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Chapter 1

Introduction

Conventions

Unless otherwise stated, throughout the thesis, all rings are commutative Noetherian containing
1(# 0) having finite (Krull) dimension. All projective modules are finitely generated having

constant rank.

Splitting problem

The birth of the subject was due to a conjecture (now a theorem) by J. P. Serre [58]. Serre

conjectured the following:

Conjecture 1.0.1. Let k be a field and R = k[1y,...,Ty]. Then every finitely generated

projective R—module is free.

D. Quillen [52] and A. A. Suslin [61] gave an affirmative answer to the conjecture inde-
pendently. More generally, D. Quillen showed that k can be taken as a principal ideal domain.
Their solutions to the conjecture opened up several other directions of research in the study of
projective modules. One of the interesting studies occurred when the base field is replaced by
an arbitrary ring. This is one of the primary themes of the thesis. The following question came

into the literature naturally from their study:

Splitting problem:- Let A be a ring and P be a projective A[T]—module. Does there exist
projective A[T]—modules @) such that P = Q & A[T]?

Although the motivation came from the Quillen - Suslin theorem, the question makes sense
for arbitrary rings. Thus we will not restrict ourselves to the polynomial rings only. Let A be
a commutative Noetherian ring and P be a projective A—module. Investigating the splitting
problem for P is nothing but investigating the existence of surjective A—linear maps from P
to A. If there exists such a map we shall call P has a unimodular element and in that case

an inverse image of 1 in P is a unimodular element. Whenever P is a free module of rank
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n, we shall call an inverse image of 1, a unimodular row of length n. By a classical result of
J. P. Serre [59] it follows that whenever the rank of the projective module P is strictly bigger
than the (Krull) dimension of the ring A, it splits off a free module of rank one. Due to a
well-known example of the projective module corresponding to the tangent bundle of an even
dimensional real sphere, this result is the best possible in general. Whenever R = A[T] and
Q is a projective R—module, by a result of B. Plumstead [51], @ splits off a free module of
rank one if the rank of @ is strictly bigger than the dimension of the ring A. Again by taking
polynomial extension of the similar example discussed earlier one can show that this result is
the best possible in general as well. Hence studying obstruction to split off a free module of
rank one from a projective module of rank equal to the dimension of the ring (and rank equal

to the dimension of the base ring in the case of polynomial extensions) has been interesting.

Lifting problem

We begin this section with an open question due to M. P. Murthy in [47], which is known as

Murthy's complete intersection conjecture.

Conjecture 1.0.2. Let k be a field and let A = k[Ty,...,T;] be the polynomial ring in d
variables. Let n € N and I C A be an ideal such that ht(I) = n = u(I/I?). Then p(I) = n.

The conjecture is still open in general. The best known result on this conjecture is due to

N. M. Kumar ([36], Theorem 5). In fact he proved the following more general result.

Theorem 1.0.3. [36] Let R be a commutative Noetherian ring and I C R[T]| be an ideal
containing a monic polynomial. Let p(I/I?) = n > dim(R[T]/I) + 2. Then there exists a
projective R[T|—module P of rank n and a surjection ¢ : P — 1I.

Since projective k[T7, ..., Tj]-modules are free by the Quillen-Suslin Theorem, N. M. Kumar
solved Murthy's complete intersection conjecture for the bound 2n > d + 2. Later, S. Mandal
improved the above result in [40] showing that P can actually be taken free. A closer inspection
of S. Mandal'’s proof showed that he essentially proved that in the above set-up used in Theorem
1.0.3, any set of generators of I/I? can be lifted to a set of generators of the ideal I. Later M.
K. Das [20] improved the bound of the Murthy's complete intersection conjecture over the base
field Fp. Their solutions gave a sturdy indication towards a stronger version of the Murthy's
complete intersection conjecture. Namely the study of a lifting property of a set of generators
of I/I?, whenever the ideal satisfies 1(I/1%) = ht(I). However this stronger version of the
Murthy's complete intersection conjecture no longer holds in general, as it is evidenced by the
example due to S. M. Bhatwadekar and R. Sridharan ([12], Example 3.15). Although this lifting
problem received a negative answer in the set-up of Murthy's complete intersection conjecture,
investigating the lifting property became a recurrent theme in the literature. In particular, one

can ask the following question:
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Lifting Problem:- Let A be a ring and I C A[T] be an ideal such that u(I/I?) = n.
Moreover, it is given that I =< fi,..., fn > +I?. Does there exist F; € I such that I =<
Fi,...,F, >, with F; — f; € I, foralli =1,...,n?

As earlier we will not restrict ourselves to the polynomial rings only. Let A be a ring of
dimension d and I be an ideal in A. By a result of N. M. Kumar [36] the lifting problem
has an affirmative answer whenever u(1/I%) > d. Let R = A[T] and I C A[T] be an ideal
with u(I/I?) = ht(I) = dim(R) = d + 1. Using Suslin’'s monic polynomial theorem the
ideal I contains a monic polynomial. Therefore by the results of N. M. Kumar and S. Mandal
(discussed earlier) any set of generators of I/I? lifts to a set of generators of I. Similarly as
before in the case with the splitting problem discussed earlier, the conditions p(1/1?) > d, and
ht(I) = u(I/I?) > dim(A), whenever I C A[T] are the best possible for arbitrary Noetherian

rings.

A bridge

Let A be a ring and P be a projective A—module. A remarkable result of Eisenbud-Evans [25,
the remark following Theorem A] gives us a leverage that most of the A—linear maps P — A
has the property that the image ideal has height at least the rank of P. Such an ideal I = ¢(P),
is called a generic section of P whenever ht(I) = rank(P). It was N. M. Kumar [37], who first
noticed that there exists a possible connection in between these two problems, namely, the

splitting problem and the lifting problem. In particular, he proved the following:

Theorem 1.0.4. [37] Let A be an affine algebra of dimension d > 2 over an algebraically closed
field k. Let P be a projective A-module of rank d. Then P splits off a free summand of rank
one if and only if there exists an A—linear ¢ : P — A such that the image ideal I = ¢(P) has
the property that ht(I) = p(I) = d.

Although the statement of N. M. Kumar does not deal with the lifting problem directly, but
it was proved later that over algebraically closed fields the lifting problem and the condition
that ht(I) = pu(I/1?) = u(I) are equivalent whenever ht(I) = dim(A). Further, the splitting
problem was studied by M. P. Murthy in [48]. One of the seminal works in the literature was M.
P. Murthy's idea of an obstruction group, which governed the splitting problem. In particular

he proved the following:

Theorem 1.0.5. [48] Let X = Spec(A) be a d—dimensional smooth affine variety over an
algebraically closed field k. Let P be a projective A—module of rank d. Then, P splits off a
free summand of rank one if and only if its top Chern class cy(P) vanishes in the Chow group
CHYX).

If P splits off a free summand of rank one then it easily follows that c¢4(P) = 0. To prove
the reverse implication, M. P. Murthy showed that if c4(P) = 0 then there exists a generic

section I which is generated by d many elements, and then he appealed to the result of N. M.
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Kumar stated above. However this no longer holds if the ground field is not algebraically closed,
as evidenced by the same example on the tangent bundle of the real 2-sphere, mentioned earlier.

It was M. V. Nori who envisioned to replace the top Chern class by the Euler class whenever
the field is not algebraically closed, which was extensively studied by S. M. Bhatwadekar and
R. Sridharan in a series of papers ([11], [12], [13], [14], [16]) and by M. K. Das in ([19] and
[21]). The main philosophy behind their studies was to establish the fact that: Lifting of an
appropriate set of generators of I/I? to a set of generators of I is the precise obstruction for
the splitting problem of P, where I is a generic section of P and the set of generators of />
is induced by the generic section P —— I. One of the main themes of the thesis is to study

this connecting path whenever the ring is an affine algebra over various bases.

The thesis is divided into two parts. In the first part, the study is mainly restricted on the
affine algebras over algebraically closed fields. We have also been able to prove some results
over finitely generated Z—algebras, which is also included in this part. In the second part of

the thesis we mainly focus on real affine algebras.

On a question of Nori and its applications

Another interesting question in the literature was due to M. V. Nori. Let X = Spec(A),
be a smooth affine variety of dimension d. Let P be a projective A-module of rank n, and
¢o : P — Iy be a surjective homomorphism. Assume that the zero set of Iy, V(I[y) = Y
be a smooth affine sub-variety of X of dimension d —n and Z = V(I) be a smooth closed
sub-variety of X x Al = Spec(A[T]), such that Z intersects X x {0} transversally in Y x {0}.
In this set up M. V. Nori asked the following question:

Question 1.0.6 Does there exist a surjective map ¢ : P[T] — I/I?, which is compatible with
¢o, have a surjective lift ¢ : P[T] — I, such that

(i) ¥|7=0 = ¢o and
(i) Y|z =97

This question has been answered affirmatively in the following cases:

e Ais a ring and I contains a monic polynomial such that u(I/1%) > dim(A[T]/I) + 2
([41], Theorem 2.1).

e A is a smooth local ring ([44], Theorem 4).

e A is a smooth affine domain of dimension d > 3 over an infinite perfect field £ and
I C A[T] is an ideal of height d ([12], Theorem 3.8).

A is a regular domain of dimension d which is essentially of finite type over an infinite
perfect field k and I C A[T] is an ideal of height n such that 2n > d + 3 ([10], Theorem
4.13).
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If A is an affine algebra over [, then we improve the bound imposed by S. Mandal (see,

Theorem 3.2.1). In particular, we prove the following:

Theorem 1.0.7. Let A be an affine algebra over F,, and I C A[T] be any proper ideal
containing a monic polynomial. Suppose that P is a projective A-module of rank n, where
n > max{(dim A[T]/I + 1),2}. Then any surjective map ¢ : P[T] — I/I*T lifts to a
surjective map ¢(T') : P[T] — 1.

We improve another version of the question asked by M. V. Nori (see, Theorem 3.3.2). In
particular we improve a result of S. Mandal and R. Sridharan [43]. This particular result is
crucial to the subtraction principle, which we use to develop the Euler class theory throughout

the thesis. We have the following:

Theorem 1.0.8. Let A be an affine algebra over F,,. I =1, NIy C A[T), is an ideal and P is

a projective A-module such that,
(1) Iy contains a monic polynomial.

(17) Iy = I2(0)A[T] is an extended ideal.

(iii) I, + I, = A[T).

(tv) rank(P) = n > max{(dim(A[T]/1}) + 1),2}.
Suppose that there exist surjections p : P — I(0) and 6 : P[T]/I,P[T| — I, /I? such that
6 = p® A/I(0). Then there exists a surjection ) : P[T] — I such that n(0) = p.
The case of dimension two

If dim(A) = ht(I) = u(I/I%) = 2, then the question asked by M. V. Nori does not have an
affirmative answer, even over the field of complex numbers ([12], Example 3.15). However, if
the base field is I, then we show that (see, Theorem 3.4.6) such an example can not exist. In

particular, we prove the following:

Theorem 1.0.9. Let R be an affine domain of dimension two over F,. Let I C R[T] be an
ideal such that u(I/(I?°T)) = ht(I) = 2 and R/(I N R) is smooth. Let I = (f1, f2) + (I*T)
be given. Then there exist Fy, I’y € I such that [ = (Fy, ) and F; — f; € (I*T) fori=1,2.

Precise obstruction

As mentioned earlier, in the appendix of a paper by S. Mandal [41], M. V. Nori asked the
following question, which is motivated by certain results in topology. For the convenience of

understanding, we state the “free” version of the question below.
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Question 1.0.10 Let R be a smooth affine domain of dimension d over a field k and I C
R[T] be an ideal of height n such that u(I/I?T) = n, where 2n > d + 3. Assume that
I = (f1, -, fn) + (I*T) is given. Then, do there exist F; € I (i = 1,---,n), such that
I=(F, - ,F,) where F; — f; € (I*T) fori =1,--- ,n?

Here we shall focus on the case when I does not contain monic in the above question. As
mentioned above, Nori's question has been answered comprehensively.

On the other hand, Bhatwadekar-Mohan Kumar-Srinivas gave an example in [12, Example
6.4] to show that Nori's question will have a negative answer if R is not smooth (even when R
is local). They constructed an example of a normal affine C-domain R of dimension 3 which
has an isolated singularity at the origin, and an ideal I C R|[T] of height 3 such that a given
set of generators of I/(I?T) cannot be lifted to a set of generators of I.

The results and the example stated above had profound impact on the development of
the theory in understanding the behaviour of projective modules and local complete intersection
ideals in past twenty years. Among recent instances, the Bhatwadekar-Sridharan solution played
a crucial role in computing the group of isomorphism classes of oriented stably free R-modules
of rank d where R is a smooth affine domain of dimenson d over R ([23], see also [24]). Further,
Asok-Fasel [1] used it successfully to establish the isomorphism between the d-th Euler class
group and the d-th Chow-Witt group (also the isomorphism between the weak Euler class group

and the Chow group) — thus establishing a long standing conjecture.

In this context, we delve deep into this phenomenon and pose the following rephrased

question.

Question 1.0.11 Let R be an affine domain of dimension d over a field k and I C R[T]
be an ideal of height n such that u(I/I?°T) = n, where 2n > d + 3. Assume that [ =
(fi,--+, fa) + (I?T) is given. Then, what is the precise obstruction for I to have a set of
generators F,--- , F}, such that F; — f; € (I*T) fori=1,--- ,n?

Obviously we have left out the case when I contains a monic polynomial. We prove that
the obstruction lies in the fact as to whether I N R is contained in only smooth maximal ideals

or not. More precisely, we prove the following result (Theorem 3.5.5).

Theorem 1.0.12. Let R be an affine domain of dimension d > 3 over an infinite perfect field
k and I C R[T| be an ideal of height d such that J := I N R is contained only in smooth

maximal ideals. Let P be a projective R[T|-module of rank d such that there is a surjection
%P — I/(I°T).

Then, there is a surjection ® : P — I which lifts @.
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Some applications

As an application of the Theorem 1.0.8, we improve the bound of some addition and subtraction
principles, imposed by S. M. Bhatwadekar and R. Sridharan [11] over the ground field F,. Let
R be a d—dimensional affine IF,—algebra. We define the “n—th Euler class” group E™(R) for
2n > d + 2. Moreover, taking R to be smooth, we show that E™(R) is the precise obstruction
group for the splitting problem of an 1—stably free R—module of rank n.

Here is an interesting application of Theorem 1.0.12. For a commutative Noetherian Q-
algebra R of dimension d > 3, the d-th Euler class group E4(R[T]) was defined in [19]. It was
further proved that the canonical map ¢ : E4(R) — E?(R[TY]) is injective. The morphism ¢
is an isomorphism if R is smooth but it may not be surjective if R is not smooth (see [19] for
the details). In this context, we may ask, precisely which Euler cycles (I,w;) € E4(R[T]) have
a preimage in E%(R)? We answer this question in the following form (Theorem 3.5.8).

Theorem 1.0.13. Let R be an affine domain of dimension d > 3 over a field k of characteristic
zero. Let (I,wy) € E4(R[T]) be such that I N R is contained only in smooth maximal ideals.
Then (I,wy) is in the image of the canonical morphism ¢ : E*(R) — E*(R[T)).

Another interesting application is the following Monic inversion principle (Theorem 3.5.10).

Theorem 1.0.14. Let R be a domain of dimension d containing a field k (no restriction on
k). Let I C R[T) be an ideal such that ht(I) = n = u(I/I*T), where 2n > d + 3. Let
I = (f1,- -, fn) + (I*T) be given. Assume that there exist Fy,--- ,F, € IR(T) such that
IR(T) = (Fy,--- ,F,) where F; — f; € I?)R(T). Assume further that I N R is contained only
in smooth maximal ideals of R. Then there are g1,--+ ,gn € I such that I = (g1, , gyn) with

gi — fi € (I’T).

Monic inversion principle

We begin this section with a theorem by D. Quillen [52], which was crucial in his proof of
Quillen-Suslin Theorem. For local rings, the result is due to G. Horrocks [30]. This theorem of
D. Quillen is known as Affine Horrocks' Theorem. Before that let us recall that the ring A(T)

is obtained from A[T'] by inverting all monic polynomials in 7T'.

Theorem 1.0.15. [52] Let A be a ring and P be a projective A[T|—module. Suppose that
P ® A(T) is free. Then P is free.

Let A be a ring. For any two projective A—modules P and @, we shall call Q) is a decom-
position of P if there exists n > 0, such that P = () & A™. One can think of a free module F’
in the way that every decomposition ) of F' has a further decomposition. This point of view
gave another direction to grasp the Theorem 1.0.15 in a desire to ask a more general question.
It was M. Roitman who studied such projective modules over polynomial extensions which split
off after inverting some monic polynomials. This philosophy in the literature is known as a

monic inversion principle. In particular, M. Roitman posed the following question:
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Question 1.0.16 Let A be a commutative Noetherian ring of dimension d and P be a projec-
tive A[T]-module of rank d. Suppose that there exists a surjection ¢ : P — I, where I C A[T]

is an ideal containing a monic polynomial. Then does P have a unimodular element?

In other words, this question asked that, if the projective A(T)-module P ® A(T) has a
unimodular element then does P have a unimodular element? In general the question is still

open. It has an affirmative answer in the following cases:
e Ais a local ring and d =1 [30].
e Aisaring and d =1 ([52], see Theorem 1.0.15).

A is a local ring [56].

e Aisaringand d =2 [8].
e A is a ring containing an infinite field [15].
We show that the following versions of the above question have affirmative answers:

Theorem 1.0.17. (Theorem 5.1.4) Let A be a finite Z-algebra of dimension d > 1. Moreover
assume that there exists an integern > 2 such thatn € A*. Let P be a projective A[T|—module
with trivial determinant of rank d and I C A[T] be an ideal of height d containing a monic
polynomial in T. Suppose that there exists a surjection « : P —— I. Then P has a unimodular

element.

Theorem 1.0.18. (Theorem 5.2.1) Let R be a d—dimensional affine algebra over F,,. Let P
be a stably free R[T|—module of rank d —1. Assume that P® R(T') has a unimodular element.

Then P has a unimodular element.

Continuing with the philosophy built in the literature, it is now became customary to rephrase
the Question 1.0.16, in terms of the lifting problem. To be precise one can ask the following

question:

Question 1.0.19 Let A be a commutative Noetherian ring of dimension d > 2 and I C R[T]
be an ideal such that ht(I) = u(I/I?) = d. Moreover assume that I =< f1,..., fg > +I2.
Suppose that there exists F; € I A(T) such that TA(T) =< F, ..., Fy >, with F;,— f; € TA(T)?.
Then does there exist g; € I, such that I =< g1, ..., gq >, with gi — f; € I> forall i = 1, ..., d?

Question 1.0.19 has a negative answer for d = 2 ([12], Example 3.15). Whenever d > 3

this question has an affirmative answer in the following cases :
e Ais a local ring ([19], Proposition 5.8(1)).

e Ais an affine domain over an algebraically closed field of characteristic zero ([19], Propo-
sition 5.8(2)).
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e A is a regular domain which is essentially of finite type over an infinite perfect field & of

characteristic unequal to 2 ([24], Theorem 5.11).

We shall focus on M. K. Das's proof [19] over the algebraically closed field of characteristic
0. We observe that with the machineries available today, the same proof goes on whenever the
characteristic of the algebraically closed field is strictly bigger than d, that is d! € A*. The
reason of this hypothesis coming into the picture is due to a remarkable result by R. A. Rao [54].
Tracking back to R. A. Rao’s proof, a crucial step was to show a given unimodular row belongs
to the same SL-orbit space with the factorial rows. And to do this one needs the hypothesis
on d!. In the literature, this factorial row concept is due to A. A. Suslin (in unimodular rows
of length three it is due to R. G. Swan and J. Towber). The above factorial row technique
is fundamental in the sense that, till now this is the only technique available in the literature,
when it comes to dealing with the cancellation problem. In the proof of ([24], Theorem 5.11)
the regularity assumption is used rigorously throughout.

However, if the base field is F,,, we have been able to give a direct proof (Theorem 6.1.1) of
the same, without the assumptions that either d! € A* or the ring A is smooth. In particular,

we have the following:

Theorem 1.0.20. Let R be an affine algebra over F,, of dimension d > 2 and I C R[T) be an
ideal such that ht(I) = p(I/1?) = d. Moreover assume that I =< fi, ..., fq > +1?. Suppose
that there exists F; € IR(T) such that IR(T) =< Fy,...,Fy >, with F;, — f; € IR(T)?. Then
there exists g; € I, such that I =< g, ...,qgq >, where g; — f; € I?, forall i =1,...,d.

As an application of the above result we have been able to define the d—th Euler class
group EU(R[T]) of R[T], where R is an affine algebra over F, of dimension d > 2. Let P
be a projective R[T]—module of rank d with a trivial determinant and x : R[T] = AP be
an isomorphism. We then assign a "local orientation” (I,w;) € E*(R[T]) to the pair (P, x)
and show that the vanishing of (I,wy) in the group E4(R[T]) is sufficient for P to have a
unimodular element (Theorem 7.3.4). Moreover assume that (d — 1)! € R*. In this set up we
show that the local orientation e(P, x) induced by the pair (P, x) is the precise obstruction for
the splitting problem of P (see Theorem 7.3.3 and Theorem 7.3.6).

A splitting criterion on polynomial algebras over algebraically closed
fields

In this section we shall discuss an analogue of N. M. Kumar's result (Theorem 1.0.4) for the
polynomial algebras over algebraically closed field. Let A be a ring of dimension d and P be a
projective A[T]—module. If the rank(P) > d then, as mentioned earlier P splits off without any
further conditions. Also recall that, by taking the polynomial extension of even dimensional real
sphere one can establish the fact that: This result is the best possible. Therefore, investigating

criteria for the splitting problem of P became interesting, whenever rank(P) = d = dim(A).
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This study on polynomial algebras was initiated by S. M. Bhatwadekar and R. Sridharan ([15],
Theorem 4.5). In particular, they proved the following:

Theorem 1.0.21. [15] Let A be a d(> 2)-dimensional affine domain over an algebraically closed
field k of characteristic 0. Let P be a projective R[T]-module of rank d with trivial determinant
and I C R[T] be an ideal of height d. Suppose that there exists a surjection ¢ : P — I. If

w(I) =d then P has a unimodular element.

Note that, in their statement the hypothesis “algebraically closed field” is necessary. We
show that their result can be achieved without the “characteristic zero” assumption (Theorem
8.2.2 and Remark 8.2.3). We also observe that the hypothesis “domain” is not crucial. In

particular we prove the following:

Theorem 1.0.22. Let R be a d(> 2)-dimensional affine algebra over an algebraically closed
field k of char(k) # 2. Let P be a projective R|T|-module of rank d. Moreover, assume that
there exists an ideal I C R[T] of height d such that ¢ : P —— I is a surjection. If u(I) = d

then P has a unimodular element.

With a suitable Cancellation result on a surface, over certain C;—fields, one can establish
the above result. The Cancellation result required in our case was proved by A. A. Suslin [64]
for smooth surfaces. We remove the smoothness assumption (see Theorem 8.1.1) of A. A.

Suslin’s result.

Some miscellaneous results on F,

In this section we shall discuss a few more results which we are able to prove, on affine -

algebras.

On Laurent polynomial algebras

Chapter 9 is devoted to studying the Laurent polynomial algebra R[T, %] where R is a affine
Fp—algebra. The theme of this chapter is to investigate the questions we tackled for polynomial
algebras. Recall that a Laurent polynomial is said to be a doubly monic if the coefficients of
the highest and the lowest degree terms are units. We improve the bounds of some analogous
questions (Theorem 9.1.2 and Theorem 9.1.3) similar to the Murthy’'s complete intersection
conjecture and Nori's question on Laurent polynomial rings over the base field F,,.. In particular,

we prove the followings:

Theorem 1.0.23. Let R be an affine algebra over F, and I C R[T,T~] be an ideal containing
a doubly monic Laurent polynomial. Moreover assume I =< fi,...,fn > +I?, with n >
max{(dim R[T, T~ /I + 1),2}. Then there exists g; € I, for i = 1,...,n, such that I =
(g1s s gn), with g; — f; € I
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Theorem 1.0.24. Let R be an affine algebra over F), and I C R[T, T~] be an ideal containing
a doubly monic Laurent polynomial. Moreover assume that I =< fi, ..., f, > +(I*(T — 1)),
with n > max{(dim R[T,T~1]/I + 1),2}. Then there exist g; € I, fori = 1,...,n, such that
I=1(g1,...,9n), with g; — f; € I*(T —1).

To develop something similar to a Monic inversion principle in the Laurent polynomial rings,
it is not enough to invert all the monic polynomials, as it is evidenced by an example due to
S. M. Bhatwadekar. It also gave a hint towards the fact that: One needs to invert all doubly
monic Laurent polynomials instead. Let R = S™IR[T,T~1], where S C R[T,T~!] be the
multiplicatively closed set consisting all doubly monic Laurent polynomials. In this set up we

prove the following version of a Monic inversion principle (Theorem 9.2.2 ):

Theorem 1.0.25. Let R be an affine algebra over F,, of dimension d > 2 and I C R[T, T~ 1]
be an ideal such that ht(I) = p(I/I1?) = d. Moreover assume that I =< fi,..., fq > +I°.
Suppose that there exists F; € IR be such that IR =< Fy,...,F; >, with F; — f; € (IR)2.
Then there exists g; € I be such that I =< g1, ..., gq >, where g; — f; € I>.

As an application of the above theorem we have been able to present a comprehensive

1
T
R is an affine algebra over any algebraically closed field. Let P be a projective R[T, %]—module

account of the d—th Euler class group E4(R[T, 4]) which is absent in the literature, even when
of rank d with a trivial determinant and x : R[T, %] =~ A?P be an isomorphism. We then assign
a "local orientation” (I,wr) € E*(RI[T, %)) to the pair (P, x) and show that the vanishing of
(I,wr) in the group E4(R[T, 1)) is sufficient for P to have a unimodular element (Theorem
9.2.10). Moreover assume that (d —1)! € R*. In this set up we show that the local orientation
e(P, x) induced by the pair (P, x) is the precise obstruction for the splitting problem of P (see

Theorem 9.2.9 and Theorem 9.2.12).

Segre class of an ideal

In Chapter 10 we studied the Segre class of an ideal over polynomial and Laurent polynomial
algebras over Fp. This study is motived from the work done by M. K. Das and R. Sridharan
[22]. They gave an algebraic interpretation of the M. P. Murthy's idea of Segre class defined
in ([48], Section 5). Let R be an affine algebra over F,, of dimension d > 2. Let I be an ideal
either of R[T] or of R[T, %] such that u(I/I%) = d. Moreover assume that ht(I) > 2. Then
we have assign a pair (I,w;) to an element s(I,wy) in the d—th Euler class group E4(R[T])
or E4(R[T, L]) respectively, where wy is a local orientation of I. We shall call the Segre class
of the pair (I,wr) is s({,wr). We have proved that the Segre class is the precise obstruction
for the lifting problem of the pair (I,w;) (Theorem 10.1.6 and Theorem 10.2.6). In particular,

we have the following:

Theorem 1.0.26. Let R be an affine algebra over F,, of dimension d > 2. Let I C R[T] (or
I C R[T,T~1']) be an ideal of height > 2 such that u(I/I?) = d. Let wy be a local orientation
of I. Then s(I,wr) =0 if and only if wy is a global orientation of I.
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Equivalence of two conjectures

In Chapter 11 we investigate any possible connections between the question asked by M. V.
Nori on homotopy sections and the M. P. Murthy's complete intersection conjecture, of a curve
in polynomial extensions over F,,. This particular study becomes interesting when the ideal does
not have any finiteness condition (such as the ideal containing a monic polynomial). We shall
begin with M. P. Murthy's complete intersection conjecture and another question closely related
to it, followed by M. V. Nori's question in some favorable set-up. Although M. P. Murthy's
complete intersection conjecture is on polynomial rings over a field, but here we shall call the

following version as Murthy's complete intersection conjecture.

Question 1.0.27 Let A be an affine algebra over F,, of dimension d and I C A[T] be an ideal
such that u(I/I%) =ht(I) = d. Then is u(I) = n?

Question 1.0.28 Let A be an affine algebra over IF,, of dimension d and I C A[T] be an ideal
such that pu(I/I%) = ht(I) = d. Further assume that I =< fi, ..., fg > +I?. Then can we lift

fi's to a set of generators of I 7

Question 1.0.29 Let A be an affine algebra over F,, of dimension d and I C A[T] be an ideal
of height d. Further assume that I =< fi, ..., f; > +I°T, then does there exists g; € I, such
that I =< g1, ..., gq >, with f; — g; € I*T?

We observe the fact that: In some favorable cases all the above three questions are equivalent

over F,. In particular, we have the following (Theorem 11.1.7):

Theorem 1.0.30. Let A be an affine algebra over F,, of dimension d > 3, (d — 1)! € A*.
Let I C A[T), be an ideal such that ht(I) = u(I/I?) = d. Then the following assertions are
equivalent

(i) wll) = d.

(i) If I =< f1,..., fq > +I?, then it has a lift to a set of generators of I.

(i13) If I =< f1,..., fa > +I°T, then it has a lift to a set of generators of I.

On real affine algebras

In the second part of the thesis we studied projective modules and complete intersection ideals
over some real affine algebras. In the geometric set-up, it is a well-known phenomenon that
more often than not algebraically closed fields behave “nicely”. The study of projective and
stably free modules is no exception to that. For example, due to Suslin [62], we know that any
stably free module over a complex (affine) algebra is free whenever the rank is equal to the
dimension of the algebra. But this is not true in the case of real algebras (see [65]). Motivated
from this particular example, one can look for some sufficient conditions on a real (affine)

algebra which might guarantee results similar to the case of complex algebras. One of the goals
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in this study is to showcase a class of real algebras and to show that the projective and stably
free modules over those real algebras behave exactly like complex algebras. Throughout this
chapter (unless explicitly stated otherwise), we shall study real affine algebras under one of the

following conditions:
e there are no real maximal ideals;
e the intersection of all real maximal ideals has height at least 1.

For the remaining part of the introduction we fix the notation R for such a real affine algebra
of dimension d.

Let A be a ring of dimension d. Then by the Bass-Schanuels' cancellation theorem, the
study of (finitely generated) stably free modules of rank d may be reduced to the study of
unimodular rows of length d + 1. One can easily check that a stably free module of rank
d is free if and only if there is a corresponding unimodular row, which is, the first row of a
matrix in SL4+1(A). This observation encourages one to study the natural SL;41(A) action on
Umgy1(A), the set of all unimodular rows of length d + 1. In [62], A. A. Suslin proved that
the above action is trivial on affine algebras over the field of complex numbers. Recall that
there is this normal subgroup E;.1(A) (see Definition 12.1.6) of SL;41(A) . Due to a result
of A. A. Suslin [63, Lemma 8.5], we know that there exists a unimodular row of length d + 1
which is not elementarily completable over the field of complex numbers. Hence the study of
Ej+1(A) action on Umg;1(A) becomes interesting over the field of complex numbers. In ([73],
Section 5), L. N. Vaserstein defined an abelian group structure on the orbit set Um3z(A)/E3(A)
of unimodular rows of length 3 modulo elementary action by producing a bijection between
Ums(A)/E3(A) and the elementary symplectic Witt group Wg(A) for a commutative ring A
of dimension 2. Later on, W. van der Kallen [69] inductively defined an abelian group structure
on Umgy1(A)/E4+1(A) for higher dimensional rings.

Recall that, by the Bass-Kubota theorem ([69], Theorem 2.12), SK;(A) is isomorphic to
the universal Mennicke symbols M S2(A), when A is a ring of dimension 1. Note that, in the
general setup, the product formula of the abelian group Umg;1(A)/E4+1(A) can not be lifted
inductively from the dimension 1 case. A necessary condition for the lifting is that the universal
weak Mennicke symbol should coincide with the universal Mennicke symbol. In this scenario,
we will say the van der Kallen group structure is nice, but this is not true in general (see [75],
Example 2.2(c)). However, this phenomenon is true whenever the base field k is perfect and

satisfying the following:
1. char(k) # 2 and c.d.2(k) <1 (due to A. S. Garge and R. A. Rao [27], Theorem 3.9);

2. c.d.2(k) < 2 and the algebra is smooth of dimension bigger than 2 (due to J. Fasel [26],
Theorem 2.1).

In Chapter 13 we show (Theorem 13.1.1) that, the van der Kallen group is nice over the real

affine algebras belonging to the class mentioned earlier. To be precise we prove the following:
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Theorem 1.0.31. Let d > 2. Then the abelian group Umg1(R)/Eqi+1(R) has a nice group

structure. That is for any (a,aq, ...,aq) and (b,ay, ...,aq) € Umgi1(R) we have
[(a,a1,...,aq)] * [(bya1,...,aq)] = [(ab,aq, ...,aq)].

In particular, WM Sg41(R) = MSq41(R).

As a corollary of this result, we show that the van der Kallen group is a divisible group (
Corollary 13.2.1).

In Chapter 14, we study a K analogue of Suslin’s result [62] over real affine algebras. In
particular we show (Theorem 14.1.1 and 14.2.4) that the injective stability of SK; and K1Sp
can be improved in view towards Bass-Milnor-Serre and Vaserstein over real affine algebras

belonging to the class mentioned earlier. In particular, we prove the followings results:

Theorem 1.0.32. Let I =< a >C R, be a principal ideal. Let 0 € SLgy1(R,I) be a

stably elementary matrix. Then o is isotopic to identity. Moreover if R is nonsingular, then

Eqvs(R, 1) N SLay1 (R, 1) = Eqp1(R, 1), for d > 3. In other words SKy (R, T) = 3105

Theorem 1.0.33. Let R be nonsingular. Let d > 4 and I =< a >C R be a principal ideal.

Moreover assume that if d is even then 4|d. Let n = 2[%], where [ —| denotes the smallest

integer less than or equals to —. Then K1Sp(R,I) = ZZZ((%?)'

In the remaining chapters of this part, we study projective modules over real affine algebras.
One of the main themes is to study various obstruction groups for the splitting problem of
a projective R—module of rank d. M. P. Murthy studied the splitting problem (in [48]) for
projective modules having rank equal to the dimension of the ring. In particular, for a smooth
reduced complex affine domain A of dimension d, M. P. Murthy showed (see [48], Remark 2.13
and Theorem 3.8) that F9K(A) is the precise obstruction group. In [14] S. M. Bhatwadekar
and R. Sridharan defined the ‘Euler class group’ and the ‘weak Euler class group’ of commutative
Noetherian rings containing rationals. They showed that over smooth affine complex algebras
all these groups are isomorphic. In a recent work [34], A. Krishna showed that, all these groups
are isomorphic to the Levine-Weibel Chow group of 0-cycles C H?(A), for arbitrary reduced
affine algebras over algebraically closed fields. In fact in the same paper A. Krishna solved
the Murthy’s conjecture on the absence of torsion in F¢K((A), by showing that CH?(A) is
torsion-free.

Let A be a ring. Recall that an ideal I C A is said to be projectively generated if there
exists a finitely generated projective A—module P of rank equals to (I/1?) such that P — I
is a surjection. In Chapter 15, we show that the ‘d—th Euler class group' (denoted as E%(R)
or E(R)) is uniquely divisible on real algebra R of dimension d, which belongs to the class we

mentioned earlier. Using this result we prove in Chapter 16 the following result:

Theorem 1.0.34. Let I C R be an ideal such that ht(I) = u(I/I?) = d > 3. Then there
exists a projective R—module of rank d with trivial determinant such that P maps surjectively

onto I.
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As a corollary, we give a necessary and sufficient condition for a locally complete intersection
ideal I of height d, such that I/I? is generated by d elements, to become a complete intersection
ideal (Corollary 16.1.4). In Theorem 16.2.1, we show over the polynomial algebra R[T], any local
complete intersection ideal I C R[T)] such that I/I? is generated by d elements, is projectively

generated. To be precise, we have the following:

Theorem 1.0.35. Any local complete intersection ideal I C R[T] with ht(I) = u(I1/I?) = d >

3, Is projectively generated.

In Theorem 16.2.2 we prove a Monic inversion principle over real affine algebras mentioned

earlier. In particular, we prove the following:

Theorem 1.0.36. Let I C R[T] be an ideal such that ht(I) = u(I/I1?) = d > 3. Suppose
that I =< f1,..., fa > +I?. Moreover, assume that there exist F; € IR(T) such that [ =<
Fi,...,Fy >, with F; — f; € I?R(T). Then there exist g; € I such that I =< gy, ..., gq >, with
gi—fi€I?foralli=1,...4d.

This concludes the introductory part of the thesis.
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Chapter 2

Preliminaries

2.1 Projective modules and locally complete intersection ideals

The purpose of this section is to recall some basic definitions and facts related to projective

modules and complete intersection ideals. We begin with the following definitions.

Definition 2.1.1 Let A be a ring.

(1) A sequence of elements aq, ...,a, € A is called a regular sequence if a; is a nonzero divisor

on A/ <aiy,..,a;—1 >, fori=1,..,n.

(7i) Anideal I C A is called a complete intersection ideal of height n if I is generated by a

regular sequence a, ..., a, of length n.

(797) An ideal I C A is called a locally complete intersection ideal of height n if the ideal
I, C A, is a complete intersection ideal of height n, for all prime ideals p such that

pDI.

Remark 2.1.2 Note that I/I? is generated by n number of elements as an A/I-module is a
necessary condition for a locally complete intersection ideal I to become a complete intersection
ideal.

The next lemma is due to N. M. Kumar [45], recast slightly to suit our requirements.

Lemma 2.1.3. Let A be a Noetherian ring and I be an ideal of A. Let J, K be ideals of
A contained in T such that K C I? and I = J + K. Then there exists ¢ € K such that

e(l—e)eJandl=<Je>.

21
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Proof Note that (I/J)? = (I?+J)/J=1/J (as K CI? and I = J + K) hence I/J is an
idempotent ideal of a Noetherian ring A/.J. Let ‘bar’ denote going modulo J. Since the image
of K maps sujectively onto I/.J, we get KI = I. By Nakayama lemma there exists ¢ € K such
that (1 —€)I = 0. Therefore (1 —e)l = J thatis I + el = J. Thus going modulo e we get
I'=1J, hence J+ <e>=1.Sinccec K CIand (1—e)l=J,wegete(l—e)eJ. O

The next theorem is a consequence of a result by Eisenbud and Evans [25] to suit our

requirements. For a proof of this version one can see ([14], Corollary 2.13).

Theorem 2.1.4. Let A be ring and P be a projective A—module of rank n. Let (a,a) €
(P* @ A), where P* is the dual of P. Then there exists 5 € P* such that ht(I,) > n, where
I = (a+ ap)(P). In particular, if the ideal < a(P),a > has height > n then ht(I) > n.
Further, if (a(P),a) is an ideal of height > n and I is a proper ideal of A, then ht(I) = n.

The next result is due to N. M. Kumar. Here we will prove it as a corollary of Theorem

2.1.4.

Lemma 2.1.5. Let A be a commutative Noetherian ring of dimension d and I C A be an
ideal such that I =< ay,...,ay > +I?, where n > d + 1. Then there exists b; € I, such that

I =<by,..,b, >, witha; — b; € I°.

Proof Applying Lemma 2.1.3 there exists e € I? such that I =< ay,...,an,e > and e(1 —
e) €< ay,...,an >. Using Theorem 2.1.4 we can find \; € A for i = 1,...,n, such that
ht(< by, ....,bn, >¢) > n, where b; = a; + \je. Since n > d+ 1 > dim(A.) + 1, we have
< by,...,b, >c= A.. Therefore some power of ¢ is in the ideal < bq,...,b, >. Therefore for
any p € Spec(A), I C pif and only if < by,...,b, >C p.

We claim that [ =< by,...,b, >.

Note that it is enough to prove our claim locally. Let p € Spec(A). If p does not contain I
then we have, I, =< by, ..., b, > A, = A,, hence without loss of generality we may assume that
I C p. Note that in the ring A, we have I, =< by, ..., b, > Ap+Ig. Again using Lemma 2.1.3
there exists s € I7 such that I, =< by, ..., by, s > Ap, with s(1 —s) €< b1,...,b, > A,. Since
A, is a local ring and s € Ig C pA, implies that 1 — s € A7. Therefore s €< by,...,b, > 4,

and this gives us I, =< by, ..., b, > A,. O

Remark 2.1.6 Note that in the last part of the above proof we actually show that in a local
ring Ap, any set of generators of J/J2, where J C A, is an ideal, can be lifted to a set of
generators of J.

Let us recall the following series of definitions:
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Definition 2.1.7

1. Let Abearing. A row vector (ag,...,a,) € A"*! of length n+1 is said to be a unimodular
row of length n + 1, if there exists (b, ..., b,) € A" such that > a;b; = 1. We will
denote Um,,;1(A) as the set of all unimodular row vectors of length n + 1 over the ring

A.

2. A projective A—module @) is said to be a stably free module if there exists integer n > 0

such that Q & A" is a free A—module.

3. Let A be a ring and P be a projective A—module. An element p € P is called unimodular
if there is an A-linear map ¢ : P — A such that ¢(p) = 1. Let Um(P) denote the set of

all unimodular elements of P.

An interesting example of a unimodular row comes from the rows (or columns) of invertible
matrices. If a unimodular row v comes from the rows (or columns) of an invertible matrix, we
will call that v is completable. The following lemma states that if the length of the unimodular
row is large enough (> dim(A) + 2) then it is always completable. We will give a proof of this

fact using Theorem 2.1.4.

Lemma 2.1.8. Let A be a commutative Noetherian ring of dimension d and v € Um,(A),

where n > d + 2. Then v is completable.

Proof Let v = (vi,...,v,). Using Theorem 2.1.4 we can find \; € A, fori =1,...,n—1
such that ht(< uy, ..., up—1 >4,) > n—1> dim(A), where u; = v; + \jv,,. Furthermore since
ht(< vi,...,0, >) = 00 > n we have ht(< uy,...,up—1 >) > n—1 > dim(A). Therefore
we get < up,...,up—1 > A = A. Note that by the choice of w;'s there exists ¢; € GL,(A)
such that (v1,...,0p—1,vn)€1 = (U1,...,Up—1,vp). Since 1 €< uy,...,up—1 >, there exists
€2 € GL,(A) such that (ui,...,up—1,v,)e2 = (0,...,1). Thus we get (v1,...,v,) = (0,...,1)a,

where a = (e1e2) 1. This completes the proof. O

Remark 2.1.9 Note that this matrix « is in fact an elementary matrix (for definition see
12.1.6).

Theorem 2.1.4 gives us that in a ring A, for any projective A—module P of rank n we can
always find an ideal I C A such that ht(I) > n and a surjection o : P/IP — I/I%. We
are mostly interested in the case when I is locally complete intersection ideal of height n and
P/IP is a free A/I-module of rank 7. In the above set-up we are mainly trying to investigate

the following questions:
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(1) Is u(l) =n?
(7i) Can one get a surjective lift ¢ : A —> [ of a ?
(#i7) Suppose that P has a unimodular element. Then is I a complete intersection ideal ?

We shall end this section with a result, which is an accumulation of results of various authors.
A detailed proof can be found in ([21], Theorem 2.5 and Corollary 2.7) so we opted to skip the

proof.
Theorem 2.1.10. Let R be an affine algebra of dimension d > 2 over ﬁp. Then,

1. Every locally complete intersection ideal of height d is complete intersection.

2. Any projective R-module P of rank d with trivial determinant has a unimodular element.

2.2 An improvement of a result by Mandal and Murthy

The purpose of this section is to give a detailed proof of a slightly an improved version of a
result by S. Mandal and M. P. Murthy ([42], Theorem 3.2). The next lemma allow us to reduce

the proof of Theorem 2.2.5 for the reduced rings only.

Lemma 2.2.1. Let A be a Noetherian ring, P be a projective A-module, I C A and K C I?
be two ideals. Moreover assume thatgg : P — I/K is a surjective map. Suppose that there
exists a surjective map ¢ : P — I/I N'n, which satisfies ¢ @ A/K Nn = ¢ ® A/n, where n is

the nil-radical of A. Then there exists a surjective map ® : P — I, such that ® ® A/K = .

Proof Let ‘bar’ denote going modulo n. Since I/K can be identified with I /(K +INn) and
by the hypothesis we have ¢ ® A/K = &@Z, we consider the following fiber product diagram:

I/(K Nn) I/K

| |

I=I/Inn) — I[/(K+Inn)=1/K

The maps ¢ and ¢ shall patch to give a surjective map @ : P —+ I/(K Nn) such that
PR A/K = é. Since P is projective, we get a lift (might not be surjective) ® : P — I of ®.
Then we have ®(P)+ KNn=1and ®® A/K = ®® A/K = ¢. By Lemma 2.1.3 there exists
e € K Nn, such that e(1 —e) € ®(P). Since e € n, 1 — e is a unit and thus we get e € (P),
i.e. I = ®(P) and this completes the proof. O

Before going to the next theorem we need to recall the following definitions first.
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Definition 2.2.2

1. Let A be a commutative Noetherian ring. We say that the projective stable range of
A (notation: psr(A)) is n if n is the least positive integer such that for any projective
A—module P of rank n and (p,a) € Um(P @ A), there exists ¢ € P such that p+ aq €
Um(P).

2. Let A be a ring. Let P be a projective A—module such that either P or P* has a
unimodular element. We choose ¢ € P* and p € P such that ¢(p) = 0. We define an
endomorphism ¢,, as the composite ¢, : P — A — P, where A — P is the map sending
1 — p. Then by a transvection we mean an automorphism of P, of the form 1 + ¢,
where either ¢ € Um(P*) or p € Um(P). By E(P) we denote the subgroup of Aut (P)

generated by all transvections.

The next result can be found in ([46], Theorem 3.7). Here we just restate their result with

a slight improvement in the dimension two case. For the proof we just mimic their arguments.

Lemma 2.2.3. Let R be an affine algebra of dimension d > 2 over F,, and a C R be an ideal.
Suppose that P is a projective R-module of rank d having a unimodular element and p € P is
such that p € Um(P/aP), where ‘bar’ denotes going modulo a. Then there exists ¢ € Um(P)

such that p = q (modulo a).

Proof Since transvections have lift, it is enough to have psr(R) < d. We elaborate. Since
p € Um(P/aP), there exists a € a such that (p,a) € Um(P®R). Now if psr(P) < d, then
there exists y € P such that p + ay € Um(P). We can then take ¢ = p + ay.

For d > 3, by ([46], Theorem 3.7) we have psr(A) < d. So the only remaining case is
d = 2. But for d = 2, the same proof of ([46], theorem 3.7) goes through as well, as in the
proof of ([46], theorem 3.7) it was enough to show that any projective module of rank 2 has a

unimodular element, which follows from theorem 2.1.10. O

We shall end this section with the following improvement of ([42], Theorem 3.2). We
essentially follow their proof, with some small adjustments to suit our requirements. Before

that we shall recall the following definition.

Definition 2.2.4 (Order ideal) Let A be a ring and P be a projective module. Let m € P.

Then the order ideal of m is defined as:

O(m,P)=0(m)={f(m): f € Hom 4(P, A)}
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Theorem 2.2.5. Let R be an affine algebra of dimension d > 2 over F,, and I C R be an ideal.
Let P be a projective R-module of rank > d such that there is a surjection f : P — I/K,

where K C I? is an ideal. Then f lifts to a surjection f : P — I.

Proof Note that if rank(P) > d then the proof follows by mimicking the arguments given in the
proof of Lemma 2.1.5. Therefore, with out loss of generality we may assume that rank(P) = d.
By Theorem 2.2.1 it is enough to take R to be reduced. Applying Swan's Bertini theorem [60]
we can find a lift (not necessarily surjective) f’ : P — I of f, such that f/(P) = I.J where
J is a product of distinct smooth maximal ideals of height d and J is co-maximal with K.
Using Theorem 2.1.10, we get pgy € P such that P = P’ & Rpy for some R-module P’ of rank
d — 1. Since J is a finite product of distinct smooth maximal ideals, by the Chinese Remainder
Theorem we get u(.J/J?) = d. Now note that P/JP is a free R/J—module of rank d and
f'® R/J is surjective. Thus there are py,--- ,pg_1 € P’ so that f'(p1), -, f'(pq) form a
basis of J/J2.

Consider the order ideal

N =01 Apa) ={dpp1 A+ Apa)|d € (N P)*}.

As P/JP is (R/J)-free having basis as the images of pi,--- ,pg in P/JP, the image of
p1A--+Apgin R/J is a unit. Therefore J+ N = R and hence J + NK = R.

Now we split the proof into two separate cases.

Case 1. Letd > 3. As J+ NK = R, there exists h € J such that 1 —h € NK. Note
that we can always choose h to be a non-zero divisor. (If h is a zero-divisor, we can find
¢ € R such that h + ¢(1 — h) is a non-zero divisor. Write b’ = h + ¢(1 — h). We note that
1-hW=1—h+hc—c=(1-h)(1—¢c) € NK. We can work with 1" instead of h).

Let ‘bar’ denote reduced modulo < h >. By Theorem 2.1.10, .J is a complete intersection of
height d — 1. Further, P is R-free (as N = R) with basis pr,--- ,pq and we have f/(P) = J.

By [57] ( for details see [42], Lemma 3.1) there exists (A1, ,Aq) € Umy(R) such that
SN f(pi) = 0. Let x = Y \;p;, then T = > \; p; € Um(P). Using lemma 2.2.3, we can
find p’ € Um(P) such that Y =7 = . \; p; and hence f/(p’) = 0. Thus f/(p’) = ah for some
ac R

Let m be any maximal ideal containing J. As f'®R/J : P/JP — J/J?, the image of
f'(¢') = ah will be part of a basis of m/m? and in particular, the image of ah in m/m? is nonzero.
Since h € J C m, it follows that a ¢ m. Hence we get J+ (a) = Rand a = a(1 —h)+ah € I.
Since I/f'(P)=1/1J=(I+J)/J=R/J, it follows that I = f'(P)+ < a >.
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Define f : P — I by f|pr := f'|pr and f(p') := a. Then f is surjective and f lifts f as

ah —a € K. This completes the proof in this case.

Case 2. Let d = 2. Since J is a complete intersection of height 2, we get h1, hy € J such that
J = (h1,h2). Let ‘bar’ denote going modulo NK. Then we have (h, hs) € Uma(R). Using a
similar argument as in Lemma 2.2.3 we can find (h}, hy) € Uma(R) such that h; = b} (modulo
NK). Let 0 € SLa(R) be such that (h}, hy)o = (0,1). By replacing (hi, h2) by (h1,hs)o we
may assume that ho = 1 modulo NK.

Let ‘tilde’ denote going modulo < he >. Then, as before, P is R-free with basis p1, P2 and
J = (izvl) = (]T’_(;)T), /’_(;);)) By [57] (or see Lemma 3.1, [42]) choose (XI, X;) € Umy(R) with

M (p1) + Aaf'(p2) = 0. If 2 = Ayp1 + Agpo then T € Um(P). As in Case 1, this can be lifted

to a unimodular element p’ of P. The rest of the proof is exactly the same as in Case 1. [

The next lemma is known as “moving lemma”. We restate it to suit our requirements.
The proof is given in ([33], Corollary 2.14). To reestablish this version one just needs to use

Theorem 2.2.5 in the appropriate place. For the sake of completeness we sketch the proof.

Lemma 2.2.6. (Moving Lemma) Let A be a commutative Noetherian ring and I C A be an
ideal such that p(I/1%) = n. Let I =< ay,...,a, > +I%. Then there exists an ideal J C A,
either of height n or J = A, with the property that I N J =< by,...,b, >, with a; — b; € I?
and I +J = A. Moreover if A is an affine algebra over F,, of dimension n + 1 and ht(I) > 1

then J can be chosen to be co-maximal with any ideal of height > 1.

Proof Since the first part of the proof is exactly the same as of ([33], Corollary 2.14) we begin
with the assumption that A is an affine algebra over F,, of dimension n + 1. For the sake of
completeness of the proof, we will point out the exact place where we use this assumption.

Let K be an ideal of height > 1 and ‘bar’ denotes going modulo KN1I2. Let B = A/KNI?,
then dim(B) < n. In the ring B we get [ =< ay,...,a, > 41 Using Theorem 2.2.5
there exists b; € A such that I =< by,...,b, >, with a; —b; € I? N K. Thus we get
I =<by,....b, > +I? N K. This is the only place one needs to use the assumption that A is
an affine algebra over [, of dimension n + 1. To establish the first part of the theorem one can
follow the remaining part of the proof.

Using Lemma 2.1.3 there exists e € I N K such that I =< by, ...,b,,e > and e(1 —e) €<
b1, ...,b, >. By Theorem 2.1.4 replacing b; with b; + \;e, for suitably chosen A\; we may assume
that ht(< by,...,b, >.) > n. Define J =< by,...,b,,1 — e >. Note that if J = A then the

proof ends here, hence without loss of generality we may assume that J C A is a proper ideal.
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Sincee € J2NK and e(1—e¢) €< by, ...,b, > we have J+I?NK = Aand INJ =< by, ..., b, >
respectively. Therefore only remaining is to show that ht(J) = n.

Since 1 — e € J and ht(< by,...,b, >¢) > n, any prime ideal of A containing J must
contain < by,...,b, > and will not contain e. Hence we get ht(J) > n. Note that since
e(l —e) €< by, ..., b, > implies that 1 — e € J?, thus we have J =< by, ..., b, > +J2. By the
Remark 2.1.6 we get p(J,) < n for any p € Spec(A). Using Generalized Krull's Principal Ideal

Theorem we get ht(I) = n. This completes the proof. O

2.3 Some miscellaneous results

We begin this section with the following interesting lemma which can be found in ([38] Lemma

1.1, Chapter Il1)

Lemma 2.3.1. Let A be a commutative ring, and I C A[T] be an ideal containing a monic

polynomial. Let J C A be an ideal such that I + J[T| = A[T]. Then INA+J=A

Proof Let S = A[T]/I D> AJANI, and let J be the image of J in A/ANI . The hypothesis
means that JS = S. Since S is integral over A/AN T , the “Going Up" Theorem for integral
extensions. implies that J = A/ANT , thatis (ANI)+J = A. O

Let us recall the following definitions:

Definition 2.3.2

1. For any commutative ring R with 1, the stable range (denoted by sr(R)) of R is the
smallest natural number 7, with the property that for any (u1,...,ur+1) € Um,y1(R),

there exists \; € R, i = 1, ..., 7 such that (u1 + AMup41, ..., up + Apttry1) € Um,(R).

2. For any commutative ring R with 1, stable dimension (denoted by sdim(R)) of R is
defined by sdim(R) := sr(R) — 1.

The following result can be found in ([73], Corollary 17.3).

Lemma 2.3.3. Let F — A be a finitely generated algebra over a field F' which is algebraic
over a finite field. Then sr(A) < max{2,dim(A)}.

The next result is an accumulation of results from different authors. For a proof one can

see ([21], Corollary 2.4).
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Theorem 2.3.4. ([21], Corollary 2.4) Let R be an affine algebra over ), and let I C R be an
ideal such that dim(R/I) < 1. Then, we have the following assertions:

(1) The canonical map SL,,(R) — SL,(R/I) is surjective for n > 3.

(2) If dim(R) = 3, then the canonical map SLy(R) — SLa(R/I) is surjective.

The following proposition is an easy consequence of the above theorem. One can find a

proof in ([21], Theorem 4.1) hence we skip the proof.

Proposition 2.3.5. Let R be an affine algebra of dimension d > 3 over Fp. Let I C R be an
ideal of height d—1 such that u(I/I%) = d—1. Let a surjection o : (R/I1)%~' — I/I? be such
that it has a surjective lift 0 : R~' — I. Then the same is true for any ao : (R/I)%~1 —

I/1%, where o € SLy_1(R/I).

The following lemma is an interesting consequence of Theorem 2.3.4. One can find a proof

of the same in ([14], Lemma 5.3). For the sake of completeness we give a proof.

Lemma 2.3.6. Let R be an affine algebra over Fp of dimension d +1 > 3 and I C R be
an ideal such that ht(I) = p(I/1?) = d. Let f € R/I be a unit. Moreover assume that
I =< f1,..., fa > +I? has a lift to a set of generators of I. Let (g1,...,94) = (f1,.-, fa)c,
where a € GL4(R/I), be such that det(a) = TQ. Then I =< g1,...,9q4 > +1? also has a lift

to a set of generators of I.

Proof LetI =< hy,...,hq > where h;— f; € I?>. Note that after an elementary transformation
we may always assume ht(< hy,...,h; >) =1, fori=1,...,d. Let B= R/ < hs,...,hg > and
‘bar’ denote going modulo < hs,...,hq >. Then dim(B) < 3.

Let f € R be a lift of f. Since f is a unit modulo I, we have g € R such that fg —
1 € I. Note that (g%, ha, —h1) € Umg(B). By a result Swan-Towber [68] the unimodular
row (g2, ha, —h1) is completable to an invertible matrix in SL3(B). Using ([14], 5.2) we get
7 € My(B) such that (hy, he)T = (), hy), where T =< R, k) > and det(7) — f2 € I.

Thus in the ring R we get, I =< h!,h}, hs,...,hq >. Define 6 =7 L 1,9 € GLy(R/I).
Then note that (hy, ho, hs, ..., hq)0 = (R}, hb, hs, ..., hg) and det(§) — f2 € I. Since det(6) —
det(a) € I, there exists € € SL4(R/I) such that f¢’ = a. Since dim(R/I) = 1, by (]20],
2.3) the natural map SL4(R) — SL4(R/I) is surjective. Therefore we can lift ¢ and get
€ € SLyg(R) such that they are equal modulo I. Let (Gi,...,Gq) = (h}, hb, hs,...,hg)e. Then
note that I =< Gy, ..., G4 >. It only remains to show G; — g; € I°.

Consider any d—tuple [(ai,...,aq)] as a map (R/I)? — I/I* sending e¢; — @;. Then
we have [(G1,...,Gq)] = [(h}, hh, ha,...,hq)e] = [(h1,h2,hs,...;hq)0€] = [(h1,..., hq)0€] =
[(h1, ..., ha)a] = [(f1, ..., fa)o] = [(g1, ..., 9a)]- This completes the proof. O



30 Chapter 2. Preliminaries

The following lemma can be found in [14]. This lemma is used in Chapter 3. We shall give

a detailed proof.

Lemma 2.3.7. Let A be a Noetherian ring and J C A be an ideal of height n. Let f(#0) € A
such that J; is a proper ideal of Ay. Assume that J; = (a1, ...,ay), where a; € J. Then,
there exists 0 € SL,(Ay) such that (a1, ...,an)o = (b1,...,b,), where b; € J C A and ht(<
biy...bpy > A) = n.

Proof LetJ = {0 €SL,(Ay): (a1,...,an)o = (b1,...,bn),b; € J C A}. Then note that I,, €
J. For any o € J, we define N(o) = ht(< by,...,b, > A), where (ay,...,a,)0 = (b1,...,by).
Let 0 € 3. If N(0) = n, then we are done. So, let us assume that N (o) < n. It is enough to
produce another ¢’ € J such that N(o) < N(o’). In the remaining part of the proof we will

prove this in the following steps:

Step-1 N(o)=ht(< by, ....;bp—1 >).

Proof Using Theorem 2.1.4 we get ¢; = b; + \;by,, where \; € A, fori =1,...,n—1 such that
ht(< ¢1, ...y n1 >p,) > n — 1. Note that there exists € € E,,(A) such that (ay,...,a,)0€ =
(c1, . n—1,by). Thus ge € J. Also note that since € € E,,(A) we have N(o) = N(oe€). Thus
replacing o with oe we may assume that ht(< b1, ...,b,—1 >5,) > n — 1. Let p be a minimal
prime ideal of A containing < by, ...,b,—1 > such that ht(p) = ht(< by, ...,bp—1 >).

If b, & p then ht(p) > n — 1. And by our assumption ht(p) = ht(< by, ...,b,—1 >) < ht(<

bi,...,bp, >) = N(0) < n —1. Thus in this case we have

n—1=ht(p) =ht(< by,....;bp—1 >) < N(o) <n-—1.

That is N(o) =ht < by, ...,bp—1 >.
If b, € p, then note that N (o) = ht(< by,...,b, >) = ht(< b1,....;b,—1 >). Hence our

claim is achieved.

Step-2 For any minimal prime ideal p containing < by,...,b,_1 >, if b, € p, then p must

contain f.

Proof First of all note that such a minimal prime ideal p always exists. If for all minimal
prime ideal p D< by, ...,b,—1 > misses b, then note that N (o) = ht(< by,...,b, >) > ht(<

b1, ...,bp—1 >) which is not possible as shown in Step-1.



2.3. Some miscellaneous results 31

Proof by contradiction. Suppose p be as mentioned above and f & p. Since f & p, we have
N(o) = ht(< by, ...,bp—1 >) < ht(p) = ht(ps). Now note that since p is minimal containing
< by,...;bp—1 > and f & p implies that p; is minimal over < bq,...,b,—1 > and thus we
get ht(p) = ht(ps) < n — 1. But also note that < by,...,b, >C p and f & p implies that

n = ht(< by, ...,by, >5) < ht(pg) which is a contradiction. Therefore, f € p.

Step-3 There exists 01 € J such that (aq,...,a,)01 = (b1, ..., bp—1, b, +2"), for some suitably

chosen z € A.

Proof Since Iy =< by,...,b, > is a proper ideal of Ay sois < by,...,b,—1 >f. Using Step-2
we can assure there exists a minimal prime ideal ¢ containing < b1, ...,b,—1 > which do not
contain b, . Thus ﬂqq % ¢, where the intersection runs over all minimal prime ideals of
< by, ...,bh—1 > which do not contain b,,. Let Ko be the set consisting of all minimal prime
ideals of < b1,...,b,_1 > which do not contains b, and K is the complement of K> inside
the set of all minimal prime ideals of < by,...,b,—1 >. Also note that using prime avoidance
lemma we have (., p ¢ U,ck, p- We choose x € (e, p — U,c, p- Note that zf €
/< b1, ...;bp—1 >. Let 7 € N be such that (zf)" €< by, ...,bp—1 >. There exists a € E,,(Ay)
such that (b1, ...,bn)a = (b1, ..oy bp—1,bp + (xf)"). Let oy = diag(1,...,1, f") € M, (A). Then

note that oy € GL,,(Ayf). Let 6 = ozlafozfl € SL,(Ay) and 01 = 6. Then note that o1 € J.
Now we observe:

(a1, ey @)1 = (b1, .oy 0)0 = (b1, oy bp)arapart = (br, ooy b1, b f)apar!

= (b1, ey b1, b fT + (2f))a;t = (byy ey b1, bn +27).

Step-4 N(o1) > N(o).

Proof It is enough to show that no minimal prime ideal of < by, ...,b,-1 > contains b, + «".
If so, then N (o) = ht(< b1,...,bp—1 >) < ht(< b1, ..., bp—1,b, + 2" >) = N(o1) and we will
be done.

Suppose p D< by,...,b,_1 > be a minimal prime ideal. If p € K; then since b, € p and
x & p implies that b, + 2" & p. And if p € K5 then since b, € p and = € p implies that

bn + 2" & p. This completes the proof. O

Le A be a ring. Recall that the ring A(T) is obtained from A[T] by inverting all monic

polynomials. The next result is due to G. Horrocks [30].
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Theorem 2.3.8. Let A be a local ring and P be a projective A[T]-module. Assume that the
projective A(T)-module P ® A(T) is free. Then P is a free A[T|-module.

The following is a global version of the previous theorem. It was proved by D. Quillen [52].

This is known as Affine Horrocks' Theorem.

Theorem 2.3.9. [52] Let A be a commutative Noetherian ring and P be a projective A[T-
module. Assume that the projective A(T)-module P @ A(T) is free. Then P is a free A[T]-

module.

The next theorem is a partial answer to an open question asked by M. P. Murthy [47]. One
can find a proof in ([20], Theorem 3.2).

Theorem 2.3.10. Let R be an affine algebra over F, and n > 2 be an integer. Let I C R[T]
be an ideal containing a monic polynomial such that u(I/1?) = n > dim(R[T]/I) + 1. Then
I is generated by n elements. Moreover, any set of n generators of I /I? can be lifted to a set

of n generators of | in the following cases:
1. n=2=pu(I/I?) = ht(I) = dim(R);
2. n>3.
The following lemma is known as Quillen’s Splitting Lemma [52].

Lemma 2.3.11. Let A be a ring and s,t € A be such that As + At = A. Let o(T)
GL,(As[T]) be such that o(0) = Id. Then o(T) = (¢Y2(T))t(1(T))s, where ¢¥1(T)
GL,,(A[T)) such that 11(0) = Id and Y1 (T) = Id modulo < s > and 1o(T) € GL,(As[T))
such that ¢ (0) = Id and 12(T) = Id modulo <t >.

S
S



Chapter 3

On a question of Nori

3.1 Main theorem

In this section we focus on a question asked by M. V. Nori (Theorem 3.1.2) and its subsequent
developments. We improve the bound imposed by S. Mandal [41], for non extended ideals of
affine algebras over Fp, which contains a monic polynomial. Before going to our main theorem
we shall state the following lemmas. The proof of the following lemma is standard so we choose

to sketch the proof for the sake of completeness.

Lemma 3.1.1. Let A be an commutative Noetherian ring and I C A[T) be any ideal containing
a monic polynomial and J = I N A. Suppose that P is a projective A-module of rank n > 2
and ¢ : P[T) — I/(I*T) is a surjection. Moreover assume that there exists j € J? and a
surjective map ¢'(T) : Piy;[T| =+ I1;, which lifts ® A14;[T). Then there exists a surjective
map ¢(T) : P[T] = I, which lifts &.

Proof Choose any lift (may not be surjective) a(T) : P[T] — I of ¢. As o(T) lifts ¢ we

have a surjection a(0) : P — I(0). Thus over the ring A;(11;)[T] we have

@' (T);
0 —— (K1)j ——— Pjaspll] ——— Liasy) » 0

a(0)@4; (145 (7]
0 —— (Ka[T)ja4s) —— PiapT) ——— Tjagy) — 0

where K1 = ker(¢/(T)) and Ky = ker(a(0)). Now note that going modulo 7" we have,
(#'(0)); = ((0));(14), as they both match with any lift of %(1“) modulo (I*TAj¢145[T]).
Since I14; contains a monic polynomial, by Theorem 2.3.8 K is locally extended from A, ;
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and by Theorem 2.3.9 K is globally extended. And K> being extended from A; follows from
the fact the map itself is extended. Hence using ([51], Lemma 2) we can find an automorphism
7 of Pj145[T] such that 7(0) = Id and (a(0) ® Aj145[T])7 = ¢'(T);. Then applying
Lemma 2.3.11 we get 7(T') = (11(T))145(m2(T));, where 71(T) € Aut (P;[T]) and 7o(T) €

Aut (P14;[T]). Then a standard patching argument completes the proof. O

Theorem 3.1.2. Let A be an affine algebra over F, and I C A[T) be an ideal containing a
monic polynomial. Assume that I =< fi,..., fn > +(I?T), where n > max{(dim@—i—l), 2}.
Then there exists F; € I, i =1,...,n, such that, I =< Fy, ..., F,, >, with F; — f; € (I*T), for

alli=1,...,n.
Proof We shall divide the proof into the following two cases:

Case-1(n > 3) Let f € I be a monic polynomial. Without loss of generality we may assume
that f1 to be monic, by replacing fi with fi+T% f2, for some suitably chosen k& > 0. By Lemma
2.1.3 there exists e € I°T, such that I =< fi,..., fn,e >, with e(1 — ) €< fi1, ..., fn >.

Let J = INA. By Lemma 3.1.1 it is enough to find j € J? and F; € I;4; such that
Liij =< Fy,...,F, > with fi — F; € (I*T)14;.

Let B = %. Since f1 is monic, dim(B) = dim(%) = dim(
Let ‘bar’ denote modulo < J2[T], f1 >.

ES

) = dim(2) < -1,

In the ring B, we have I =< fo,...,f, > +I2T. By Theorem 2.2.5, we get h; € 1
such that I =< ha,...,h, >, with f, — h; € I2T, for all i = 2,...,n. Hence we get, I =<
f1, o, ooy > +J2[T), where, fi — hy e< I?T, J?[T], fi > for all i = 2, ...,n. Note that by
an elementary transformation we may further assume (we are not changing the notations h;'s
here) that h; — f; € I*T + J?[T), for all i = 2,...,n. Define F;(T) = h;(T) — h;(0) + £:(0).
Then F; — fi = (hy(T) — fi(T)) — (hi(0) — £i(0)) € I?’T and F; = h; modulo J2[T], for all
i=2,..,n. Thus we get [ =< f1, I, ..., Fy, > +J?[T), with F; — f; € I*T, for all i = 2,...,n.

Again applying Lemma 2.1.3 we can find s € J2A[T] with s(1—3s) €< f1, Fy, ..., F,, >. Let
I' =< f1,Fy,...,F,,1—5>. Then we have INI' =< f1, Fy, ..., F}, >, and I' + J?[T] = A[T].
Since I’ contains a monic polynomial (namely f;), then by Lemma 2.3.1 we can find j € J2,

such that, 14+ j € I'NA. We get I14; =< f1, I, ..., Fn >14 with fi — F; € (I°T)14;.

Case-2(n = 2) By [41] we may assume that dim(A[T]/I) +1 = 2. Let J = INA. By
Lemma 3.1.1 it is enough to find j € J? and h; € In4j such that I11; =< hy,he >, with
fi — hi € (IzT)H_j.
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Since I contains a monic polynomial, we have dim(A[T]/I) = dim(A4/J) = dim(A/J?) =

1. Let C = %, then in the ring C[T] we have
7 :< ?1,?2 > +ﬁ

Using Theorem 2.2.5 we can find g; € I, such that I =< g1,g92 > +J?[T], where g; —
fi € I’T + J?[T). Let hi(T) = gi(T) — g;(0) + £i(0). Then h; — g; € J?[T] implies that
I =< hy,hy > +J?[T] and h; — f; € I?T. Now since I contains a monic polynomial and .J is a
proper ideal, the ideal < hy, ho > contains a monic. By Lemma 2.1.3 there exists s € J2A[T]
with s(1 — s) €< hy,he >. Let I’ =< hy,hy,1 — s >. Then I’ contains a monic polynomial
with I NI =< hy,hy > and I’ + J2[T] = A[T]. Then by Lemma 2.3.1, there exists j € J?,
such that 1 +j € I'N A. Thus we get I14; =< hy, ha >14; [T)], with f; — h; € (I?T)14; and

this completes the proof. O

3.2 A projective version of the main theorem

Here we shall prove a projective version of the above theorem.

Theorem 3.2.1. Let A be an affine algebra over F, and I C A[T] be any proper ideal
containing a monic polynomial. Suppose that P is a projective A-module of rank n, where
n > max{(dim A[T]/I + 1),2}. Then any surjective map ¢ : P[T] — I/I*T lifts to a
surjective map ¢(T) : P[T] — 1.

Proof Let.J = INA. Since I contains a monic polynomial dim(A[T]/I) = dim(A/J) < n—1.
Since rank(P/JP) = n > dim(A/J) then by a result of J. P. Serre [59] P/JP has a free direct
summand of rank one. Then by Nakayam's Lemma we can find s € J such that P, 2 Q& B,
where B = A1, is an affine algebra over F,, and @ is a projective B-module of rank n—1. Also
note that B[T|/IB[T]| = (A[T]/I)1+s gives us the fact dim(B[T]/IB[T]) < dim((A[T]/I)).
Let «(T) : P[T] — I be any lift of ¢, then we have a surjective map o(T) ® B[T]/ITB[T] =
¢ @ B[T]: (Q @ B)[T) = IB[T]/I*TB[T). Let §(T) be any lift of ¢ ® B[T] and fo € I be
a monic polynomial. Then replacing §(7')(0,1) by 6(7)(0,1) 4+ T* f2, for some suitably chosen
k > 1, we may assume that §(7")(0,1) = f is a monic polynomial in I B[T].

Case-1(n > 3) Define C = B[T]/(J?B[T], f). Then C is an affine algebra over F, and
since (J2B, f) contains a monic polynomial, namely, f, we have dim(C) = dim(B/J?B) =
dim(B/JB) = dim(A/J) = dim(A[T]/I) < n—1. Q[T]® C is a projective C-module of
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rank n — 1. Also note that (6(T) ® O)|gpriec = (¢ @ O)lgirec : QT ® C =+ IC/I*TC is
a surjective map, with rank(Q[T] ® C) =n —1 > dim(C'). Then by Lemma 2.2.5 there exists
a surjective map ¥ : Q[T] ® C — IC, which lifts ¢ ® C. Let v : Q[T] ® B[T] — IB[T)
be a lift of 1. In the ring B[T] we have Im() + J2B[T]| + (f) = IB[T]. Then by Lemma
2.1.3 there exists e € J?B[T] with e(1 —¢e) € (Im(), f), such that (Im(y), f,e) = I.
Define I' = (Im(y), f,1 —e), then IB[T|NI' = (Im(v), f), I' + J?B[T] = B[T], and
I’ contains a monic polynomial. Using Lemma 2.3.1 we can find ¢t € J?B, such that 1 +
t € I' N B. Thus we get 1B [T] = (Im(v), f)B1+¢[T]. Now note that since t € J?B,

t = for some & > 0. Then by further localizing at (1 + s)* one can show that

(1+ k'
(B14t) (1450 = [(Ar4s)14t] (1150 = A1y, for some j € J. Define (T) : Pryi[T) — Ly,
by W (T)|q.y, 11 = Y14k and ' (T)(0,1) = f. Then w'(T) is a surjective map. Also note
that w'(T') = (6(T))14; modulo (J2By4;[T1, f, I*TB14,[T]). Since f € Im(w],,) is a monic
polynomial, we can find a transvection ¢ of (Q14;[T] ® B14;[T7]) such that w'(T)|q,, (1)¢ =
(8(T))1+; modulo (J2By4+;[T), f, I*TB1+;[T]). So we can replace w'(T") by w'(T)¢ (without
changing the notations) and may assume that «'(T)¢ = (6(T))1+; = ((T))14+; modulo
(J2By4; [T], IPT By [T). Define w : Puiy[T] — Tiey, by w(T) = w/(T) — ((0) - a145(0)).
Then we have the following:
(1) w(T) = w'(T) modulo J?B.
(2) w(0) = a14,(0).

We get w(T) = a14j(T) = ¢y—; modulo I*TB[T].

Again we have, «(0) : P — I(0) a surjective map. Therefore, (y(T') =)a(0) ® A;[T] :
Pj[T) — I1(0)A;[T)(= A;[T)) is also a surjective map and v(T') = ¢ mod (I*TA;[T)).

Thus in the ring A;(14;[T] we have two surjective maps (w(T)); : P45 [T] = L)
and (V(T))1+j : Pja+nlT] = Lja4j). Let K1 = Ker(w(T')) and K2 = Ker(y(T')). Then we

have the following two exact sequences

0 —— (K1) —— Pj(lﬂ‘)[T] — Ij(1+j) > 0

Note that going modulo T we have, (w(0)); = (7(0))14;, as they both matches with any lift
of $j(1+j) modulo (I*T'Aj14[T]). Since I1; contains a monic polynomial then by Theorem
2.3.8 K is locally extended from A;; 1 and by Theorem 2.3.9 K is globally extended. Also
K is extended from A; follows from the fact the map ~ itself is extended. Using ([51], Lemma

2) we can find an automorphism 7 of Pj;)[T] such that 7(0) = Id and v14;7 = w;. Then
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applying Lemma 2.3.11 we get 7(T") = (71(T))1+4j(m2(T));, where 71(T) € Aut (P;[T]) and

72(T') € Aut (P14;[T]). Then a standard patching argument completes the proof in this case.

Case-2(n = 2) By [41] we can assume dim(A[T]/I) +1 = 2. By Lemma 3.1.1 it is enough
to find j € J? and a surjection w : Pyy;[T] = I14; which lifts ¢(T), ;.
Since I contains a monic polynomial, we have dim(A[T]/I) = dim(A/J) = dim(A/J?) =

1. Let C'= %, and ‘bar’ denotes going modulo .J2, then in the ring C[T] we have
&(T) : P[T) = 1/I°T.

Using Theorem 2.2.5 we can find a lift o(T) : P[T] — I/J?[T] of ¢(T). Let us define
w(T) = (T) — ¥(0) + ¢(0) : P[T] — I/J?[T]. Thus we get I = w(P[T]) + J[T).
Now since I contains a monic polynomial and J is a proper ideal in A, the ideal w(P[T]) must
contains a monic polynomial. By Lemma 2.1.3 there exists s € J2A[T] with s(1—s) € w(P[T)).
Let I’ =< w(P[T]),1 — s >. Then I’ contains a monic polynomial, I NI’ = w(P[T]) and
I' + J?[T) = A[T]. Then by Lemma 2.3.1, there exists j € J2, such that 1+j € I’'N A. Thus
we get w(P[T])14; : Pi+;[T) = Ii4j, is a surjective lift of ¢(T)14; and this completes the

proof. O

Corollary 3.2.2. Let A be an affine algebra over F,, and I C A[T be any proper ideal containing
a monic polynomial. Let P be a projective A-module of rank n, where n. > max{(dim A[T]/I+
1),2} and A\ : P — I(0) be a surjection. Suppose that there exists a surjective map ¢ :

P[T)/IP[T] — I/I? such that $(0) = A\(0) ® A/I(0). Then there exists a surjective map
¢ : P[T] — I such that ¢ lifts ¢ and $(0) = \.

Proof Follows from the Remark 3.9 of [12] and using Theorem 3.2.1. O

3.3 A relative version

In [43] S. Mandal and R. Sridharan proved a relative version of Mandal's theorem quoted before.

Their result has been crucial to the development of the Euler class theory. We now improve the

bound of their result when the base ring is an affine algebras over [F),.
Theorem 3.3.1. Let A be an affine algebra over Fp. I =1,Nn1Iy C A[T] be an ideal such that:
1. I contains a monic polynomial.

2. [ =< fi,.ey fn > +1%, where n > max{(dim(A[T]/I;) + 1), 2}.
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3. I, = I5(0)A[T], is extended from A.

Suppose that there exists a; € 1(0) with a; — fi(0) € I1(0)? fori = 1,...,n, such that
I(O) =< A1y ey Ap > .
Then there exists h; € I with h;(0) = a;, fori = 1,...,n such that

I =<hy(T), ..., ha(T) >

Proof Let J; = I1 N A. Since I; contains a monic polynomial and I5 is extended from A,
by Lemma 2.3.1 we can find s € J; and t € I5(0) such that s +¢ = 1. Note that in the ring
A[T), we have 1 Ay[T] =< fi, ..., fn > +1?, and L,(0)A; = [(0)A; =< ay,...,an > Ay, with
fi(0) — a; € I(0)2A;. Thus by Corollary 3.2.2 there exists g; € I; A;[T], for i = 1,...,n such

that 11 Ay [T] =< g1, ..., gn >, with ¢;(0) = a;. Now consider the following two exact sequences

(917"'7977,)

0 —— (Ky)y — A"[T] [A4[T)(= LAGT) = At[T]) — 0

0 — 5 (Ka)s —— An[f @Al 4 ip) (= 1(0) 4 A[T] = Au[T]) —— 0.

where K is kernel of the map from A}[T| — I A;[T] induced by (g1, ..., gn), which is extended
from A; by Theorem 2.3.9. And K3 is the kernel of the map from A™[T] — I(0)A[T] induced
by (a1, ..., an) ® A[T], which is also extended from A, as the map itself is extended. Then using
([51], Lemma 2 and Proposition 2, or see [7], Lemma 3.4) we can find «(T") € SL, (As[T]) such
that a(0) = I;. Thus by Lemma 2.3.11 o(7T') = (1 (T))s(c2(T))+, where aq (T') € SLy,(As[T])
and ag(T) € SL,(A[T]). Then a standard patching argument completes the proof. O

Theorem 3.3.2. Let A be an affine algebra over F,,. I =1, NIy C A[T), is an ideal and P is

a projective A-module such that,

(i) Iy contains a monic polynomial.

(13) Io = I2(0)A[T] is an extended ideal.
(7i7) I + Io = A[T].

(iv) rank(P) = n > max{(dim(A[T]/I,) +1),2}.
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Suppose that there exists surjections p : P — I(0) and & : P[T)/I, P[T] — I /I? such that
6 = p® A/I(0). Then there exists a surjection ) : P[T] — I such that n(0) = p.

Proof Using Corollary 3.2.2 and following the same argument used as in Theorem 3.3.1 the

proof follows. O

3.4 The case of dimension two

In this section we shall show that if dim(A) = ht(I) = u(I/I?) = 2, then the question asked
by M. V. Nori does have an affirmative answer over the base field F,, (Theorem 3.4.6). In other
words one can not construct such an example as of ([12], Example 3.15) over F,. We shall

prove a local version of the dimension two case. Before that we shall need the following lemma.

Lemma 3.4.1. Let A be an affine domain of dimension d > 1 over ?p and mq,--- ,m, be
maximal ideals of A. Let S = A~ (myU---Um,) and I C S~LA[T)] be an ideal of height d.
Then the natural map SLa(S™YA[T)) — SLo(S™YA[T]/I) is surjective.

Proof There is an ideal J C A[T] such that S™'J = I. Let K = myN---Nm,. There
are two possibilities: J 4 K[T] = A[T] or J 4+ K[T] & A[T]. In the first case, we have
dim(S~1A[T]/I) = 0 and we are done.

Now we consider the second case when J + KT is a proper ideal. In this case, it is easy
to see that dim(A[T]/J) = dim(S~LA[T]/I) = 1. Note that S~LA[T]/I is the direct limit of
affine F,-algebras of dimension one. It now follows from Theorem 2.3.4 that SLy(S™1A[T]) —

SLy(S~YA[T]/I) is surjective. O

Theorem 3.4.2. Let A be an affine domain of dimension 2 over Fp and my,--- ,m, be some
smooth maximal ideals of A. Let S = A~ (myU---Um,) Consider the ring R = S™1A. Let
I C R[T) be an ideal such that: (1) I + J[T| = R[T|, where J is the Jacobson radical of R;
(2) u(I/(I?°T)) = ht(I) = 2. Let I = (f1, f2) + (I*T) be given. Then there exist Fy,Fy € I
such that I = (Fy, Fy) and F; — f; € (I*T) fori = 1,2.

Proof Bylemma 2.1.3 there exists e € (I2T) such that I = (f1, f2,¢) where e(1—e) € (I2T).
Then, I, = R[T]e = (1,0) and I;_. = (f1, f2)1—e. The unimodular row (f1, f2)e(1—¢) can be
completed to a matrix in SLo(R[T].(1_)) and by a standard patching argument we obtain a
surjection P — I where P is a projective R[T]-module of rank two with trivial determinant.
As R is smooth and semilocal, it follows that P is free and therefore, I = (g1, g2). There exist

is a matrix @ € GLa(R[T]/I) such that (f, f5) = (41,0)7. Let det(c) = u and let v = 1
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in R[T]/I. The unimodular row (v,g2,—¢1) € Ums(R[T]) is completable (as R is smooth
semilocal). Therefore, using ([14], Lemma 5.2) we can find hq, he € I such that I = (hy, h2)
and (fy, f2) = (h1, h2)0 for some 6 € SLo(R[T]/I). Applying the lemma above, we can find a
lift & € SLo(R[T)) of 6. Let (hq,h2)0 = (Hy, H).

From the above paragraph, we have: I = (Hy, Hs), where H; — f; € I?. We still have to
lift the generators of I(0), namely, f1(0), f2(0). Since I + JR[T| = R[T], we have I(0) = R
and the rows (f1(0), f2(0)), (H1(0), H2(0)) are both unimodular. As R is semilocal there is a
matrix a € E5(R) such that (f1(0), f2(0)) = (H1(0), H2(0))cw. Let o =[] Ejj(asj), aij € R.
As I(0) = R, there exists \;; € I such that \;;(0) = a;;. Let A = [[E;j(\ij) € E2(R[T)).
Taking (F, Fy) = (Hy, H2)A we are done. O

We shall recall some results which will be used to prove the main theorem in this section.

Lemma 3.4.3. ([12], Lemma 3.5) Let A be a regular domain containing a field k, I C A[T)
an ideal, J =1NA and B = Aj1,; . Let P be a finitely generated projective A-module and
¢ : P[T] — I/I?T be a surjective map. Suppose that there exists a surjection 6 : Py, j —
I 14y such that 0 is a lift of ¢ ® B. Then there exists a surjection ® : P[T] — I such that ®
is a lift of ¢.

Theorem 3.4.4. [35] Let R be an affine algebra of dimension one over F,,. Then, SK1(R) is

trivial.

Proposition 3.4.5. ([67], 9.10) Let A be a ring and I be an ideal. Let v € Spy(A/I), t > 1.
If the class of vy is trivial in K1Sp(A/I) and if 2t > sr(A) — 1, then y has a lift o € Spa(A).

Now we are ready to prove our main result in this section.

Theorem 3.4.6. Let R be an affine domain of dimension two over F,. Let I C R[T] be an
ideal such that u(I/(I?°T)) = ht(I) = 2 and R/(I N R) is smooth. Let I = (f1, f2) + (I*T)
be given. Then there exist Fy, Fs € I such that I = (F1,Fy) and F; — f; € (I?T) fori =1,2.

Proof Let J = 1N R. Let ‘tilde’ denote reduction modulo (J?T'). We have I = (fi, fo) +
(IfT). As dim(R[T]/(J*T)) < 2, by Theorem 2.2.5 there exist g1, g» € I such that I = (j1, go)
such that §; — f; € (I2T). Therefore, I = (g1,g2) + (J2T) such that g; — f; € (I2T). Using
Lemma 2.1.3 there exist e € J2T such that I =< g1,g2,e > and e(l —e) €< g1,92 >.
Moreover by Theorem 2.1.4 replacing g; by ¢; + A;e (and retaining the same notations) we may
assume that ht(< g1, g2 >¢) > 2. Let I' =< g1, 92,1 —e >. Then we have I’ + (J?T) = R[T],
ht(I') > 2 and INI = (g1, 92).
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If I' = R[T], then we are done. Therefore, we assume that I’ is proper and ht(I’) = 2. We
have I’ = (g1, 92) + I">. Note that I'(0) = R. Applying ([12], Remark 3.9) we can lift g1, g2
so that I’ = (hy, he) + (I"?T) where h; — g; € I'* for i = 1, 2.

Let J/=I'NR. Let B = Ry;y and C = B,y = Ry;4j1y. Note that since R/J is
smooth, the ideal of singular locus of R/J (which is extended from R) is co-maximal with J,
hence the ring B is smooth. This implies that C' is smooth, being further localization of a
smooth ring. It has been proved in ([12], Theorem 3.8, Step-1) that the ring C' is semilocal.

We have I'C[T] = (h1, ha) + (I"*T). Since I'C[T]+ (J*T)C[T] = C[T] and J is contained
in the Jacobson radical of C, we can apply Theorem 3.4.2 and ensure that hq, he can be lifted

to a set of generators of I'C[T]. Now, we can apply Lemma 3.4.3 and obtain:
I'B[T] = (ki1, k) such that k; — h; € (I"*T)BI[T].

Note that, in view of Lemma 3.4.3, to prove the theorem it will be enough to show that
IB[T] = (a1, a2) such that o;; — g; € (I?T)B[T). The remaining part of the proof is dedicated
to show this only.

We have I'B[T] + (J*T)B[T] = B[T)]. Let us write D = B[T]/J*B[T] and ‘bar’ denote
modulo J2B[T]. Now, (ki1,k2) € Uma(D). As (ki, k) is a unimodular row of length two, there
is a matrix o € SLa(D) such that (ky,k9)o = (1,0).
Claim: o can be lifted to a matrix 7 € SLa(B[T]).
Proof of the claim. Since B[T] = Ry, j[T], we observe that B is the direct limit of affine F,-
algebras of dimension two and therefore, applying ([73], Corollary 17.3) we obtain: sr(B[T]) <
max{2,dim(B[T])} = 3.

Let us now consider SK7(D) and K1Sp(D). We have

Dreq = B[T]/VJ[T] = BIT|/J[T| = (R/J)[T],

since J is reduced. Since R/J is smooth, we have SK;((R/J)[T]) = SKi((R/J) and
K1Sp((R/J)[T]) = K1Sp(R/J). Sincedim(R/J) = 1, by Theorem 3.4.4 we have SK1(R/J) =
0 and applying ([73], Lemma 16.2) we further obtain that K;Sp(R/J) = SK1(R/J) and hence
it is trivial as well.

As for any ring C, we know that SK;(C) = SK;(C\eq), we conclude that SK;(D) = 0.
On the other hand, we know that for a ring C, the natural map K;Sp(C) — K1Sp(Cleq) is

injective. Therefore, from the above computation we see that K;Sp(D) = 0.
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We can now apply Swan'’s result (Proposition 3.4.5), with ¢ = 1. Since Spa(B[T]) is the
same as SLa(B[T1]), we are done.
Let (k1,ko)T = (K}, k). Then I' = (K}, k}) and K} = 1 modulo J2B[T] and k, = 0 modulo

11
J?B[T]. Write (B1,32) = (k}, kh)e, where ¢ = . (here 81 = K} and B2 = K| + k).

Then 3; = 1 modulo J?B[T] for i = 1,2.
We now write B[T| = A and introduce a new variable X and consider the following ideals

in A[X]:

K =(B1,X + ), K'=IAX], K=K nK"

Let us write the ideal 51 A as n. We have K1, = K|, = (f1,X + 2). Recall that we
have INI" = (g1,92), implying that (I NI")A = (g1,92)A. Let (g1,92)7 = (¢}, g5) and write
(I1,12) = (g}, gb)e. Then also we have (I N I")A = (I1,12) A and all the relations are retained.

Now (I1,12) A1y = I'Ayyn = K}, (X = 0) = K1 42(X = 0).

We also have Ki1n(X = 0) = (81, 2). Then note that (I3 — 1,1 — B2) = (91 — k1,92 —
ko)Te € I Ay x I A1y as g; — ki = (g5 — hy) + (hy — k;) € (I B[TY]). Since K{_M(X =
0) =< B1,P2 >=< lj,ly >, there exists a € GLa(Aj4n) such that (51, 52)a = (I1,12). Let
(B1, X + B2)a = (G1(X),G2(X)), then G;(0) =1; for i = 1,2.

Recall that n = (1) is comaximal with J2B[T]. We choose some s € n such that 1 + s €
J?B[T] and K' A1 54 = (G1(X), G2(X)) with G;(0) = ; for i = 1,2.

Let ¢ : A1y 54[X]? = Ki,s4 be the surjection corresponding to K114 = (G1(X), Go(X)).
And we have a surjection ¢ : As[X]? — K induced by the Following: Ky = K/ = I, = (I3, l2).

The surjections ¢ : Ag1454)[X]° = Kyaisa) and 1464 0 Agaisn)[X]? = Kyaisa)
agree when X = 0. As both the kernels are free, by a standard patching argument we obtain
K = (H{(X), H5(X)) such that H;(0) = I; for i = 1,2,

Now, I = K(1 — f2) = (Hi(1 — B2), Hao(1 — 32)). We write H;(1 — 2) = «;. As the
constant term of H; is [; and 32 = 1 modulo J2B[T], it follows that IA = (a1, ag) with a; —;
modulo J2B[T].

Let us now revert back to the original notations (recall: A = B[T] = R14+;[T]). We have

thus far been able to establish the following:

L4y = (a1, a2) such that ; = [; modulo Ji, ;[T]
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Also recall that we started with I = (g1, g2) + (J2T) and then applied some automorphisms on
(g1, 92) to get (I1,12). So we have I = (lI1,13) + (J*T). However a1, as are lifts modulo J2[T.
We need to find y1,72 so that I, 7 = (v1,72) with 45 — I; € J2[T]14s and 7;(0) = 1;(0) for
i =1,2. Once we have done this we can apply inverses of the said automorphisms on (7y1,72)
to solve the problem. The remaining part of the proof is dedicated to find such ~;.

We have 1(0)1, 7 = (11(0),12(0)) = (a1(0), a2(0)) such that a;(0) — 1;(0) € (J?)14,.

Note that J C I(0) and J% C JI(0). Therefore, we can write a(0) — I1(0) = cay(0) +
daz(0), where ¢,d € JB. Similarly, a2(0)—12(0) = ea1(0)+ faz(0), where e, f € JB. Putting
it in another way,

(@1(0), a2(0))d = (11(0),12(0))

l1—c —e
where § = . Note that the determinant of the above matrix is 1 modulo J.
—d 1-—f

Since J is contained in the Jacobson radical of R4, it is an invertible matrix in Ry .

Let (71,72) = (a1, a2)d. Then note that:

1. I14 5= (’yl,'yg), asd € GLQ(R1+J);

2. v —1l; € 112+J, asy —lhh=Mm-a1)— (g —11) = —ca; —dag+ (a1 — 1) € 112+J, and

Yo — g = (72—@2)—(042—12) =—6061—f042+(042—12) €I12+J;
3. ")/7;(0) = lZ(O) for i = 1,2.

This completes the proof. O

3.5 Question of Nori: Precise obstruction

As mentioned earlier, in the appendix of a paper by S. Mandal [41], M. V. Nori asked the
following question, which is motivated by certain results in topology. For the convenience of

understanding, we state the “free” version of the question below.

Question 3.5.1 Let R be a smooth affine domain of dimension d over a field & and I C
R[T] be an ideal of height n such that u(I/I?T) = n, where 2n > d + 3. Assume that
I = (f1,---,fa) + (I?T) is given. Then, do there exist F; € I (i = 1,---,n), such that
I=(F,--,F,) where F; — f; € (I*T) fori =1,--- ,n?

If I contains a monic polynomial, then S. Mandal [41] proved that the answer is in the
affirmative where he needs the ring R to be just Noetherian. Ideals containing monic polynomials

are of a different league and let us leave them out of our discussion. So, from now on we assume
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that I does not contain monic in the above question. Nori's question has been answered
comprehensively. First, Mandal-Varma [44] proved it to be true when R is local. Bhatwadekar-
Sridharan [12] gave an affirmative answer when n = d > 3 and k is infinite perfect. Later,
Bhatwadekar-Keshari settled it in the affirmative [10] for 2n > d + 3 with the same assumption
on k.

On the other hand, Bhatwadekar-Mohan Kumar-Srinivas gave an example in [12, Example
6.4] to show that Nori's question will have a negative answer if R is not smooth (even when R
is local). They constructed an example of a normal affine C-domain R of dimension 3 which
has an isolated singularity at the origin, and an ideal I C R[T] of height 3 such that a given
set of generators of I/(I?T) cannot be lifted to a set of generators of I.

The results and the example stated above had profound impact on the development of
the theory in understanding the behaviour of projective modules and local complete intersection
ideals in past twenty years. Among recent instances, the Bhatwadekar-Sridharan solution played
a crucial role in computing the group of isomorphism classes of oriented stably free R-modules
of rank d where R is a smooth affine domain of dimenson d over R ([23], see also [24]). Further,
Asok-Fasel [1] used it successfully to establish the isomorphism between the d-th Euler class
group and the d-th Chow-Witt group (also the isomorphism between the weak Euler class group

and the Chow group) — thus establishing a long standing conjecture.

In this context, we delve deep into this phenomenon and pose the following rephrased

question.

Question 3.5.2 Let R be an affine domain of dimension d over a field & and I C R[T]
be an ideal of height n such that u(I/I?°T) = n, where 2n > d + 3. Assume that [ =
(fi, -+, fa) + (I?T) is given. Then, what is the precise obstruction for I to have a set of

generators F,--- , F}, such that F; — f; € (I*T) fori=1,--- ,n?

Obviously we have left out the case when I contains a monic polynomial. We prove that
the obstruction lies in the fact as to whether I N R is contained in only smooth maximal ideals
or not. More precisely, we prove the following result. We have decided to give the details for

the case n = d. We shall comment on the other versions in the sequel.

Theorem 3.5.3. Let R be a an affine domain of dimension d over an infinite perfect field k
and I C R[T) be an ideal of height n such that u(I/I*T) = n, where 2n > d + 3. Assume
that I = (f1, -+, fu) + (I*T) is given. Assume further that I N R is contained only in smooth
maximal ideals of R. Then, there exist F; € I (i = 1,---,n), such that I = (Fy,--- ,F,)
where F; — f; € (I*T) fori=1,--- ,n.
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To prove the above result, the most crucial proposition is the following improvement of [12,

Theorem 3.8]. Note that we do not assume P to be extended.

Proposition 3.5.4. Let A be a domain containing a field. Let I C A[T] be an ideal such that
J := 1N A is contained only in smooth maximal ideals. Let P be a projective A[T|-module
such that there is a surjection

B: P I/(I°T).

Assume that there is a surjection

0:Pyy— iy,

such that 0 is a lift of p ® A1y y. Then, there is a surjection ® : P — I which lifts @.

Proof From the map 6, clearing denominators we can find s; € J such that0: Pi4g, - T4,
is surjective (we are using the same notation #). We can also find sp € J such that A4, is
smooth. We now take (1+s) := (14 s1)(1+ s2) and consider 6 : P;14 — I;14. Note that, as
A1y is a regular ring containing a field, by a result of Lindel [39], the module P; 4 is extended
from Aqys.

The map @ induces a surjection, say, p(0) : P/TP — I(0). As s € J, we have I(0),[T] =
Is = A[T]. Therefore, we have (0)s : (P/T'P)s — Is. Then we have a surjection « : Py — I
(composing $(0)s with the canonical map Ps — (P/TP)s).

We now proceed to patch the two maps 6 : P45 — I115 and o : Py — I,. We move to
Ag146)[T]. As Py(144) is extended from Ay 4), we have a projective Ay, 4)-module, say, P’

such that P'[T] = Py(145). We finally have:
(93 : P/[T] —» Is(1+s) (: As(l—i—s) [T]), and

Alts P/[T] - Is(l—l—s) (: As(1+s) [T])a

where 65 and a5 are equal modulo (7). Since A1) is a regular ring containing a field, we
also note that the kernels of 65 and a5 are both extended from A1,y . Therefore, by [14,
Lemma 2.9] there is an isomorphism o : P'[T] = P’'[T] such that o(0) = id and a0 = 0.
We can now patch 0 : Py — Iy and a : P; — I, using Plumstead’s patching technique
(see [51]) to obtain a surjection ® : P — I. It is then easy to check that @ lifts @. O

We now present the following “projective” version of Theorem 3.5.3 mentioned above. This
is an improvement of the result of Bhatwadekar-Sridharan [12, Theorem 3.8]. The proof is

essentially contained in [12]. We just give a sketch and for the details we refer to their paper.
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Theorem 3.5.5. Let R be an affine domain of dimension d > 3 over an infinite perfect field k
and I C R[T] be an ideal of height d such that J := INR is contained only in smooth maximal

ideals. Let P be a projective R[T|-module of rank d such that there is a surjection
B: P — I/(I°T).
Then, there is a surjection ® : P — I which lifts @.

Proof Following the proof of [12, Lemma 3.6] we obtain a lift ¢ € Hom g7 (P, I) of @ such
that if (P) = I", then:

L I"+ (J*T) = I,
2. I”=1IN1TI, where I' C R[T] is an ideal of height > d;
3. I' + (J°T) = R[T).

If I' = R[T], then we are done. Therefore, we assume that I’ is a proper ideal of height d.

Let J/ = I'NR. Then it is proved in [12, Proof of Theorem 3.8] that dim(R/(J+J')) = 0.
As a consequence, Riy s is semilocal. If we write B = Rj.j, then note that By yp =
Ryt 4. Therefore Ry j4 s is smooth (as B is so).

Since B is a smooth k-algebra, there is a projective B-module P’ such that P’ ® B[T]| =
P @ B[T]. In simpler notation, we write this as P'[T]. From (2) above, we see that ¢ ®
R[T)]/T" induces a surjection from P to I’/I"* which in turn induces a surjection ¢’ : P'[T] —»
I'B[T]/I?B[T]. From (3) we deduce that I’(0) = R and hence I'(0)B = B. As JB is
contained in the Jacobson radical of B, it is easy to see that P’ has a unimodular element.
This implies that there is a surjection o : P" — I'(0)B = B.

Therefore, applying [12, Remark 3.9] we can lift ¢’ to a surjection
\: P'[T] - I'B[T)/(I"*T)BI[T).

As By yp is a smooth semilocal k-algebra, it follows from [12, Theorem 2.13] that A1, j'p
has a surjective lift from P, ;,5[T] to I'B11 yg[T]. Applying Proposition 3.5.4 we obtain a
surjection

\: P'[T] - I'BI[TY,

which lifts \.
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In view of Proposition 3.5.4 above, it is now enough to show that  ® B[T|: P® B[T] —
IB[T)/(I*T)BIT)] can be lifted to a surjection 6 : P® B[T] — IB[T]. This is exactly what
has been proved in Steps 3 and 4 of [12, Theorem 3.8]. O

Remark 3.5.6 The above theorem shows that the condition that I N R is contained only
smooth maximal ideals is sufficient to find surjective lifts, as mentioned in the questions above.
The necessity of this condition follows from the local version of the example of Bhatwadekar-

Mohan Kumar-Srinivas [12, Example 6.4].

Remark 3.5.7 One may wonder whether instead of the smoothness condition on /N R, we can
impose it on [ itself. Unfortunately, that would not work. In the the example of Bhatwadekar-
Mohan Kumar-Srinivas mentioned above, R[T]/I is smooth and the lifting fails.

We now proceed to show some interesting applications of Proposition 3.5.4 and Theorem
3.5.5. For a commutative Noetherian Q-algebra R of dimension d > 3, the d-th Euler class
group E4(R[T]) was defined in [19]. It was further proved that the canonical map ¢ : E4(R) —
EY(R[T)) is injective. The morphism ¢ is an isomorphism if R is smooth but it may not be
surjective if R is not smooth (see [19] for the details). In this context, we may ask, precisely
which Euler cycles (I,w;) € EY(R[T]) have a preimage in E%(R)? We answer this question in

the following form.

Theorem 3.5.8. Let R be an affine domain of dimension d > 3 over a field k of characteristic
zero. Let (I,wy) € E4(R[T)) be such that I N R is contained only in smooth maximal ideals.
Then (I,wy) is in the image of the canonical morphism ¢ : E4(R) — E4(R[T)).

Proof As k is infinite, applying [12, Lemma 3.3] we can find o € k such that either I(c) = R
or ht(I(c)) = d. Changing T" by T'— o, we may assume that either I(0) = R or ht(I(0)) = d.
If 1(0) = R, then w; can be lifted to a surjection « : R[T]¢ — I/(I*T). Then « lifts to a
surjection from R[T]% to I and consequently, (I,w;) = 0. Therefore, we assume that I(0) is
proper of height d. Then (I,w;) induces (1(0),wy()) € E*(R). If (1(0),w(p)) =0 in E%(R),
then also wy can be lifted to a surjection o : R[T|¢ — I/(I*T) and we will be done by Theorem
3.5.5 (taking P to be free). So let (1(0),wr(y) # 0 in EYR).

Using the moving lemma [14, Corollary 2.14] together with Swan's Bertini Theorem [13,
Theorem 2.11], we can find a reduced ideal K C R of height d which is comaximal with TN R
and a local orientation wg such that (1(0),wy()) + (K,wk) = 0 in E*(R).

As K is reduced of height d and u(K/K?) = d, we observe that K is product of a finite

number of distinct smooth maximal ideals of RR.
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Let L = I N K[T]. The local orientations w; and wx will induce wy, and we have
(L,wr) = (I,wy) + (K[T],wgr)) = 0 in ER[T)).

As (L(0),wr)) = (1(0),wr©)) + (K,wk) = 0, it follows that wy can be lifted to a
surjection A : R[T]* — L/(L?T).

Now LN R = (INR)N K. Since K is reduced and I N R is contained only in smooth
maximal ideals of R, it follows that L N R is contained only in smooth maximal ideals of R.
Therefore, by Theorem 3.5.5 X can be lifted to a surjection a : R[T]¢ — L. As a consequence,

(L,wr) = 0in E4R[T]), and we have

(I,wr) = —(K[T),wkr)) € o(EY(R)).
U

Remark 3.5.9 With notations as above, let (I,w;) € EY(R[T]) be such that: I is a non-
extended ideal of R[T] and I does not contain a monic polynomial. If we further drop the
condition that I N R is contained only in smooth maximal ideals, then there is an example [18,

Remark 3.4] which shows that (I,w;) may not be in the image of ¢.

Using Proposition 3.5.4 and following the arguments given in Theorem 3.5.5, one can easily

prove the following results.

Theorem 3.5.10. Let R be a domain of dimension d containing a field k (no restriction on
k). Let I C R[T] be an ideal such that ht(I) = n = p(I/I?T), where 2n > d + 3. Let
I = (f1,--,fn) + (I*T) be given. Assume that there exist Fy,--- ,F, € IR(T) such that
IR(T) = (Fy,--- ,F,) where F; — f; € I*)R(T). Assume further that I N R is contained only
in smooth maximal ideals of R. Then there are g1,- -+ ,gn € I such that I = (g1, - , gn) with
gi — fi € (I°T).

And also the result mentioned at the beginning of this section:

Theorem 3.5.11. Let R be a an affine domain of dimension d over an infinite perfect field k
and I C R[T) be an ideal of height n such that p(I/I?T) = n, where 2n > d + 3. Assume
that I = (f1,---, fn) + (I*T) is given. Assume further that I N R is contained only in smooth
maximal ideals of R. Then, there exist F; € I (i = 1,---,n), such that I = (Fy,---, Fy)
where F; — f; € (I*T) fori=1,--- ,n.
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Remark 3.5.12 The couple of theorems given above were proved in [10] (Proposition 4.9 and
Theorem 4.13) assuming R to be smooth. We remark that [10, Proposition 4.9] is crucially

used to prove [10, Theorem 4.13].






Chapter 4

An obstruction group on affine

algebras over F),

4.1 Some addition and subtraction principles

Proposition 4.1.1. (Addition Principle) Let A be an affine algebra over F,, of dim(A) = d.
Suppose that I1,1s C A be two co-maximal ideals of height n, where 2n > d + 2, such that
I =<ay,...,ap > and Iy =< by,...,b, >. Let I = I{ N 15. Then there exists ¢; € I such that

I =<c,..,cp, > withc; —a; € .712 andc; — b; € .722.

Proof Without loss of generality we may assume that d > n, as the case d < n follows
from Lemma 2.1.5 and d = n follows from [14]. Note that we can always perform elementary
transformations on (ay,...,a,) and (by,...,b,). Let B = A/ < by,...,b, > and 'bar’ denotes
going modulo < by,...,b, >. Note that (ai,...,a,) € Um,(B). Sincen >d—n+2 >
dim(B) + 2, we shall have (ay,...,a,) ~g (1,...,0). Adding suitable multiples of a,, to a;'s
Theorem 2.1.4 we may further assume ht < ay,...,a,—1 >=n — 1. Since a,, = 0, we may still
have (a1, ...,a,) ~g (1,...,0). Thus we get < a1, ...,an—1 > +I = A.

Let C = A/ < ay,...,an—1 >, and ‘tilde’ denotes going modulo < ay,...,a,—1 >. Since
<@y, .y an_1 > +Iy = A, we have (by, .., b,) € Um,(C). Also note that n. > (d—n+1)+1 >
dim(C') + 1 therefore by Lemma 2.3.3 we get (b1,...bn) ~E (1,...,0). Thus we may further
assume that (51, ,En) = (T, ,6) Again as before without altering the assumption by, = 0 we
may also assume ht < by,...,b,_1 >=n — 1 and thus (Zl, ,gn) Hence we get
(i) < aiy.,apn_1 >+ <by,.,bp_1 >= A4,

(ii) ht <ai,.,an_1 >=ht <by,..,bp_1 >=n—1.

51
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Now define J1 =< ay,...,an—1,an + T >C A[T], Jo =< by, ...;bp_1,bp, + T >C A[T]
and J = J; N J be an ideal of A[T] containing a monic polynomial. Since J; + Jo = A[T],
by the Chinese Remainder Theorem J/J? = J;/J? @ Jo/J2. Thus we can find g; € J, for
i=1,..,nsuchthat J =< gi,...,gn > +J?, with g;—a; € J?, gi—b; € J3,fori=1,...,n—1,
gn—an—T € J? and g, — b, —T € J3. Also A[T]/J = A[T]/J, ® A[T]/J2, gives us the fact
that dim(A[T]/J) = max{dim(A[T]/J1),dim(A[T]/J2)} = max{dim(4/ < ai,...,an—1 >
), dim(A/ < by,...,bp—1 >)}=d—n+1<n-1

Thus by Theorem 2.2.5 we can find h; € J, i = 1,...,n be such that J =< hy,..., Ay >,
with h; —g; € J2. Let h;j(0) = ¢;, fori = 1,...,n, then I1 NIy =< ¢1, ..., ¢, >, with ¢;—a; € I?

and ¢; —b; € I3, fori=1,...,n. O

Proposition 4.1.2. (Subtraction Principle) Let A be an affine algebra over F,, of dim(A) = d.
Suppose that 11,15 C A be two comaximal ideals of height n, where 2n > d + 2, such that
L =<ai,...,anp >and I =11 NI, =<cy,...,cn, > Withc; —a; € 112, for alli =1...,n. Then

there exists b; € I such that Iy =< by, ...,b, >, with ¢; — b; € 122.

Proof Note that as before we may always assume d > n + 1, as the case n = d follows from
([14], Theorem 3.3). Without loss of generality we, can perform elementary transformation on
(a1, ...,ay). As, we can perform the same elementary transformation on (ci, ..., ¢,) and ensure
the condition ¢; — a; € I? remains unaltered.

Let B = A/I2, then dim(B) = dim(A/I?) < d — n. Let 'bar' denotes going modulo
I2. Since we have n > dim(B) + 2, we can assume (@i, ...,a,) = (I,...,0), after some
suitable elementary transformation. Again adding some suitable multiples of a,, to a1, ..., an_1
we may further assume that Theorem 2.1.4 ht(< aq,...,a,—1 >) = n — 1, without altering the
assumption (@, ...,a,) = (1,...,0). Replacing a,, by a1 + a,, we can also assume @, = 1.

Define J1 =< a1, ...,an—1,an, +T >, Jo = ILA[T]| and J = J; N Jo. Then we get

i) J1 contains a monic polynomial.
i) J1 =< a1y Gp_1,an + T > +J2, with dim(A[T]/J;) + 1 = dim(4/ < a1, ...,ap_1 >

iii) Jo is an extended ideal.

(
(
)+ 1 <d—n+2 <n. (note that the assumption d > n ensure the fact n > 3)
(iii)
(iv) JO) =L NIy =1=<cy,....,cp > with ¢; —a; € I} = J1(0)?, forall i = 1...,n
Thus applying Theorem 3.3.2, we can obtain J =< hy,...,h, >, such that evaluating
h;(T) at T' = 0 match with ¢;, for all : = 1...,n. We define b; to be the evaluation of h;(T)

at T =1 - ay,, thatis, b; :== hi(1 —a,) for all i = 1,...,n. Then we get Iy = Jo(1 —a,) =
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Jl(l—an)ﬁJg(l—an) = J(l—an) =<by,...,by >, with¢;—b; = hl(O)—bl = hi(l—an)—bi =0

modulo I3 and this completes the proof. O

4.2 The Euler class group of affine algebras over F,

Let A be an affine algebra over F,,, with dim(A) = d. From now onwards we shall assume d > 3
and n is an integer satisfying 2n > d + 2.

Let J be an ideal of height n such that .J/J? is generated by n elements. Let o and 3 be
two surjections from (A/J)" to J/J?. We say « and J3 are related if there exists an elementary
automorphism o of (A/J)™ such that ac = 3. This defines an equivalence relations on the set
of surjections from (A/J)™ to J/J2. Let [a] denote the equivalence class of a. If ay,...,a,
generate J/.J?, we obtain a surjection « : (A4/J)" — J/J?, sending €; to @;. We say [a] is

given by the set of generators @y, ..., @, of J/J>.

Definition 4.2.1 Let G be the free abelian group on the set B of pairs (J,w;), where:
(i) J C Ais an ideal of height n,

(7i) Spec(A/J) is connected,

(iii) J/J? is generated by n elements, and

(

iv) wy: (A/J)™ = J/J? is an equivalence class of surjections « : (A4/J)" — J/J?.

Let J C A be a proper ideal. Get J; C A such that J = J;NJoN...N J., where J;'s are
proper, pairwise co-maximal and Spec(A/.J;) is connected. It was proved in ([16], lemma 4.1)
that such a decomposition is unique. We shall say that J; are the connected components of J.

Let J C A be an ideal of height n, J/J? is generated by n elements and J = N.J; be the
decomposition of .J into its connected components. Then note that for every 4, ht(.J;) = n and
by Chinese remainder theorem .J;/.J? is generated by n elements. Let wy : (4/J)" —= J/J?
be a surjection. Then in a natural way w gives rise to surjections wy, : (A/J;)" — J/J;°.
We associate to the pair (J,wy), the element ) (J;,wy;) of G.

Let H be the subgroup of G generated by the set .S of pairs (J,wy), where wy : (A/J)" —
— J/J? has a surjective lift # : A" — J. Then we define the quotient group G//H as the

n-th Euler Class group of A denoted as E"(A).

Theorem 4.2.2. Let A be an affine algebra over F,, of dim(A) = d and n be an integer
satisfying 2n > d + 2. Let I C A be an ideal of height n be such that I/I? is generated

by n elements and wy : (A/I)™ — I/I? be an equivalent class of surjections. Suppose that



54 Chapter 4. An obstruction group on affine algebras over F,,

the image of (I,wr) is zero in the Euler Class group E™(A) of A. Then I is generated by n

elements and wy can be lifted to a surjection 0 : A™ — I.

To prove the Theorem 4.2.2, we shall need the following Lemma. The proof of the following

Lemma can be found in ([48], Lemma 4.1).

Lemma 4.2.3. Let F' be a free abelian group with basis {e;};cr and ~ be an equivalence
relation on {e;}icr. Define, x € F to be reduced if v = e; + ... + e, (i # j). Define
supp(z) = {e;};_,. Define, x € F to be nicely reduced if it is reduced and e; and e; are not
equivalent for i # j. Let S C F be such that :

1) Every element of S is nicely reduced.

2) Suppose x,y,x +y are nicely reduced. If any two are in S, then so is the third.
JxeF,x¢S. Let K CT and |K| < co. Then there exists y € F' such that ,

i) y is nicely reduced.

i)x+yes.

iii) y + ey, is nicely reduced for all k € K.

Let H=< S > . Then x € H is nicely reduced implies that x € S.

Proof of Theorem 4.2.2: We take F' to be the free abelian group generated by the set B, as
defined in 4.2.1. Define a relation ‘~" on B as (J,wy) ~ ([,wy) if I = J. Then it is an
equivalence relation.

Let S C G be as in 4.2.1. In view of the above Lemma, it is enough to show that the three
conditions in Lemma 4.2.3 are satisfied. Condition (i) is clear, almost from the definition. The
addition and subtraction principles (4.1.1 and 4.1.2) will yield condition (i7). Finally, applying

the moving Lemma ([16], Corollary 2.4), it is clear that (i) is also satisfied. O

4.3 The Euler class of stably free modules

Let A be a smooth affine algebra over F,, of dimension d > 3. In this section we shall assign a
‘I-stably free module’ P of rank n to its n-th Euler class’ and show that P has an unimodular
element if and only if its Euler class is trivial. Let v = (vg,...,v,) € Umy,y1(A), where
2n > d 4 2. Note that the case d = n is done in [14]. So without loss of generality we may
further assume d > n + 1. Let P = A""1/ < v >, where < v > means the principal ideal of
A"t generated by the element v. Thus we have P @ A = A"t Let p; denotes the image of
e; in P, for i =0, ...,n and denote p = (po,...,pn). Then P =3>"" Ap; and > 7 vip; = 0.
We shall define a map Umy,41(A) — E™(A), for all 2n > d + 2 and shall assign P with an

element of the group E™(A) in the following way:
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Let A : P — J be a surjection, where J C A be an ideal of height n. Since P is a
stably free A-module of rank > d —n + 2 > dim(A4/J) + 2, by Lemma 2.1.8 P/JP is a free
A/J-module. Note that A : P — J shall induce a surjection X : P/JP — J/J? and since
P/JP is free, J/J? is generated by n elements.

Let ‘bar’ denote going modulo J. Since dim(A/J) <d—n we haven+1>d—-n+1>
dim(A/J)4+1 > sr(A/J)+1, thus by Lemma 2.3.3 T ~p €;. Hence there exists € € E,,1(A)
i

with el = o7, and thus we have pe = (0, %y, ..., u,). Hence {1, ..., U, } forms a basis of the

free A/J-module P/JP. Let w; be the surjection induced by \, sending each @; — A(u;), for
1=1,..,n.
We define e(P,v,p) := (J,wy) € E"(A).

To prove this is well defined one needs to check the followings:

Theorem 4.3.1. With the same notations as earlier suppose that there exists another \' : P —
— J' be another surjection, where J' C A be an ideal of height n and we get w/ in the same

way as discuss earlier, then (J,wy) = (J',wy) in E™(A).

Proof By ([16], Lemma 5.1) there exists an ideal I C A[T] of height n and a surjection
A(T) : P[T] —> I, such that A\(0) = XA and A\(1) = \. Let N = (INA)2 Thenn—1<
ht(N) < n and by our assumption dim(A/N) > 2. Thus by Lemma 2.3.3 we have sr(A/N)

N

dim(A/N) <d—n+1<d—n+3 <n-+1. Hence there exists o € E,,+1(A), with ae} =7,
and thus we have pa = (0, w1, ..., w,). Thus{wy, ..., W, } forms a basis of the free A/N-module
P/N P and also a basis of the free A[T|/I-module P[T'|/IP[T]. Therefore, as earlier we obtain
{NT)(w1), ..., \(T)(w,)} as a set of generators of I/I%, and setting 7' = 0 and 1 we obtain
generators of J/J? and J'/.J"? receptively and hence the surjections wy : (A/J)" —= J/J?
and W'y : (AT — J' ).

Then by ([16], Proposition 5.2) there exists an ideal K C A of height n comaximal with J
and J', and a surjection wg : (A/K)" = K/K?2, such that (J,wy) + (K,wk) = (J', ;) +
(K,wg) in E™(A) and hence (J,wy) = (J',w). O

Theorem 4.3.2. Suppose that there exists ¢ € E,1(A),with €€l = v such that, pe¢ =

1) and ', be a surjection induced by A, sending each u; — A(u}), fori =1,...,n,

then (J,wy) = (J,w’).

n =/ -/
0,4}, ...,u

Theorem 4.3.2 follows from the following lemma.

Lemma 4.3.3. Suppose that there exists € € FE,.1(A), with €l = ©', such that pe’ =

(0,4}, ...,w,). Then there exists 6 € E,(A/J), such that (uy,...,u,)0 = (u},...,ul,).

coy Upy
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T = 31 = &el, we have e el = el and ¢ ¢ € E,11(A). Therefore

Proof Since €e
there exists 6 € SL,(A/J) N En+1(A/J), such that (@, ..., u,)0 = (@), ...,u),). Since n >
d—mn+2>dim(A/J) =sr(A/J), by ([72], Theorem 3.2) 0 € E,(A/J). O

Hence the assignment of (J,w) associated to (P,v,p) is well defined and we shall denote

it by e(v) € E"(A). From the definition of E"(A) it follows that for any two unimodular rows

u,v € Umyy1(A), if u ~g v, then e(v) = e(u). Thus we obtain a set-theocratic map
e:Umyy1(A)/Enti(A) — E™(A).

Theorem 4.3.4. Suppose that v and P be as defined before. Then P has a unimodular element
if and only if e(v) =0 in E™(A).

Proof First assume that P has a unimodular element, say w € Um(P). Thus we have
P=Q®Aw. Let A\ : P — J be a surjection, where J C A be an ideal of height n. By
Theorem 2.1.4 without loss of generality we may assume that, ht(A(Q)) = n—1. Let N = A\(Q)
and ‘bar’ denote going modulo N. Since n+1 > d —n+ 3 = dim(A/N) + 2, there exists
€ € Eni1(A) with €} = v, and thus we have pe = (0,1, ..., w,). Hence {wy,...,w,} shall
form a basis of the free A/N-module P/NP.

Let @ = >, a;w;. Since w is a unimodular element of the free A/N-module P/NP, we
have (@i, ...,a,) € Um,(A/N). Since dim(A/N) =d—n+1 > 2 we have, n > dim(A/N) +
1 > sr(A/N) + 1, and thus (ai,...,a,) ~g €. Hence (wy,...,w,) can be taken by an
elementary automorphism to a basis {w,to, ..., ¢, }, where t; € Q/NQ, for i = 2,....n. Let
At;) = by, fori =2, ...,n. Thus we got J =< ba,...,by,c > +J% and N =< by, ..., b, > +N?,
where ¢ = A(w). Then by Lemma 2.1.3 there exists ¢ € N2, such that e(1—e¢) €< b, ..., b, >.
Let N =< by, ...,bp,e > and J =< N,c¢ >=< by, ...,b,,e + (1 — e)c >. Therefore we get a
lift of J =< by, ..., by, c > +J?, which implies that e(v) = 0 in E"(A).

Conversely assume that e(v) =0 in E"(A). Let A : P — J, be a surjection, where J C A
of height n. Since n+1 > dim(A/J)+2, we can find a € E,11(A) such that ?* = @€}, where
‘bar’ denotes going modulo J. Thus we have pa = (0,uy, ...,u,) and a basis {uy,...,u,} of
the free A/.J-module P/JP. Hence we get J =< A(u1),..., \(u,) > +J2%. Since e(v) = 0, we
can have J =< by, ...,b, >, with \(u;) — b; € J?, for i = 1,...,n. Moreover using Theorem
2.1.4 we can find c¢1,...,cp—1 € A, such that ht(< by + c1by, ..., by + cpby, >) = n — 1. Let
d; = b; + ¢;iby,, fori=1,....,cp,_1 and d,, = by,.

Let I =< dy,...,dp—1,dn + T > and ‘prime’ denotes going modulo I. Then we have
P[T] = (A[T))"*!/ < v >. We see that dim(A[T]/]) = dim(4/ < di,...,dn_1 >) =
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d—n+1<n—1<n+1, and hence we can find T'(T) € E,1(A[T]), such that T'(T)e}" = v'*.
Thus we get p'T"(T) = (0/,u}(T), ...,ul,(T)), and {u)(T), ...,u,,(T)} shall form a basis of the
free A[T]/I-module P[T]/IP[T]. Evaluating at T = 0, we get pI'(0) = (0,%1(0), ..., W, (0)),
with I'(0) € Ep41(A).

Thus by Lemma 4.3.3 we can find 6, € E,,(A/J) such that, (a1, ..., u,) = (@1(0), ..., @, (0))6;.

Therefore there exists 05 € E,,+1(A/J) such that,

(u1 + C1Un, ooy Un—1 F Cp1Un, Up) = (u1(0), ..., un(0))02

Note that A(u; + cju,) = d;, for all i = 1,....n — 1 and A(u,,) = d,,. Also note that A/J =
(A[T]/I)] <t >, where t = T". Thus the map A[T|/I — A/J is surjective and so thus
E.(A[T)/I) = En(A/J). Hence we can find 7(T") € E,,(A[T]), which is a lift of 6. Let

Since {u1 (T, ..., un(T)'} is a basis of the free A[T]/I-module P[T]/IP[T], {w1(T)',...,w,(T)"}
is also a basis. Define a surjection 6 : P[T]/IP[T] — I/I?, sending w;(T) — d. for
i=1,..,n—1and wy(T) — dp +T. Then since 7(0) = 65, it follows that 8(0) = .
Since we have d > n + 2 this gives us dim(A[T]/I)+ 1 < d—n + 2 < n, by Corollary 3.2.2
there exists a surjective lift © of § : P[T| — I which matches at 7' = 0. Since T+ d,, € I,
setting 7' = 1 — d,, we obtain a surjection from v = O(1 —d,) : P — A, which completes the

proof. ]

Lemma 4.3.5. Let n be even. Let J =< ay,...,a, > be an ideal of height n and u be a unit
modulo J. Letwy: (A/J)" =+ J/J? be given by the set of generators uar, az, ..., ap of J/J?.

Let v € A be such that 1 —uv € J. Then e(v,ay,...,an) = (J,wy).

Proof LetQ = A"/ < (v,a1,...,a,) > and ¢; denotes the image of ¢; in P, fori =0, ..., n.
Let o : @ — J be a surjection sending qo — 0 and ¢; — a;41 if i is odd, and ¢; — —a;—1
if i is even. Thus modulo J we get (v, a1, ...,a,) = (v,0,...,0). By Whitehead's Lemma, the
diagonal matrix given by diag (v,u,1,1...,1) € E,(A/J). Hence e(v,ay,...,an) = (J,wy),
where wj is given by the set of generators was, —a1, a4, —as, ..., @y, —ap—1 of J/JQ. Applying
Whitehead's lemma again, we see that wy is given by the set of generators wat, ao, ..., a, of
J)J2. O

The next theorem can be found in ([31], Theorem 4.1).
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Theorem 4.3.6. Let R be a commutative ring, n > 3 and sdim(A) < 2n — 4. Then the
universal weak Mennicke symbol wms : Um,(A)/E,(A) — WMS,(R) is bijective. Thus
Um,, (A)/E,(A) has a group structure.

Since A is an affine algebra over F, of dimension d > 3 we have sdim(A) < d — 1.
Thus by Theorem 4.3.6, for all n satisfying 2n > d + 1, we have a group structure on
Umpi1(A)/Enga(A).

Theorem 4.3.7. For all n satisfying 2n > d + 2, the map e : Umy11(A)/Ep+1(A) — E™(A)

is a group homomorphism.

Proof If n is odd, since every one-stably free module of odd rank has a unimodular element,
using Theorem 4.3.4 it follows that e is the zero map, hence nothing to prove. So we shall
assume n is even. Without loss of generality we may further assume A is a domain. Since
2(n+1) >d+4>d+3, by ([70], Lemma 3.2) it is enough to prove that if (z, a1, ..., a,) and

(1 —=z,a1,...,ay) are unimodular then we have

e(z,at,....;an) +e(l —xz,aq,...,a,) = e(zx(l — x),a1,...,ap).

Let y = 1 —z. We may assume that xy # 0. Let ‘bar’ denotes going modulo xy. Then adding
a suitable multiple of @; to @; for i = 2,...,n we may assume that ht < @o, ...,a, >=n — 1,
and hence ht(< z,as, ...,a, >) = n. Thus we may assume ht(< y,as,...,a, >) = n = ht(<
Ty a2, ey Gy >).

Let by € A be such that 1 + a1b; €< zy,aq,...,a, >. Now since (z,a1,a2...,a,) ~g
(—a1,x,as...,a,), we have e(x, a1, as...,a,) = e(—ay, x,as...,an).

Since n is even by Lemma 4.3.5, e(—ay, z,as...,ay) = e(x,a1,a9...,a,) = (J1,wy, ), where
J1 =< z,as,...,a, > and wy, is given by the set of generators bz, @y, ...,a, of Ji/J?.
Similarly we get e(y,a1,a2...,a,) = (J2,wy,), where Jo = (y,aq,...,a,) and wy, is given
by the set of generators byy, @z, ...,a, of Jo/J2 and e(zy,a1,as...,a,) = (J3,wy,), Where
J3 = (xy,az, ...,a,) and wy, is given by the set of generators byxy, ag, ..., @, of J3/J3. Since
J3=JiNJyand x +y =1 we have (J3,wyz,) = (J1,wy,) + (J2,wy,) and this completes the

proof. O



Chapter 5

On a question of Roitman

5.1 Over some finite Z-algebras

By a finite Z-algebra we mean a finitely generated algebra over Z. In this section we give an
affirmative answer of a question asked by M. Roitman. The following lemma is crucial to our

proof. The proof of the lemma is motivated from [14].

Lemma 5.1.1. Let A be a finite Z-algebra of dimension d > 3. Moreover assume that there
exists an integer n > 2 be such that n € A* . Let P be a projective A-module of rank d with
trivial determinant. Let x : A = AP be an isomorphism. Let I C A be an ideal of height
>d—1and J C A be an ideal of height > d such that I + J = A. Suppose that there exist
surjections o : P —+ INJ and B : A — I. Let ‘bar’ denotes going modulo I. Suppose that
there exists an isomorphism ¢ : A% = P with the following properties:

(i) B =as;

(ii) N4§ =¥.

Then there exists a surjection v : P — J such that y®@ A/J =a® R/J.

Proof Let 3 correspond to I =< ay,...,a; >. Going modulo J? we may assume (i) <
ai,...,aq—1 > +J? = A, (ii) ag € J? and replacing a; by a; + \jaq (without changing its
notations), for some \; € 4, i = 1,...,d — 1 we may assume (iii) ht(< a1, ...,aq—1 >) =d—1.
Now replacing aq by ag + A, for some X\ €< ay,...,aq—1 >, with A — 1 € J?, we may assume
ag—1¢€ J?.

Consider the following ideals in A[T]: K' =< ay,...,aq-1,aq9 + T >, K" = J[T] and
K = K'n K", Then it is enough to show there exists a surjection 6 : P[T| — K such that

0(0) = a. As if we can do, then specializing at 1 — ag we get v := (1 — aq) : P — J. Since

59
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a—1€J? wehave y® A/J =0(0)® A/J = a® A/J. In the rest of the proof we will find
such an 0.

dim(A[T]/K") = dim(A/ < a1, ...,aq—1 >) < 1, hence the module P[T]/K'P[T] is free of
rank d. We choose an isomorphism #(T) : (A[T]/K')¢ = P[T]/K'P[T] such that A%k(T) =
x®@ A[T]/K'. Therefore, A% (0) = A%. Thus x(0) and § differs by an element o € SLyq(A/I).
By ([73], Theorem 16.4), SK;(A/I) =0, thus for all d > 3, SL4(A/I) = E4(A/I), hence we
can lift « € E4(A) and use this to alter k(T so that x(0) = 0.

Sending the canonical basis vectors to aq, ..., aq_1,aq + T respectively we have a surjection
from (A[T])? = K’, which induces a surjection ¢(T') : (A[T|K')? = K'/K".

Let ¢(T) := e(T)x(T)~! : P[T]/K'P|T] = K'/K". Note that ¢(0) = €(0)x(0)~! =
a®A/I. Since d > dim(A[T]/K')+2 = 3, using ([43], Theorem 2.3) we get 0(T') : P[T] = K
such that 6(0) = «. O

Remark 5.1.2 The only place at which the hypothesis d > 3 is used in the proof, is to
establish the fact that there exists a natural surjection SLy(A) —— SL4(A/I). But this fact
can be obtained using the same arguments given in ([20], Corollary 2.3) and hence the above

result can be proved for d > 2.

Corollary 5.1.3. Let A be a finite Z-algebra of dimension d > 3. Moreover assume that there
exists an integer n > 2 be such that n € A* . Let P be a projective A-module with trivial
determinant of rank d. Let x : A = AP be an isomorphism. Let I C A be an ideal of height
> d—1 such that there exists surjections o : P — I and B : A% — I. Let ‘bar’ denotes going
modulo I. Suppose that there exists an isomorphism ¢ : A% = P with the following properties:
(i) B =ad;

(ii) A5 =¥.

Then P has a unimodular element.

Proof The proof follows from Theorem 5.1.1, taking J = A. 0

Theorem 5.1.4. Let A be a finite Z-algebra of dimension d > 1. Moreover assume that there
exists an integer n > 2 such that n € A*. Let P be a projective A[T]—module with trivial
determinant of rank d and J C A[T) be an ideal of height d containing a monic polynomial.

Suppose that there exists a surjection o : P — J then P has a unimodular element.

Proof For d =1 the theorem follows from the Theorem 2.3.9 and for d = 2 the proof is done

in ([8], Proposition 3.3). Therefore we may assume that d > 3.
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Fix x : A[T] = A?P. Let ‘bar' denote going modulo .J. Since P has trivial determinant
and dim(A[T]/J) < 1, P/IP is a free A[T]-module of rank d. Let & : (A[T]/J)* = P/JP
be such that A% = x ® A[T]/J. Let w = (a ® A[T]/J) : (A[T)/J)¢ = J/J?. Since J
contains a monic polynomial and dim(A[T]/J) +2 < 3 < d, by (N. M. Kumar) there exists
B (A[T))* == J such that 3 ® A[T]/J = w.

Since AP is extended from the ring A in a view of ([15], Theorem 2.3) it is enough to
show that P/T'P has a unimodular element. Let us define some notations:

P/TP =: P(0), J® A[T]/ < T >=:J(0),
a® A[T]) <T >=: a(0): P(0) = J(0),
B A[T)) < T >=: B(0) : A —» J(0),
w® A/J(0) = w(0) : (4/7(0))? == J(0)/J(0)*
§® A[T]) < T >=:6(0): (A/J(0)) = P(0)/J(0)P(0) and
X ® A[T])) < T >=: x(0) : A= ALP(0).
Since JN A C J(0), ht(J(0)) > d — 1.
Now note that we have the followings:
(i) B(0) & A/J(0) = (a(0) ® A/J(0))5(0) (= w(0)) and:
(ii) A45(0) = x(0) @ A/J(0).

Therefore using Lemma 5.1.3, P(0) has a unimodular element. O

5.2 Over affine F,-algebras

Recall that 1-stably free modules are those which are given by a unimodular row.

Theorem 5.2.1. Let R be an affine F,,—algebra of dimension d > 2. Let P be a 1-stably free
R[T|-module of rank d — 1. Assume that P ® R(T) has a unimodular element. Then P also

has a unimodular element.

Proof If d = 2, then the result follows trivially. If d = 3, then since P is of rank two with
trivial determinant, we observe that P ® R(T) is actually free. Then, by the Affine Horrocks
Theorem, P is free. Therefore, we assume that d > 4. As we shall apply the Euler class theory
developed in Section 4.3, we take 2(d — 1) > (d 4+ 1) + 2, implying that d > 5. Apparently,
the only case that seems to be left out is d = 4 and rank(P) = 3. But it is easy to see that
1-stably free modules of odd rank always have a unimodular element. Therefore, all the cases
will be covered by this theorem once we complete the following arguments (with d > 5).

Since R contains an infinite field, namely, Fp, we can follow the arguments of ([15], Lemma

3.1) and obtain an R[T]-linear surjection A : P — I, where I C R[T] is an ideal of height d —1
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and I contains a monic polynomial. Let P correspond to the unimodular row v € Umy(R[T]).

Using A we can compute the Euler class of P (or v), as in Section 4.3 and obtain
e(v) = (I,wy) € ESTY(R[T)).

As I contains a monic polynomial, it follows from ([20], Theorem 3.2) that w; : (R[T]/I)%! —
I/1? has a surjective lift 6 : R[T]9" — I. In other words, (I,w;) = 0 in E4~(R[T]). Conse-

quently, e(v) = 0 and by Theorem 4.3.4, P has a unimodular element. O



Chapter 6
Monic inversion principle

6.1 Main theorem

Here we shall give a direct proof of a Monic inversion principle, over the base field F,, without
any further restriction on the ring. Let R be an affine F,,—algebra. Note that with the condition
ged(p, dim(R)) = 1 or taking R to be smooth one can obtain a proof using ([19] or [24]). The
idea of the proof is to produce an ideal I3 (in our proof), which contains a monic polynomial.
Since it has a monic polynomial, any set of generators of I5/I2 gets lift to a set of generators
of I5. Now we shall use the subtraction principle (Proposition 4.1.2) repeatedly to get a lift of

the set of generators, we started with.

Theorem 6.1.1. Let R be an affine algebra over F,, of dimension d > 2 and I C R[T) be an
ideal such that ht(I) = pu(I/1?) = d. Assume that I =< fi,..., f4 > +I%. Suppose that there
exists F; € IR(T) such that IR(T) =< F,...,Fy >, with F; — f; € IR(T)?, (i = 1,...,d).

Then there exists g; € I, such that I =< g1, ...,gq >, where g; — f; € I?.
Proof

Case- 1 (d = 2) Note that if the ideal I contains a monic polynomial in 7', a lift exists
by Theorem 2.3.10 (without any further assumption), hence without loss of generality we may
assume that I does not contain a monic. Let I =< fi, fo > +I? induce the surjection
wr : (R[T]/I)* == I/I?, sending the canonical basis e; to the image f; in I/I%. Then using a
standard patching argument there exists a projective R[T|—module P with trivial determinant
of rank 2 and a surjection  : P — I. Fix an isomorphism x : R[T] = A?P. Let o and x

induce I =< f{, f} > +1°.
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Let ‘bar’ denote going modulo I2. By Theorem 2.3.4 there exists & € GLy(R[T]/I) with
determinant f such that (f,, fo) = (f, f4)7. Following ([14], Lemma 2.7 and Lemma 2.8) ,
there exists a projective R[T]-module P; of rank 2 having trivial determinant, a trivialization
x1 of A2Py, and a surjection B : P, — I such that if the set of generators of I/I? induced
by B and x; (with respect to a fixed basis of R[T]? induced by x1 say {ni,7n2}) is h1, ha, then
(h1,h2) = (Fy, f4)3, where § € GLy(R[T]/I) has determinant f. Thus (fy, fo)7 = (h1, ha),
where ¥ = 10 € SLyo(R[T]/I). Since by Theorem 2.3.4 the natural map SLy4(R[T]) —
SL4(R[T]/I) is surjective, get v € SLo(R[T]) such that ~ is a lift of 7.

Now note that it is enough to show that the set of generators I =< hy,hy > +I? has a
lift to a set of generators of I. Suppose that I =< aj,aq > is such a lift. Then we define
(g1,92) = (a1,a2)y~'. Then note that (g1 — f1,92 — f2) = (a1 — h1,as — ho)y~t € 12 x I
Thus the remaining part of the proof in this case is dedicated to find a lift of {1, ha}.

Since the set of generators (f1, f2) has a lift in the ring R(T"), so does the set of generators
(h1,h2). Now recall that R(T') is a two dimensional Noetherian ring and in the two dimensional
set-up, the theory of Euler class group (defined in [14]), and the Euler class one does not need
any additional assumption. Hence we can use the Euler class group theory in the ring R(T)
freely.

Note that in the ring R(T') we have e(P; ® R(T),x1 ® R(T)) = (IR(T),w), where w :
(R(T)/IR(T))* = IR(T)/IR(T)? by sending e; — h;. Since (h1,h2) has a lift P, ® R(T)
has a unimodular element. Thus there exists a monic polynomial g € R[T] such that Py, has
a unimodular element. As P has trivial determinant, P, is free implying that P is free by
Theorem 2.3.9.

Thus there exists an isomorphism 7 : (R[T])? = P, such that A%n = x1. Let H; = Bn(n;),
then note that I =< Hj, Hy > and Hy A Hy = hy A hy in A2(I/I%). Hence we can find
o € GLo(R[T]/I) such that (Hy, Hs)o = (h1,h2). Moreover since H; A Hy = hy A ha, we
can take o € SLo(R[T]/I). Now by using Theorem 2.3.4 there exists 7 € SLo(R[T]) such that
7 =o0. Let (g1,92) = (Hy, Ho)T. Then (9,,9) = (H1, H2)T = (H1, Hy)o = (h1, ha), hence

we are done with the proof in this case.

Case- 2 (d > 3) There is a monic polynomial f € R[T] such that Iy =< Fi,..., Fy >, with
F,— f; € I]%. Let B = R[T]/ < f > NI? and ‘bar’ denote going modulo < f > NI%. Note
that dim(B) < d, thus in the ring B we get [ =< f,,..., f4 > +1°. Using Theorem 2.2.5 we
get h; € I such that I =< hq,...,hq >, with f, — h; € T°. That is, we get I =< hy,...,hg >
+1?N < f >. Using Lemma 2.1.3 there exits e € I?N < f > be such that I =< hq, ..., hg, e >,

and e(1 —e) €< hy,...,hg >. By Theorem 2.1.4 replacing h; by h; + e\; we may assume that
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ht(< hi,....,hq >)e = d or < hi,...,hg >c= R[T]e. Note that if < hy,...,hqg >e= R[T]. then
I =< hy,....,hq > with f; — h; € I’ < f > and we are done in this case. Thus without loss
of generality we may assume that ht(< hq,...,hg >.) = d.

Let Iy =< hq,...,hq,1 —e >. Then note that IN I} =< hy,....,hg >, L+ < e >=
L+ < f>=1+1 = R[T] and ht(l;) = d. Since [1+ < f >= R[T] and ht(l;) = d,
we have ht((I1)f) = d as well. Since h; — f; € I?, to prove the theorem it is enough to lift
I =< hy,....hg > +I? to a set of generators of I. Since I+ 1, = R[T], INI; =< hy, ..., fq >
will induce I} =< hi,...,hg > +I%. In view of the subtraction principle (Proposition 4.1.2),to
prove the theorem, it is enough to lift I; =< hq,...,hq > +I? to a set of generators of I;.

Note that in the ring R[T],the set of generators Iy =< hy,...,hg > R[T]s + I% lifts to a
set of generators of Iy. Hence again by the subtraction principle (Proposition 4.1.2) there exists
li € (I), such that (I1)f =< 1li,...,lqg >, with h; — ; € (II)?. Let £ > 1 be an integer such
that f%li € Iy, for all 4. Since f is unit modulo Iy, to find a lift of Iy =< hq,...,hg > +112
by Lemma 2.3.6 it is enough to lift I; =< f?*1, ..., f**13 > +I1;2 to a set of generators of I;.
Therefore, we can replace [; with f%li and may assume that [; € I;.

Using Lemma 2.3.7 we get € € SLy(R[Tf) such that (1, ...,15)e = (I}, ...,1},),where I} € I)
and ht(< 14,...,I}, > R[T]) = d.

Let < 1y,...,15 > R[T] = (Vi_; ¢i [ )i—,+1 @ be the reduced primary decomposition, where
qi's are p;-primary ideals in R[T], such that f & p; for i < r and f € p; for all i > r. Since
(I1)y =< 1,...,1;, >y is a proper ideal of height d, we must have r > 1. Let I = (", ., ¢
Therefore, ht(I2) > d and some power of f is in Io.

Now note that I; = ();_; ¢;. To prove this note that < 1, ...,1; > R[T|; = (;_ ¢i y implies
that < I4,...,l;, > R[T] C (\i_; ¢i- Now suppose that there exists another p-primary ideal ¢
(where p # p;, i = 1,...,7) in the reduced primary decomposition of the ideal < 1, ..., 1}, > R[T.
This gives us (note that py # piy, for i = 1,...,7, as p # p;) py = R[T]y. This implies that
f € p which is not possible as I1+ < f >= R[T] implies p+ < f >= R[T]. Thus I =(\;_; ¢

Hence we get (1) 2 contains a monic polynomial (some power of f), (2) I; + I, = R[T],
(as going modulo I; any power of f is a unit) and (3) I) N Iy =<1,...,I}, > R[T.

Note that (3) gives us for any prime p D Iy, we must have u((I2),) < d and hence
ht(l3) = d. Since [1 + I = R[T|, [Nl =<1},...,I;; > R[T] will induce I =< I}, ..., I}, > +1}
and Iy =< I},...,I, > +I3. Since Iy contains a monic and d > 3, by Theorem 2.3.10
I =< 1,..l > +12 can be lifted to a set of generators of I. Therefore applying the
subtraction principle (Proposition 4.1.2) we can lift I =<1}, ...,1}, > +I12 to a set of generators

OfIl.
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Since f is a monic polynomial (in particular a non zero divisor), det(e¢) = 1 in R[T]; implies
that det(e) = 1 in the ring R[T|. As I);+ < f >= R[T], we have R[T]/I, = (R[T]/I1)y.
Therefore € € SLq(R[T]/11). Since I} =< I},...,I; > +I? has a lift to a set of generators of
I and (ly, ..., lg)e = (I}, ..., 1) by Proposition 2.3.5 we can lift I} =<y, ...,lg > +1} to a set
of generators of Iy. Therefore, we can lift 11 =< hy,...,hg > +112 to a set of generators of I.

This completes the proof. O



Chapter 7

Splitting criterion via an obstruction

class in an obstruction group

Let R be an affine algebra over F,, of dimension d > 2 and P be a finitely generated projective
R[T]-module of rank d, with a trivial determinant (via x). The purpose of this section is
to define an Euler cycle for the triplet (P, ), x), in the group E4(R[T]) and show that the
vanishing of this Euler cycle is sufficient for P to have a unimodular element, where A is a
generic section. First we will prove some addition and subtraction principles. For most of the
proofs in this section we will frequently move to the ring R(T"), prove the results in R(7T") then
using Theorem 6.1.1 we will come back to the ring R[T]. Some of the results below were proved

for Noetherian ring containing Q in [19].

7.1 Some addition and subtraction principles

Proposition 7.1.1. (Addition principle) Let R be an affine algebra over F,, of dimension d > 2.
Let I,J C R[T) be two co-maximal ideals, each of height d. Suppose that I = (fi,..., fq) and
J=1(g1,--,94). Then INJ = (hq,...,hq) where h; — fi € I* and h; — g; € J>.

Proof Since ht(/) = ht(J) in the ring R(T") both the ideals IR(T") and JR(T') are of height
> d. Now note that if one of them is of height > d, then there is nothing to prove. So without
loss of generality we may assume that each ideal is of height d.

Since I + J = R[T], using the Chinese Remainder Theorem we have I N J/(I N J)? =
I/I1* ® J/J?. Hence the given set of generators of I and J will induce a set of generators a;'s
of (INJ)/(INJ)?such that a; — f; € I? and a; — g; € J?. Thus to prove the theorem it is

enough to find a lift of I NJ =< ay,...,aq > +(I N J)? to a set of generators of I N .J.

67
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In the ring R(T"), we have ht(/) = ht(J) = ht(INJ) = dim(R(T")) = d. Hence using ([14],
Theorem 3.2) we can find H; € (I NJ)R(T) such that (INJ)R(T) =< Hy,..., Hg > R(T),
with H; — f; € IR(T)? and H; — g; € JR(T)?. Now use Theorem 6.1.1 to conclude the

proof. O

Proposition 7.1.2. (Subtraction principle) Let R be an affine algebra over F,, of dimension d >
2. Let I,J C R[T] be two co-maximal ideals, each of height d. Suppose that I = (fi,..., fa)
and INJ = (ha, ..., hq) where h; — f; € I?. Then there exists g; € J such that J = (g1, ..., gq)
with h; — g; € J>.

Proof The proof uses the same arguments as in Proposition 7.1.1 with slight modification, so
we will only sketch a proof. As before, without loss of generality we may assume ht(IR(T)) =
ht(JR(T)) = ht((I n J)R(T)) = dim(R(T")) = d. Since I + J = R[T], we get J =<
hi,....hq > +J?. Again observe that to prove the theorem it is enough to find a lift of
J =< hi,....,hqg > +J? to a set of generators of J. Now using ([14], Theorem 3.3) in the
ring R(T) we can find G; € JR(T) such that G; — h; € JR(T)?. Then as before we can use

Theorem 6.1.1 to complete the proof. O

7.2 An obstruction group

Proposition 7.2.1. Let R be affine algebra over F,, of dimension d > 2 and I C R[T] be an
ideal of height d. Moreover suppose that o and /3 are two surjections from (R[T)/I)% — I/I?
such that there exists o € SLy(R[T]/I) with the property that co = 3. Then if a can be lifted

to a surjection 6 : (R[T])% — I then so can /3.

Proof Since dim(R[T]/I) < 1, using Theorem 2.3.4, we can find € € SL;(R[T]), which lifts
o. Since € € SLyg(R[T]) and 6 is a surjection, it follows that fe : (R[T])? — I is also a
surjection. Thus it is only remains to show that (f¢) ® (R[T]/I) = 8. But this follows from
the fact that e ® R[T]/I = 0 and 0 @ R[T]/I = «. O

Now we proceed to define the d-th Euler class group of R[T| where R is an affine algebra

of dimension d > 2.

Definition 7.2.2 Let I C R[T] be an ideal of height d such that I/I? is generated by d
elements. Let o and 3 be two surjections from (R[T]/I)¢ — I/I?. We say a and 3 are
related if there exists ¢ € SLq((R[T]/I)? be such that aoc = B. This defines an equivalence

relation on the set of surjections from (R[T]/I)® — I/I%. Let [a] denote the equivalance
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class of . If fi,..., f1 generate I/I? , we obtain a surjection o : (R[T]/I)? —+ I/I?, sending
e; to f;. We say [a] is given by the set of generators f1, ..., f4 of I/I>.
Let G be the free Abelian group on the set B of pairs (I,wy), where:
(¢) I C R[T] is an ideal of height d,
(7i) Spec(R[T]/I) is connected,
(iii) I/I? is generated by d elements, and
(iv) wr : (R[T]/I1)® = I/I? is an equivalence class of surjections « : (R[T]/I)¢ — 1/I?.

Let J C R[T] be a proper ideal. we get J; C R[T] such that J = J; N Ja N...N J,, where
J;i 's are proper, pairwise co-maximal and Spec(R[T]/J;) is connected. We shall say that J; are
the connected components of J.

Let K C R[T] be an ideal of height d, K/K? is generated by d elements and K =
NK; be the decomposition of K into its connected components. Then note that for every
i, ht(K;) = d and by Chinese remainder theorem K;/K? is generated by d elements. Let
wi : (R[T]/I)* = K/K? be a surjection. Then in a natural way wy gives rise to surjections
wg, : (RIT]/K;)* = K;/K;*. We associate the pair (K,w), to the element >7_, (K;, wk,)
of G. We will call (K,wg) as a local orientation of K induced by wg .

Let H be the subgroup of G generated by the set S of pairs (J,w;), where w; : (R[T]/J)? —
— J/J? has a surjective lift 0 : (R[T]/J)¢ = J. Then we define the quotient group G/H as
the d-th Euler class group of R[T] denoted as E(R[T]). A local orientation (.J,wy) is said to

be a global orientation if wy lifts to a set of generators of J.

Remark 7.2.3 Note that the decomposition of K into its connected components is unique
by ([19], Lemma 4.5) as the proof of Lemma 4.5 does not require the assumption that the ring

contains Q.

Remark 7.2.4 The class of the pair (I,w;) defined above is well-defined by the Proposition
7.2.1.

Lemma 7.2.5. Let R be an affine algebra of dimension d > 2, I C R[T] be an ideal of height d
such that I/1? is generated by d elements. Let wy : (R[T]/I)® — I/I? be a local orientation
of I. Suppose that the image of (I,wy) is zero in the Euler class group E4(R[T]). Then, I is

generated by d elements and wy can be lifted to a surjection 6 : (R[T])? — I.

Proof The proof is done in Theorem 4.2.2 for d > 3 and in ([21], Theorem 4.7) ford = 2. O
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7.3 An obstruction class

Definition 7.3.1 (Euler cycle induced by a Projective module) Let R be an affine algebra over
F,, of dimension d > 2 and P be a projective R[T]-module of rank d having trivial determinant.
Let x : R[T] = AYP be an isomorphism. To the pair (P, ), we associate an element e(P, x)
of E4(R[T)) as follows:
Let A : P — I be a surjection, where I is an ideal of R[T] of height d. Let 'bar’ denote going
modulo I. We obtain an induced surjection A ® R[T]/I : P/IP — I/I?. Note that, since P
has trivial determinant and dim(R[7']/I) < 1, P/IP is a free R[T|/I-module of rank d. We
choose an isomorphism ¢ : (R[T]/I)? = P/IP, such that A% = x ® R[T]/I. Let wr be the
surjection A®@ R[T]/I)o¢ : (R[T]/I)* — I/I?. We say that (I,w;) is an Euler cycle induced
by the triplet (P, \, x).

Whenever the class of (I,w;) in E4(R[T]) induced by the triplet (P, \,x) becomes inde-
pendent of a certain choice of the pair (A, I) we will define the Euler class e(P, x) of the pair

(P, x) as the image of (I,w;) in E*(R[T)).

Notation 7.3.2. Continuing with the above notations we might omit P sometimes and only
say (I,wy) is induced by (), x), if there are no confusions. By saying an Euler cycle induced by
(P, x) we mean to say an Euler cycle induced by the triplet (P, A, x), for some suitably chosen
A€ P

Theorem 7.3.3. Continuing with the notations as in the Definition 7.3.1, furthermore assume
that (d — 1)! € R*. Then the assignment sending the pair (P, x) to the element e(P, ), as

described above, is well defined.

Proof Let p: P — J be another surjection where J C R[T] is an ideal of height d. Let
(J,wy) be obtained from (u,x). Then we need to show (I,wy) = (J,wys) in E(R[T]).

Applying Lemma 2.2.6, get an ideal K C R[T] such that K is co-maximal with I, J and
there exists a surjection v : (R[T])? — I N K such that v ® R[T]/I = w;. Since I and K
are co-maximal v induces a local orientation wx of K and we have (I,wy) + (K,wg) = 0 in
E(RI[T]).

Let L = K N J, then again as before since K and J are co-maximal wg and w; together
with L will induce a local orientation wy, of L and we have (L,wy) = (K,wg) + (J,wy) in
E(R[T]). Thus to prove the theorem it is enough to show that (L,wy) = 0, that is by Theorem
6.1.1 it is enough to show that (L ® R(T),wr ® R(T)) = 0 in E4(R(T)).

Since (d—1)! € R*, e(P® R(T), x ® R(T)) is well-defined in E4(R(T)) (see [14], Section 4),

hence the result follows. O
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In the next theorem we will show that the vanishing of any Euler cycle in the Euler class group
induced by the triplet (P, A, x) is sufficient for the projective module to have an unimodular

element.

Theorem 7.3.4. Let R be an affine algebra of dimension d > 2 and P be a projective R[T]-
module with trivial determinant of rank d. Moreover assume that there exists a surjection
A : P —= I and (), x) induces an Euler cycle (I,wr). Suppose that (I,wr) =0 in E4(R[T]).

Then P has a unimodular element.

Proof Recall that (), ) induces (I,w;) means there exists an isomorphism ¢ : (R[T]/I)? =
P/IP, such that A% = x ® R[T]/I and w = (A ® R[T]/I) o ¢.

Note that in a view of ([15], Theorem 3.4) to show that P has a unimodular element it is
enough to show that P ® R(T") has a unimodular element.

Since (I, w;) vanishes in E(R[T]) by Lemma 7.2.5 there exists a surjection 6 : (R[T])? — I,
such that 0 ® R[T]|/I = w.

Thus in the ring R(T") we have:
(i) \® R(T) : P® R(T) —> IR(T);
(ii) 0 ® R(T) : (R(T))* = IR(T);
(#ii) ¢ : (R[T]/1)® = P/IP such that, w ® R(T)/IR(T) = (A ® R(T)/IR(T)) o (¢ ®
R(T)/IR(T)) and N4(¢p @ R(T)/IR(T)) = x ® R(T)/IR(T).
Hence using ([14], Corollary 3.4) P ® R(T') has a unimodular element and this completes the

proof. O

The same proof will give us the following corollary and we therefore omit the proof.

Corollary 7.3.5. Let R be an affine algebra over F,, with dim(R) = d > 2. Let P and Q be
projective R[T]|-modules of rank d and d — 1 respectively, such that their determinants are free.
Let x : NP = NHQ @ R[T)) be an isomorphism. Let I C R[T] be an ideal of height d such
that there exists surjections o : P —— [ and 8 : Q ® R[T] — I. Let ‘bar’ denotes going
modulo I. Suppose that there exists an isomorphism & : P = QTR[T] with the following
properties:

(i) B6 =a;

(ii) A5 =¥.

Then P has a unimodular element.

The next theorem is a stronger version of Theorem 7.3.4 with an extra assumption on the

ring R. Together with Theorem 7.3.3 it says that the assignments of (P, \, x) to an element
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e(P,x) € E4(R[T)), is precisely the obstruction class for P to have a unimodular element. In
this case we will call the Euler class group E?(R[T]) is the obstruction group to detect the
existence of a unimodular element in a projective R[T]-module (with trivial determinant) of

rank equal to the dimension of R.

Theorem 7.3.6. Let R be an affine algebra of dimension d > 2 (with an extra assumption
(d—1)! € R*) and P be a projective R[T|-module with trivial determinant (via x) of rank d.
Then P has a unimodular element if and only if e(P,x) = 0 in E4(R[T]).

Proof Note that only remaining part is to prove the if part. So we may begin with the
assumption that P has a unimodular element. Since (d — 1)! € R*, by Theorem 7.3.3, ¢(P, x)
is well defined. Thus enough to show any (I,w;) € E4(R[T]) which represents the same class
as of e(P, x) vanishes.

In a view of Theorem 6.1.1, it is enough to show that (I R(T'),w;® R(T)/IR(T)) vanishes.
But note that since (d — 1)! € R(T)*, we can use ([14], Corollary 4.4) in the ring R(T"). Thus
since P ® R(T') has a unimodular element (IR(T),w; ® R(T)/IR(T)) =0 in E(R(T)), and
this completes a proof. O

For the next result we will sketch a proof to avoid repeating same arguments used earlier in

this paper.

Theorem 7.3.7. Let R be a d(> 2)-dimensional smooth affine algebra over F,, (for d > 3
with an additional assumption that R is a domain) and I C R[T]| be an ideal such that
u(I/1?) = ht(I) = d. Then any set of generators of [ =< f1,..., fq > +1? can be lifted to a

set of generators of I.
Proof

Case -1 (d =2) Following the same proof of (Theorem 6.1.1, case 1) we get P;. Since R is
smooth and dim(R) < 2, P; is extended from R and hence free by ([21], Corollary 2.9) (as P,
has trivial determinant). Then again we can follow the last paragraph of the proof of (Theorem

6.1.1, case 1) to conclude the result.

Case -2 (d >3) Let I =< fi,...,fqg > +I%. Then to prove the theorem it is enough to find
a lift of f;'s to a set of generators of I. Note that 1(0) =< f1(0),..., f4(0) > +I(0)%. By
Theorem 2.2.5 there exists b; € I(0) such that I(0) =< by,...,bg > with f;(0) — b; € I(0)2.

This b;'s together fi's will induce a set if generators I =< g1, ..., gq > +1°T, where g;(0) = b;
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and f; —g; € I?, for i = 1,...,d (see [12], Remark 3.9). Now use ([12], Corollary 3.8) to

complete the proof. O

Corollary 7.3.8. Let R be a d(> 2)-dimensional smooth affine algebra over F,, (for d > 3 with
an additional assumption that R is a domain) and P be a projective R[T|-module of rank d

with trivial determinant, then P has a unimodular element.

Proof Since by Theorem 7.3.7 any local orientation of an ideal I (with the property ht(I) =
w(I/1%)) can be lifted to a global orientation of I. Thus by Lemma 7.2.5, E4(R[T]) = 0, hence
in particular, any Euler cycle induced by the pair (P, x) vanishes thus by Theorem 7.3.4, P has

a unimodular element. O

Remark 7.3.9 Corollary 7.3.8 easily follows from [46] since P is extended from R (as R being

smooth). This corollary is an Euler class theoretic treatment of the same.






Chapter 8

A splitting criterion via projective
generation of complete intersection
curves over algebraically closed field

of characteristic # 2

8.1 A cancellation result in dimension two

In this section we will prove a cancellation result in dimension 2 over some C field of character-
istic # 2. Note that if the ring is smooth this result is due to A. A. Suslin ([64], Theorem 2.4).
Here we drop the smoothness assumption of A. A. Suslin's proof using a clever observation
by P. Raman which is crucial in our set-up. The remaining part of this section is devoted to

rediscover some of its consequences as a splitting criterion of projective modules.

Theorem 8.1.1. Let k be an algebraically closed field of characteristic p # 2. Let R be a
two dimensional affine algebra over the Cy field k(T), which is essentially of finite type over k.

Then stably free modules over R are free. In other words, Um3(R) = e1SL3(R).

Proof Let R = S~ !A, where A is affine algebra over k and S be a multiplicatively closed
subset of A. Let J4 and Jg be the ideal of singular locus of A and R respectively. Then note
that since k is perfect ht(J4) > 1 and thus ht(S™!J4) > 1. Now also note that S~1J4 C Jx.
To show this it is enough to show for any a = g € 57134, R, is smooth. Put R, = (S_lA)% =
S_I(Rt). Now R; is smooth as t € J4 and hence so is R,. Thus we can always assume the

ideal of singular locus Jr of R has a positive height.
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Let (a1, a2,a3) € Ums(R). Let B = R/Jg and 'bar’ denote going modulo Jz. Then in the
B we have got Um3(B) = e; E3(B). Since E3(R) — Es3(B) is a surjection, we can always
replace (a1, a2,a3) by (ai,as,as)e for some € € E3(R) and may assume a3 — 1 € Jr and
ay,az € Jg. Note that < aj,az,a3 >= R ¢ |Jp, where the union runs over all minimal prime
ideals of R. Hence using Prime Avoidance Lemma replacing as by as + A1a1 + Aoas we may
also assume ag ¢ |Jp that is a3 is a non-zero divisor, keeping the fact ag — 1 € Jp unaltered.

Let C = R/ < ag >. Then note that since a3 — 1 € Jr, C is a smooth curve. Let ‘tilde’
denote going modulo as. Since p # 2, by ([64], Proposition 1.4) SK;(C) is a 2—divisible group
and by ([64], Proposition 1.7) SK1(C) = K1 Sp(C). Thus following A. A. Suslin’s proof of ([64],
Theorem 2.4) we have [d1, da] = [b~12,b~2] in SK1(C). Therefore we get o € SLo(C) N E(C)
such that (a1,d2)a = (b~12,b~2). Since [a] = 0 in SK1(C) implies that [a] = 0 in K1Sp(C),
thus we have o € SLy(C)NEp(C). Hence using ([64], Lemma 2.1) we get § € SLa2(R)NEp(R)
such that @ = 8 mod (< a3 >). Thus (a1, az,a3)(8 L 1) = (b3,b2,a3) mod (E3(R)). Using

a result of Swan-Towber (b2, b2, a3) is completable and so is (a1, as, a3). O

8.2 A splitting criterion

Let R be a d(> 2) dimensional affine algebra over an algebraically closed field k. Using the
arguments given in Section 7.3, one can define the d-th weak Euler class group EZ(R[T]) as

defined in [19].

Theorem 8.2.1. Let R be a d(> 2) dimensional affine algebra over an algebraically closed field
k of char(k) = p # 2. Then E4(R(T)) = E4(R(T)).

Proof It is enough to show that for any ideal I C R(T) with ht(I) = p(I/1?) = p(I) = d,
and for any local orientation wy of I, (I,w;) =0 in E4(R(T)).

Let I =< ay,...,aq > and wy be induced by I =< fi, ..., fq > +I°. Replacing (a1, ..., aq)
by (a1, ..., aq)e we may always assume dim(R(T")/ < ag, ...,aq >) < 2 for some suitably chosen
€ € Eq(R(T)). Let B= R(T)/ < as,...,aq >, then note that B is at-most a two dimensional
affine algebra over a C} field k(T'), where k is algebraically closed of characteristic p # 2.
Also B is essentially of finite type over k. Let ‘bar’ denote going modulo < as,...,aq >.
As an R(T)/I-module two sets of generators of I/I? must differ by some invertible matrix
a € GLg(R(T)/I). Let det(a) = a € (R(T)/I)*. Get b € R(T) be such ab—1 € I. Then
note that (b,@2, —a1) € Ums3(B) = e1SL3(B) (by 8.1.1). Using ([14], 5.2) get T € M (B)

such that (@y,a2)7 = (@}, @), where I =< @,,a), > and det(r) —a € I.
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Thus in the ring R(T) we get, I =< a},a},as,...,aqg >. Define 0 = 7 1L I; o €
GL4(R(T)/I) then note that (a1,aq,as,...,aq)0 = (a},d,as,...,aq) and det(d) —a € I.
Since det(0) — det(«) € I, there exists € € SLy(R(T)/I) = E4(R(T)/I) such that 6¢' = a.
Since dim(R(T")/I) = 0, the natural map E4(R(T')) — SL4(R(T")/I) = E4(R(T")/I) is sur-
jective. Therefore we can lift ¢ and get € € E4(R(T)) such they are equal modulo I. Let
(F1, ..., Fy) = (a},dh, as,...,aq)e. Then note that I =< Fi, ..., F; >. It only remains to show
Fi—fiel”

Consider any d—tuple [(a1,...,aq)] as a map (R[T]/I)¢ — I/I? sending e; — @;. Then
we have [(Fi,..., Fy)] = [(a},dh,as,...,aq)e] = [(a1,a2,as,...,aq)0¢] = [(a1,...,aq)0€] =

[(a1,....,aq)a] = [(f1, .., fa)]- This completes the proof.

Theorem 8.2.2. Let R be a d(> 2) dimensional affine algebra over an algebraically closed field
k of char(k) = p # 2. Let P be a projective R[T)-module of rank d with trivial determinant
and I C R[T] be an ideal of height d such that there is a surjection ¢ : P — I. If u(I) =d

then P has a unimodular element.

Proof Note that if I contains a monic polynomial f € R[T], then P has a unimodular
element via the map ¢ ® A[T|¢. Thus using ([15], Theorem 3.4) P has a unimodular element.
Thus we may always assume I does not contain any monic polynomial.

Let IR(T) be the extension of the ideal I in the ring R(T). Therefore in the ring R(T)
we have ht(IR(T)) = p(IR(T)) = p(IR(T)/I*?R(T)) = d. Thus using Theorem 8.2.1, for
any local orientation w; of IR(T"), we must have (IR(T),ws) = 0. Let the surjection ¢
induce a local orientation w of I. Since (IR(T),w ® R(T)) = 0 in E4(R(T)), the projective
R(T)—module P ® R(T') has a unimodular element. We obtain a monic polynomial f € R[T],
such that Py has a unimodular element and therefore Um(P) # ¢ by ([15], Theorem 3.4). [

Remark 8.2.3 Note that for char(k) = 0, Theorem 8.1.1 holds without any restrictions (see
[55], Proposition 3.1). Thus the same proofs of Theorem 8.2.1 and Theorem 8.2.2 will go
through as well in the characteristic 0 setup, which drops the domain assumption in ([15],

Theorem 4.5).

Corollary 8.2.4. Let R be a d(> 2)dimensional affine algebra over algebraically closed field k
of characteristic # 2 and P be a stably free R[T]|-module of rank d. Then P has a unimodular

element.

Proof Note that in view of Theorem 8.2.2 and Remark 8.2.3 it is enough to show that P

maps surjectively onto an ideal I C R[T1], such that ht(I) = u(I) = d. Since P is stably free
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R[T]-module of rank d, by [51], R[T] @ P = (R[T])**'. We have the following short exact

sequence

0 —— (RIT))* —— R[T] e P “=% R[T] 0.

Using Theorem 2.1.4, we may replace a with a 4+ a8, for some § € P*, and assume
ht(a(P)) = d or a(P) = R[T]. Note that by this replacement of «, the kernel remain unaltered.
If a(P) = R[TY], then this proves the theorem. So let us assume that a(P) = I C R[T] be a
proper ideal of height d. Then by ([14], Lemma 2.8(i)) we get u(I) = d. O

8.3 A necessary and sufficient condition for splitting of a projec-

tive module on polynomial algebras over I,

This section is a sequel of the previous section. Here we have shown that we can strengthen
the results of the previous section whenever the base field is F,, with the assumption p # 2.

We begin with the following remark.

Remark 8.3.1 Note that following the arguments given in ([19], Section 6) and using Theorem
6.1.1 one can define the d—th weak Euler class group E¢(R[T]) without the assumption that

ring contains the field of rationals.

Theorem 8.3.2. Let R be an affine algebra over F,, of dimension d > 2. Further assume p # 2.
Then E4(R[T)) = EJ(R[T)).

Proof Let I C R[T] be an ideal such that p(I) = ht(I) = d. Note that since the canonical
map E(R[T]) — Eo(R[T]) is surjective it is enough to show any local orientation I =<
f1,.eey fa > +1I? has a lift.

Note that for I containing a monic polynomial it follows from Theorem 2.3.10 so without loss
of generality we may assume I does not contain a monic polynomial, i.e. ht(I) = ht(IR(T)).
By Theorem 8.2.1 we have E4(R(T)) = EJ(R(T)), thus there exists F; € IR(T) such that
IR(T) =< Fy,...,Fy >, with f; — F; € IR(T)?. Now use Theorem 6.1.1, to get a lift of
Ji's. O

Theorem 8.3.3. Let R be a d(> 2) dimensional affine algebra over F,, with (d—1)! € R*. Let
P be a projective R[T|-module with trivial determinant of rank d and I C R[T] be an ideal of
height d such that there is a surjection ¢ : P — I. Then P has a unimodular element if and

only if u(I) = d.
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Proof Note that if ;1(/) = d, then by Theorem 8.2.2 P has a unimodular element (even for
d = 2 and without P having trivial determinant). We now assume that P has a unimodular
element. Note that again as before we may always assume I does not contain any monic
polynomial. Since P has a unimodular element so does P® R(T"). Let w be the local orientation
of I induced by ¢ and an isomorphism x : A?P = R[T]. Note that in the ring R(T) we
have e(PR(T),x ® R(T)) = (IR(T),w ® R(T)) in the group E4(R(T)). Since P ® R(T)
has a unimodular element we have (I ® R(T)) = d, thus using Theorem 8.2.1 we have
(IR(T),w® R(T)) = 0. Now use Theorem 6.1.1 to complete the proof. O






Chapter 9

On Laurent polynomial algebras

9.1 On two conjectures

The purpose of this section is to improve the bounds of a similar question asked by M. P.
Murthy and M. V. Nori, on Laurent polynomial algebras over [F,,. Before we jump into the main

theorems we begin with the following definitions.

Definition 9.1.1

(i) A Laurent polynomial f in A[X, X 1] is said to be doubly monic if the coefficients of the

highest and the lowest degree terms are units.

(73) A polynomial f in A[X] is said to be special monic if f is monic and the constant term

is 1.

Theorem 9.1.2. Let R be an affine algebra over F,, and I C R[T, T~'] be an ideal containing
a doubly monic Laurent polynomial. Moreover assume I =< fi,...,fn > +I?, with n >
max{(dim R[T,T~1]/I + 1),2}. Then there exists g; € I, for i = 1,...,n, such that I =
(91, s Gn), with gi — f; € T2,

Proof Let J = 1IN R[T]. Define h; = T*f; € R[T], for all i = 1,...,n. Since the image of
the matrix diag (2, 7%, -, 7¢) is in GLn(R[T,T~']/I%) we have I =< hy, ..., hy > +1%.

We claim that J =< hyq, ..., h, > +J%. Note that to prove the claim it is enough show for
all prime ideals p C R[T), we have JR[T], =< hi, ..., hy, > R[T],+ J*R[T),. Since I contains
a doubly monic Laurent polynomial, this gives us the fact J contains a special monic polynomial
say h. Then by replacing hy with hq+h* (T'—h1(0)+1), for some suitably chosen k' > 1 we may

hy

further assume hy is a special monic without changing the assumption = — f1 € I’ IfTep
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then hy & p, so in this case we have JR[T], = R[T], =< h1, ..., hn > R[T]|,+ J*R[T],. And if
T ¢ p then this gives us JR[T], = IR[T, T, girr-1] =< hi, ..., hn > R[T, T, gip -1y +
I*R[T, T~ r-1) =< h1,...; hn > R[T], + J*R[T],. Hence this establishes our claim.

Since I contains a doubly monic Laurent polynomial, we have dim(R[T]/J) = dim(R[T, T~]/I).
Thus by Theorem 2.3.10 we can find G; € J, such that J =< G4, ..., G,, > with G; — h; € J?,
for i = 1,...,n. Now I = JR[T,T~!], gives us the fact I =< G4,...,Gy, >. Define g; = &,
then note that I =< ¢g1,...,g9, >, and g; — f; = % € J2R[T, T~ '] = I?. This completes

the proof. O

Theorem 9.1.3. Let R be an affine algebra over F, and I C R[T,T~!] be an ideal containing
a doubly monic Laurent polynomial. Moreover assume that I =< f1,..., f, > +(I*(T — 1)),
with n. > max{(dim R[T,T~]/I +1),2}. Then there exist g; € I, fori = 1,...,n, such that
I=1(g1,...,gn), with g — fi € I*(T —1).

Proof Let J = I N R[T]. Since I is extended from R[T], we have J(1) = I(1) =<
f1(1), ..., fa(1) >. We can find a suitable k such that h; = T*f; € R[T], for alli = 1,...,n.
Then note that we have J(1) = I(1) =< hy(1),..., h,(1) > and I =< hy, ..., hy, > +1*(T—1).

We claim that J =< hy,...,h, > +J?(T — 1). Note that it is enough show for all prime
ideals p C R[T], we have JR[T), =< hi, ..., hy, > R[T],+ J*(T —1)R[T],. Since I contains a
doubly monic Laurent polynomial, this gives us the fact J contains a special monic polynomial
say h. Then by replacing hy with hy +h2(T —1)¥ +h h(T —1), for some suitably chosen &' > 0
we may further assume hy is special monic without changing the assumption %—fl € I*(T-1).
If T € p then hy & p, so in this case we have JR[T], = R[T], =< hi, ..., hy, > R[T),+ J*(T —
DR[T],. And if T ¢ p then this gives us JR[T], = IR[T, T, grr-1) =< h1,...,hn >
R[T, T~ Ypppr -1+ I*(T — V)R[T, T, gir 1) =< b1, .o by > R[T]p + J*(T — 1) R[T],,.
Hence this completes the proof of our claim.

Since I contains a doubly monic Laurent polynomial, we have dim(R[T]/J) = dim(R[T, T~ ']/I).
Therefore, by Theorem 3.2.2 we can find G; € J, such that J =< Gy, ...,G,, > R[T, T~!] with
Gi—h; € JX (T —1),fori=1,...n. As I = JR[T, T~ ], we have [ =< G4, ...,G,, >. Define
gi = % Then we note that [ =< ¢1,...,9, >, and g; — f; = % € JH(T - 1)R[T, T Y =
I?(T — 1). This completes the proof. O

9.2 An obstruction group and obstruction class

In this section we shall develop the theory of an obstruction group on the Laurent polynomial

algebras, which can governed the splitting problem. The philosophy is to develop the theory
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parallelly with the theory we developed for the polynomial F,—algebras, which was absent in

the literature even when the ground field is algebraically closed.

Notation 9.2.1. Let R be a ring. We denote R = S~'R[T, T~ ], where S C R[T,T~!] is the

multiplicatively closed set consisting all doubly monic Laurent polynomials.

Theorem 9.2.2. Let R be an affine algebra over F,, of dimension d > 2 and I C R[T,T~ 1]
be an ideal such that ht(I) = pu(I/I?) = d. Moreover assume that I =< fi,..., fq > +I2.
Suppose that there exists F; € IR be such that IR =< Fi, ..., F; >, with F; — f; € (IR)2.

Then there exists g; € I be such that I =< gy, ..., gq >, where g; — f; € I>.

Proof Following the proof of Theorem 6.1.1 one can establish the fact that it is enough to
assume that I contains a doubly monic Laurent polynomial. Then using Theorem 9.1.2 the

proof completes. O

We are now stating results on Laurent polynomial rings without proofs. The proofs follow
the same arguments as in the case of polynomial algebras (see Section 7.1), and are hence

omitted.

Proposition 9.2.3. (Addition principle) Let R be an affine algebra over F,, of dimension d > 2.
Let I,J C R[T,T~!] be two co-maximal ideals, each of height d. Suppose that I = (f1, ..., f4)
and J = (g1,...,94). Then INJ = (hy,...,hg) where h; — f; € I?> and h; — g; € J>.

Proposition 9.2.4. (Subtraction principle) Let R be an affine algebra over F,, of dimension
d> 2. LetI,J C R[T, T7!] be two co-maximal ideals, each of height d. Suppose that
I=(f1,....fq) and INJ = (hq, ..., hg) where h; — f; € I?. Then there exists g; € J such that
J = (g1, ..., gq) with hy — g; € J>.

Mimicking the same proof given in Proposition 7.2.1 one can establish the following propo-

sition.

Proposition 9.2.5. Let R be an affine algebra over F,, of dimensiond > 2 and I C R[T,T~!] be
an ideal of height d. Moreover suppose that o and 3 are two surjections from (R[T, T~1]/1)¢ —
— I/1? such that there exists o € SLq(R[T,T~']/I) with the property that ac = . If o can

be lifted to a surjection 6 : (R[T,T~'])¢ — I then 3 can also be lifted to a surjection.

Definition 9.2.6 Let I C R[T,T~'] be an ideal of height d such that I/I? is generated
by d elements. Let a and 3 be two surjections from (R[T,T~']/I) —» I/I?. We say
that a and 3 are related if there exists ¢ € SLy(R[T,T~']/I) be such that ac = 3. This
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defines an equivalence relation on the set of surjections from (R[T,T~']/1)¢ —+ I/I?. Let
[a] denote the equivalance class of . If fi,..., f4 generate I/I? , we obtain a surjection
a: (R[T,T71/1)* = I/I? sending e; to f;. We say [a] is given by the set of generators
fiyeeey fag of /12,

Let G be the free abelian group on the set B of pairs (I,w;), where:
(i) I C R[T,T~'] is an ideal of height d,
(i) Spec(R[T,T~1]/I) is connected,
(iii) I/I? is generated by d elements, and
iv) wy : (R[T,T~1]/1)¢ — I/I? is an equivalence class of surjections o : (R[T,T~1]/I)?
— I/1%.

Let J C R[T,T~!] be a proper ideal. Get J; C R[T,T~!] such that J = JiNJoN...N0J,,
where J; 's are proper, pairwise co-maximal and Spec(R[T,T~!]/J;) is connected. We shall
say that J; are the connected components of J.

Let K C R[T,T~!] be an ideal of height d, K/K? is generated by d elements and K =
NK; be the decomposition of K into its connected components. Then note that for every
i, ht(K;) = d and by Chinese Remainder Theorem K;/K? is generated by d elements. Let
wg : (R[T, T7Y/I)* -+ K/K? be a surjection. Then in a natural way wy gives rise to
surjections wg;, : (R[T, T/ K;)* — KZ/KZ2 We associate the pair (K, wg), to the element
i1 (K, wg,) of G. We will call it (K,wg) a local orientation of K induced by wg-.

Let H be the subgroup of G generated by the set S of pairs (J,wys), wherew; : (R[T, T~1]/J)¢
— J/J? has a surjective lift 6 : (R[T,T~']/J)¢ == J. Then we define the quotient group
G/H as the d-th Euler class group of R[T,T~'] denoted as E?(R[T,T~']). A local orienta-
tion (J,wy) is said to be a global orientation if wy lifts to a set of generators of J. With a
slight abuse of notation we might sometimes use E(R[T,T~']) instead of E4(R[T,T~']) in

this section.

Lemma 9.2.7. Let R be an affine algebra over Fp of dimension d > 2, I C R[T,T1] be an
ideal of height d such that I/I? is generated by d elements. Let wy : (R[T,T~1]/I)% =~ I/I?
be a local orientation of I. Suppose that the image of (I,wr) is zero in the Euler class
group E(R[T,T~Y). Then, I is generated by d elements and w; can be lifted to a surjection
0: (R[T, T~ = I.

Proof The proof is done in Theorem 4.2.2 for d > 3 and in ([21], Theorem 4.7) ford = 2. O

Definition 9.2.8 (Local orientation induced by a Projective module) Let R be an affine algebra

over [F,, of dimension d > 2 and P be a projective R[T,T~!]-module of rank d having trivial
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determinant. Let x : R[T,T~'] = A?P be an isomorphism. To the pair (P, ), we associate
an element e(P, x) of E(R[T,T~!]) as follows:
Let A : P —> I be a surjection, where I is an ideal of R[T,T~!] of height d. Let ‘bar’ denotes
going modulo I. We obtain an induced surjection A\ ® R[T,T~!]/I : P/IP — I/I%. Note
that, since P has trivial determinant and dim(R[T,T~!]/I) <1, P/IP is a free R[T,T~']/I-
module of rank d. We choose an isomorphism ¢ : (R[T,T~1]/I)* = P/IP, such that A%$ =
X ® R[T,T~']/I. Let w; be the surjection (A ® R[T,T~]/I)o ¢ : (R[T,T~)/1)¢ — I/I.
We say that (I,wr) is a local orientation induced by P together with the pair (X, x).
Whenever the class of (I,w;) in E(R[T,T~!]) induced by the pair (P, x) becomes indepen-
dent of a certain choice of an ideal I we will define the Euler class e(P, x) of the pair (P, x) as

the image of (I,wy) in E(R[T,T~}).

With the above results and definitions in hand, one easily obtains the following series of
results. The proofs can be mimicked from the case of polynomial algebra as described in the

previous sections. We decided not to repeat the arguments.

Theorem 9.2.9. Continuing with the notations as in the Definition 9.2.8, furthermore assume
(d—1)! € R*, then the assignment sending the pair (P, x) to the element e(P, x), as described

above, is well defined.

Theorem 9.2.10. Let R be an affine algebra over E, of dimension d > 2 and P be a projective
R[T,T~']-module with trivial determinant of rank d. Moreover assume that there exists a
surjection A : P — I and (), x) induces a local orientation (I,wr). Suppose that (I,wr) =0

in E(R[T,T~']) then P has a unimodular element.

Corollary 9.2.11. Let R be an affine algebra over F,, with dim(R) =d > 2. Let P and Q be
projective R[T, T~']-modules of rank d and d — 1 respectively, such that their determinants are
free. Let x : NP = AY(Q @ R[T, T~']) be an isomorphism. Let I C R[T,T~'] be an ideal of
height d such that there exists surjections o : P —+ I and B: Q ® R[T, T~ — I. Let ‘bar’
denotes going modulo I. Suppose that there exists an isomorphism § : P = W
with the following properties:

(i) Bo =

(ii) N9 =¥.

Then P has a unimodular element.

Theorem 9.2.12. Let R be an affine algebra of dimension d > 2 (with an extra assumption

(d—1)! € R*) and P be a projective R[T, T~']-module with trivial determinant (via x) of rank
d. Then P has a unimodular element if and only if e(P,x) = 0 in E4(R[T,T~1]).
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Theorem 9.2.13. Let R be a d(> 2) dimensional affine algebra over an algebraically closed field
k of char(k) = p # 2. Recall that R is as defined in the Notation 9.2.1. Then E%(R) = EZ(R).

Theorem 9.2.14. Let R be an affine algebra over E, of dimension d > 2. Further assume

p# 2. Then EY(R[T, T7']) = E4(R[T, T 1)).
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Segre class of an ideal

10.1 On polynomial algebras over [,

The purpose of this section is to weaken the hypothesis on the height of the ideal of the Theorem
8.3.3. As an application we develop the idea of Segre class of an ideal in polynomial algebra

over [,

Theorem 10.1.1. Let R be an affine algebra over F,, of dimension d > 2 and I C R[T] be
an ideal such that ht(I) > 2 and p(I/1?) = d. Moreover assume that I =< fi, ..., fq > +I°.
Suppose that there exists F; € IR(T) be such that IR(T) =< Fi,...,Fq >, with F; — f; €

IR(T)?. Then there exists g; € I be such that I =< g1, ..., gq >, where g; — f; € I

Proof Note that for d = 2, proof follows from Theorem 6.1.1 thus without loss of generality we
may assume that d > 3. By Lemma 2.1.3 there exists e € I? such that e(1—e¢) €< f1, ..., fq >.
Replacing f; by fi +e\; (without changing it's notations) using Theorem 2.1.4 we may assume
that ht(< f1,...,f4 >¢) > d. Let J =< f1,...,fs,1 —e >. Then we have J + I? = R|[T],
ht(J) >d, J =< fi,...,fa > +J? and I NJ =< fi,..., f4 >. Note that if ht(J) > d then we
are done, thus enough to assume that ht(J) = d.

Now in the ring R(T), we have IR(T) =< F,...,Fy >, with F; — f; € IR(T)?. Note
that ht(IR(T")) > ht(I) > 2 and ht(JR(T)) > ht(J) = d > 3, thus by ([22], Proposition 2.2),
there exists G; € JR(T) such that G; — f; € JR(T)?. Using Theorem 6.1.1 get h; € .J such
that J =< hy, ..., hg >, with h; — f; € J?. Thus in the ring A[T] we get
(i) ht(I) > 2 and ht(J) =d > 3;

(ii) I* + J = R[T);
(#i7) INJT =< f1, .0 fa >
(iv) J =< h1,...,hq >, with fi — h; € J.

87
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Let B = R[T]/I? and ‘bar’ denotes going modulo I%. Since B is an affine algebra over F,, of
dimension < d — 1 we have (hq, ..., hq) € Umy(B) = e1 E4(B), whenever d > 3. Thus we can
replace (hq,..., hq) by (hi,..., hq)e (without changing it's notations), for some € € E4(R[T))
to assume hy — 1 € I? and h; € I? for all i < d. Again note that by ([60], Lemma 2) we can
assume ht(< hy, ..., hg_1 >) > d — 1, without losing the assumption hy — 1 € I2.

Let A= R[T,X], Ki =< h1,....;hg—1,hg+ X > A, Ky = IA and K3 = K; N K. Then
note that it is enough to show K3 =< a;1(X),...,aq(X) > such that a;(0) = f;. As then
specializing K3 at hg — 1 completes the proof.

To prove this note that dim(A/K;) = dim(R[T]/ < hi,...,hg—1 >) < 2. Hence for d > 3
using Theorem 3.3.1 we can find a required set of generators of K3 which matches with f;'s at
X =0. O

The next two corollaries are generalizations of Proposition 7.1.1 and Proposition 7.1.2 in
which we relax the hypothesis on the height of the ideals. The proof essentially uses the same
arguments as of Proposition 7.1.1 and Proposition 7.1.2. One just have to use Theorem 10.1.1
and ([22], Proposition 2.1, Proposition 2.2 ) instead of Theorem 6.1.1 and ([14], Theorem 3.2

and Theorem 3.3) in the appropriate places. For the sake of completeness we sketch the proofs.

Corollary 10.1.2. (Addition principle) Let R be an affine algebra over F,, of dimension d > 2.
Let I,J C R[T] be two co-maximal ideals, each of height > 2. Suppose that I = (fi,..., fq)
and J = (g1,...,94). Then INJ = (h1,...,hq) where h; — f; € I?> and h; — g; € J>.

Proof Since the heights of both the ideas I and J are > 2, in the ring R(T") both the ideals
IR(T) and JR(T) are of heights > 2. Since I + J = R[T], using the Chinese Remainder
Theorem we have INJ/(INJ)? = I/1?@ J/J?. Hence the given set of generators of I and .J
will induce a set of generators a;'s of (INJ)/(INJ)? such that a; — f; € I? and a; — g; € J>.
Thus to prove the theorem it is enough to find a lift of I NJ =< ay,...,aq > +(INJ)? to a
set of generators of I N J.

In the ring R(T"), we have ht((INJ)R(T")) > 2. Hence using ([22], Proposition 2.1) we can
find H; € (INJ)R(T) such that (INJ)R(T) =< Hy,...,Hy > R(T), with H; — f; € IR(T)?
and H; — g; € JR(T)?. Now use Theorem 10.1.1 to conclude the proof. O

Corollary 10.1.3. (Subtraction principle) Let R be an affine algebra over F, of dimension d > 2.
Let I,J C R[T] be two co-maximal ideals, each of height > 2. Suppose that I = (f1,..., fa)
and INJ = (hy, ..., hq) where h; — f; € I?. Then there exists g; € J such that J = (g1, ..., gq)
with h; — g; € J?.
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Proof The proof uses the same arguments as in Proposition 10.1.2 with slight modification, so
we will only sketch a proof. As before, we have ht(IR(T)), ht(JR(T)) and ht((INJ)R(T)) > 2.
Since I 4+ J = R[T)], we get J =< hy, ..., hg > +J%. Again observe that to prove the theorem
it is enough to find a lift of J =< hq,...,hg > +J? to a set of generators of J. Now using
([22], Proposition 2.2) in the ring R(T) we can find G; € JR(T) such that G; — h; € JR(T)?.

Then as before we use Theorem 10.1.1 to complete the proof. O

Definition 10.1.4 (Segre class of an ideal) Let R be an affine algebra over F,, of dimension
d > 2. Let I C R[T) be an ideal of height > 2 such that u(I/I1?) =d. Let w; : (R[T]/1)* —
I/I? be a surjection which induces I =< fi, ..., fg > +1?. Using Lemma 2.2.6 get J C R[T]
of either height d or J = R[T] such that I NJ =< gi,...,g4 >, with fi —g; € I?. Let
wy : (R[T]/J)* — J/J? be a map sending ¢; — g;. Then we define s(I,w;) = —(J,wy) €
E(R[T]) whenever ht(J) = d and s(I,w;) = 0 whenever J = R[T].

The next theorem says the above definition of Segre class is well-defined. The proof is
exactly the same as of ([22], Proposition 3.2), just one needs to apply Lemma 2.2.6, Corollary

10.1.2 and Corollary 10.1.3 in the appropriate places.

Proposition 10.1.5. The Segre class of (I,wr) as described above, is well defined.

Proof Note that following the arguments of ([22], Proposition 3.2) we may assume all the
ideals which are going to appear are proper ideals. With continuing the notation of the definition
10.1.4, suppose that (J',w;/) be another pair with the properties (i) ht(J') = d, (ii) I + J' =
R[T] and (iii) INJ =< g1,...,94 >, with f; — g; € I?. Let wy is induced by the set of
generators J' =< g1,...,gq > +J'2. Thus we have to show (J,w;) = (J',wy) in E4(R[T]).

Using Lemma 2.2.6, get K C R[T] of height d and a local orientation wx such that K is
co-maximal with I N J N J" and (J,wy) + (K,wg) = 0 in E4(R[T]). Thus enough to prove
that (J',wy) + (K,wrk) = 0 in EY(R[T]).

Using Lemma 2.2.6, get L C R[T] of height d such that L is co-maximal with InJNJ' NK
and L N1 is generated d many elements.

Now note that to prove (J',wy) + (K,wx) = 0 we need to show J' N K is generated
by d many elements which is compatible with both wj; and wg. Note that by our choice we
have JN K + 1N L = R[T]. Using Corollary 10.1.2 we get J N K NI N L is generated by
the appropriate set of generators. Since J N I is generated by d elements, by the subtraction
principle (Corollary 10.1.3) it follows that K N L is generated by d elements with appropriate

set of generators.
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Since INJ’' and K N L are both generated by d elements and they are co-maximal, by the
addition principle (Corollary 10.1.2) J N K NIN L is generated by d elements with appropriate
set of generators. Since I N L is generated by d many elements using subtraction principle
(Corollary 10.1.3) J' N K is generated by appropriate set of generators. Keeping track of the
generators, it follows that (J',wy/) + (K,wk) = 0 in E4(R[T]). This completes the proof. [J

Theorem 10.1.6. Let R be an affine algebra over F,, of dimension d > 2. Let I C R[T] be
an ideal of height > 2. Let wy : (R[T)/I)* = I/I? be surjection. Suppose that s(I,w;) =0

then wy can be lifted to a surjection (R[T])% —- I.

Proof Let w; induces I =< fi,..., f4 > +I%. By the definition of s(I,w;) there exists an
ideal J C R[T] of either height d or J = R[T)] such that IN.J =< g1, ..., gg >, with f;i—g; € I
Let wy : (R[T]/J)% = J/J? be a map sending ¢; — g;. Now if J = R[T], then the theorem
follows thus with out loss of generality we may assume ht(J) = d. Thus s(I,wy) = 0 gives us
(J,wy) = 0in E4(R[T]). By Lemma 7.2.5, we can get a; € J such that J =< ay,...,aq >,

with a; — g; € J%. Now use Corollary 10.1.3, to get a surjective lift of w;. O

Remark 10.1.7 Note that the converse of the above theorem is also true. As if wy is a global
orientation then using the subtraction principle (Corollary 10.1.3) the result follows.

The following theorem is on the additivity of the Segre classes.

Theorem 10.1.8. Let R be an affine algebra over F,, of dimension d > 2 and Iy, I> C R[T) be
tow co-maximal ideals of height > 2. Suppose that there exists surjections wry, : (R[T]/I;)% —

— I; /12, fori=1,2. Then we have s(Iy N Is,wr,nr,) = s(I1,wr,) + s(I2,wr,).

Proof Suppose that wy, is induced by I} =< fi,..., f4 > +I? and wy, is induced by I, =<
g1, -, ga > +13. Note that by the definition using Lemma 2.2.6 we can choose pairs (J1,wy, )
and (Ja,wy,) such that Jp is co-maximal with I; N Iy and Js is co-maximal with Iy N Io N J;
such that s(;,wy,) = (Ji,wy,), for i =1,2.

Now since J; + Jo = R[T], we have (J1 N J2,wsnn) = (Ji,wy,) + (Jo,wy,) in E4(R[T)),

hence this completes the proof. O

10.2 On Laurent polynomial algebras over F,

In Chapter 9 we develop the machineries, which allow us to mimic the work done in the previous

sections. Hence we omit the proofs in this section.
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Theorem 10.2.1. Let R be an affine algebra over F,, of dimensiond > 2 and I C R[T,T~!] be
an ideal such that ht(I) > 2 and p(I/I?) = d. Moreover assume that I =< fi,..., fq4 > +I>.
Suppose that there exists F; € IR be such that IR =< Fi,...,F; >, with F; — f; € IR

Then there exists g; € I be such that I =< g1, ..., gq >, where g; — f; € I>.

Corollary 10.2.2. (Addition principle) Let R be an affine algebra over F,, of dimension d > 2.
Let I,J C R[T,T~'] be two co-maximal ideals, each of height > 2. Suppose that I =
(fi,..., fa) and J = (g1, ...,94). ThenINJ = (hy,..., hq) where h; — f; € I? and h; — g; € J>.

Corollary 10.2.3. (Subtraction principle) Let R be an affine algebra over IF,, of dimension
d>2. Letl,J C R[T, T7'] be two co-maximal ideals, each of height > 2. Suppose that
I=(f1,....,fs) and INJ = (hy, ..., hq) where h; — f; € I?. Then there exists g; € J such that
J = (g1, ..., 9q) with h; — g; € J>.

Definition 10.2.4 (Segre class of an ideal) Let R be an affine algebra over FF,, of dimension
d > 2. Let I C R[T,T7'] be an ideal of height > 2 such that u(I/I?) = d. Let wy :
(R[T, T~1)/I)* = I/I? be a surjection which induces I =< fi, ..., fq > +I%. Using Lemma
2.2.6 get J C R[T, T~'] of either height d or J = R[T,T~!] such that INJ =< g1, ..., gaq >,
with f; — g; € I%. Let wy : (R[T,T7']/J)* — J/J? be a map sending ¢; — g;. Then we
define s(I,w;) = —(J,ws) € E4R[T, T~']) whenever ht(J) = d and s(I,w;) = 0 whenever
J = R[T, T71].

Proposition 10.2.5. The Segre class of (I,wy) as described above, is well defined.

Theorem 10.2.6. Let R be an affine algebra over F,, of dimension d > 2. Let I C R[T,T~!]
be an ideal of height > 2. Let wy : (R[T,T~]/I)* == I/I* be surjection. s(I,w;) =0 if and

only if wy can be lifted to a surjection (R[T,T~])4 — I.

Theorem 10.2.7. Let R be an affine algebra over F, of dimension d > 2 and I ,I> C
R[T,T~] be two co-maximal ideals of height > 2. Suppose that there exists surjections wy, :

(R[T, T~Y/I;)* = I;/12, fori = 1,2. Then we have s(I1NI2,wr,nr) = s(I1,wr, )+s(l2, wr,).






Chapter 11

Equivalence of two conjectures

11.1 Equivalence of two conjectures

Recall the following questions, which was instigate in the introduction of the thesis:

Question 11.1.1 Let A be an affine algebra over IF,, of dimension d and I C A[T] be an ideal
such that u(I/I?) = ht(I) = d. Then is u(I) = n?

Question 11.1.2  Let A be an affine algebra over IF,, of dimension d and I C A[T] be an ideal
such that p(I/I%) = ht(I) = d. Further assume that I =< f1,..., f; > +1?. Then can we lift

fi's to a set of generators of I 7

Question 11.1.3  Let A be an affine algebra over FF,, of dimension d and I C A[T] be an ideal
of height d. Further assume that I =< fi, ..., f; > +I°T, then does there exists g; € I, such
that I =< g1, ..., gq >, with f; — g; € I*T?

We shall show in Theorem 11.1.7 that all the above questions are equivalent whenever the
ring is taken as an affine algebra over F, (with some additional hypothesis on p). We shall

begin with the following lemma.

Lemma 11.1.4. Suppose that R is a Noetherian ring of dimension d > 2, (d — 1)! € R*,
I C R[T) is an ideal with ht(I) = d, and I =< fi,..., fq > +I?T. Furthermore assume that
there exists s € I N R and h; € IB[T)] such that [ =< hq,...,hq >, with f; — h; € I*TB[T),

where B = Ry s. Then there exists g; € I such that I =< g1, ...,gq >, with fi — g; € I*T.

Proof Let C' = Ry4sg), then dim(C) < d — 1. In the ring C[T] we have IC[T] =<
hi,....hqg > C[T] =< £1(0),..., f4(0) > C[T] = C[T]. Then by ([54], Corollary 2.5), there

93
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exists a(T') € SLy(C[T]), such that (hi, ..., hq)(T) = (f1(0), ..., fa(0))(= (h1(0), ..., hq(0))).
Furthermore replacing o(T) by a(T)a(0) ™!, we may assume a(0) = i4. Then a standard patch-

ing argument give rise to the desired set of generators of the ideal I. O

Theorem 11.1.5. Suppose that A is an affine algebra over F, of dimension d > 3, and
(d —1)! € A*. Then an affirmative answer of the Question 11.1.2 will imply an affirmative

answer of the Question 11.1.3.

Proof Let J=ANI. By ([7], Lemma 3.6) there exists I’ C A[T] of ht(I') =d and p; € I,
such that

(@) I' + (J?T) = A[T).

(i) INT' =< p1,...,pq >, where fi —p; € I*T.

Since I+1" = A[T], tensoring INI' =< p1,...,pq > by A[T]/I’ and using Chinese remainder
theorem we get I' =< py,...,pq > +1'>. We claim that I’ has a lift to a set of generators of I’.

Note that if ht(I") > d, then the only possibility is I’ = A[T], as if ht(I") = d + 1, then by
Suslin's Monic Polynomial Theorem I’ contains a monic polynomial in 7" and hence by ([40],
Corollary 1.5) we will get (1) = d, and this will leads us to a contradiction! Now if I’ = A[T],
this will imply I =< p1,...,pq >, and then we are done with the theorem. So only nontrivial
case remains ht(I’) = d.

Now an affirmative answer of the Question 11.1.2 will assure the existence of a; € I’ such
that I' =< aq, ..., aq >, with p; — a; € I'%.

Let C = Aj,y, then in the ring C[T], we have IC[T] =< pi,...,pq > C[T] + (I*T)C[T},
and I'C[T) =< p1,...,pq > C[T|+1"?C[T), has a lift I'C[T] =< a1, ...,aq > C[T]. By Lemma
11.1.4 it is enough to find an s € J and h; € T A145[T], with TA144[T] =< hy, ..., hq >, where
hi — p; € (I*°T) A14[T).

Claim There exists 0 € E4(C[T]) such that o(ay,...,aq) = (b1, ...,bq), satisfying
(i) <bi,...,bg—1 > C[T) + (J*T)C[T) = C[T]

(#4) dim(C[T]/ < b1, ...,b4—1 > C[T]) < 1, and

(iii) by — 1 € (J?T)C[T).

First we complete the proof with assuming the above claim and later we will prove the claim.
Get s € J such that all the conditions of the above claim holds. Let D = A4, then note that
D is an affine algebra over F,, of dimension d > 2. Thus we have (I NI')C[T] =< p1,...,pq >
DIT), and I'D[T] =< ai,...,aq >, with p; —a; € I"*D[T]. Let o(p1,...,Pq) = (g1, 9d)-
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Then note that g; — b; € I"”?D[T].

Define R = D[T, X] and N =< by, ...,by_1 > D[T]. Also set K1 = (NR, X + by), K> = IR,
K3 = K1 N K5. Then note that

(i) K1 contains a monic polynomial,

(7i) Ko = IR, is an extended ideal,

(ii1) K1 + K2 = R, and

(v) dim(R/K1) = dim(D[T]/ < b1,...,bg—1 > D[T]) =2 < d — 1.

Also note that K3(0) = K1 (0)NK2(0) = I'C[TINIC[T] =< f1,.oy fa > C[T) =< g1, ..y ga >
C[T) and K1 =< b1(X), ..., bg—1(X),bg + X >, will induced K7 =< b1(X), ..., b43-1(X),bq +
X > +K2, where b;(0) — g; € I"?C[T] = K1(0)?, fori =1,....,d — 1 and by — g4 € I"*C[T] =
K1(0)2.

Then by Theorem 3.3.1 there exists H;(X) € K3, such that K3 =< H{(X), ..., Hy(X) > with,
H;(0) = p;. Set h; = H;(1—bg). Thus we get < hy,...,hqg >= K3(1 —by) = IC[T], and since
ba — 1 € (J*T)C[T)] C (I*T)C[T), we get h; — p; € (I*T)C|T].

Proof of the claim. Let B = C[T]/(J?*T)C|T] and ‘bar’ denotes going modulo (J2T)C[T].
Then note that (ay,...,aq) € Umg(B). Note that JB is contained in the Jacobson radical
of B. Also note that to show E4(B) acts transitively on Umg(B) it is enough to show going
modulo JB, it acts transitively. This follows from the fact that B/JB = (A/J)[T] and thus
dim(B/JB) = dim((A/J)[T]) < 2 then apply (Theorem 2.6, [7]) to get that E4(B) acts
transitively on Umg(B).

Thus there exists an o € E4(C[T)]), such that o(ay, ..., aq) = (b1, ...,bq), where (b1,...,bq_1) €
Umg_1(B) and by € (J?T)C[T]. Moreover by Theorem 2.1.4, adding suitable multiples of
bg to b;, i = 1,...,d — 1, we can further assume ht(b1,...,b4-1)s, > d — 1. Now since <
bi,....bg > C[T] = I'C[T], and ht(I'C[T]) = d, this implies that ht(by,...,bg_1) > d — 1.
Since < by,...,b4_1 > C[T] + (J?*T)C|[T] = C[T], and (J*T)C[T] C Jac(C[T]), by (Lemma
3.1, [7]) we have any maximal ideal of C[T], containing < b1, ...,b4_1 > C[T] has height less
than or equals to d. Thus we get dim(C[T]/ < b1, ...,b4—1 > C[T]) < 1.

Since < by, ...,bg_1 > C[T] + (J?*T)C|T] = CI[T), there exists \;, i = 1,...,d — 1, such that
Aby + ... + Ag_1bg_1 — 1 € (J?T)C|T]. Replacing bg by bg + A1b1 + ... + A\g_1bg_1, we may

further assume by — 1 € (J2T)C[T]. Hence this proves the claim and the theorem. O

Theorem 11.1.6. Suppose that A is an affine algebra over Fp of dimension d > 2. Then
an affirmative answer of the Question 11.1.3 will imply an affirmative answer of the Question

11.1.2 and in particular, of the Question 11.1.1.
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Proof Assume I =< fi,...,fs > +1I%. Since ht(I?) =d > 1 and ht(< T >) = 1, we have
ht(I?T) > 1. Let ‘bar’ denotes going modulo (I°T). Let B = A[T]/I*T, then B is an affine
algebra over F,, of dimension d > 2, and in the ring B we have I =< f4,..., f; > +7°. Then
by Theorem 2.2.5 we can find h; € I, such that I =< hy,...,hg >, with ?Z —h; € fQ i.e.
I =<hi,..,hg > +I*T, with h; — f; € I°.

Now an affirmative answer of the Question 11.1.3 will ensure the existence g; € I, such
that I =< g1,...,9q >, with g; — h; € I?T C I?. Thus we actually get I =< g1,...,9q >,
gi — fi = (g; — h;) + (h; — f;) € I%2. This completes the proof. O

Theorem 11.1.7. Let A be an affine algebra over F,, of dimension d > 3, (d — 1)! € A*. Let
I C A[T], be an ideal such that ht(I) = u(I/I%) = d. Then the followings are equivalent

(i) (D) = d.

(i) If I =< f1,..., fq > +1?, then it has a lift to a set of generators of I.

(iii) If I =< f1,..., f4 > +I°T, then it has a lift to a set of generators of I.

Proof (i) implies that (i7) follows from Theorem 8.3.2.
(74) implies that (7i7) follows from Theorem 11.1.5.

(7i7) implies that (7) follows from Theorem 11.1.6. O
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Chapter 12

Preliminaries

Notations for part Il:

Unless otherwise stated we fix the following notations for the rest of this part:
e A will stand for a commutative Noetherian ring with 1 # 0.

e R will stand for a a real affine algebra of dimension d satisfying one of the following

conditions:

— there are no real maximal ideals;

— the intersection of all real maximal ideals has height at least 1.

12.1 Stably free modules and unimodular rows

The purpose of this section is to recall some basic definitions related to stably free modules and
unimodular rows and collect various result related to the freeness of a stably free module which

will be used throughout this part.

Definition 12.1.1 An A-module P is said to be a stably free module of type n, if P@A™ = A™
for some m € N. In this case rank(P) = m —n. We will say P is stably free if it is stably free

of type n for some n € N.

Let P be a stably free module of rank n and type 1. Then we have an isomorphism

P& A= A" This isomorphism will induce the following short exact sequence

0P A" 5 A0

99
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Recall that we can assign any surjective A—linear map A"*! — A with a row vector (aq, ..., a,) €
A"+ having the property that there exists (b, ..., b,) € A" such that 3", a;b; = 1. Thus
in the above process for any stably free module P of rank n and type 1 we can find a row vector

(ag, ..., an) of length n + 1 such that P = {(zo, ..., z,) € A" : 31 a;z; = 0}.

Definition 12.1.2 A row vector (ag, ..., an) € A" of length n+ 1 is said to be a unimodular
row of length n + 1, if there exists (b, ..., b,) € A"*! such that Yoo aibi = 1. We will denote

by Um,,11(A) the set of all unimodular row vectors of length n + 1 over the ring A.

Example 12.1.3 (i) Consider the ring

_ R[Xp,n X
<XP+.4+X2-1>

Let ‘bar’ denote going modulo the ideal < X? + ...+ X2 —~1>. Then (X1,...,X,) is a
unimodular row of length n.
(74) Over any ring A, let @ € GL,,(A) be an invertible n x n matrix. Let v; = e;, is the i-th
row of o, where e; is the row vector in A™, consisting only non zero entry 1, at the i-th position.

Then v; is a unimodular row of length n.

Definition 12.1.4 A unimodular row v € Um,(A) of length n is said to be completable if
there exists a € GL,(A) such that eja = v, that is, v is the, first row of an invertible n x n

matrix .

Remark 12.1.5 We would like to remark that, if v is completable, then we can always choose

« € SL,,+1(A) by replacing the second row esa of o with (det(a))Legar.

Definition 12.1.6 In a ring A, E,,(A) is the subgroup of GL, (A) generated by the matrices
Eij(A) = I, + €;5(\), where i # j. Recall that e;;()) is the matrix with only possible non zero

entry is A at the (7, j)—th position and I, is the identity matrix.

Convention 12.1.7. An invertible matrix € is said to be an elementary matrix if € € E,,(A).

Definition 12.1.8 A unimodular row v € Um,(A) is said to be elementarily completable if

there exists € € E,,(A) such that eje = v.

Lemma 12.1.9. Let A be a ring and P = {(zg, ..., x,,) € A" : 3" Ja;x; = 0} be a stably
free module of rank n, where (ay, ..., an) € Um,y1(A). Then P is free if and only if (ag, ..., ay)

is completable.
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Proof Let us assume that P to be free. Consider an isomorphism ¢ : P = A™. Then note

that we have the following commutative diagram

0 P Antl A 0
lz]ﬁ i o’ 7
0 A" Antl A 0.

Where the map ¢’ : A"t!1 — A"*1! is defined in the following way:

Let v = (vg,...,v,) € A"TL then there exists a unique p € P and a € A such that v =
a(ag, ..., an) + p, where p = (Yo, ..., yn) € A", with 37 a;y; = 0.

We define o’ (v) = i(a)e1 + ¢(p), where i : A — A is the identity map.

Since ¢ and i are both isomorphisms by five lemma ¢’ is also an isomorphism, that is, o’ €
GL,+1(A). Now note that (ag, ..., an) = 1.(ag, ..., a,) +0. Hence a local checking ensures that
e10 = (ag, ..., an), where 0 = (o)7L

Conversely assume there exists o € SL,,+1(A) such that eyo = (ag, ...,a,). We can consider

(ag,...,a,) and e as surjective maps A"*! —+ A Then note that P = ker(ao,...,a,) =

ker(ejo) = ker(ey) = A™. O

Notation 12.1.10. Let v,w € Um,(A). We shall say v ~ w if there exists o € SL,,(A) such

that va = w. Moreover, if the matrix o € E;,(A) then we shall say v ~g w.

Remark 12.1.11 One can check that ‘~' (respectively ‘~g") induces an equivalence relation
on the set of all unimodular rows of a fixed length. A unimodular row v € Um,,(A) is completable

(respectively elementarily completable) if and only if v ~ e; (respectively v ~g e1).

Theorem 12.1.12. Let (ay,...,a,) € Um,(A) be such that it contains a shorter length uni-

modular row. Then (a1, ..., a,) is elementarily completable.

Proof Without loss of generality we may assume that the row (aq,...,ay) is unimodular.
Hence we can find b,....,b, € A such that 1 —a; = > jab; ie. D7 jab; + a1 = 1.
Thus note that (ay, ...,an) ~g (1,a2,...,a,) ~g (1,0,...,0). Hence (ai,...,a,) is elementarily
completable. ]

The next lemma is an application of the prime avoidance lemma, for a proof one can see

([53], Lemma 2.1.9).
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Lemma 12.1.13. Let A be a ring. Let I C A be an ideal generated by n elements aq, ..., a,

such that ht(I) > n, n > 1. Then there exists 6 € E, (A) such that

(a1, cony an)H = (dl, ...,dn),

where dy, ..., d,, generate I and ht(dy,...,d;) > i for 1 <i <mn.

Corollary 12.1.14. Let dim(A) = n. Then for all r > n + 2, we have Um,(A) = e1E,.(A).

Proof Letv = (ai,...,a,) € Um,(A) be a unimodular row of length 7, where r > dim(A) +2.
Then by Lemma 12.1.13, there exists 6 € E.(A) and w = (b1, ..., b;) = (a1, ..., a,)0, such that
ht(< b1, ...,b.—1 >) > r—1>n, thatis, (b1,...,b,—1) € Um,_1(A). Since the unimodular row
(b1, ..., b,) contains a shorter length unimodular row, it is elementarily completable by Theorem

12.1.12. Thus we have v ~g w ~g e and hence v is elementarily completable . ]

Remark 12.1.15 Note that the proof of the above Corollary tells us more than just elementary
completion of a unimodular row. In fact the proof shows that in any unimodular row of length
greater than the dimension of the ring plus two, by adding suitable multiples of an entry with
the other entries we can get a new unimodular row consisting of a shorter length unimodular
row.

The above Corollary 12.1.14 and Lemma 12.1.9 proves that any stably free A-module rank
n and type 1 is free provided n > dim(A) + 1. Now consider any stably free A-module P of
rank n and type r with n > dim(A) + 1. Then note that P & A"~! is a stably free A-module
rank n+r —1 and type 1 and hence free. Repeating this process » many times we can conclude
that P is free. Next we state a result which is very crucial to prove a particular unimodular row
is completable. For r = 2 the result is due to R. G. Swan and J. Towber [68], and for arbitrary
7 the result is due to A. A. Suslin ([62], Theorem 2).

Theorem 12.1.16. Let A be a ring. Let (ag,...,a,) € Um,11(A) be a unimodular row, and
no, N1, ..., Ny be positive integers. Suppose that []._,n; is divisible by r!. Then there exists a

matrix « € SLy41(A) with (aj°,al",...,a]'") as the first row.

cey Uy

We end this section with a result due to A. A. Suslin ([64], Theorem 2.4) and an observation

of P. Raman. For a proof one can see ([55], Proposition 3.1).

Theorem 12.1.17. Let A be an affine algebra of dimension n over a field k. Assume that, for
any prime p < n one of the following conditions is satisfied:

(a) p # char(k), c.d.p(k) < 1;
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(b) p = char(k) and k is perfect.
Then Umn+1<A) = 615Ln+1(z4).

12.2 Application of Swan’s Bertini theorem

In this section we review a version of (Theorem 12.2.6) Swan's Bertini theorem, for a proof one
can see ([66], Theorem 1.3). The purpose of this section is to use Swan's Bertini theorem and
some divisibility argument of symplectic K groups to show that any stably free R-module of
rank d is free whenever we take dim(R) = d (where R is as defined at the beginning of this
chapter). This is an improvement of A. A. Suslin’s result ([64]) over the ring R. We begin with

the following definitions.

Definition 12.2.1 Let A be a ring. An A-module P is said to be a projective module if there

exists another A-module Q such that P & () is a free A—module.

Definition 12.2.2 Let A be a ring. The rank of a projective A—module P is the function
rk : Spec(R) — N U {0}, defined by p — dim(P ® Q(A/p)), where Q(A/p) is the field of
fraction of A/p.

Convention 12.2.3. Unless otherwise stated through out the thesis by saying a projective

module we always mean a finitely generated projective module with a constant rank function.

Definition 12.2.4 Let A be a ring and P be a projective A-module. An element p € P is
said to be a unimodular element if the order ideal defined by O(p, P) = O(p) = {f(p) : f €
Hom 4(P, A)} contains 1.

Remark 12.2.5 Let A be aring and P be a projective A-module. P has a unimodular element

if and only if there a projective A-module () such that P = Q ¢ A.

Theorem 12.2.6. ([66], Theorem 1.3) Let V' = Spec(A) be a smooth affine variety over an
infinite field k. Let Q) be a finitely generated projective A-module of rank r. Let (q,a) € Q® A
be a unimodular element. Then there exists ay € @ such that I = og(q+ay) has the following

properties:

(1) The subscheme U = Spec(A/I) of V' is smooth over k and dim(U) = dim (V') —r, unless
U=¢.

(7) If dim(U) # 0 then U is a variety.
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a 0

0 1
€ GL,11(A). The set GL(A) is the direct limit of GL;(A). In an obvious way a group structure

Let A be a ring and o € GL,,(A4). Then we can embed GL,(A) C GL,41(A) as

is defined on it, which coincides with the group structures on GL,(A). We set GL(A4) =
Unen GLr(A), SL(A) = U,,en SLa(A) and E(A) = U, ey En(A). By a result of J. P. Serre we
know that E(A) is a normal subgroup of GL(A).

Definition 12.2.7 We define K;(A) = GL(A)/E(A) and SK;(A) = SL(A)/E(A).

T

Definition 12.2.8 A matrix in M, (A) is said an alternating matrix if it has the form v — v
for some v in M, (A).

a 0
Let « € M, (A) and 5 € Ms(A), then we define, L 3 := ( ) € M,1s(A).
0 B
Define . inductively as
0 -1
X1 = € Ex(A) and xr41:=xr L x1-
1 0

Then by the definition, x, is an alternating matrix and by induction it can be shown that

Xr € EQT(A)
Definition 12.2.9 For any natural number r we define Spa,(A) := {a € SLa.(A) : o'y, =
Xr}-

We define a bijection o on N, setting 0(2i) = 2i — 1 and o(2i — 1) = 2i for any natural

number 7.

Definition 12.2.10 For 1 <i# j <2r and a € A we set

SEi,j(a) = Iy + em(a), if i = O'(j),
SEij(a) = Lo + eij(a) — (=) ey o) (a), ifi#j#0(i)

We define Epa.(A) to be the subgroup generated by SE; j(\), where A € A. Set Sp(A) =
U,en Sp2r(A) € SL(A) and Ep(A) = U, ey Ep2r(A) C E(A).

Theorem 12.2.11. [72] For a ring A, Ep(A) is a normal subgroup of Sp(A).
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Definition 12.2.12  We define K;Sp(A) := Sp(A)/Ep(A).

The next two results are consequences of A. A. Suslin's result [64], which follows easily from

([49], Proposition 3 and 4).

Theorem 12.2.13. Let C' be a smooth real curve having no real maximal ideals then SK;(C)

is a divisible group.

Theorem 12.2.14. Let C be a smooth real curve having no real maximal ideal then the natural

homomorphism K1Sp(C) — SK1(C) is an isomorphism.

The following lemma is also due to A. A. Suslin. For a proof one can see ([64], Corollary

2.3).

Lemma 12.2.15. Let A be a commutative Noetherian ring and (ag,...,an) € Umy1(A)
where n > 2 such that dim(A/ < ag,...,a, >) < 1 and dim(A/ < as,...,a, >) < 2.
Moreover assume that there exists a € Sly(A/ < ag,...,an, >) N E3(A/ < ag,...,an >)
such that (ao,ai)a = (bo,b1). Then there exists v € Eni1(A) such that (ag,...,a,)y =

(bo, bl,ag, ...,an).

The next proposition is a slightly modified version of a well known fact to suit our needs.
This proposition tells us whenever we are dealing with unimodular rows of length d + 1 more
often than not, it is enough to assume smoothness. The proof is essentially based on a clever
observation of P. Raman, that one may avoid singularities on the A. A. Suslin’s proof of ([64],

Theorem 2.4). We give a detailed proof.

Proposition 12.2.16. Let A be an affine algebra over a perfect field k of dimension n and v =
(v, ey V) € Umyy1(A). Assume that S is a collection of some maximal ideals of A such that

& = (| m has a positive height. Then there exists ¢ € FE,,11(A) and u = (ug, ..., up) = ve
meS
such that for any 1 <i <n, A/ < wy,...,uj—1 > is a smooth affine algebra (domain if i < n)

of dimension n — i and mSpec(A/ < ug, ...,ui—1 >) NS = ¢.

Proof Without loss of generality we may assume that A is reduced. Since k is perfect, the
ideal ¢, defining the singular locus of A has a positive height. Let I = .# ¢, then by our
hypothesis ht(I) > 1. Thus going modulo I, we can find w € E,+1(A/I) such that wv = e;
mod (I). Getalift Q € E,+1(A) of w. Then we have Qv = w = (wy, ..., wy,), where 1 —wg € T
and w; € I for all i > 1. Thus it is enough to prove the theorem for w. So without loss of
generality we may begin with the assumption 1 —wvg € I and v; € I for i > 1.

Also we observe that it is enough to take ¢ = 1. As if we prove for i = 1, then we can repeat
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the same steps on A/vpA to get the result on A/ < vp,...,v;—1 >. Since the completion is
elementary we can always come back to our initial ring A . Moreover since 1 —vg € I C ¥ we
have S N'mSpec(A/vgA) = ¢.

By Theorem 12.2.6, we get \; € A, for j = 1, ..., n, such that replacing vg by v = vo+>_ Ajv;,
gives us Spec(A/vjA) is a n-dimensional smooth variety outside the singularities of A. Note
that we still have v — 1 € I. Let J be the ideal defining the singularities of A/vjA. Then to
show A/v(A is smooth it is enough to show J = A/v{A. Since A/vjA is smooth outside the
singularities A we have I C .J, where ‘bar’ denotes going modulo vj,. But vj — 1 € I gives us
the fact that I = A/v(A. Thus we get J = A/v)A. So by taking u = (v}, v1, ..., v,) completes

the proof. O

Theorem 12.2.17. Let R be as defined at the beginning of this chapter. Any stably free

R—modules of rank d is free, in particular, Umg,1(R) = e1SLgy1(R).

Proof First we remark that if d < 2 then there is nothing to prove. Thus without loss of
generality we may assume that d > 2. Note that if the closure of the set of R-rational points in
Spec(R), has dimension < d — 1 then this is done in ([50], Theorem 3.2). So enough to take R
as a real affine algebra having no real maximal ideal. Let v = (vg, ...,v4) € Umgy1(R). Using
Lemma 12.2.16, we may begin with assuming C' = R/ < vy, ..., u4_2 > is a smooth curve. Let
‘bar’ denote going modulo < v, ...,u4_2 >. Since SK1(C) is divisible by Theorem 12.2.13,
there exists o € SLy(C') N F3(C) such that o(y, 1) = (@®,b). By Theorem 12.2.14, we can
further assume o € SL2(C) N Ep(C). Then by Lemma 12.2.15 we can find € € E;,1(R). such

that ve = (a®,b,v3,...,v4) € e1SLg41(R). O

Remark 12.2.18 Let w = (wg, ..., w,) € Um,,11(A). The factorial row (wo, ..., wp_1, w!") €
e1SL,+1(A). Note that from the proof of Theorem 12.2.17 it follows that any unimodular row
of length n + 1 can be transformed to a factorial row elementarily.

The next proposition is a slight variation (see [55], Proposition 3.3) of the above theorem
in our set-up. This form will be required to improve the injective stability of SK; and K1.Sp in
Chapter 14.

Proposition 12.2.19. Let v € Umgyy1(R) be such that v = ey modulo < t > for some t # 0.

Then v can be completed to a 0 € SLy11(R) with o = 1341 modulo <t >.

Proof Note that we can always find w = (w;); € R such that v = e; + tw. Thus we

get (1 4+ A, A2, ..; Agr1) € Umgyq(R) such that 1 4+ A\ + wy + tzg;l Aw; = 1, that is,

Al +wp =—t Zgill Aw;.
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Let B = R[T)/ < T? — Tt > and ‘bar’ denote going modulo < T? — Tt >. Let v(T) =
e1 4+ Tw and uw(T) = (14 TA1,TAs,...,TAgs1). Then note that v(T)u(T)" = 14 T(w; +
M)+ T2 Nwy) = 1+ T(T — ¢)(X 5 \ws). That is, o(T)u(T)T = 1. Thus o(T) €
Umgy1(B). Hence by Theorem 12.2.17, there exists a(T) € SLgi1(B), such that v(T) =

e1a(T). Let 0 = a(0)"ta(t). Then note that we have o € SLy,1(R) and ej0 = v where

o = Iz41 modulo <t >. O

12.3 Cancellation of projective modules

The purpose of this section is to recall some definitions and results related to the cancellation
problem of projective modules and to prove (Theorem 12.3.5) that any projective R-module of
rank d is cancellative whenever we take d = dim(R). This is an improvement of a classical

result of H. Bass [2] over the ring R.

Definition 12.3.1 For any ring A, a projective A—module P of rank n is said to be cancellative

if P® A" = P’ @ A" implies that P = P’ where P’ is another projective A—modaule.

After Theorem 12.2.17 a natural question arises whether a projective R—module of rank
d is cancellative whenever we take dim(R) = d. This turns out to be affirmative in our case.
Again the result must be well-known and an easy consequence of Theorem 12.2.17, but we did
not find any suitable reference. We begin with a classical result of H. Bass, for a proof one can

see [2].

Theorem 12.3.2. Let A be a ring of dimension n and P be a projective A-module of rank

r>n-+1. Then P is cancellative.

The next lemma is a projective version of Lemma 12.1.9. As the argument of the proof is

same as of the proof of the Lemma 12.1.9, we opted to omit the proof.

Lemma 12.3.3. Let A be a ring and P be a projective A-module. Then P is cancellative if
and only if for any (a,p) € Um(A@ P) there exists o € Aut (A® P) such that o(a,p) = (1,0).

Definition 12.3.4 Let A be a ring. Let P be a projective A—module such that either P or
P* has a unimodular element. We choose ¢ € P* and p € P such that ¢(p) = 0. We define
an endomorphism ¢, as the composite ¢, : P = A — P, where A — P is the map sending
1 — p. Then by a transvection we mean an automorphism of P, of the form 1 + ¢,, where
either ¢ € Um(P*) or p € Um(P). By E(P) we denote the subgroup of Aut (P) generated by

all transvections.
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Theorem 12.3.5. Let dim(R) = d > 2 and P be a finitely generated projective R—module of

rank d. Then P is cancellative.

Proof Note that for the case whenever the intersection of all real maximal ideals of R has
a positive height, it is done in ([50], Theorem 3.2). Therefore, we assume that R has no real
maximal ideals. We will show that for any (a,p) € Um(R & P), there exists 0 € Aut (R & P)
such that o(a,p) = (1,0). Furthermore we can assume R to be reduced. Let J be the ideal
defining singular locus. Then ht(J) > 1. Moreover we can find a nonzero divisor ¢ € J such
that P, is free. Let I be the free A—module of rank d. Let s = t' be such that sP C F.
Since s is a nonzero divisor, by ([5], Proposition 2.13) Um(R & P) - Um(R/sR & P/sP) =
e1E(R/sR®P/sP) is surjective. Therefore with out loss of generality we may assume a—1 € sR
and p € sP C F. Hence we may take p = (a1, ...,aq) € F.

Using Lemma 12.2.16, we may further assume B = R/ < a,ay, ..., aq—2 > is smooth of dimen-
sion 1, infact the proof of lemma assures that we would not lose the fact that a — 1 €< s >.
Let ‘bar’ denote going modulo < a,ai,...,aq_» > . Then note that P is free over B. Using
Theorem 12.2.13, we have SK;(B) is divisible. Then in B we can find € € SLy(B) N E3(B)
such that €(ag_1,aq) = (Ed_l,gf). Furthermore since SK;(B) = K;Sp(B) we can take
& € SLy(B) N E,(B).

Using ([64], Corollary 2.3) get v € E4(R/aR) = E(P/aP) such that (a1, ..., 4q) = (@1, ..., Gg—2,ba_1,b%),
where ‘tilde’ denotes going modulo a. Since aR + sR = R and F C P gives us P = F
hence Um(P) = Umg(R/aR). Then by ([5], Proposition 2.12) we can lift v € E4(R/aR) to
a € Aut (P) and hence ap = (aq, ...,ad_Q,bd_l,bg!) + al\gq, for some A € F and q € P. Take
o =11 q, then o(a,p) = (a,ap) = (a,a1,...,a4-2,bq—1,b%) mod E(R @ P). Note that
by Suslin’s factorial theorem (a, ay, ...,ad,z,bd,l,bz!) = (1,0) mod Aut (R @ P). Hence this

completes the proof. O

12.4 Excision ring and relative cases

The purpose of this section is to state and prove Theorem 12.4.8, a relative version of Theorem
12.2.17. This form will be needed to improve the injective stability of SK; in chapter 14. We

begin with the following definition.

Definition 12.4.1 Let A be a ring and [ an ideal in A. The Excision ring A & I, has
coordinate-wise addition and multiplication given by: (a,i).(b,j) = (ab,aj + bi + ij). The
additive identity of this ring A® I is (0,0) and the multiplicative identity is (1,0).
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For a proof of the next proposition one can see ([32], Proposition 3.1).

Proposition 12.4.2. Let A be an affine algebra of dimension n over a field k and I an ideal in

A. Then the excision ring A ® I is also an affine algebra of dimension n over the field k.
Notation 12.4.3. Let mo : A® I —— A be the surjection, which sends (r,i) — r + 1.

Lemma 12.4.4. R @ [ is also satisfies one of the following conditions:
(i) R® I has no real maximal ideal.

(7i) The intersection of all real maximal ideals of R & I has positive height.

Proof Note that any ideal (apart from R @ 0) of R® I is of the form J & I’, where J C R
and I’ C I are ideals of R. In particular, the maximal ideals are of the form m & I, where
m C R is a maximal ideal. Now if R has no real maximal ideals then the residue field of R ® I
remains C and hence R & I also does not have any real maximal ideals.

Now suppose that the intersection of all real maximal ideals of R has a positive height. Let
_JZ be the intersection of all real maximal ideals. Then ht(_#) > 1. Note that the intersection
of all real maximal ideals of R ® I is ¢ @ I, which also has a positive height. Hence this

completes the proof. O

Definition 12.4.5 Let A be a ring and I C A be an ideal. We define Um,,(4,1) := {v €
Um,(A) : v =e; mod (I)}. Any element v € Um,, (A, I) will be called a relative unimodular

row of length n with respect to the ideal I.

Definition 12.4.6 For any ring A and for any ideal I C A we define SL,,(A,I) := {a €
SL,(A4) : =1, mod (I)}.

Definition 12.4.7 For any ring A and for any ideal I C A we define E(A, I) to be the smallest

normal subgroup of E, (A) containing the element Fy (), x € I.
Now we are ready to state and prove Theorem 12.4.8.

Theorem 12.4.8. Letd > 2 and I C R be an ideal. Then Umy;1(R, 1) = e1SLg11 (R, I).

Proof Letv = (vp,...,vq) € Umgy1(R, I) then note that & = ((1,v9 — 1), (0,v1)..., (0,v4)) €
Umg 1 (R® 1,00 1). Then by Theorem 12.2.17 get o € SLg41(R @ I) such that eja = 0. Let

‘bar’ denote going modulo 0. Then we have e = €3, where@ € SLg41(R) C SLgy1(R®I).

1

Replacing o by @ '« we may assume that e;a = 0, where @ € SLy 1 (R@® 1,0 ® I). Then
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e1SLgy1(ma)(a) = v, where SLgy1(m2) : SLgy1(R @ I) — SLg41(R) induced by m5. Now note

that we have the following commutative diagram

| —— SL (RO 1,0 T) ——— Slay 1 (R®T) —— SLyy (B2
i JSLdJrl(ﬂ'Z) lSLd—Q—l(ﬂ'Q)
] — SLd+1(R,I) SLd+1(R) I — SLdJrl(%)

Thus SLgy1(m2) and SLgy1(m2) will induce T : SLgy 1 (R® 1,08 I) — SLyyq (R, I) such that
the diagram commutes. Hence we actually get SLgy1(m2) () € SLg+1(R,I). This completes

the proof. 0

12.5 Mennicke and weak Mennicke symbols

In this section we will briefly recall the Mennicke symbols and weak Mennicke symbols. Let us

begin with the following definitions.

Definition 12.5.1 Let A be a ring. A Mennicke symbol of length n+ 1 > 3, is a pair (¢, G),
where G is a group and ¢ : Um,,11(A) — G is a map such that:

msy. ¥((0,...,0,1)) = 1 and ¢ (v) = 9 (ve) for any € € E,11(A);

msa. V(b1 ..oy b, 2))0((b1, ..oy by, y)) = V((b1, ..., by, 2y)) for any two unimodular rows (b1, ..., by, =)
and (b1, ..., bn,y).

Remark 12.5.2  Clearly, a universal Mennicke symbol (ms, M S,,+1(A)) exists. It is universal in
the sense that for any Mennicke symbol (¢, G) of length n+1 > 3, the map ¢ : Um,,11(A) - G

factors through the map ms via a unique morphism M S,,11(A) — G.

Definition 12.5.3 Let A be a ring. A weak Mennicke symbol of length n + 1 > 3 is a pair
(1, G) where G is a group and ¢ : Um,11(A) — G is a map such that the two following
properties are satisfied:

wmsi. ¢(1,0,...,0) =1 and ¢(v) = ¢(ve) if € € Epp1(A).

wmsa. If the row (a,ay, ..., an) € Umyy1(A) be such that (1—a, aq, ..., a,) is also a unimodular

row on length n + 1 then ¢((a,a,...,a,))0((1 — a, a1, ....,a,)) = ¢(a(l —a),aq,...,an) .
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Remark 12.5.4 Clearly, a universal weak Mennicke symbol (wms, WM S, +1(A)) exists. It
is universal in the sense that for any Mennicke symbol (¢, G) of length n + 1 > 3, the map

¢ :Um,1(A) — G factors through the map wms via a unique morphism WM S, 1(A) — G.

For any commutative Noetherian ring A of dimension n, W. van der Kallen defined in [69],
an abelian group structure on Umy,;1(A)/E,+1(A). Moreover in the same paper it was shown
that the group Um,,+1(A)/E,+1(A) coincides with the weak Mennicke symbol WM S, 1(A).

Thus we will stick to the notation WM S,,+1(A) only.

Definition 12.5.5 Let A be a ring. The abelian group WM S,,+1(A) is said to have a nice

group structure if for any two (a, a1, ...,a,) and (b, aq,...,a,) € Um,1(A),

[(a,a1,...,an)] % [(b,a1,...,an)] = [(ab, ay, ..., ay)]

holds, where [—] denotes the class in the elementary orbit space of unimodular rows of length

n—+ 1.

Now recall the following variation of the Mennicke-Newman Lemma. Following proof is

essentially taken from ([70], Lemma 3.2).

Lemma 12.5.6. Let A be a ring of dimension n > 1 and u,v € Um,,+1(A). Then there exists
€,0 € Ent1(A) and x,y,a; € A, i = 1,...,n such that ue = (z,a1,...,ay), V0 = (y,a1,...,an)

andx +y=1.

Proof Let u = (ug,...,uy) and v = (vg, ..., v,). Then note that (ugvg, U1, ..., Un, V1, ..., V) €
Umagy,11(A). Since 2n+ 1 > n+ 2, by adding suitable multiples of ugvg to uq, ..., un, v1, ..., vp
we can make (Uq, ..., Up, V1, ...,0,) € Umay(A) (without changing the notations of w;s and
v;8). Thus adding suitable multiplies of uy, ..., u, with ug and vy, ..., v, with vy we can make
uo + vo = 1 (without changing the notations of ug and vp). Now by replacing u; by adding a
suitable multiple of ug with u; and v; by adding a suitable multiple of vg with v; for all ¢ > 1,

we can have u; = v; for all i > 1. ]

Proposition 12.5.7. Let A be a ring of dimension n > 2. Suppose that the universal weak
Mennicke symbol group WM S,,+1(A) has a nice group structure. Then WMS,1(A) =
MSp+1(A).
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Proof Since WM S,,11(A) has a nice group structure it is a Mennicke symbol of length n+ 1.
Thus there exists a unique group morphism f : MS,1(A) — WMS,+1(A) such that the

following diagram commutes

Umn+1(A s, MSn+1(A)

\lf

WMSn-l—l(A)

Again since M S, 11(A) is a weak Mennicke symbol of length n + 1, there exists unique group

morphism g : WM S, 41(A) — MS,+1(A) such that the following diagram commutes

Umn+1 M WMSn+1 A)
n+1 )

Note that to show the required isomorphism it is enough to show that both fog and go f are

identity maps. To show this consider the following commutative diagram

Umn+1(A) % WMSn+1(A)

Iy

WMS,i1(A)

Note that the vertical map is unique. Also observe that both the maps iy : WMS,11 —
WMSpt1(A) and fog: WMS, 11 — WMS,,11(A) satisfies the above commutative diagram.
Hence f o g = i4. Following the similar argument one can established the fact that go f = ig4.
This completes the proof. O

We end this section with result due to Bass-Kubota. For a proof one can see ([69], Theorem

2.12).

Theorem 12.5.8. Let A be a ring of dimension 1 and I C A be an ideal. Then the Mennicke
symbol M Sy induces an isomorphism SK1(A,I) = MSy(A,I).

12.6 Euler and weak Euler class groups

The purpose of this section is to briefly recall some definitions of Euler and weak Euler class
groups. Unless otherwise stated for this section we will always assume that A is a commutative

Noetherian ring containing Q of dimension n > 2. We recall the following definitions from [14].
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Definition 12.6.1 Let G be the free abelian group on the set of pairs (J,wy), where:

(7) J is an ideal of A of height n;

(#i) J is m-primary for some maximal ideal m of A;

(iii) wy : (A/J)™ —= J/J? is a surjective map of A/J-modules, is called a ‘local orientation’
of J.

Given an ideal I C A of height n, let I =), 7; be the unique irredundant primary decomposition
of I, where 7;'s are m;—primary ideals, and m; € mSpec(A) be distinct of height n. Then by the
Chinese remainder theorem any local orientation w; uniquely defines wy, : (A/n;)% = n:/n?.
We associate the pair (I,wy), to the element >, (1;,w,)-

Let H be the subgroup of G generated by the set of pairs (J,wy), such that there exists a
surjective A—module morphism Q7 : A™ —— J with the property Q ® A/J = w;. Such an w;
will be called a ‘global orientation’ of J and such € will be called a ‘lift" of w.

The quotient group E(A) := G/H is called the Euler class group of A.

Definition 12.6.2 Let G be the free abelian group on the set of ideals J C A, where:

(7) ht(J) =mn;

(#3) J is m-primary for some maximal ideal m of A;

(iii) wy : (A/J)™ == J/J? is a surjective map of A/J-modules, is called a ‘local orientation’
of J.

Given an ideal I C A of height n, let I = "), 1; be the unique irredundant primary decomposition
of I, where 7);'s are m;—primary ideals, and m; € mSpec(A) be distinct of height n. Then by the
Chinese remainder theorem any local orientation w; uniquely defines wy, : (A/n;)™ = n;/n3.
We associate to the (I), the element ). (7;).

Let H be the subgroup of G generated by (.J), such that u(J) = n, where u() denotes the
number of minimal generator of .

The quotient group Ey(A) := G/H is called the weak Euler class group of A.

The next result is due to M. Boratynski and M. P. Murthy (see [48], Theorem 2.2), which

will be required in Chapter 16. Before that we will need the following definition.

Definition 12.6.3 Let A be a commutative Noetherian ring and I C A be an ideal such that
w(I/I%) =n. I is said to be projectively generated if there exists a finitely generated projective

A—module P of rank n and a surjection P — I.

Theorem 12.6.4. Let A be a Noetherian ring and I C A be a local complete intersection ideal

with ht(I) = p(I/1?) = n. Moreover assume I =< ay,...,a, > +1? and J = I""D'4 <
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ag, ...,an >. Then J is a surjective image of a finitely generated projective A—module P of

rank n (with trivial determinant).

The next result is due to N. M. Kumar. For a proof of the following version one can see

([48], Corollary 1.6).

Lemma 12.6.5. Assume that R is reduced. Let J C R be a local complete intersection ideal
of height d and I C R be an ideal such that I + J = R. Moreover assume that J and I1J are
projectively generated. Then the following holds:

(i) If R does not have any real maximal ideals. Then I is projectively generated

(7i) (a) If the intersection of all real maximal ideals of R has height at-least 1. Then I is
projectively generated provided ht(I) > 2.

(73) (b) If the intersection of all real maximal ideals of R has height at least 2. Then I is

projectively generated.

Proof If the intersection of all real maximal ideals of R has height at-least 1 then it is done
in ([48], Corollary 1.6) and if R does not have any real maximal ideals or the intersection of all
real maximal ideals of R has height at-least 2 then use ([48], Theorem 1.3) taking F' as the
empty set. O

The next lemma is a corollary of ([48], Theorem 1.3).

Lemma 12.6.6. Let A be a reduced Noetherian ring of dimension n and J C R be a local
complete intersection ideal of height n and I C R be an ideal such that I> + J = R. More-
over assume that J and I.J are projectively generated and ht(I) > 2. Then I is projectively

generated.

Proof Note that with the given conditions all the hypothesis of ([48], Theorem 1.3) are

satisfied and hence using ([48], Theorem 1.3) we can obtain the result. O

12.7 Chow groups and its divisibility

In this section we shall recall Chow groups and the n-th Chern class of a projective A-module
of rank n. Let A be a reduced affine algebra of dimension n over a field k. Then F"Ky(A)
denotes the subgroup of Ky(A) generated by the images of all the residue fields of all smooth
maximal ideals of height n. For a finitely generated projective A—module P of rank n, we define
the n—th Chern class of P to be ¢, (P) := Y (—1){(A"P*), where P* is the dual of P. If A
is smooth, ¢, (P) maps to the top Chern class of P in the Chow group C H"(Spec(A)) via the
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Chern class map ¢, : Ko(A) — CH"™(Spec(A)), constructed by Grothendieck. For motivation
one can see ([48], Introduction).
We end the section with a couple of results (to suit our requirements) of a recent work by

A. Krishna (see [34]), which will be used in Chapter 15.

Theorem 12.7.1. ([34], Theorem 6.7) Let A be a reduced affine algebra of dimension n over
an algebraically closed field k and X = Spec(A). Then CH"(X) is uniquely divisible.

Theorem 12.7.2. ([34], Corollary 7.6 and 7.7) Let A be a reduced affine algebra of dimension
n over an algebraically closed field k. Then Ey(A) = E(A) = CH"(Spec(A)) = F"Ky(A)

canonically.






Chapter 13

W. van der Kallen’s group structure
on the orbit spaces of unimodular

rows

13.1 A nice group structure of WMS; 1(R)

For any ring A of dimension n > 2, in [31] W. van der Kallen has shown that the group
Ump4+1(A)/Ent1(A) is the universal weak (n + 1)-Mennicke symbol group, WM S,,1(A).
Obviously whenever the group Um,,11(A)/E,+1(A) has a nice group structure, it coincides
with the universal (n + 1)-Mennicke symbol group M S, 11(A). Before going to the main
results recall that R is a real affine algebra of dimension d, satisfying one of the following

conditions:
e there are no real maximal ideals;
e the intersection of all real maximal ideals has height at least 1.
Theorem 13.1.1. Let d > 2. Then the abelian group Umg,1(R)/E4+1(R) has a nice group

structure. That is for any (a,ay, ...,aq) and (b,ay, ...,aq) € Umgi1(R) we have

[(CL, A1y eeny ad)] * [(b, A1y nny ad)] = [(ab, A1y ey ad)].
In particular, WM Sg11(R) = MSg.:1(R).

Proof Without loss of generality we may assume that R is reduced (see [27], Lemma 3.5).

Moreover if the intersection of all real maximal ideals of R has a positive height, then by Lemma
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12.2.16 taking S to be the collection of all real maximal ideals, we may further assume that for
any 2 <i<d, R/ < aj,ait+1,...,aq > is a smooth real affine algebra of dimension i — 1, having

no real maximal deals. Then by the product formula [69] we get

[(a,a1,...,aq)] * [(bya1,...,aq)] = [(a(b+p) — 1, (b+ p)ai, ag, ..., aq)]

where p is chosen such that ap — 1 €< as, ...,aq >.
Let B = R/ < as9,as,...,aq > and ‘bar’ denote going modulo < as,as,...,aq >. Then by
Theorem 12.5.8 we have SK;(B) = M S3(B). Thus in M Sy(B) we get

Therefore we can find o € SLy(B)NE3(B) such that (a(b+p)—1, (b+p)a1)o = (a(b+p)—1,ay).
Using Theorem 12.2.14 we get o € SLy(B) N Ep(B). Then by ([64], Corollary 2.3) there exists
€ € Eq11(R) such that €(a(b+p) — 1, (b+ p)ay, az, ...,aq) = (a(b+p) — 1,a1,az, ...,aq). In

other words we have

[(a(b+p)—1,(b+p)ai,az,...,aq)] = [(a(b+ p) — 1,a1, a2, ...,aq)]

. Now the choice of p gives us

[(a(b+p) —1,a1,aq9,...,aq)] = [(ab, a1, aq, ..., aq)].

This completes the proof. O

Theorem 13.1.2. Letd > 2 and I C R be an ideal. Then the abelian group WM Sy1(R,I) =

Umd+1 (R,I)

Fanr (RI) has a nice group structure. That is

[(a,a1,...,aq)] x [(b,a1,...,aq)] = [(ab, a1, ..., aq)]

where [—| denotes the class in the relative elementary orbit space of unimodular rows of length

d+1.

Proof By Proposition 12.4.2 and Lemma 12.4.4, R&® [ is a real affine algebra of dimension d
satisfies the hypothesis of Theorem 13.1.1. Thus WM S;.1(R® I) has a nice group structure.
Therefore, using ([29], Lemma 3.6) the group WM Sg11(R,I) has a nice group structure. []
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13.2 MS41(R) is a divisible group

In this section we prove a corollary of Theorem 13.1.1 which is closely related to a result by J.

Fasel ([26]. Theorem 2.2).

Corollary 13.2.1. Ford > 2, The group WM S;,1(R) is a divisible group.

Proof Letv = (vp,...,vq) € Umgy1(R) and n € N. Then by Proposition 12.2.16 (taking S to
be the collection of all real maximal ideals, whenever the intersection of all real maximal ideals
of R has a positive height) we may assume R/ < va,...,us > is a smooth curve having no
real maximal ideal. Let ‘bar’ denote going modulo < vg,...,u4 > and C' = R/ < vg,...,vq >.
Then by Theorem 12.5.8, we have SK;(C) = MS3(C), which is divisible. Thus we get
€ € Ey(R) such that (vg,v1) = €(ug,u1). Hence we can always find v € Ezy1(R) such that

v = vy(ug,u1, v2,...,v4), where ~y is of the form

€ *2,d—1

Og—12 Ig—1

Thus in the group WMSgy1(R), we get [v] = [uf,ui,v2,...,v4]. By Theorem 13.1.1 the
group WMSg1(R) has a nice group structure. Thus we have [v] = [uf,u1,v2,...,v4] =

[uo, u1, V2, ..., vg]™. This completes the proof. O






Chapter 14

Improved stability for /| of classical

groups

Recall that R is a d—dimensional real affine algebra satisfies one of the two properties mentioned
in Chapter 12. More often, in this chapter we shall take R to be smooth and I C R to be a
principal ideal. In this set-up we have shown that the injective stability range of SK;(R,I) and
K1Sp(R, I) decreases by one.

14.1 Improved stability of SK;

Theorem 14.1.1. Let I =< a >C R, be a principal ideal. Let 0 € SLg11(R,I) be a
stably elementary matrix. Then o is isotopic to identity. Moreover if R is nonsingular, then

Ed+2(R, I) N SLd_H(R, I) = Ed+1(R7 I), for d > 3.

Proof By stability result [71], there exists 0 € Egio(R,I) N SLgy1(R,I). Get 7(T) €
Eqi2(R[T],< T >) such that 7(a) = 1 L 0. Lett = T? — Ta € R[T] be a non zero
element and v = e;7(T) € Umgio(R[T],< t >). Thus by Theorem 12.4.8 there exists
X(T') € SLgy2(R[T],< t >), such that v = e; x(T).

Thus e;7(T)x(T)~! = e1. Hence 7(T)x(T)~! is of the form (1 L p(T)) Hfl:f Ei1(X;), where
Ni €<t >, p(T) € SLgy1(R[T],< T >) and p(a) = o. Let p/(T) = p(aT) € SLgy1(R[T),I).
Now since x(T') 2 I;12 modulo < t >, we have x(0) = x(a) = Ig42. Thus p/(0) = I and
p' (1) = o that is p is an isotopy of o.

Since R is nonsingular by ([74], Theorem 3.3) p(T') € E411(R[T],< T >) thus 0 = p(a) €
Eqp1(R, ). o
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14.2 Improved stability of K;Sp

For the rest of the section we will shift a bit towards the symplectic matrices and prove an
analogous result of the Theorem 14.1.1 for the symplectic group K1Sp(R,I). We begin with

the following series of definitions from ([73], Chapter 1, Section 3 and 4).

Definition 14.2.1

a 0
1. For any matrix « € M, (A) and 8 € Ms(A) we denote o L 3 by the matrix €

0 B
M,y s(A).

2. We inductively define an alternating matrix x, € Es,(A) as follows:

0 1
X1 = € Ey(A) and xr41:= xr L x1-
-1 0

3. Sp2n(A) = {Oé € Slo, : OCTXnOé = X'rL}
4. Let I C A be an ideal then Spy,(A,1) = {a € Sp2,(A) : a« = I3, mod (I)}.

5. Let o be the permutation of the natural numbers given by 0(2i) = 2i—1 and 0(2i—1) = 2i

fori=1,2,...,n.

6. We define for A€ A, 1 <i#j <2n,

Iy + €i5(N) if i =0(j);
Ion + e (A) = (=1)"eg(yoy(A) i i 0(f),i < J.

7. The subgroup of Spo,(A) generated by se;;(A), where A € A and 4,5 < 2n is called the
elementary symplectic group ESpa,(A).

8. The group ESpo,(A,I) is defined to be the smallest normal subgroup of ESps,(A)

containing se;; (), where A € I and 4, j < 2n.

Theorem 14.2.2. Let d = 1 mod (4) and I C R be an ideal of R, then Umgi1(R,I) =
e15pa+1(R, I).

Proof Note that for d = 1, Sp2(R,I) = SL2(R,I) so there is nothing to prove so we
may assume d > 5. Let v € Umgy (R, I). Then note that if v = (1 — i1,42,...,%4) €
Umgi1(R,I), then v is ESpgi1(R, I) equivalent to (1 — iy,41i2,%113,...,710q) € Umgi1(R, <

i1 >) C Umgy1(R,I). So without loss of generality we may assume that [ =< ¢ > is a
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principal ideal.

Umgyq(R,<t>)

W has a nice group

Using ([3] Proposition 3.1 and Theorem 3.2) It is enough to show
structure. To show that by ([29], Lemma 3.6) it is enough to show WM S, 1(R® <t >) has
a nice group structure. By ([29] Proposition 4.1) R® < t > is also a real affine algebra of
dimension d. By Lemma 12.4.4 R® < t > also satisfies one of the properties that either there
are no real maximal ideals, or the intersection of all real maximal ideals has height at least 1.
Hence the result follows from Theorem 13.1.1. 0

The proof of the next result will follow verbatim that of ([74], Theorem 3.3) in the linear

case. One may also see ([4], Theorem 3.8) for details.

Theorem 14.2.3. Let A be a regular ring essentially of finite type over a field k. Then
Spar(A[X], (X)) = ESpr (A[X], (X)), forr > 2.

Theorem 14.2.4. Let R be nonsingular. Let d > 4 and I =< a >C R be a principal ideal.

Moreover assume that if d is even then 4|d. Let n = 2[“fL], where [—] denotes the smallest

Spn(R,I)

integer less than or equals to —. Then K1Sp(R,I) = Fpe(RT)"

Proof Enough to show that Sp,(R,I)NEpp4+2(R, 1) = Ep,(R,I). The proof is divided into

the following cases:

Case-1 (d is odd) For d to be odd note that n = d+ 1. Let 0 € Spg+1(R,I) N Epays(R,I).
Then by ([17], Corollary 6.4) get p(T) € Spg+1(R[T]) such that p(1) = o and p(0) = Iz41.
Replacing p(T') by p(aT') we may further assume p(a) = I;11. Since R is nonsingular by ([28],
Theorem 5.3) p(T') € Epgy1(R[T]),<T >) and thus 0 = p(a) € Epgy1(R, ).

Case-2 (4 divides d) Here note that n = d. Let 0 € Spyg(R,I) N Epgia(R,I). Get
p(T) € Epgio(R[T]) such that p(0) = I+ and p(1) = I» L o. Further replacing p(T") by
p(aT) we may assume p(a) = Io L o. Let v(T) = e1p(T) € Umgyso(R[T]), then note that
v(T) = e mod < T? T >ie v(T) € Umgo(R[T],< T? — aT >). Then by Lemma
14.2.2, get a(T) € Spgi2(R[T), < T? — aT >), such that v(T) = e1p(T) = e1a(T). Then

note that
1 0 0
pDa(T) =5 1
x 0 n(T)

for some n(T') € Spa(R[T),< T >) = Epyg(R[T],< T >) (since R is regular ) by Theorem
14.2.3. Thus n(T) is a symplectic homotopy of o. Therefore 0 = n(a) € Epy(R,I). O






Chapter 15

Divisibility of the Euler class group
E(R)

In this chapter, in addition we assume that R is reduced. We show that there is a canonical
isomorphism between the groups E(R), Eo(R) and F?Ky(R). In particular, we prove that the
group E(R) is uniquely divisible.

15.1 A natural map dr : Ey(R®r C) — Ey(R)

We begin with an easy consequence of ([14], Lemma 5.4) which is crucial to this section.

Theorem 15.1.1. Let d > 2. Suppose that R is a d—dimensional real affine algebra having no
real maximal ideals. Then the canonical surjective map E(R) — Eo(R) is an isomorphism. In
particular for any ideal I C R with ht(I) = pu(I/1%) = d, and for any two local orientations w;

and w) of I one must have (I,wr) = (I,w}) = (I).

Notation 15.1.2. We shall introduced the following notations:

o Let () be the class of the ideal I in E(R) irrespective of any local orientation.

R[T] ~

e Let R¢ be the “complexification” of the real affine algebra R, that is R¢ := s &

R ®gr C. Then note that R — R is an integral extension. For any ideal I C R, I¢ will

be denote as the extension of the ideal I in the ring Rc.

Lemma 15.1.3. Suppose that R is a real affine algebra having no real maximal ideals. Then
any maximal ideal of R is extended from R. In other words, for any M € mSpec(R¢), let

m = M N R € mSpec(R). Then we have M = mg, where mg = m[T]+ < T? + 1 > (to be

R[T] ).

precise mg is the image of m[T)4+ < T? +1 > in —pm =
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Proof For any maximal ideal  C R define n¢ := n[T]+ < T? + 1 >. Note that R/n <
R[T]/ < n[T],T? + 1 > is an integral extension and since R/n = C we have C = R/n =
R[T]/ < n[T],T? + 1 >. Hence we have R /nc = R[T]/ < n[T],T? + 1 >= R/n = C, that
is nc € mSpec(R¢). Since R < Rg is integral, for any maximal ideal M C Rp, M N R is
also a maximal ideal of R. Let m = M N A. Then m¢ C M and we have shown that for any

maximal ideal m C R, mg C R(C is also a maximal ideal. Hence me = M. O

Lemma 15.1.4. Suppose that R is a real affine algebra having no real maximal ideals. Let

J C R be such that ht(J) = d. Then ht(I) = d and I =73, where I = JN R.

Proof Since R is reduced R is also reduced. Then by Lemma 15.1.3 we can take J =
m(lC N...N"me, where each m® € mSpec(R) of height d. Then I = JNR=m!'N...Nm" and
thus ht(I) = d. Now Ig = I+ <T?*+1>=m'n..nm"+ <T?+1>=<m’,T? +1 >

N.N<m®,T? +1>= mgcﬂ...ﬁm%zj. O

Definition 15.1.5 (A map dr : Eo(Rc) — Eo(R)) Suppose that R is a real affine algebra
having no real maximal ideals of dimension d > 2. By Lemma 15.1.4, for any I~ C R of height
d, I :=Ic N R C Ris an ideal of height d. Thus we can always choose a set of generators of
I are coming from I. Hence any set of generators of I(C/I(%: are also coming from I/I%. Thus
note that for any (/) € Eo(R), we can chose a; € I such that Ic =< ay,...,aq > R¢ +Ié'
Hence we can define the natural map 6 : Eo(Rg) — Eo(R), by 6r((I¢)) = (I).

Remark 15.1.6 Note that by the definition, Jg is well defined as for any ideal I C R
with ht(Ip) = p([@/]&) = d, there exists unique I = I- N R C R, with the property
ht(I) = u(I/1?) = d.

Theorem 15.1.7. The natural map ég : Eo(R) — Eo(R) is an isomorphism.

Proof Let (I¢) and (Jg) € Eo(Re) and (K¢) = (Ig) — (Jo) in Eo(Rg). Then it is
enough to show that (I) — (J) = (K) in Eg(K). By moving Lemma ([33], Corollary 2.14) get
K' C R of height d, comaximal with I and J such that J N K’ is complete intersection. Then
(K") = —(J) and thus (I) = (J) = (I)+ (K') = (INK") in Ey(R). Now the choice of K’ also
gives us the fact that K(’C C R of height d, comaximal with I~ and J¢ such that JCHK(’C is
complete intersection. Then (K) = —(J¢) and thus (K¢) = (I¢) — (Jo) = (Ig) + (Kp) =
(IcNKE) = (INK')g) in Eo(Re). Thus (K) =dr(K¢) = 0r(INK')¢)) = (K'NI) =
(1) - ().
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Let (I¢) € Eo(Rg) be such that I is a complete intersection ideal in R then so is I in
Eo(R¢) and thus 6 is injective.
Let (I) € Eo(R). Since R is reduced we can take I = m!...m", where m’ are maximal

ideals of height d and (I) = (m') + ... + (m™). Then I¢ = m(lcm% and or(Ig) = 1. O

15.2 E(R) is uniquely divisible

Theorem 15.2.1. E(R) is uniquely divisible.

Proof Note that if the intersection of all real maximal ideals of R has a positive height, then
by ([48], Lemma 2.10 and Remark 2.13) E(R) is uniquely divisible. Hence it is enough to
assume that R has no real maximal ideals. By ([34], Corollary 7.6) Eo(R() is uniquely divisible
and therefore Ey(R)(= E(R)) is uniquely divisible by Theorem 15.1.7. O

Theorem 15.2.2. /f R has no real maximal ideals then there is a canonical isomorphism

Eo(R) = E(R) = FKy(R).

Proof By Theorem 15.1.7 we have Ey(R) = E(R) canonically. Also note that the canon-
ical map 0 : FYKo(Rp) — F?Ko(R) is an isomorphism as there is a natural one-to-one
correspondence between smooth maximal ideals of R and R. Hence we have the following

commutative diagram:
FUKy(Rg) — 22— FUK(R)

Fo ]
Ey(Rg) ————— Eo(R)

Then the induced canonical map F¢Ky(R) — Eo(R) is also an isomorphism. Thus we have

FEo(R) = E(R) = FYKy(R). O






Chapter 16

Projective generation of a curve in

polynomial extension

In this chapter we prove that any local complete intersection ideal I C R[T] with u(I/1?) =

ht(I) = d is projectively generated.

16.1 Projective generation of a locally complete intersection ideal

of top height
We begin with recalling an easy computation (see [6], Remark 3.2.).

Lemma 16.1.1. Let I,J C R be two ideals of height d. Suppose that there exists a; € R
such that I =< ay,...,aq > +I? and J =< ay, ...,aq_1 > +I19D'. Then (J) = (d — 1)!(J)
in E(R).

The following proposition is crucial to our main results in this section. The proposition
asserts that it is enough to prove Theorem 16.1.3 for reduced rings only. Therefore the divisibility
of the Euler class group comes into play. The idea of the proof follows from ([9], Proposition

2.15).

Proposition 16.1.2. Let I C R be such thath ht(I) = u(I/I?) = d. Let n be the nilradical
of R. Moreover assume that I is projectively generated, where ‘bar’ denotes going modulo 7,

then so is I.

Proof Let R..q = R/n. There exists a projective R,.q—module P’ of rank d and a surjection
P' =+ 1. Thus we can find X' : Rpeq = A%P') such that e(P,y') = (I,') = (I) in
E(Ryeq), for some local orientation w’. Using ([76], Lemma 2.2) we can find a projective
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R—module P of rank d such that P ® A/n = P/nP = P’. Since the canonical map from
R* —> (Ryeq)* is surjective, we may assume that P/nP = P’ and Y’ is induced by some
isomorphism x : R =2 AY(P).

We choose an isomorphism o : (P/IP) = (R/I)¢ such that A% = x ® R/I. We obtain the
surjection a : P/IP — I/I? which is the composite P/IP — (R/I)® — I/I?. Thus note
that e(P,x) = (I,a) = (I) in E(R). Since (I) = e(P',X") = e(P/nP,x ® R/n) there exists
B : P" —= T which lifts @ ® R/n. Now consider the following patching diagram:

P/(Inn)P P' = P/nP
4\//11;/ %
I/(I* () l I/(nnI)=1
P/IP P/(n+1)P
/1 / I/(Iny+ 1)

We get a surjection ¢ : P/(I Nn)P — I/(I>Nn), by patching the surjections a and 3. Then
by the definition of a projective module we can obtain a map 6 : P — I, such that the following

diagram commutes.

-7 gom

— s I/(I?’N7n)

Where 7 : P —+ P/(INn)P is the surjective quotient map. Thus we have (P) + I?Nn = I.

Now an easy local checking ensures that I = 6(P). O

Now we are ready to prove our main results of the section.

Theorem 16.1.3. Any local complete intersection ideal I C R with ht(I) = u(I1/I%) =d > 3,

is projectively generated.

Proof By Proposition 16.1.2 it is enough to take R to be reduced. Thus E(R) is divisible
by Theorem 15.2.1. We get J C R with ht(J) = u(J/J?) = d such that (I) = (d — 1)!(J)
in B(R). Let J =< a1,...,aq > +J% and I' =< ay,...,aq_1 > +J@ ' Then by Lemma
16.1.1, (I') = (d — 1)(J) in E(R).

Then by ([48], Theorem 2.2) there exists a surjection P — I’, where P is a finitely

generated projective R-module of rank d with trivial determinant. Thus we have (I') = (I).
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Since there are canonical isomorphisms between F?Ky(R) = Fy(R) = E(R), we must have
(R/I) = (R/I'") in FIKy(R). As J' is a surjective image of P, in Ko(R) we have Cy(P*) =
(R/I'). That is we have Cy(P*) = (R/I) where Cy(—) denotes the d-th Chern class.

Consider a surjection @ : P/IP — I/I?. Let f : P — I be any lift of @ (that is
f®R/I =@). Then we have I = f(P) + I%. Then we can find I” C R comaximal with I
of height d such that I NI" = f(P). Thus in Ko(R) we have (R/I') = (R/I) = Cy(Px) =
(R/IT") = (R/I) + (R/I"). Thus we get (R/I") = 0 in FYKy(R) and hence (I") = 0 in
E(R).

Let ‘bar’ denote going modulo I”. Get =1 : P/I"P = (R/I")? such that A% = Y, where
X:NP=R Let B=f0:(R/I")? = I"/I"?. Since (I") = 0 get 3 : R? =+ I" such that
B®R/I" =B and f: P —s INI". Then note that (8 ® A/I")6~1 = B6~1 = f. Hence
by Subtraction principle ([14], Theorem 3.3) there exists § : P — I such that § ® R/I =
f®R/I =qa. O

Corollary 16.1.4. Let I C R be a locally complete intersection ideal of height d > 3 and P be
a projective R-module of rank d. Suppose that f : P/IP — I/I? be a surjective map. Then
there exists a surjective lift f : P — I of f if and only if C4(P*) = (R/I) in Ko(R).

Proof Again, as before we may begin with the assumption that R is reduced. Note that if
f+ P —> I then we have Cy(P*) = (R/I) in Ko(R). So we assume that Cy(P*) = (R/I).
Let o : P — I be any lift (might not be surjective) of f (thatis « ® R/I = f). Then we
have I = a(P) + I?. Therefore we can find I” C R comaximal with I of height d such that
INI" = a(P). In the group Ko(R) we have (R/I) = Cyq(P*) = (R/II") = (R/I) + (R/I").
Therefore we get (R/I") =0 in F1Ky(R). Hence (I",w) = 0 in E(R) for any local orientation
of I".

Let ‘bar’ denote going modulo I”. Get 61 : P/I"P = (R/I")? such that A% =, where
X:ANP=R. Let B=f5:(R/I" — I"/I". Since (I") =0 get B : R* =+ I" such that
B®R/I" =B and a: P — INI". Then note that (8 ® R/I")6~! = B6~1 = f. Hence
by Subtraction principle ([14], Theorem 3.3) there exists f : P —— I such that f ® R/I =
a®R/I=f. O

The next corollary is just a restatement of the above result in terms of Euler class groups

and therefore we skip the proof.

Corollary 16.1.5. Let I C R be a locally complete intersection ideal of height d > 3 and P be
a projective R-module of rank d. Suppose that f : P/IP — I/I? be a surjective map. Then
there exists a lift f : P — I of f if and only if e(P) = (I) in Eo(R).
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In fact now we can prove a stronger version of Theorem 16.1.3.

Corollary 16.1.6. Let I C R be an ideal which is not contained in any minimal primes, such
that 1(I/1?) = d. Then I is projectively generated in the following cases:

(i) Whenever R has no real maximal ideal.

(7i) (a) Whenever the intersection of all real maximal ideals of R has height at least 1 and
ht(I) > 2.

(ii) (b) Whenever the intersection of all real maximal ideals of R has height at-least 2.

Proof Let I =< ay,..,ay > +I?. By Lemma 2.1.3 get e € I? be such that e(1 —
e) €< aq,...,aq >. Moreover by Theorem 2.1.4 replacing a; by a; + \je we may assume
ht(< ay,...,aq >¢) =d. Let J =< ay,...,aq,1 — e >. Then note that

(i) ht(J) =d,

(i) I +J =R,

(iii) J =< aq, ...,aq > +J>.

Then by Theorem 16.1.3 J is projectively generated and so is I by Lemma 12.6.5. O

16.2 Projective generation of a curve in a polynomial extension

Theorem 16.2.1. Any local complete intersection ideal I C R[T) with ht(I) = pu(I/I1%) =d >

3, Is projectively generated.

Proof Since Q C R we may assume that there exists A € R such that either I(\) = R or
ht(I()\)) = d. Furthermore taking the transformation 7" — 7" — )\ we may assume that either
I(0) = R or ht(1(0)) =d.

Suppose that we have ht(Z(0)) = d. Then note that I(0) is a local complete intersection
ideal of height d. By Theorem 16.1.3, there exists a projective R-module P with trivial deter-
minant, such that f : P —— I(0) is a surjection. Therefore we have Cy(P*) = (R/I(0)). Since
P[T)/IP[T) = (R[T)/I)* and u(I/I?) = ht(I) = d, we get a surjection @ : P[T]/IP[T] —

I/I%. This will induce w(0) : P/I(0)P — 1(0)/1(0)?. By Corollary 16.1.4 we can lift w(0).

Altering f by a lift of w(0), we may further assume that f ® R/I(0) = w(0). Using ([12],
Remark 3.9) @ can be lifted to w(T) : P[T] — I/I*T. By ([9], Theorem 3.6) there exists a
projective R[T]—module @ of rank d with Q/TQ = P such that Q) — [ is a surjection.

If I(0) = R then by ([12], Remark 3.9) any local orientation w of I can be lifted to a
surjection (R[T])? — I/I?T. Therefore we may again apply ([9], Theorem 3.6), as before, to

complete the proof. O
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Theorem 16.2.2. The canonical map I" : E(R[T|) — E(R(T)) is injective.

Proof The proof is essentially reducing the question in terms of injectivity of the canonical
map I" : E(R) — E(R(T)). Note that whenever R is a local ring the Jacobson radical is
the maximal ideal of R which is of height d, hence I is injective by ([19], Proposition 5.8.
(1)). Therefore, in view of ([19], Theorem 5.4) it is enough to prove that the injectivity of the
canonical map I : E(R) — E(R(T)).

Let (I,w) € E(R) be such that (I ® R(T),w’) =0 in E(R(T)), where w' = w ® R(T).
Then by Theorem 16.1.3, there exists a projective R-module P with trivial determinant of rank
d and x : APP = R such that e(P,x) = (I) = (I,w) in E(R). Since (I ® R(T),w') = 0, by
([14], Corollary 4.4) P ® R(T') has a unimodular element. Therefore by ([15], Theorem 3.4)
P®R[T] has a unimodular element. Using ([19], Corollary 4.11) we get e(PQR[T], x®QR[T]) =
(I ®@ R[T),w® R[T]) =0in E(R[T]). Since the canonical map E(R) — E(R[T]) is injective
(by [19], Theorem 5.4) we get e(P,x) = ({,w) =0. O
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