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Notations & Abbreviations

eZmz

a<b<2b

f(z)/g(x) =1, as x — o0

|a| < cA, ¢ some absolute postive constant

la] < e(f)A, e(f) some postive constant depending on f
o] <c(f)A

an arbitrarily small constant

set of compactly supported smooth functions with support in X






Introduction

Automorphic L-functions play a significant role in the modern number theory. The

most classic examples of such functions are the Riemann zeta function

)=~ =TI (1 - i>_1, R(s) > 1, (0.0.1)

L(s, x) = i x(n) _ I1 (1 - @)_1 L R(s) > 1, (0.0.2)

where x is a Dirichlet character modulo M and p runs through all primes. The
above functions are related to the study of prime numbers. In fact non-vanishing of
C(1+it), t € R, gives us the prime number theorem and the non-vanishing of L(1, x)
yields the Dirichlet theorem for primes in an arithmetic progression (see [23]). The
Riemann zeta function ((s) was considerably studied by B. Riemann in his famous
memoir in 1860. He proved that ((s) has a meromorphic continuation on the whole
complex plane C with a simple pole at s = 1 and satisfies a functional equation of

the form (see [23])

S

&(s) = %W‘S/zs(s - 1r <§> ((s) =&(1—s). (0.0.3)

Thus ((s) is well understood in the half plane s > 1 (due to the absolute con-
vergence) and Rs < 0 (due to the functional equation). In the memoir, Riemann

proposed a conjucture, famously known as the Riemann Hypothesis, that all the
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‘non-trivial” zeros of ((s) lie on the ‘critical’ line R(s) = 1/2. It has numerous re-
markable applications in number theory, one of them being the Lindelof Hypothesis
which asserts that

C(L/2+it) < (14 t])",

for any € > 0. A similar phenomenon occurs for the Dirichlet L-function L(s, x) or

more generally for any degree, d > 1, automorphic L-function

oo d -1
L(S,F):;AZ(SH):HH(l—%@) L OR(s) > 1,

p j=1

where Ap(n)'s are the normalised (Ar(1) = 1) Fourier coefficients of an automorphic
form F and «;(p), 1 < j < d, are the local parameters of L(s, F') at p. Like ((s),
L(s, F') has a meromorphic continuation (with at most poles at s = 0 and s = 1)

and satisfies a functional equation of the form (see [42])

S+ K

d
A(s, F) = q(F)*z~* T[T ( ) L(s,F) =¢(F)A(1 —s,F), (0.0.4)
j=1
where ¢(F') is the conductor, €(F) is the root number of L(s, F'), k;'s (€ C) are the

Langlands parameters of L(s, F') at infinity and F is the dual form of F'.

It is one of the most sought-after problems to understand the size of L(s, F) on
the critical line (s) = 1/2. It turns out that the size of L(1/2 + it, F') can be
expressed in terms of the analytic conductor q(t, F'), which is defined as (see [[42],

Chapter 5])

q(t, F) = q(F)H(3+ 11/2 + it + K1) (0.0.5)

Jj=1

Using the functional equation and the Phragmén-Lindelof convexity principle, it fol-

lows that

L(1/2 4 it, F) < q(t, F)Y/4*e, (0.0.6)
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The above bound is known as the convexity bound. It is conjectured that
L(1/2+it, F) <. q(t, F)",

with any € > 0. This is known as the generalized Lindelof Hypothesis which follows
from the Grand Riemann Hypothesis (GRH). In many applications (which we discuss
shortly), the crucial step is to improve on the convexity bound for the relevent L-
functions, in the sense of reducing the exponent 1/4 by a positive number, however
small that number may be. Such bounds are known as subconvexity bounds. Mostly,
in applications, one seeks subconvexity estimates with respect to some subfamily (i.e.
only one of the parameters ¢, ¢(F') or (k;) varies). If t varies (F is fixed), we call it
t-aspect, if ¢(F) varies, we call it level aspect and if (x;) varies, we call it spectral
aspect. Getting subconvexity bounds is a challanging task and has remained open
for most L-functions. Moreover, for higher degree L-functions, the subconvexity
problem becomes even more difficult due to the increase in the complexity of the
L-functions and the lack of sufficient tools. The purpose of this thesis to obtain
subconvex bounds for some specific degree six L-functions in the spectral aspect.
Now we briefly recall some important instances of subconvexity bounds and their

applications.

0.1 Degree one L-functions

For degree one L-functions, for ((s), the first t-aspect subconvexity bound was
proved by Hardy-Littlewood (written down by Landau [52] in 1924) and Weyl [90]

using ‘Weyl differencing trick’ in 1921 independently, who proved the following result:
C(1/2 +it) <, (1 + [¢]) /47112t

for any € > 0. Since then it has been improved by several people and the latest
bound (13/84 + ¢) is due to Bourgain [16]. A beautiful application of the t-aspect
subconvexity for ((s) was given by Ingham in 1937 (see [[19], Chapter V]), who
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proved that

339

C(1/2 +it) < (14 |t)) = w(x + 2¥) — 7 (x)

~ logx’

for any 6 > (1 + 4¢)/(2 + 4¢). Thus, corresponding to the current bound, which is

13/84, we get
p34/55+e

Y

34/55+e) .

m(r+x m(x) ~

log

which also implies that p,, 11 —p, < pi4/55+6

, for sufficiently large n, where p,, denotes
the nth prime number (see [38] and [5] also for more details on gaps between primes).
Another interesting application was given by Conrey, Ghosh and Gonek [21] who
showed that if ((1/2 +it) <, (1 + [t|)*¢ then the number of simple zeros of ((s)

inside the rectangle
{s=0+it:0<0<1,0<t<T}

are at least 79~ for any ¢ > 0 and T large enough, where

0 = max{1/(1 4 6¢), (V14 16c + 16¢2 — 1 — 4c) /4c}.

Note that we expect all the zeros to be simple.

In the level aspect, i.e., when the modulus M of x tends to oo, the first subcon-

vexity bound for L(s, x) is due to Burgess [17], who proved that
L(1/2,x) < MY4-1/16%e (0.1.1)

He used a variant of the Weyl differencing trick but in a purely arithmetic context
and with significant differences. In a breakthrough work, around four decades later,

Conrey and Iwaniec [22] improved the Burgess bound to the Weyl strength bound
L(1/27X) <<6 M1/4—1/12+6

when Y is a quadratic character. They used the moment method along with the
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non-negativity of the L-value L(1/2, f x x), where f is a holomorphic or Maass cusp
form for SL(2,7Z). This result was recently extended to any Dirichlet characters by
Petrow and Young [79], [80] following the ideas of [22]. In the depth aspect (i.e.,
when y is a Dirichlet character modulo M", M prime and r — o0) , the latest bound

is due to Milicevi¢ [66] who proved the following sub-Weyl bound
L(1/2,x) < (M")"/07,

for some 0 > 0. He developed the theory of p-adic exponent pairs to achieve the

above result.

0.2 Degree two L-functions

For degree two L-functions, the first t-aspect subconvexity bounds were proved by
Good [31] and Meurman [68] for holomorphic and Maass cusp forms for SL(2,7Z)
respectively. They used spectral theory of the hyperbolic Laplacian to achieve the

following Weyl strength bound
L(1/2 +it, f) <o p [(1+ )21/ (0.2.1)

for any € > 0. where f is a holomorphic or Maass cusp form for SL(2,Z). In [43],
Jutila gave simplified proof of the above bound using summation formulae. Using
the delta symbol approach developed by Munshi [71], Aggarwal and Singh [4] and
Acharya, Maiti, Singh and the author [1] also obtained the ¢-aspect subconvex bound

of the above strength.

In the level aspect, subconvexity problem for GL(2) L-functions were settled by
Duke, Friedlander and Iwaniec in a series of articles [[24]-[28]] (see also Blomer-
Harcos-Michel [8]). They developed the amplification method to achieve these re-
sults. A striking application of these results is the uniform distribution of certain
lattice points in Z3 on a sphere centered at the origin with increasing radius, without

imposing Linnik's condition and in a quantitative sense (see [63]). Indeed, consider
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the set

Vo= {m/Im| € 8% m € Z%, Im|” = m + m3 + mj = n}.

Then V,'s are uniformly distributed on S? as n — oo through integers n such that n
square-free and n # 0, 4, 7mod 8. Cogdell, Piatetsky-Shapiro and Sarnak (see [20]),
obtained subconvexity for some twists of a holomorphic Hilbert modular form over a
totally real number field and resolved remaining cases of Hilbert's eleventh problem,
which asks which integers are integrally represented by a given quadratic form over
a number field. This result was later improved (getting a Burgess-type exponent)
by Blomer and Harcos [12] and hence they obtained a better error term in Hilbert's
eleventh problem. In the twist aspect, Munshi [75] applied the GL(2) delta symbol
approach (see [74]) and obtained the following Burgess type bound

L(1/2, f X x) <f.e M2/

where x is a Dirichlet character modulo M, a prime (the same exponent (in a more
general setting) was previously known by Blomer-Harcos [11] using a different ap-
proach). In this same paper, he also recovered Burgess's bound (0.1.1) by taking f
an Eisenstein series (Burgess bound for GL(2) was previously known due to Bykovskii
[18] using the moment method approach). Following the GL(1) delta symbol ap-
proach (see [71]), Munshi and Singh [76] obtained the following Weyl strength bound

L(1/2, f x x) < e (M7)271/0F,

where x is a primitive character of modulus M", M prime and » = O mod 3.

In the spectral aspect, lwaniec [40] proved subconvex bounds for Hecke Maass cusp
forms for SL(2, Z) using the amplification method. In a groundbreaking work, Michel
and Venkatesh [65] proved subconvexity bounds for any GL(2) L-functions over
number fields uniformly in all parameters. Their approach uses tools of representation
theory of adele groups and the proof is based on the realization of L-functions as

periods.
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0.3 Degree three L-functions

Let 7 be a Hecke-Maass cusp form of type (11, 1) for SL(3, Z). Let the normalised
Fourier coefficinets of 7 be given by A\, (mj,my) (so that A.(1,1) = 1 ). The

Langlands parameters (ay, as, a3) associated with 7 are defined as (see [30])
ap = —v1 — 2+ 1, ag = —v; + 1, and ag = 21y + 15 — 1. (0.3.1)

The dual form 7 has Langlands parameters (—ag, —ag, —ay). The L-series associ-

ated with 7 is given by

n

A (1
Lism) =Y ( s’”), R(s) > 1. (0.3.2)
n=1
L(s, ) satisfies a functional equation of the form
’7(87 7T>L(S77T) = 7(877?)‘[/(1 - S ﬁ)?

where s
2(om = [T (35
=1

The first subconvexity result for a GL(3) L-function was proved by X. Li [58]. For
a self-dual (@ = ) Hecke-Maass cusp form for SL(3, Z), she proved the following

t-aspect subconvex bound
L(1/2 4 it, ) e [(14 [t])?)/A71/48 %, (0.3.3)

Her method was motivated by the Conrey-lwaniec [22] moment method. This result
relied on non-negativity of the central values L(1/2, 7 x f), where f is holomorphic/
Maass cusp form for SL(2,Z), for which self-duality of 7 was necessary (see [54]).

Thus her approach does not work for generic GL(3) forms.

In the level aspect, Blomer [9] proved a subconvex bound for quadratic twists
of self-dual GL(3) L-functions using the moment method approach. Indeed Blomer

used the Kuznetsov trace formula for GL(2) and the Voronoi formula for GL(3) to
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prove the following bound
L(1/2,7 X X) e MP/PF,

where M is a large squarefree odd integer and x is a primitive quadratic character
modulo M. In this result also, non-negativity of central values of centain L-functions
was playing a crucial role. Hence a new approach was needed to tackle the subcon-

vexity problem for generic m and non-quadratic .

In a series of papers ([69]-[73]), Munshi developed a new and ingenious approach,
popularly known as the delta method, to resolve the subconvexity problem for any
degree three L-functions that allowed him to generalize Li's and Blomer's results.
In [72], Munshi used the Petersson trace formula as a delta method to prove the

following level aspect subconvex bound
L(1/2,7 X X) Kp.e MP/A7/16124c (0.3.4)

where 7 is a Hecke- Maass cusp form for SL(3,7Z) and x is a Dirichlet character
modulo M. While proving it he had to assume the Ramanujan conjecture and the
Ramanujan-Selberg conjecture. In [74], he removed these conditions and improved
the above exponent to 3/4 — 1/308 + € by introducing ‘mass transfer trick’. By
analysing Munshi's method [72] more closely Holowinsky and Nelson [35] simplified
his proof by developing ‘a key identity’ and obtained a better exponent 3/4—1/36+¢.
Their idea was extended by Lin [59] to the t-aspect who obtained the following

uniform bound
L(1/2+it, 7 X X) Kme (14 |t])M)3/A71/30%e,

In [71], Munshi used Kloosterman's version of the circle method to prove the following

t-aspect subconvex bound
L(1/2 +it, ) e (14 |t])3/471/10% (0.3.5)

for any SL(3, Z) Hecke-Maass cusp form 7. Thus he generalised Li's result (0.3.3) for
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all GL(3) L-functions. The conductor lowering trick was the new and crucial input
in this paper. In [3], Aggarwal simplified Munshi's proof of (0.3.5) and obtained a
better exponent 3/4 — 3/40 + €. In the depth aspect (twists of 7 by a character y
of prime power modulus p", p odd prime and n — 00), Sun and Zhao [86] followed

Munshi's t-aspect [71] approach and obtained the following subconvex bound

L(1/2,7 X X) Ko p*H(pm)¥/1-3/00%,

In the spectral aspect, the first subconvex estimate was given by Blomer and
Buttcane [10] for a GL(3) form in a breakthrough work. They considered the case
when the Langlands parameters («;)’s of 7 are in generic positions, i.e., away from

the Weyl chamber walls and away from self-dual forms. Let
a;=<T, |oy—a;| <T, 1<i#j<3,

(A =< B means ¢1|A| < |B| < ¢|A| for some positive constants ¢; and ¢3). Then

they proved
L(1/2, ) < T3/4=1/120000, (0.3.6)

They implemented an amplified fourth moment averaged over GL(3) forms with
Langlands parameters in an ball of radius O(T*) about 7. Application of the GL(3)
Kuznetsov formula was the main and crucial input in this case. They did not address
the case when the Langlands parameters are in non-generic positions, i.e., are close to
the Weyl chambers, as, in this case, ‘the spectral measure’ drops, so that the average
over GL(3) forms becomes less powerful. In a recent preprint [49], the author along
with Mallesham and Singh proved subconvexity for GL(3) L-functions whenever the
Langlands parameters are in non-generic positions. In fact, we prove a more general
result by considering the Rankin-Selberg L-functions associated to GL(3) and GL(2)
forms. Using similar ideas we also consider the generic position case. Indeed we get

a result of type (0.3.6) (with a better exponent 3/4-1/16) under some assumption.
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0.4 Rankin-Selberg L-functions

Let f and g be holomorphic Hecke cusp forms of weights &y and k, respectively or

Hecke-Maass cusp forms of Laplace eigenvalues 1/4 + V]% and 1/4 + v? respectively

9
for SL(2,Z). Let A¢(n) and A\,(n) be the normalised Fourier coefficients of f and g

respectively. The Rankin-Selberg L-series associated to f and g is given by

L(s, @) = ¢(25) S 22 (0)

n=1

. R(s) > 1. (0.4.1)
ns

The above series has a analytic continuation to all of C, except for ¢ = f, in which
case, there is a simple pole at s = 1. The Rankin-Selberg L-function is known
to be automorphic (see [81]). In fact, it is an example of a degree 4 automorphic

L-function.

In the weight aspect (when f is a holomorphic cusp form of large weight k; and
g is a holomorphic cusp form of fixed weight k), Sarnak [83] proved the following

subconvex bound
L<1/27 f & g) <<g,e k}_7/165+6- (042)

In the same article, he gave a beautiful application of this result in equidistribution.
Corresponding to f we associate a density j¢¢ ( normalized to be a probability measure

on SL(2,Z)\H) given by

dx dy
g =yt f )5
Y
Quantum unique ergodicity (QUE) conjecture says that, as ky — oo or vy — 00, we

have

w 1 dx dy

M Nol(SL(2, Z)\H) 2 (043)

(in the sense of integration against continuous functions of compact support on
SL(2,Z)\H). From Watson's thesis [89] it follows that a subconvex estimate (as k;

varies) for the special value L(1/2, f ® f ® g) of this degree 8 L-function will resolve
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the QUE with a power saving error term. Moreover it follows easily that
L(s.f & f ® g) = L(s,sym” f @ g) L(s, 9)- (0.4.4)

Thus the QUE follows from the subconvexity of L(1/2,sym?f®g), which is a degree
six Rankin-Selbeg L-function associated to a GL(3) form sym?f and a GL(2) form g.
Furthermore if f is a CM form then L(s,sym?f®g) factors as L(s,h®g)L(s, g% x),
where h is a cusp form for SL(2,Z) and x is a Dirichlet character. Thus Sarnak [83]
deduces QUE for CM forms using (0.4.2). Using similar ideas, Lau, Liu and Ye [55]

further improved the the exponent in (0.4.2) to 2/3 + €.

In the t-aspect, Michel and Venketesh [65] proved subconvexity bounds using
representation theoritic approach. Recently, using a similar approach, Blomer, Jana

and Nelson [13] obtained a Weyl strength subconvex bound
L(1/2+it, f ® g) K. (1+[t])?>.

Using the delta symbol approach, Acharya, Sharma and Singh [2] also obtained a

subconvex bound with exponent 9/10 + € ( weaker than the Weyl bound).

In the level aspect, Kowalski, Michel and Vanderkam [48], Michel [62], Harcos
and Michel [32], and Michel and Venkatesh [64] settled the subconvexity problem in
the case when the level of f varies and the level of g is fixed. In [62], Michel gives a
striking application to the equidistribution of Gross-Heegner points on Shimura curves
associated to definite quaternion algebras over @, while in [32], Harcos and Michel
provide the equidistribution of incomplete Galois orbits of Heegner points on Shimura
curves associated with indefinite quaternion algebras over Q. In the case, when the
levels Py and P, say, of both the forms f and g vary, subconvexity is known, in a
certain range, due to Holowinsky and Munshi [33]. They used the amplified second

moment method to achieve the following result
L(1/2, f @ g) K g (PpP,)/?70mFe

for some (1) > 0 and (P, Py) = 1 with Py ~ P, 0 < n < 2/21. Ye [91] extended
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this for all n assuming that the form with the smaller level is holomorphic. Ye's result
was recently generalised to all forms (holomorphic and Maass) by Raju [85], getting

a much better exponent, using the delta method approach.

0.5 GL(3) x GL(2) L-functions

Let ™ be a Hecke-Maass cusp form of type (v, v2) for SL(3,7Z) with the normalised
Fourier coefficients A;(n1,m2) and with the Langlands parameters («;)1<;<3 and f
be a holomorphic/Maass Hecke cusp form for SL(2,7Z) with the normalised Fourier
coefficients Af(n). Let 1/4 4 v3, vy > 0, be the Laplace eigenvalue of the Hecke
Maass cusp f or k; be the weight of the holomorphic Hecke cusp form f. The

associated Rankin—Selberg L-series is given by (see Section 1.3)

L(s,m x f) = ZZ ), R(s) > 1. (0.5.1)

n,r>1
This series is known to be automorphic (see [47]) and in fact, it is a example of a
degree 6 automorphic L function. The above series extends to an entire function

and satisfies a functional equation of the following form (see [15] for details)

Y(s,m X fF)L(s,m X f) = €xxsy(1 — 8,7 X f)L(1 — 5,7 X f),

with a gamma factor of degree 6

v(s,mx f) = WgsﬁHF<s+6j_az)a
j=11i=1
where 81 = (ky—1)/2, f2 = (kg+1)/2 if f is a holomorphic form and 51 = ey —ivy,
Ba = €5 + vy if fis a Maass form. Here ¢, = 0 if f is an even Maass form
and ¢, = —1if f is an odd form. Subconvexity for this class of Rankin—Selberg
L-functions is a holy grail for eminent number theorists. Indeed, subconvexity esti-
mates for L(1/2,7 x f) in the GL(3) level and in the GL(3) spectral aspect (see
(0.4.4)) resolves the quantum unique ergodicity (QUE) conjecture (see (0.4.3)) in

the quantitative sense. One can also recover subconvexity for some lower degree
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L-functions from the subconvexity of this class of Rankin-Selberg L-functions (by

taking m or f an Eisenstein series).

The first subconvex bound for such L-functions in the GL(2) spectral aspect is
due to X. Li [58]. She considered 7 to be a self-dual GL(3) form and obtained the

following result
L(1/2,7 % f) <ne (14 [rg)1/3, (0.5.2)

She adapted Conrey-lwaniec [22] moment method to prove the above result. In fact,
she analysed the first moment average of L(s,m x u;) over an orthonormal basis
u;,j > 1, of even Hecke-Maass cusp forms for SL(2,Z). Non-negativity of the
central values L(1/2, 7 x f), which is a deep result due to Lapid [54], played a key
role in her proof, for which self-duality of © was necessary. Thus her approach does
not work for generic GL(3) forms. The main purpose of this thesis is to generalise
Li's spectral aspect result (0.5.2) to all SL(3,Z) forms (see Theorem 0.7.1). We

discuss it in Chapter 2.

Following Li's approach, Blomer [9] considered L(s,7m x f X x), where 7 is a
self-dual form and y is a primitive quadratic character modulo M and obtained the

following twist aspect subconvex bound
L(1/2,7 X X X) Kp.pe MP/4TE

Non-negativity of the central values L(1/2, 7w x f X x) was the key input in this result
also. In the GL(2) level aspect, using the amplified first moment approach, Khan

[45] proved the following bound
L(1/2,7m X f) <y P]?M_I/QOOI,

under the assumption

D Ap(n)? > L

n<L

for L > Pf1/4+1/2001, where Py, a prime number, is the level of a GL(2) form f
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and 7 is a self dual GL(3) form. He also uses the deep result of Lapid [54] on non-
negativity of the central values L(1/2, 7 x f). Thus new ideas were needed to resolve
the subconvexity problem for this class of Rankin-Selberg L-functions for generic 7

and non-quadratic Y.

In a recent pioneering work, Munshi [77] considered the t-aspect subconvexity

problem for GL(3) x GL(2) L-functions and he obtained the following bound
L(1/2+it,m x f) e g (14 [t])3/2 15T (0.5.3)

where 7 is any (not necessarily self-dual) Masss cusp form for SL(3,7Z), and f is
a Holomorphic/Maass cusp form for SL(2,Z). Munshi applied the delta method
approach, which he developed in a series of articles [69]-[73], along with the conductor
lowering trick which he introduced in [71]. More specifically, he used the delta
method of Duke, Friedlander and Iwaniec (DFI) (see [[42], Chapter 20]) to separate
the oscillatory factors. The key input in this paper was his observation that the
character sum, emerging after the summation formulae, essentially boils down to an
additive character, which is very specific to Rankin—Selberg convolutions of the type
GL(n+ 1) x GL(n). The exponent 3/2—1/51 was recently improved to 3/2—3/20
by Lin and Sun [61] following a similar approach.

Following Munshi's template, Sharma [84] considered the same problem in the

twist aspect. Indeed, he proved the following bound
L(1/277T X f X X) L foe M3/2—1/16+5’

for any SL(3,Z) form m and SL(2,Z) form f. Here x is any (non-necessarily
quadratic) Dirichlet character modulo M, a prime. Thus he generalised Blomer's
result [9] to all GL(3) forms and all Dirichlet characters. Moreover, he also improved
Holowinsky and Nelson's exponent [35], 3/4 — 1/36, to 3/4 — 1/32 by taking f
an Eisenstein series. The key input in this paper was the implementation of the
mass transfer trick, which was introduced by Munshi in [74]. Following Sharma's ap-
proach, Lin, Michel and Sawin [60] generalised his result by replacing x by a ‘generic

trace function'. In the depth aspect, the author along with Mallesham and Singh
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[50] adapted Munshi's t-aspect template [77] in the p-adic setting and obtained the

following subconvex bound
L(1/2,7T % f % X) <<71-,f,5 (Mr>3/2_3/20+6,

where Y is a primitive Dirichlet character modulo M", M a prime and r > 2. In the
hybrid level aspect, the author, Munshi and Singh [51] applied the DFI delta method

approach and obtained the following subconvex bound
L(1/2,7 x f) < (PIP})VA0, 5 >0,

in the range P}ﬂ < P < P;’/Q, where P, is a prime which is the level of a GL(3)
form m and Py is a prime such that (P, P;) = 1 and it is the level of a GL(2)
form f. A crucial observation in this paper was that the conductor lowering trick
was not necessary and thus the proof was less technical and cleaner (in comparision
with other articles of Munshi). We note that if one could extend the above result to

P; =1, it would resolve the QUE in the level aspect.

Motivated by Munshi's t-aspect result [77], we considered the spectral aspect
case. In a recent priprint, the author, Mallesham and Singh [49] proved subconvexity
for L(1/2, 7 x f) in the GL(3) spectral aspect (in non-generic and generic positions
(under some assumptions)). We take up the GL(2) spectral aspect case in this thesis.

We state it in Section 0.7 and give the proof in Chapter 2.

0.6 Other higher degree L-functions

For other higher degree L-functions subconvexity problem is open in the level aspect,
expect for the triple product L-functions on GL(2), in which case it was proved by

Venkatesh [88]. More precisely, he proved the following subconvex bound

L(1/2,f x g x h) <gp P},
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for some § > 0, where f, g and h are some GL(2) form with P; being the level of f.
He used representation theoretic approach to achieve this result. In the same year,
Bernstein and Reznikov [7] considered the same L-function in the spectral aspect

and proved the following result
L(1/2,f x g x h) <gne (1 + |Vf|)2—1/3+€7

where vy is the spectral parameter of the GL(2) form f. Their approach was also
representation theoritic. Recently, Blomer, Jana and Nelson [13] improved their expo-
nent (5/3) to the Weyl strength subconvex exponent 4/3 by combining representation

theory, local harmonic analysis, and analytic number theory altogether.

A few months ago, Nelson [78] announced an extraordinary result, in which he
resolved the subconvexity problem for any GL(n) L-functions in the ¢-aspect and the
spectral aspect (having ‘uniform parameter growth'). His method uses a lot of tools
from representation theory and is motivated by the fundamental work of Michel and
Venkatesh [65]. We note that Nelson's result also covers the result proved in this
thesis. However our method is quite different, less technical and uses only tools from
analytic number theory. Moreover, needless to say, our exponents are better then his

expontents in the corresponding setup.

0.7 Statement of results

Let 7 be a Hecke-Maass cusp form of type (4, 1) for SL(3,7Z) with the Langlands
parameters (aq, s, av3) and f be a holomorphic cusp form with weight k¢ or a Hecke-
Maass cusp form corresponding to the Laplacian eigenvalue 1/4 + V]%, vy > 1, for
SL(2,Z). Let L(1/2,7 x f) be the central value of the Rankin-Selberg L-series
(0.5.1) at 1/2.
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0.7.1 GL(2) spectral aspect

As the main result, we prove the following theorem in this thesis, which gives the
GL(2) spectral aspect subconvexity bound for the Rankin-Selberg L-functions asso-

ciated to 7 and f. We will follow Remark 2.0.3 for the notations.

Theorem 0.7.1. Let m and f be as above. Let vy < ky. Then we have
L(1/2,7 % f) g kY2101 (0.7.1)

for any € > 0.

The above theorem generalises Li's GL(2) spectral aspect result [58] to all GL(3)

forms.

0.8 Discussion on the proof

The method of proof of the above result is motivatived by Munshi's t-aspect result
[77], which we discuss briefly.
0.8.1 Munshi’s approach

We recall from (0.5.3) that Munshi proves the following result
L(1/2+it,m X f) e g (14 [t])¥271/50

for any € > 0. Upon using the functional equation, the problem boils down to getting

some cancellations in the following sum

> Ae(n, DAp(nn, N =<,

n~N

He initiates the proof by applying the DFI delta method (to separate \;(n,1) and

Ar(n)n~" ) along with the conductor lowering trick (to reduce the modulus in the
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DFI). Thus he ends up into

/:KZ >3 Maln, e (%) 3 As(m)m e (—am> o,

qg~Q amodq n~N m~N q

where K is a parameter K < t which he chooses optimally later and Q = t*/2/VK.
Here the situation seems to be worse a priori, as we have lost N in the above sum.

However he gains structurely and he manages to gain it back later.

In the second step he applies summation formulae to the sum over n and m, and
he saves v/ NK /t in the m-sum and N'/*/K3/% in the n-sum. Then he analyses the
v-integral in which he gets square-root cancellations, in other words, he saves VK.
The analysis of the a-sum also gives square-root cancellations and he saves ,/q from

it. Hence in total he saves N/t so far and he is left with the following sum

> An) D M(m)ed,

q~Q n~K3/2N1/2 m~t2 /K

in which he needs to save ¢t and a bit more, say, t. Here J is an integral transform

which oscillates like n*X with respect to n, and the character sum € is given by

- Ernae ()=o)

amod q

Next he applies Cauchy to break the involution and arrives at

2

2.

nNK3/2N1/2

x 3 e ()7

q~Q m~t?2 /K

in which ¢? (plus extra) is needed to be saved. In the end game strategy, he applies
the Poisson summation formula to the sum over n. In the zero frequency he saves
t2QQ/ K which is more then ¢ provided K < t. In the non-zero frequencies, he saves
K32NY?/(\/Q*K) x Q, which is good enough if K > t'/2. Thus he succeeds by
chosing K optimally between v/t and t. Notice that there is an extra () in the saving
of the non-zero frequencies. It is a crucial factor which he obtains due to the additive

(with respect to n) character e (—mn/q), which comes due to the GL(3) x GL(2)
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structure. This is the key input in this paper.

0.8.2 Our approach

On applying the functional equation, our problem boils down to getting cancellations
in
S(V) = 37 Auln, DA (n),
n~N
where N =< k:;i in Theorem 0.7.1. To prove Theorem 0.7.1, following Munshi, we ap-
ply DFI delta method to separate A.(n,1) and A¢(n) along with the conductor lower
trick. Then applications of summation formulae followed by Cauchy and Poisson gives
us the result. We also get the structural advantage of the GL(3) x GL(2) type and
hence we are able to save more (than the usual) in the Poisson. The main technical
input of this theorem is to get square-root cancellations in the integral transforms.
Indeed, after summation formulae, the integral transform (for f holomorphic) looks
like
1= [ Uwelar*) (035 do

where a =< t, for some t < k¢ to be chosen later, b < k; and U is a smooth bump
function supported on [1/2,5/2] (here the symbol A < B means ¢k, “[A| < [B| <
c2k$|A| for some positive constants ¢; and ;). Here the argument by'/? of the
Bessel function is in ‘transitional range’ ( b =< k:f), in which case, a ‘nice’ asymptotic
expansion (uniform in k) is not known. We get desired cancellations (I < 1/ky)

using the integral representation

1 (" ((k—1)T —wsinT
Jkl(w)_ﬁ/ 6( oy )dﬂ

—Tr

followed by a chain of stationary phase analysis. We discuss full details of the proof

in Chapter 2.






Chapter 1

Preliminary lemmas

We will use some known lemmas in the proof of our results. We will record them in

this chapter.

1.1  Automorphic form for GL(2)

In this section, we recall some basic facts about automorphic forms for SL(2, Z) (for

details see [41] and [42]).

1.1.1 Holomorphic cusp forms

Let f be a holomorphic Hecke cusp of weight k¢ for the full modular group SL(2,Z).

The Fourier expansion of f at oo is given by
F(2) =) Nm)n* D e(nz), zeH,
n=1

where we assume that f is arithmetically normalized so that Af(1) = 1. We have

the following well-known estimate due to Deligne:

Ar(m) <d(n), n=1, (1.1.1)

23
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where d(n) is the divisor function. The Hecke L-function associated with the form

f is given by

= H (1= Xs(p)p~* +p )7, Re> 1

p

L(s, )=y 2

n

Hecke proved that L(s, f) admits an analytic continuation to the whole complex

plane and satisfies the functional equation

A(S>f) = €(f> A(l - 577)7

where £(f) is a root number and f is the dual form of f, and the completed L-

function is given by

As, f) ==

p (s + (k:f2+ 1)/2) r (S * (kf2_ 1)/2> L(s, f).

We now state the Voronoi summation formula for the form f.

Lemma 1.1.1. Let A\f(n) be as above and g be a smooth, compactly supported

function on (0,00). Let a, ¢ € Z with (a,q) = 1. Then we have

S (e () gt = %Tf imm (=) hio.

n=1

where ad = 1(mod ¢q) and

h(y) = /OOO 9(x) Jiy 1 (M\q/x_y) da.

Proof. See [[29], P. 792]. See [[48], Theorem A.4] also for general level. O
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1.1.2 Maass cusp forms

Let f be a Hecke-Maass cusp form for SL(2,Z) with Laplace eigenvalue 1/4 + v/}.

The Fourier series expansion of f at oo is given by

F(2) = Vo> Ap(n) Ky, (27|n]y)e(n),

n#0

where K, (y) is the Bessel function of the third kind and f is normalized so that

Ar(1) = 1. The Ramanujan-Petersson conjecture predicts that
[Ar(n)] < d(n).

The work of H. Kim and P. Sarnak [46] tells us that [A\;(n)| < n7/5%*<. The L-

function associated with the form f is given by

o Ar(n)
L(s,f)zz P Rs > 1.
It extends to an entire function and satisfies a functional equation of the form

A(‘Sv f) = E(f>A(1 - 877)7

where £( f) is the root number with |e(f)| = 1 and the completed L-function A(s, f)

is given by

A(s, f) = =T (8—|—€+ZV)F(S+€—ZV

L(s, [).
2 2 )

Here e = 0 if f is even and ¢ = 1 if f is odd. We now recall Rankin-Selberg bound

for the Fourier coefficients in the following lemma.

Lemma 1.1.2. Let A\;(n) be the normalised Fourier coefficients of a holomorphic/-

Maass cusp form. Then we have

S )P <. Cfyate, (112)

1<n<zx
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where C(f) = k7 if f is holomorphic and C(f) = 1+ v} if f is a Maass form.
Proof. Iwaniec [[40], Lemma 1]. O

Next we state the Voronoi formula for Maass cusp forms.

Lemma 1.1.3. Let \¢(n) be as above and g be a smooth, compactly supported

function on (0,00). Let a, q € Z with (a,q) = 1. Then we have

S ()0 - EEH(#) ()

where ad = 1 mod q and

(1¥1)/2

H*y) = < / (r22)~(C* (—s) £ C (—5))3(—s) ds,

4724

with

e r (1+5;w,-) r <1+52—z‘uf> o) r <2+s;z‘uf) r (2+52—z‘uf)

B —s+iv —s5—iv ! - 1—s+iv 1—s—iv ’
r(=)r (=) P r (=)

Here e; = 1 depending on f even or odd.

Proof. See [[48], Theorem A.4]. O

1.2  Automorphic forms for GL(3)

In this section, we will recall some results about the Maass cusp forms for SL(3,Z).
This section, except for notation, is taken from [58]. Let 7 be a Hecke-Maass
cusp form of type (v1,14) for SL(3,Z). Let A.(n,r) denote the normalised Fourier

coefficients of 7. Let

ap=—11 — 200+ 1, a0 = —11 + 15 and a3 =211 + 15 — 1
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be the Langlands parameters for m (see [30]). The dual form 7 has Langlands

parameters (—as, —ap, —p). The L-series associated with 7 is given by

L =3 2 o

n

L(s, ) satisfies a functional equation of the form
v(s,m)L(s,m) = ~v(s,7)L(1 — s,7),

where

3
— —s/ep (5%
(s, ) jl_IlW ( 5 > :

Let g be a compactly supported smooth function on (0, c0) and

5@%=Awgmmkwx

be its Mellin transform. For # = 0 and 1, we define

_35—3 3 ]:1 (1+S+0¢1‘+£)

T 2
Ye(s) == —5—204- i
2 o T (=)
Set v4(s) = Y0(s) F 71(s) and let
Galt) = 5 | 1) 5(-9)d
j:?/—27”. (U)y 7£(8) g\—S5)ds,

(1.2.1)

(1.2.2)

(1.2.3)

where 0 > —1+max{—R(ay), —R(a2), —R(a3)}. With the aid of the above termi-

nology, we now state the GL(3) Voronoi summation formula in the following lemma:

Lemma 1.2.1. Let g(x) and A\;(n,r) be as above. Let a,a € Z, ¢ € N with

(a,q) =1, and aa = 1(mod q). Then we have

g Ar(n,r)e (@) g(n)

q

~ Ar(n1,n2) _ ' n3ng
=q> > > TTLQS<TCL7 +ng;qr/ni) G+ o )

+ mlgrnz=1




28 Chapter 1. Preliminary lemmas

where S(a, b; q) is the Kloosterman sum which is defined as follows:

Sa,bq) = Z*e (aa:—l—bx) |

zmodq q

Proof. See [67]. O

We also need to extract the oscillations of the integral transform G.. To this

end, we have the following lemma:

Lemma 1.2.2. Let Gi(x) be as above, and g(x) € C*(X,2X). Then for any
fixed form m, any integer K > 1 and X > 1, we have the following expression for

Gi(l’)

% K ¢, 1/3 , _ 1/3

cj(£)e (3(z +dj(£)e (=3(z -
0 j=1 (zy)’

where c¢;(£) and d;(£) are some constants depending only on «;’s, fori =1, 2, 3.

Proof. See [[57], Lemma 6.1]. O

The following lemma, which gives the Ramanujan conjecture on average, is also

well-known.

Lemma 1.2.3. We have

DS Anlng,no)? < Cm) ',

ning<z

where C(m1) = [T_,(1 + |ay]) is the analytic conductor of 7.

Proof. See [56]. O
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1.3 GL(3) x GL(2) L-functions

The Rankin-Selberg L-series associated to 7 and f is given by

L(s,mx f) = ZZ ), R(s) > 1. (1.3.1)

n,r>1

The above series extends to an entire function and satisfies a functional equation of

the following form

(s, x fYL(s,m X ) = nxpy(1 — 8,7 x f)L(1 — 8,7 x f),

where e, ¢ is the root number having modulus 1 and (s, 7 x f) is a gamma factor

of degree 6
2 3
s,mx f)=m F(—S . l),
(s, x f) ]Hll_! :

where 5y = (k;—1)/2, B2 = (ky+1)/2if f is a holomorphic form and 8, = €; —ivy,
B2 = €5 +ivy if fis a Maass form. Here ey = 0 if f is even and €; = 1 if f is odd.

Later, we will be estimating L(1/2,7m x f). The following lemma expresses it in

terms of a weighted Dirichlet series.

Lemma 1.3.1. Let 5, —a; < t, t > 1, foralli and j. Then L(1/2,7 x f) has the

following expression

)M (n) [
ZZ 7;:2 I/J; 4 ( ) +€7T><fzz 717"2 1/2 — a5V (nt_?;) )

n,r>1 n,r>1

(1.3.2)

where V (x) is a smooth function satisfying
2V (x) <a (14 |z])~4,

for any positive integer A and j > 0.



30 Chapter 1. Preliminary lemmas

Proof. See [[42], page 100]. O

Thus the above lemma limits both sums in (1.3.2) effectively to the terms with
nr? < 1€, as V(nr?/t) is negligibly small, ( t=* for any A > 1) for nr? > t3*<.

We now estimate L(1/2, 7 X f) in terms of an exponential sum.

Lemma 1.3.2. Let 7w and f be as above, with 7 fixed. Then, for large vy < k; and

any 0 such that 0 < 6 < 3/2, we have

Sr(N _0)/24¢
L(1/2,7 X f) Kq,c kG sup sup 15 (V)] + k;g O)/2te (1.3.3)
r<k} k}0/r2<N<KYTe/r2 NV

where S, (N) is a sum of the form

_ i A (1, P) A (0)V (%) , (1.3.4)

for some smooth function V supported in [1,2] and satisfying V) (z) <; k5 for any

integer j > 0.

Proof. By Lemma 1.3.1, we see that

)\ 2
L(1/277T % f ZZ n T 1/]; V (,nt—z> + €7r><f dual sum,

n,r>1

where V() is a smooth function which is negligibly small if z > t¢. We proceed with
the first sum as the calculations for the dual sum are the same. Note that t < £y,
as 7 is fixed. Hence we see that

(n,7) As( nr?
Sy Moy (1))

m"2<<lc3+E

(n,7) A nr?
]

T<k(5+e)/2 7’L<k‘3+€/7‘2

L(1/2,7x f) <
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We split the above sum as follows:

P S DD DR D DD Ui

r<k(PYO2nkT 2 r<kl kY0 fr2sn<ki et r<k) <k 0 r? j<r<k TR n<kte /e

where # > 0 is a constant which will be chosen later optimally. Using the Ramanujan

bound on average

SN el )2 < 2, S Dyln)P < 2

n%ngﬁx 1<n<z
(3—0)/2+€ .
we see that the last two sums are bounded by k; . Hence we arrive at

1 Ar(n, 1) Af(n) nr? (3—0)/2+¢

0 3—0 3
r<kj} k /r2§n§kf+5/r2

Using a smooth dyadic partition of unity U, we see that the inner most sum is at

most
o0

| S () (2]

k;ie/T’QSNSk’?+€/T2 n=1

which can be written as
S,(N))|

sup NIz

k30 fr2<N<KT /r2

where

Sy(N) := i)\ﬁ(n, ) A(n)Vy N (%) ,

with V, y(z) = 272U (2)V (Nr2z/k?). Note that V, y(x) is supported on [1,2]
and satisfies VT(?\)](ZE) < k§ (the bound independent of r and N) for any integer
Jj > 0. Henceforth we ignore the dependence on r and N and assume that V, y is
the same function for all 7 and N and call it V() (abusing notation). Finally, taking

supremum over 7, we get the lemma. O
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1.4 DFI delta method
Let 6 : Z — {0, 1} be defined by

1 if n=0;
o(n) =

0 otherwise.

The above function can be used to separate the oscillations involved in a sum, say,
Y nex @(n)b(n). Furthermore, we seek a nice Fourier expansion of §(n). We men-
tion here an expansion for d(n) which is due to Duke, Friedlander and lwaniec (see

[[42], Chapter 20]). Let L > 1 be a large real number. For n € [-2L,2L], we have

1 1 * na ne
d(n)=— Z - Z e <—) /g(q,x)e (—) dz, (1.4.1)

Q 20, V4 /) Jr qQ
where Q) = 2L'/2. The  on the sum indicates that the sum over a is restricted by
the condition (a,q) = 1. The function g is the only part in the above formula which
is not explicitly given. Nevertheless, we only need the following properties of g in
our analysis ( for the proof, see [[36], Lemma 15] and [[2], Lemma 2.1]) . For any

B > 1, we have

B
L. g(g,x) =1+ h(g,x), with h(q,z) =0Op (% (% + le) ) :
o . [Q 1 ,

Nz =— : A > 1.

2. |2 55900, 2) < longm{ pr m}, j=1

3. glq.x) <p || 7.
L [ lotea)l +lgla. 0P s <. Q- (142)

R

Using the third property we observe that the effective range of the z-integral in

(1.4.1) is [-Q°, Q]. We record the above observations in the following lemma.
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Lemma 1.4.1. Let ) be as above. Let L. > 1 be a large parameter. Then, for
n € [-2L,2L], we have

) = 5 3 25 e () [ wie@atare (55 ) ar+ o)

1<¢<Q “amodq

where Q = 2L'2, g is a function satisfying (1.4.2) and W (x) is a non-negative
smooth bump function supported in [—2, 2], with W(z) = 1 for x € [-1, 1] and
WU (x) <, 1, for j > 0.

Proof. See [[42], Chapter 20], [[36], Lemma 15] and [[2], Lemma 2.1]. O

1.5 Bessel function

In this section, we will recall some well-known expansions of the Bessel functions of
the first kind. For k& > 2 an integer, let J;_; be the Bessel function of the first kind
and of order £ — 1, which is defined as

() = = /7r e ((k —Ur = mm) dr, (1.5.1)

T o _W 2m

for any x € R. The following lemma gives an expression for the Bessel function when

the order £k is fixed.

Lemma 1.5.1. For fixed k, we have

Jp—1(27mx) = e(x)Wi—1(z) + e(—2)Wi_1 (),

where Wy,_1 is a smooth function satisfying

. , 1
ajJWkil(J)(w) Kk —=

N

forx>1andj > 0.

Proof. See [[34], Sec. 4.5]. O
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In the analysis of the integral transforms in Chapter 2, we require a uniform
asymptotic expansion of J;_1(z) for large values of k£ and z. The following lemma

provides one such asymptotic expansion.

Lemma 1.5.2. Let x > (k — 1)'*/2 be a positive real number. Then, as k — oo,

we have

Jeslo) = (=272 ) " |eostzans:

2 NPy = P )
+(7T(/{;—1)w) sin (Z/( ));1 = 1) ] (1.5.2)

where Z(w) = (k — 1)(w — tan™' w) — 7 /4 and

()

and P; is a polynomial of the degree j with coefficients which are bounded functions

of k — 1 and log(z/(k — 1)) with Py = 1.

Proof. Let x = (k — 1)sec 3, with 0 < B < 7/2. Thus, as z > (k — 1)'79/2, we
have sec 8 > (k — 1)9/? and

§:=(k—Dltan g —B) = (k= D(V(k = 1) = 1 —7/2).
Thus, on using formula (63) on page 58 of [53], we get

2

Je—1((k — 1) sec B) = (m) 1/2 o 115 . m

(k— 1)

9 1/2 . oo Pﬂ<m>
+(7r(k:—1)tanﬁ) Smfl(ﬂ); =1y |’

=0

where fi1(8) = (k — 1)(tan 8 — ) — 7/4, and P; represents a polynomial of the
degree j with coefficients which are bounded functions of k£ — 1 and logsec 5 with

Py = 1. Now substituting (k — 1) sec 5 = = and tan 8 = w, we get the lemma. [
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The expansion (1.5.2) can be truncated at any stage to get

Corollary 1.5.3. Under the assumptions of Lemma 1.5.2, we have

Ji1(x) = Z e(£) Z VW 2(k — 1)1/ 0 <k2020> ’

+ =0
where ¢(+) € {1, —1}.
Proof. The statement follows directly from Lemma 1.5.2. m

For 0 < 2 < (k — 1)'7</2, we have the following lemma.

Lemma 1.5.4. Let v = (k — 1)z with 0 < z < (k — 1)"%/2. Then for k > ky(e),

where ko(€) is a large absolute constant (depending on €), we have
Jer(z) < exp{—(k — 1)/6}.
Proof. By Lemma 4.2 of [82], we have

| Jk_1((B—1)2)| < Ay(k — 1)_1/2(1 — 22)_1/4 exp {—%(k - 1)(1- z2)3/2} ,

for0 <2< ,/1— k > 16 and some absolute constant A;. Note that, by

1
(k=1)2/3
assumption, we have z < (k — 1)72. Thus, 1 — 22 > 1/2%5 for k > kq(e), and we

get
ea((h = 02) < A2 e {5 - 1)}

Hence the lemma follows. O

1.6 Gamma function

In this section we recall standard properties of the gamma function and Stirling's

asymptotic formula for the gamma function I'(s). For any z : |argz| < m — ¢, we

T(2) = \/% (g) {Jl % o (#) } J>1, (1.6.1)

J=0

have
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where a;'s are some absolute constants depending upon ¢ only (see [42]). Further-

more for z = o + i7 with fixed ¢ € R, |7| > 10 and any M > 0, we have

Do +ir) = ezl ’7"0_% exp (z’T log m) 9o (T) + OU,M(’T|_M), (1.6.2)
e

where rjgf,{}w(r) Lo 1 for j > 0.

We also record Legendre’s duplication formula

['(2) cos(mz) I'(2z)
= . 1.6.3
[(1/2 —2) /221 ( )
1.7 Stationary phase analysis
We also require to estimate the exponential integral of the form
b
1= [ g@e(s @) (17.1)

where f and g are real valued smooth functions on the interval [a,b]. We recall the

following lemma on exponential integrals.

Lemma 1.7.1. Let I, f and g be as above. Let V (g) denotes the total variation of
g(x) on [a,b] plus the maximum modulus of g(x) on [a,b]. Then, if f’ is monotone
and |f'(z)] > w1 > 0 for x € [a,b], we have I < V(g)/p1. For r > 1, let
|f®(z)| > pr > 0. Then we have I <, V(g)/us'". Moreover, let f'(z) > B and
f9(z) < BY* for j > 2 together with Supp(g) C (a,b) and gV (z) <., 1. Then

we have
_[ <<Cb,b,j,6 B—j—‘rﬁ'

Proof. See [[71], Subsection 2.2] and [[39], Lemma 5.1.2, Lemma 5.1.4]. O

The above lemma can be used for » = 1 whenever the phase function f does not
have any stationary point. We will also apply it for » = 2 and 3. In case there is a

single stationary point, we use the following stationary phase expansion.
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Lemma 1.7.2. Let I, f and g be as above. Let 0 < § < 1/10, X, Y, U, @ > 0,

Z=Q+X+Y+b—a+1, and assume that

[SIEY

YZZ35,b—a2U2QZ

Further, assume that g satisfies

3

; X
©)) . -
g <I> <<] Uj7 forj - 07 1, 27 o ..

f satisfies

@) >~

A Y
o f9(2) < ok for j=1,2,3,....

Then we have

|36-14]
I= % 2 pu(x0) + Oas (Z274),

€7ri/4 i n .
Palm0) = = (2f”(xo)> o)

where A > 0 is arbitrary, and

G(z) =

g)e(F(x), with F(r) = f(x) ~ f(w) — 31" (x0)(x ~ w0)

4’

1 1 Uy
a0 in X (m T ) ((

=) ”_3) |
Proof. See [[14], Lemma 8.1].

Furthermore, each p, is a rational function in f', f", ... satisfying

Suppose that there exists a unique xy € |a, b] such that f'(x¢) = 0, and the function






Chapter 2

GL(3) x GL(2) L-functions: GL(2)

spectral aspect

Let m be a Hecke-Maass cusp form of type (v, 1) for SL(3,Z) with the Langlands
parameters (aq, a2, ovg) and f be a holomorphic cusp form with weight k¢ or a Hecke-
Maass cusp form corresponding to the Laplacian eigenvalue 1/4 + u]%, vy > 1, for

SL(2,7Z). The Rankin-Selberg L-series associated to 7 and f is given by

L(s,m x f) = ZZ (n.r Af L R(s) > 1, (2.0.1)

n,r>1

where \;(n,r) and A¢(n) are the normalised Fourier coefficients of 7 and f re-
spectively. The above series extends to an entire function and satisfies a functional

equation of the following form
(s, x f)L(s,m x f) =" ~y(1 = 5,7 x f)L(1 — 5,7 x f),

with a gamma factor of degree 6
2 3
s, X f)=m¢ r (M) ,
ol f) JHllI 5

where 5y = (k;—1)/2, B2 = (ky+1)/2if f is a holomorphic form and 8, = €; —ivy,
B2 = €5 + vy if fis a Maass form. Here e, = 0 if f is even and ¢ = 1 if f is

39
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odd. In this chapter, we will analyse L(s,m x f) at the central point 1/2. More
specifically, we are interested in estimating L(1/2, 7 x f) with respect to the GL(2)
form f, keeping 7 fixed. Let vy < k. Then using the Phragmén-Lindelof principle,
we see that

L(1/2,7 % f) < (kﬁi)”‘**ﬁ.

Note that £% is the analytic conductor in this case (see (0.0.5)). It is an interesting
problem to improve the exponent 1/4. Indeed, the first improvement in this case was
made by Li [58] for the self-dual forms 7. In this chapter, we will prove Theorem
0.7.1, which will generalise Li [58]'s result to all w (not necessarily self-dual). Recall

from Theorem 0.7.1 that we need to prove the following
L(1/2,7 x f) e k32151 (2.0.2)

for any € > 0. Using Lemma 1.3.2, we see that

S, (N _ .
1S, ( )\+k(3 0/

L(1/2,m x f) <z k% sup sup 2.0.3
( / ) / rﬁk? k?_QSN'r?Sk?-&-e N1/2 ! ( )
where S,.(N) is a sum of the form
- n
S, (N) =3 Ae(n,r)As(n)V (N) : (2.0.4)
n=1

for some smooth function V supported in [1,2], satisfying V9 (x) < Kk} for any

integer 7 > 0 and fR V = 1. We prove the following proposition.

Proposition 2.0.1. For 0 < n < 1, we have

Sr(N) 1/2+42 /2 ;/2_77/2 1/6+3n/4
T - 1/27.— 1/2 -
f

where the implied constant depends on ).
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Theorem 0.7.1 follows from Proposition 2.0.1. Indeed, using k?‘e < Nr? < kit
and 7 < k% in (2.0.5), we get

Sr(N)

—1/2+2n 0/2—n/2 20—n/2 —1/643n/4
—N1/2k]3/2+6 < k:f + kf + k:f + kf .

Hence to get subconvexity, we need all of the above exponents to be negative. So
the first and the third term gives 1/4 > n > 46, and consequently the third and the

fourth terms dominate the rest. Thus the above bound reduces to

Sp(N)
Nl/Qk?/Q-Fe

20—n/2 —
< K

1/6+4-3n/4
The optimal choice for 7 is given by n = 86/5 + 2/15. On plugging this in (2.0.3),
we get

3/2+4+60/5—1/15+¢ 3/2—0/2+e€
L(1/2,7r><f)<<kf —l-k?f )

and with the optimal choice § = 2/51, we get Theorem 0.7.1. In the rest of the

chapter we prove Proposition 2.0.1.

Remark 2.0.2. We will carry out the whole analysis for the holomorphic cusp form
f, as the analysis for the Maass forms is similar. Indeed, in this case, we use the
Rankin-Selberg bound (1.1.2) in place of Delinge's bound. We refer to [37] to see

complete details.

Remark 2.0.3 (Notation). In this chapter, the notation o < A will mean that for
any e, there is a constant ¢ such that |a| < ck$A. a =< A means clk;EA <a<
cok$A. For notational convenience, we will ignore f from k; and write k in place
of k;. By negligibly small we mean O(k=*) for any A > 1. In particular we take
A = 2020.
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2.1 The delta method and outline of the proof

Let's consider

_ i A AV (1) (2.1.1)

A trivial estimation (applying the Cauchy inequality followed by the Rankin-Selberg
bound) of the above sum gives us S, (N) < N. Thus, to prove Proposition 2.0.1,

we need to show some cancellations in S,.(V).

2.1.1 An application of the delta method

As a first step, following Munshi [77], we separate the oscillatory terms A, (n,r)
and Af(n) involved in (2.1.1). We use the delta method of Duke, Friedlander and
Iwaniec as a device to separate these terms. We also apply the conductor lowering
trick introduced by Munshi in [71]. For this purpose, we introduce an extra t-integral.

In fact, we rewrite S,.(NN) as

s =7 [v (7 )ZZA .o sm) () (Y 0 (%) an,

nml

:;/Rv( ) E S atn =t (5)V ()0 (5) o

n,m=1

(2.1.2)

where k¢ < T := k™" < k'~¢ is a parameter which will be chosen later optimally,
and U is a smooth function supported in [1/2,5/2] with U(x) = 1forz € [1,2], and
U (x) < 1 for any integer j > 0. Recall that we have fRV = 1. Consider the

o

On applying integration by parts repeatedly, we observe that the above integral is

t-integral

negligibly small unless |[n — m| < k*N/T. Thus the t-integral reduces the size of
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the equation n = m. Thus, on applying Lemma 1.4.1 to (2.1.2) with L = k*N/T,
and Q = k°/N/T, we see that S,.(NV) is transformed into

5.(V) =g [ W/@) [ v ( ) Yo gler) g

1<q<Q amod g
X ;)\W(n,r)e <%) (;g) n"V (N)
xg:le(m)m—ite (‘Zm) ( qg”’) U( )dtd:p+0(k 2020).

Next we break the g-sum into dyadic segments ¢ ~ C, with 1 < C' < () and write

S,(N)= > S(N,C)+O(k>), (2.1.3)
IR Y]
dyadic
where
€ g
S.(N,C QT/W(x/Q)/R ( >ch a%q

X mZZI)\f(m)m_ite (_Zm> < qu) U( )dtdx (2.1.4)

2.1.2 Sketch of the proof

In this subsection, we will discuss rough ideas to get non-trivial cancellations in S, (V)
given in (2.1.4). For simplicity, we consider the generic case, i.e., N = B, r=1

and ¢ ~ Q = \/N/T = k*? /T2 Thus S.(N) is roughly given by

ar )y %1 T B () 3 v ()

a mod g n~N m~N

Note that we have ignored the z-integral, as it does not contribute in the generic
case, and we have also supressed all the weight functions. On estimating the above

sum trivially, we get S,.(NV) < N?*t¢. Hence, to get non-trivial cancellations, we
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need to save N plus a little more, say, k9. In other words, we need to show
S, (N) < N?/(NK’),

for some § > 0. In the next step, we dualize the sum over n and m (we give full

details in Section 2.2). Consider the sum over n
4 [an
S3 = A(n, 1)n'e (—) .
T;V (n Dn'e { —

On applying the GL(3) Voronoi summation formula to the above sum, we arrive at

(see Lemma 2.2.1)

N2/3 A(1,7
S ~ S 2 g g1y,

1/3
b s n T2

where I3(...) is an integral transform in which we need to get square root cancellations,
i.e., need to show I3(...) < 1/v/T (obtaining this bound is necessary, otherwise we
won't get sufficient savings at the last). Next we apply the GL(2) Voronoi formula

to the sum over m and we get (see Lemma 2.2.3 for details)

S e (T 2 XS agtme () e,

m~N q m~Q2k? /N

where I5(...) is an integral transform in which we need to get full cancellations, i.e.,
need to show Iy(...) < 1/k (proving this bound is a necessary step to obtain our

main result). Next we analyse the sum over a which is given by

¢= " S(@nyq) e (C%m> ~ qe (—m;2> -

amod q

We observe that the above sum becomes an additive character with respect to ns
(which saves us extra ¢ when we apply the poisson after Cauchy). Thus, we arrive

at the following expression of S,.(N):

1 N N mng '\ .
oTgTgl 2 M) D Asdme (_ q )"’

4~Q ny~T3/2N1/2 m~k2 )T
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where J is an integral transform involving the t-integral, I5(...) and I5(...). We analyse

it in Section 2.4. We observe that

IKT L 11

VTVTE
Note that a saving of v/T comes from the t-integral, another saving of v/7 comes
from the GL(3)-integral and the saving of k& comes from the GL(2) integral. The
factor T reflects the length of the ¢-integral. Thus, on plugging it in place of J, we

see that

SN <D > (L)
q~Q TLQNTg/ZNl/Z

< QT?)/QJV”?k—2l < Nk

T k ’

J

5 ()

m~k2 /T

Thus we now need to save k'*°. Next we apply Cauchy’s inequality to the sum over

ns to get rid of the GL(3) coefficients. Thus we arrive at (see Subsection 2.3.1)

1/2
3/2 n71/211/2 _mn ~‘2
(T32NY2) n2N7;N1/2 | q;?m%T/\f(m)e ( ; ) 3
The end game strategy is to apply the Poisson to the sum over ny (we carry out
the details in Subsection 2.3.2). Opening the absolute value square followed by the
Poisson, we observe that we save the whole length, i.e., k*Q/T in the zero-frequency
(ng = 0 case) which suffices if k*Q/T > k? which implies that 7 < k. On the other

hand, in the non-zero frequencies (ny # 0 case), we save

T3/2\1/2

@7

Here the factor Q*7 in the denominator reflects the size of the conductor, which is

given by

conductor = arithmetic conductor x analytic conductor.
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Note that the arithmetic conductor is of size ()* and the analytic conductor is of size
T (because J oscillates like n%” with respect to ny). We also save ) due to the
presence of the additive character e(—mn/q). Thus the total savings in the non-zero

frequencies turns out to be

T3/2 \1/2
o X @=TN,

which suffices if TNY2 > k2 which boils down to 7 > k'/2. Hence, to succeed, we

must ensure that k'/2 < T < k, which is done by chosing 7~ optimally.

2.2 Applications of Voronoi formulae

In this section, we will analyse the sum over n and m in (2.1.4) using the Voronoi

summation formulae.

2.2.1 The GL(3) Voronoi

Let's consider the sum over n

Sy 1= nf:l Ar(n, 7)e (%) e (%) AT (%) (2.2.1)

in (2.1.4). We analyze it using the GL(3) Voronoi summation formula (see Lemma
1.2.1). In the present set-up, we have g(n) = e (nz/qQ)n"V (n/N) and X = N.
Thus, on applying Lemma 1.2.1 to the above sum, we get

S3 = qz Z Z MS (ra, £ng;qr/ny) G+ (n3), (2.2.2)

ning

where n} := n?ny/(¢*r) and G4 (n3) is the integral transform defined in (1.2.3). Next

we extract the oscillations of the integral transform G4 (n%) using Lemma (1.2.2),
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which gives the following expression for G4 (n3) in the range nzN > k¢

" /Ooog(z) ZO c;(£)e(3(n32)Y3) + d;(£)e(—3(n3z)"3) dz + O, (k~20%),

(n3z)"/?

(2.2.3)

where Ko = [® 4 5] + 1 with [] denoting the greatest integer function. From
now on we will continue our analysis with the terms corresponding to j = 1, as
other terms can be treated in a similar way and in fact, give us better estimates (see
Remark 2.2.2). Thus on plugging the above expression corresponding to the term

j = 1into (2.2.2), we arrive at

N2/3+zt

(ny1,n
2 2 ey T 2) §(rit, s ) la e, g, ),

+ nilgr ng=1

where

> o ((Nxz | 3(Nn3ngz)'/3
I3(nin,, q, ) ;:/0 2 1/3V(Z)zte< 0 + q7{1/3 dz. (2.2.4)

On applying the change of variable z — 23 followed by the integration by parts
(differentiating 322V (2%)2"e(Nx2%/qQ) and integrating e(£3(Nn2ny)'/32/qr'/?))

J-times to the above integral, we observe that

N|x| J qrt/? 7
I3(n] :
3(ning, ¢, ) < (T+ qQ ) ((Nn%ng)l/‘g ’

for any integer 5 > 0, and it is negligibly small if

nfng > kmax

373
{C—TT, T3/2N1/2r} —=: Np. (2.2.5)
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Recall that ¢ ~ C. Now it remains to analyse G4 (n}) for nfN < k¢, which is given

as

Gi(n}) = Qim /(g) (n3) " y+(s)g(—s)ds
1 (0@

=5 (%) 7" yi(o +iT) §(—0 —iT)dr. (2.2.6)

We will consider this case in Subsection 2.6.3. We conclude this subsection by

summarising the above discussion in the following lemma.

Lemma 2.2.1. Let S3 be as in (2.2.1). Then, for nsN = ninyN/(¢°r) > k¢, we

have

N2/3+1t

(ny,n _
e 3D SUTLED Dl 5/32 S(ra. £ny; qr/ny) L(nins, q, @),

+ nilqr n2<N0/n1

+ other lower order terms + O(k~20%%), (2.2.7)

where I3(n3ny, q, ) is the integral transform defined in (2.2.4) and Ny is the range

of nny defined in (2.2.5). For the non-generic case nyN < k¢, we have

So= 33 3 A g g/ G ), (229)

ning

where G+ (n}) is the integral transform (2.2.6).

Remark 2.2.2. The other lower order terms come from the expression of (2.2.3)
corresponding to j = 2,3.... On comparing it with the main term (j = 1), we see
that the integral transforms in these terms are exactly same as that of the main term.
However, there is an extra factor (n3N)YU=1/3 in the denominator (after the change
of variable = — Nz). For instance, for j = 2, it is (n5N)'/3 which is of size T in
the generic case. Thus the final bound turns out to be 1/T times the final bound of
the main term. We save even more for other 3. From now on, we will proceed with

the main term of (2.2.7).
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2.2.2 GL(2) Voronoi

We now consider the sum over m in (2.1.4), which is given as

S, 1= mi;l Ap(m)m e (_Zm) e (_qu> U (%) . (2.2.9)

On applying the GL(2) Voronoi summation formula (see Lemma 1.1.1) to the above
sum with g(m) = m~e(—mz/(qQ))U(m/N), we get

-2 S (3) () 1) ()

m=1
2mik N1t (&m) /OO , (—ny> <47T mNy>
=N A (m)e [ Uly)ye Joy [ VYN 4,
. m§:1 slme |\ = i )y 0 ) . y

Next we analyse the integral transform

L(m, g, =) := /OOO U(y)y~e (—;\5;;) Jeo1 (@) dy.  (2.2.10)

to determine the range of m. We claim that Iy(m, ¢, x) is negligibly small unless

C2(k — 1)2k~°
N

k—1)%C?

(
M = <m<k*
<m< max( N

, 7') = M,  (22.11)

In fact, in the range m < M, we have

d\/mNy/q < dn\/mNy/C < 4n\/5/2(k — 1)'=/* <« (k — 1)'7/2,

Thus, by Lemma 1.5.4, the integral transform Iy(m, ¢, ) is negligibly small.

Now we consider the range m > M,. We note that 47/mNy/q > (k — 1)/
Thus, we can apply Langer's expansion (see Lemma 1.5.2) for the Bessel function
J—1. On applying Corollary 1.5.3 with z = 47/mNy/q, we see that Iy(m, ¢, z),

up to a negligible error term, is given by
2019

ZO (k — 11)j+1/2 /000 Ui(y)y e (—é\gvy> e (i ( 1)(w2; tan ™ w))dy,
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where U;(y) = U(y) P; ((w — tan~t w)~1) w/2 with

2 1/2 2 1/2
w= () = (XT3
(k—1)2 ¢*(k —1)?
and P; is a polynomial of the degree j with coefficients which are bounded functions
of k. Note that w > ((k — 1) — 1)"/2. Thus

1 T 1 vmN

w—tan T w=w——+tan  — X w =<
2 w

and Uj(g)(y) <y k for any integer ¢ > 0. Next we apply integration by parts

(-times to the above y-integral. To this end, let g(y) = U;(y)y e (_qNé”y) and

h(y) = Fi(k — 1)(w — tan~* w). We now write the y-integral as follows:

/0 " gly) e dy = /0 ) g,<(yy)) W(y)e"® dy = /0 ) g,(é)) d(e"®),

By integration by parts, we see that

/0 > g(y) "® dy = — /0 T ) g < g,(é))) = - /O ) giy) " dy,

where g (y) = %%. Note that

=

ly) = Myg'w) —gWh"y) gl (T + Nzl/(aQ))

(h'(y))? W)l (k—=1)vmN/(q(k = 1))’

as h'(y) < W(y) < (k — l)q”(k"i]f) and g(y) < k°. We iterate the same procedure

with the new y-integral fooo g1(y) "™ dy and we thus get

Iy(m, q, ) < (T+ ]Zg‘)g ((k _ 1)&/@(1{;— 1)))£

< (ool N« (M7 L) <
VM,N ' QLN ko ke et

Upon taking ¢ sufficiently large, we get the claim. We end this subsection by sum-

marizing the above arguments in the following lemma.
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Lemma 2.2.3. Let S, be the sum over m as given in (2.2.9). Then we have

2 kNl —it
S =T S gt () . g )+ 0P, 2212)

M<m<Mj

where

12(m7 q, .Z') = /OOO U<y) B (_é\é;y> kal (W) dy7

and M and M, are the ranges of m defined in (2.2.11).

2.3 Cauchy and Poisson

After the applications of the Voronoi formulae and applying Lemma 2.2.1 and Lemma

2.2.3to (2.1.4), we see that S,(N) in (2.1.3) given by

T% IIDI-D NS DI

1KCkKQ qNC amodq £ nq|gr

dyadic
)\7T ) _
X Z <n11/3n2) S(TCL, :|:n2, qr/nl)
na<No/n? %2
x>, M(m ( ) Ji(m, ning, q) + O(k~), (2.3.1)
M<m<M,

where

Ji(m, nn, //W £/Q%) glg, ) To(m, ¢, 7) Is(n’ng, ¢, o )v(%) dt dz.
(2.3.2)

We recall that we are in the situation where the n, variable satisfies n?n, N/¢3r > k°.
We will keep this fact in mind from now on. In this section, we will analyse (2.3.1)

using the Cauchy inequality and the Poisson summation formula.
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2.3.1 Cauchy’s inequality

On writing ¢ = q1g2 with ¢1|(n17)%°, (n1r, g2) = 1, we see that the expression in

(2.3.1) is dominated by

N5/3] Q ’
sup Tr2/03gc3 Z Z 1/3 Z Z n11/3n2

c<q @
@ <C W|q1|(n1r)°° n2<No/n?

(”1 r)

‘ Z Z Ap(m)Ca(q, n2, m)Js(m,ning, )|,

q2NC/q1 M<m<Mj

(2.3.3)

where the character sum C.(q,na,m) = C(...) is defined as

Col) = 3 S(ra, £na; qr/n)e ( ) Sae(d) S e(iq(:%l).

amod q dlq amod gr/ny
nia=—mmodd

We note that ¢ is ¢1q2 and the ¢y variable in the sum over ¢y in (2.3.3) satisfies
(g2,n17) = 1. From now on we will keep these facts in mind and use them whenever

required.

Next we analyse the expression inside | |. We first split the sum over m into dyadic
blocks m ~ M;, M <« M; < M, and then apply the Cauchy inequality to the sum

over ny in (2.3.3) to arrive at

N°/3(QM,)
ST(N><< sup QTTEQ/?)C(()?, Z Z 1/3@1/2 Z \/Q_:t7

MQes™ ) <C T il ()
(2.3.4)
where
|A7r(n17 n2)|2
o_ Z i (2.3.5)
na<No/n? M
and

Qp = Z ’ Z Z)\f )C+(q, n2, m)Js(m, ning, q) 2. (2.3.6)

na<No/n? ga2~C/q1 m~M
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Recall that

(k —1)2C?

N

_12 2
k_€:M<<M1<<MO:kEmaX(¥a T)a

3
Ny = k°max {%, T3/2N1/2T} : (2.3.7)

2.3.2 The Poisson summation formula

Next we apply the Poisson summation formula to the sum over ny with the modulus
q := q1q2q4r/n1 in (2.3.6). To this end, we first split the sum over ny into dyadic
blocks ny ~ N/n% N < N,. Then opening the absolute value square in (2.3.6), w

arrive at

D 5 D 3) SENIIVEEN

q2,q¢5~C/q1 m, m'~M;

where

n2n -+
Ar=>"> ¢ < }\72> Ca(g, 2, m)Ca (', gy /) (M, Nz, q) o (M, ning, '),

N n2€Z
¢ = q¢5 and ¢(w) is a non-negative smooth function supported on [2/3, 3| with
d(w) = 1 for w € [1, 2] and ¢\ (w) <; 1. Now applying the change of variable

n2_>n2q+ﬁa BmOd q,

we get the following expression for A :

Aizz Z Ci(qaﬂam)ci(qlaﬁﬂnl)

N S modq

X Z ¢ (mq ” ﬁ) Ji(m,ni(naq + B), q) Ju(m', 3 (n2q + B), ¢').

no€Z
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On applying the Poisson summation formula to the sum over n, , we arrive at

Q, _Z Z SN Mm)A(m) Y €T, (2.3.8)

(12 qh~C/q1 m,m/~M; no€7Z
where
-~ n
Z C:t Qa , (q/vﬂvm/)e (Lﬂ>
B mod q q
q q’ * *
_ /
—zzddu@)u(@) ) SIS DU SR L)
d|q amod gr/ny o’ modg'r/n;
d'|q' nia=—mmodd n;a’=—m' mod d’
tag,Fa'qge=—n2 mod q
and
~ = ngNw
Jr = [ o(w)Je(m, Nw,q) Jo(m/,Nw,¢')e | ———— | dw.  (2.3.10)
R 419243711

Now on applying the Ramanujan bound (1.1.1) for the Fourier coefficients A¢(m)

and \s(m'), we get

Qu <k sup — Z DN e, (2.3.11)

N<<N0 q2 gh~C/q1 m,m/~My na€Z

as there are at most log Ny(< k) many N's.

2.4 Estimates for the integral transform

In this section we will analyse the integral transform

Q1Q2QQTW1

T+ =/¢(w) Ji(m,Nw,q)Je(m',Nw,q)e (—M) dw, (2.4.1)
R
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where

I2(.) :/R/RW(m/Cf)g(q, ) To(m, q, 2)Ts(Nw, ¢, 2)V (%) dt do

= [ W@t [v(3) [Tvon [Tvess

o <N:c(z —y) n 3(NNwz)1/3> I (47T\/m—Ny

dzdydtd
qQ qri/3 q ) SAEen

(2.4.2)

and Jo(m’, Nw, ¢) is similarly defined. Recall that NN /¢*r > k. We first analyse
J:I:(7n7 NU}, Q)

Lemma 2.4.1. Let J.(...) = Ji(m, Nw, q) be as above. Let1, , and L._, denote
the x and the t-integral respectively in J.(...). Then either1,_, or L,_, is negligibly
small unless |u| = |z —y| K k°C/(QT).

Proof. We consider two cases.
Casel. g~ C < Q'™
Consider the integral over z in (2.4.2) which is given by

Loy = [ W@t e (D) 0

NzQ“ (2 — y)> e

_ QééW(w)g(qnye>e< qQ

We now split the above integral as

Q—Zs
/...dsc:/ ...d:c—l—/ ..dx,
R —Q2¢ D

where D = [—2, 2]\[-Q~%¢, Q7%]. Note that, for z € [-Q ¢, Q~%*], we have

B
9(q,2Q°) =1+ h(q,zQ°) =1+ 0O <% (% + |a:|Q€) ) < 14+ 0(Q~2).

Thus, in this range, we can replace g(q,zQ¢) by 1 at the cost of a negligible error

term. Then by repeated integration by parts we see that the integral is negligibly
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small unless
|z —y| K kE°C/(QT). (2.4.3)

Now we consider the complementary range, i.e., x € D. Note that, using the second
property (see (1.4.2)) of q(q,x), we have

I

. [Q 1 3
iz 9«1 LA 3
x axjg(q,xQ)<< Ongm{q’|x|Qﬁ}<<Q

Thus, on using integration by parts repeatedly, we see that the integral is negligibly
small unless (2.4.3) holds true.
Case 2. ¢~ C > Q'

In this case, we consider the t-integral in (2.4.2) which is given by

o [ ()

Now applying the change of variable ¢t — ¢7T followed by integration by parts repeat-

edly, we conclude that the ¢-integral is negligibly small unless
|z —y| < k)T < k*C/(QT).

Thus, combining Case 1 and Case 2, we get the lemma. O

Lemma 2.4.2. Let J.(...) = J.(m, Nw, q) be as in (2.4.2). Then we have

t

% (7—,) / L, Ii(m, Nw, q) dudt + O(k~2%), (2.4.4)
u keC

<kL

Ji(m, Nw, q) :/

R

where 1, and 1.(m, Nw, q) are the integrals defined in (2.4.6) and (2.4.7) respec-
tively, with the weight function U, satisfying Ufﬂt) (y) <; k9 for j > 0.

Proof. Using Lemma 2.4.1, we write z —y = u with v < k°C/(QT) in (2.4.2).

Thus we see that

t

1% <7—,) / L, L. (m, Nw,q) dudt + O(k~2%°), (2.4.5)
” k€C

<aQr

Ji(m, Nw, q) :/

R
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where

I, - /RW(:E/QE)g(q,m)e (Ng“"“) dr, (2.4.6)

and

i

) . 3 NN’U) +u 1/3 47T\/ mN
Li(m, Nw,q) = / Uui(y)e (i ( qg/:i ) i1 (Ty) ‘
0

(2.4.7)

with Uy, ,(y) = U(y)V (y +u)(1 +u/y)* /3. Note that, for y € Supp(U), we have

o u\" u .
2y = = ; Z kg
Dy (1+y> = 5.7 &P (ztlog (1+y>> < kY, j>0.

Thus Ul(ft)(y) <; k¥ for j > 0. Hence the lemma follows. O

The analysis for J(m', Nw, ') is exactly same. We record it in the following

lemma.

Lemma 2.4.3. Let J.(m/, Nw, ¢) be the integral transform defined by replacing
q by ¢ and m by m' in (2.4.2). Let1,_, and L.._, denote the «' and t'-integral
respectively in J.(m/, Nw, ¢ ). Then either1,_, or L,._, is negligibly small unless

|W'| =12 — | < k°C/(QT), and in which case, we have

Ja(m/, Nw, q) —/

# 8
1% <—) / Ly I (m/, Nw, ¢') du’ dt’ + O(k~2°%),
R w g EC

-
(2.4.8)

where 1, and 1.(m/, Nw, q') are the integrals corresponding to (2.4.6) and (2.4.7)

respectively.

On plugging the expressions from (2.4.4) and (2.4.8) into (2.4.1), we see that

t t ~
Je = / / v (_> v (_> / / L, I, J.du dudt dt + O(/{:‘QO?O),
RJR T T u<<kQ577C_' u/<<kQ577C_‘

(2.4.9)
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where

noNw

Q20517

)

+ ::/Rgb(w) L (m, Nw, q) 1 (m/, Nw,¢) e (— ) dw, (2.4.10)

which we will analyse now. We have the following proposition:

Proposition 2.4.4. Let J. be the integral transform defined as above. Then J. is

negligibly small unless

CN1/3 2/3
Ny K /{56# = NQ, (2411)
1
in which case we have
keC?
J: < VN (2.4.12)

Furthermore, if ¢ ~ C > k'*¢ and ny # 0, then we have

CT1/3k2/3

FOVE (2.4.13)

Jx K
Before proving the propositon, we will analyze 1. (m, Nw, q) and I (m/, Nw, ¢).

We have the following lemma.

Lemma 2.4.5. Let I.(m, Nw,q) be the integral transform defined in (2.4.7). Let
b = 4mvmN/q and a = a(q,r) == 3(NN)3/(qr'/?). Then I.(m,Nw,q) is

negligibly small unless a < kb . In the case, a < k™°b, we have
L. (m, Nw, q) < k°/b.

Furthermore, if g ~ C' > k'*¢, then b < k and we have

- 9/2, 3/2 1/3\ 6
L (m, Nw, q) = e(F(m)) cza”*w U? ((Ma—w) ) +0 (B2,

AT A

(2.4.14)
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where T, is the stationary point of the phase function

(k—1)sin~'7 N 1672 03w
2 276272 7

F(r) =

which is given by (2.4.27), c3 = c2 ¢(1/8) = 3v/2(47/3)%e(1/4) and U2, is a smooth
bump function satisfying Ujff) <; k9. In the remaining case, i.e., kb < a < k°b,

L. (m, Nw, q) is given by

9/2,,3/2 1 1 4 1/3\ 6
— —F—=U —_— F dr + O (k
o /blmsﬁ—r? (( 307 )>( (r)dr+0 (F5),

where by = 4m(2/3)"/%a/(3(2.5)"/°b). Here U, is a smooth bump function satisfy-
ing Utfﬁf) < k9,

Remark 2.4.6. From the statement of Lemma 2.2.1, we infer that a > k¢. We will

keep on using this fact form now on (without mentioning it explicitly).

Proof. Let's recall from (2.4.7) that

- & 3(NNw(y + u))'/3 4/ mN
L (m, Nw, g) = / Unely)e (i( qf}{/g D7 g <—y) ay
0

5/2
= /1/2 Uui(y) e (j:awl/?»(y + u)1/3) Ji—1 (by/y) dy. (2.4.15)

Consider the term e(daw/3(y + u)/3). It can be written as
e(£aw'?(y + u)V3) = e(xaw'3y'?) e(£aw Py 3 (1 + u/y)V3 - 1)).

Note that
& 1/3,1/3 1/3 G .
a—yje(iaw y (L +u/y) ™ =1) < k7, j=0.

This is obvious for j = 0. We will verify it for j = 1 (for other j, it follows similarly).
Let f(y,w) := aw'3y'3((1 +u/y)*/® —1). Thus for j = 1 we have

S w) = (7w () (

(1+u/y) -1 u
3y?/3 By 3 (L+ufy)*? )
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Thus, using ¥, w < 1 and (1 +u/y)"/? — 1 < u, we see that

) (NN)V3Cke (NNp)'3 Qke

—e(fly,w)) € au < CriB 0T OB QT

ke
oy <K

where we used (2.3.7) for the expression of Ny. Hence we can insert e(f(y, w)) into

the weight function U, +(y). Thus we arrive at the following expression:

N 5/2 ,
Ii = Ii(m, Nwa Q) = / Ug,t(y) € (iawl/3y1/3) kal (b\/@) dya (2416)

1/2

where U}, (y) = Uui(y)e(f(y, w)) is the new weight function

supported in [1/2,5/2] and satisfying Ui(g)(y) < k9, 5 >0. (2.4.17)

To analyze (2.4.16) further, we use an integral representation of the Bessel func-

tion Jx_1. Thus, on applying (1.5.1) to the Bessel function J;_;, we see that

1 5/2
T 1/2 7

We now split the 7-integral as follows:

T w/2 ™ 0 —7/2
/ ...dT:/ ...dT+/ ...dT+/ ...dT+/ ...dr.
- 0 /2 —7/2 -7

Let Ii) denote the i-th integral in the right hand side of the above expression for

1 =1, 2, 3 and 4. Let’s first consider I(il) which is defined as follows:

M — o Cik=1)7 / UL (y)e (faw3y'/® — b\/ysin7/27) dy dr.
T Jo 12

(2.4.18)

Next we apply stationary phase analysis to the y-integral. By the change of variable

y — >, we arrive at the following expression of the y-integral

o
Jys

3y U, (y%)e (:I:awl/?’y — by?/? sin 7/27) dy.
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Note that if we have negative sign with a, then the above integral is negligibly small

by Lemma 1.7.1. Thus, we proceed with the y-integral of Isrl), which is given by

3/5/2
/3/ 3y°UL (v )e (aw' Py — by*? sin 7/27) dy.
1/2

3/2gin 7/27. On computing
47ruwl/3)2

3bsinT

Here the phase function is given by fi(y) = aw'/3y — by

the first order derivative, we see that the stationary point occurs at 3y = <

Note that

A7 aqw'/? A7 aqw'/?
J1/2 <y, < Y/5/2 &= ———— <si < —
/2590 s V3/ 3 6(25)/6 =T =37 5(0.5)1/6

Let by := 4“% and by := 4;%. We consider three cases.
Case 1. a > k°b.
In this case we have b; > 2. Thus there is no stationary point in the range

[(1/2)Y3, (5/2)Y3]. Moreover,
fi(y) = aw'/? — 3b/ysinT/(41) > b, fl(j)(y) <b,j>2.

Hence, by Lemma (1.7.1), the integral is negligibly small. This proves the first part

of the lemma.

Case 2. a < k= cb.
In this case we have 0 < b;/2 < 2by < k™¢ < 1. we now split the 7-integral in
(2.4.18) as follows:

w/2 sin~1(b1/2) sin~1 2by w/2
/ ...dT:/ ...dT+/ ...dT+/ ..dr.
0 0 sin~1(by/2) sin~! 2bg

Note that the first and the third integrals of the right side of the above expression

are negligibly small due to the absence of the stationary point. Hence it boils down
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to analyse the second integral which is given by
Y2 3/5/2
/ el(’“_l)T/ 3y°UL (v )e (aw' Py — by* 2 sin7/27) dy dr. (2.4.19)
(b1/2) {1/2

On applying the stationary phase analysis ( Lemma 1.7.2) to the y-integral with the
parameters X = @Q =1, U =k, 6 = 1/11 and Y = a, we see that, it is given by

4]
WZP"

for any arbitrary large A > 0, where po(yo) = cygUs (v5), 1 = 3e(1/8), yo =

o) + O(a™),

3bsin T

2 .
<M) w Jpn(yo) <nj £ < k9 and fi(y) = aw"/*y—by*/? sin /27, Hence,
on plugging the values of yo, f1(vo), f{(yo) and choosing A large enough, we, upto

a negligible small error term, get the following expression for the y-integral:

9/2,,3/2 4 1/3\ 6 167243
T U () ) e 22 ), (2.4.20)
bosin® 7 " 3bsinT 2762 sin” T
where ¢, = ¢;v/2(47/3)° and U, . is the new weight function. On plugging the above

expression in place of the y-integral into (2.4.19), we arrive at

coa?/ 23/ /Sinl?bz 1 - Araw!/3\° . (k—1)r N 16m%a’w dr
b5 sin—1(by /2) sin® 7 “! 3bsin T 2 2762 sin’ 1 '

On applying the change of variable sin7T — 7, we arrive at

9/2,.3/2  [2bs 1 4 1/3\ 6
el b;” / - U}, (m—w> e (F(r))dr, (2.4.21)
b1/27'\/1_7' 3br

where

(k—1)sin"'7  167%aw

F = .
(T) o + 276272
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Next we apply the second derivative bound to the above integral. On computing the

first and the second order derivative of F'(7), we see that

(k —1) 32m2adw

F/(T) = - )
2my/1— 712 27b273
k—1)r 32mladw a’ b2
F'(1) = ( —. 2.4.22
O = e —rpr t o e T (24.22)

Thus on applying Lemma 1.7.1 to (2.4.21), we see that (2.4.21) is bounded by

Var g + max|g| ka2 ke

minE(r) - b(a/b)y/ora b

where Var g denotes the total variation of the weight function

62a9/2w3/2U117t ( (47Taw1/3/3b7') 6)

9(r) = bo75/1 — 72

Hence Iil) < k¢/b. On analyzing other Ig?’s in a similar fashion, we get

Ii = Ii(m, Now,Q) < ke/b

Now we proceed to prove (2.4.14). We will give details for Iil) only, as the analysis
for other Iﬁ)'s is similar. Let ¢ ~ C > k'*¢. Note that this condition assures that
b <k, as, by (2.3.7), we have

k= (k —1)*°C*/N < M; < k‘max ((k — 1)*C*/N, Tz*) < k(k — 1)°C?/N.
(2.4.23)

We also have

3(NN)V3 (NNy)'/3 - kTN . VTN

1/2
e T - T < (T2 (2424)

a=
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The second inequality follows from (2.3.7). Indeed we have N, < k<T?/2y/Nr.
Thus

a< (KT =k'""2 <k xb, (2.4.25)

as T = k'™ < k. We now apply the stationary phase analysis to (2.4.21). The

stationary point of the phase function F'(7) occurs at 7y, where 7y satisfies

k—1 32m2alw T3 47\*  adw
_ 0 _
b2

= N i [ —
2m+/1 — 7—(? 27[]27—5} A/1 = 7‘02 3 (k — 1)

Simplifying it further, we see that 7 satisfies the polynomial equation

-1 -7%) =0,

47r)3 adw

where ¢ = ¢(w) = (? 3 Upon letting 72 = 7, the above polynomial reduces

b2 (k—1
to the cubic polynomial equation 73 — ¢(1 — 71) = 0, which can be solved using the
Cardano’s method. In fact, as the discriminant of the cubic is negative, it has only
one real root which can be found as follows: Let #; + 65 be the real root. Upon

substituting it into the cubic, we get
03 + 03 + (30105 + ) (0 + 0;) — 2 =0,
which leads to the following system of equations:
3010+ =0, 6 +605—c*=0,

from which 6, and 6, are found using the quadratic equation formula. Thus the real

root is given by
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Hence we get

1/2
(w) 3c2+ c4+c6+3c2 c4+c6
To = To(w) = — —+ = =\t
010 2 4 27 2 4 27

1/2

2 4 6 4 6 2 23 2
6 ¢ Y Y 3 c c c

Y a1 = 4 — - = . (2.4.26
\/2+ 17 c2< 1t 2) (2.4.26)

Now expanding the above expression using the binomial theorem, we see that

70 = 1o(w) = c1h(w) + c3(h(w))” + es(b(w))®... + can1 (b(w))*" ™" + .,
(2.4.27)

where ¢;'s, i =1, 3, 5, -- -, are some non-zero explicit absolute constants and

awl/?)
h(w) = 02/3(k — 1)1/3°

Note that the series in (2.4.27) is convergent and each binomial expansion in (2.4.26)
is justified as ¢ < a®/(b%(k — 1)) < k732 Next we analyse the higher order
derivatives of the phase function F'(7). On using (2.4.22) and computing other

higher order derivatives of F'(7), we get

F'(1) = b2/a=a(a/b)"2, F'(1) < a(a/b)",
(k—1) d/—2 T 32m2adw I3 (r7)

(9) _
For) = 2 dri=2 (1 — 72)3/2 9b2 dri—2

< a(a/b)™?, j =3,

where we used the fact a << b < k and

di—2 T
dri=2 (1 —72)3/2

<<j,e 1, 61/2§ T§2b2<1
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On computing the derivatives of the weight function

coa?/2q3/2 Uyt ( (47Taw1/3/3b7') 6)
9(r) = PPN :

we see that

¢(r) < a?(a/b)", i=0,1,2, ...

Thus, on applying Lemma 1.7.2 with X = a™%/2, Q = U = a/b and Y = a to the
T-integral in (2.4.21), we get (2.4.14).

Case 3. kb < a < k°b.

In this case we can assume that b;/2 < 1, otherwise, we get back to the starting

point of the discussion in Case 1. Consider I(il) which is given by

1 on | ¢CTT | ULwe (Faw! Pyt — by /ysinT j2m) dy dr.
T Jo 12

(2.4.28)

We split the 7-integral as fellows:

/2 sin~1(b1/2) /2
/ ...dT:/ ...d7'+/ ...dr.
0 0 sin™1(b1/2)

The first integral on the right side is negligibly small due to the absence of the

stationary point. Consider the second integral which is given by
/2 . 3/5/2
/ el(kl)T/ 3y*U° (y*)e (aw1/3y — by*%sin 7/27) dydr. (2.4.29)
sin—1 (b1 /2) 3/1/2 ’

On analyzing the y-integral like Case 2, we get the lemma. O]

Next we consider I (m/, Nw, q') which is defined by replacing m by m’ and ¢ by
¢ in (2.4.7). On analysing I.(m’, Nw, ¢) like I.(m, Nw, q), we get the following

lemma

Lemma 2.4.7. Let 1.(m/, Nw,q') be as above. Let b/ = 4n/m/N/q and o =
a(¢,r) == 3(NN)Y3/(¢'r/3). Then 1.(m', Nw,q') is negligibly small unless o

IN
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kb’ . In the case, a’' < k~°b’, we have
L.(m/, Nw,q) < k0.

Furthermore, if ¢ ~ C' > k'*¢, then we have

B / 19/2,,,3/2 Arawl/3 6
Ii(m/, Nw, q/) _ € (fQ(TO)) c3a w _ U3,7t, (< mTaw ) ) + O (k_2020) ,
To

V I3 (70) BP77/1 = 3b'7g

(2.4.30)

where 7 is the stationary point of the phase function

(k—1Dsin '7  167%aw

N
f2<T) = o + 2762712

given by replacing h(w) by b'(w) = a'w'/3 /(6”3 (k — 1)Y/3) in (2.4.27) and c3 =
coe(1/8) = 3v/2(47w/3)%(1/4). In the remaining case, ie., k=0 < o < kb,
I (m/, Nuw,q) is given by

6
Cot%/2qp3/2 1 1 Arawt/3
b’ 15 2 Ui’,t’ 1t € (fQ(T/» dT/,
v, 2 T°V1—1T1 3b'T

where b := 4m(2/3)"/3a’ /(3(2.5)"/%0").

Proof of Proposition 2.4.4. Consider the integral transform J..

~ - ~ N
Ji = / ¢<w) I (ma Nuw, q) I:t(mla Nuw, q/> € <_n?—w) dw, (2431)
R q242q17M
where
3 5/2
L (m, Nw, q) = / Uui(y) e (Faw'Py"?) Jo_y (by/7) dy.
1/2
Note that
07 ~ j .

%Ii(m,]\fw,q)(a, ] ZO
Similarly, it follows that

oI

awjli(m’,]vw,q’) <a’, j>0.
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Hence, on applying integration by parts j-times to the w-integral in (2.4.31), we see

that

A / J NN)/3 J 2 J NL/3Cy2/3 J
bo < (e rataly (BREM Y o (B0 ) (S (ECCTm)

nalN Crt/ q1n2N qln2N2/3

Thus, J+ is negligibly small if

NY3Cr2/3n, 1 CNY/3p2/3p,

— KL — = NS> K

qQnaN?/3 ke @ N?/3

Next we prove the bound J+ < k°C?/(MN).
Case 1. a£b,ie,d xa<kb=xk b ora <a> k% =< k.
In the case a >> kb, on applying Lemma 2.4.5 to L (m, Nw, ), we see that J is

negligibly small. In the other case, i.e., ' < a < kb < k~°b’, on applying Lemma
2.4.5 and Lemma 2.4.7 to (2.4.31), we get

ke < keC?
bty  MN’

3 < / o(w) [Le(m, Nw, ¢)| |La(m!, N, )| dw < (2.432)
R

Case 2. a<b,ie., kb < a<kb.

On applying the last part of Lemma 2.4.5 and Lemma 2.4.7 to (2.4.31), we see

that
(aa/)9/2 1 1 1 1
(66)° Sy y2 Sy o TV — 72751 — 772
3
X )/ g3(1, 7 wle (wfs(r, 7)) dw|drdr, (2.4.33)
2/3
where i
, 167%a® 16720/ no N
fg(T,T): 2.2 2.2 /
27621 2762 T G2q5q1m N
and

draw' A\ - Ara'w'/3\°
93(7-’ 7-/7w) = qb(w)w?)UT},t << 3bT ) ) Ululvt/ (( 3b/7—l > :
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On applying the change of variable 7 — 1//7, 7/ — 1/4/7/, we arrive at

(aa’)?/2 47 AR 32 +13/2
Ji <
VS e /1 /1 T — 1o/ —1

< / w17 AT e

16m2aw

5707 fa(T, 7")) dw)deT',

(2.4.34)

where -
a’3p? , 27145 N b2

/
TT)=7T— i )
fa( ) a3b’2 1672q2¢5q1mn a3

Now using the change of variable

a’b? 27n, N b2

T 4 !
a3p’2 167m2q2¢hq1rn a3

=T

we arrive at the following expression of the w-integral in (2.4.34):

3 167%a® p
/2/3g3(...,w)e (w 5752 (7’—7’)) dw.

On applying integration by parts repeatedly, we see that the above integral is negli-

gibly small unless
|7 — 7| < kb /a’.
Now writing 7 — 7/ = 7y, with 7, < k°b?/a®, and estimating all the integrals in

(2.4.34) trivially, we get

(aa/)g/z k,eb2 1 ke /{602

00y @& S G026 LN

~

J+ K

where we used the fact o/ < a < b =< b’. Hence we get (2.4.12). Now we proceed
to prove the last part. Let ¢ ~ C' > k'*¢. Note that we also have ¢/ ~ C > k*<.
Note that in this situation we have a < £7b, ' < k70" and b =< b’ < k (see
(2.4.23) and (2.4.25)). On substituting the main term of I..(m, Nw, q) from (2.4.14)

and the main term of I.(m’, Nw,¢') from (2.4.30) into (2.4.31), we arrive at the
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following expression:

L= [ ontwpe (w) v, (24.35)
where
1 1 1 1
R N N
< U2, ((47;11:0/ )6> 02y 1 ((‘“T;b_“;;ﬂ)’)G) , (2.4.36)
and
fo(w) = (k—1)(sin"t 75 — sin ™' 7)) N 1672 <a3w P ) B Nnow |
2 27 \b%18 027l (2G5q1T N

in which we apply the third derivative bound. Recall from (2.4.27) that

70 = To(w) = erh(w) + e3(h(w))* + e3(b(w))’... + can_1(h(w))™ ™ + ...,

with

aw!/3 4m/mN 3(NN)/3
h(w)= ———r, b=—— and a= —7—
62/3(k — 1)1/3 q g3

and 7 is similarly defined. On applying the change of variable w — w?® in (2.4.35),

we see that the phase function is given by

(k — 1) (sin™ ! 7o (w?) — sin ™ 7 (w?))

2T
1672 adw? asw? Nnow?
27 \b27¢(w?) 27 (w?) Gabqirny

On applying the Taylor series expansion of sin™* 7y(w?), we see that

sin™! 7o(w?) = 1o(w?) + (ro(w®))?/6 + - -
= dib(w?) + dz(h(w?))* + - -

aw adw?

—d d
ARG _)A  Cegon




2.4. Estimates for the integral transform 71

where dy, d3 - -- are some absolute constants. Thus,
d? o 5 a’
——sin”  lw’) K ——m.
duw? o(w”) b2(k — 1)
Similarly,
d3 a/3

——sin~ ! 7 (w?) <«

duw? b2(k — 1)

Next we consider a®w?/(b27Z(w?)). On applying the Taylor series expansion, we get

St (k- DBW®))? (k- Dh(wd) (1 L alb@h)? ,>_

b2 (wd) 78 (w?) 3 clh(w3)
D) (0
3 c1h(w?)
(k=1 ( 5y 2c3(b(w?)® )
== (bw") - »
Thus,
d3 adw? < a_3

A similar analysis also gives us

d3 a/3 w3 Cl/3

daw3 b/27_(/)2(w3) b2’
Hence, upon combining the above estimates, we conclude that

R .

dw3 b2 ' b2 Qghqrng

Since ny # 0, we note that

al a’® - NN - (k3 /r*)N - N - N - k=<6 N|ny)|
b2 b2 C3rk? C2rk3+e keC?r(ny,r) ke(C?/q1)rn, Gahqrny

3

In the first inequality, we used the fact a < o/, b < b’ < k. For the second
inequality, we used N7r? < k37¢ and C' > k¢, while for the second last inequality,
(n1,7) > n1/q, is being used. Hence, we see that

’d3f5( ’ ‘O( a’3)_ 6N 1, a3 a’3 NN

— +—
dw? b’ ngéqlrnl [12 b’ C3rk2
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On computing the variation of ¢;(w), given in (2.4.36), we see that

1 1 1 1 1 1
670 (a/k)F Jo7ja (k)7 62/a (a/k)0"

where we used F"(79) < b%/a, f(7}) < 0?%/d/, 7o < a/(b*3(k — 1)'/3) < a/k

Var ¢ < (2.4.38)

and 7} < a'/k. Hence, on applying the third derivative bound (see Lemma 1.7.1) to

(2.4.35), we see that (2.4.35) is bounded by

c2(aa’)*? Var ¢; + max | ¢, | a_9 1 1 (C3rk?)\/3 _ Crl/3k2/3
(06> min|fs(w?)[3 T 01002/ (a/k)10 (NN)I/3 T R2(NN)US

Hence we get Proposition 2.4.4. O]

We conclude this section by giving a final estimation of the main integral 7,

defined in (2.4.1) in the following corollary.

Corollary 2.4.8. Let J. be the integral transform defined as in (2.4.1). Then we

have
keCt
—_— 2.4.
Jr K O2M, N (2.4.39)
Furthermore, if C > k'™ and ny # 0, then we have
LeC? CT1/3]€2/3
J: K (2.4.40)

& R(NN)B

Proof. Let's recall from (2.4.9) that

/
e = / / v (i) v (t_) / / I, Ly Js du/ dudt’ dt + O(k=2%20),
R JR T T wekie Juisc

where

L= [ We/@ataae (G5 an
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and I, is similarly defined. On applying the bound J. < k°C?/(M;N) from Propo-

sition 2.4.4, we see that

i L)V () [ [
Vi=|V|]= Ly | | Lo | du’ du dt’ dt.
MiN Jp Jr T T uiC Juc e

(2.4.41)

|ji| <

Consider the u-integral

€

keC
/ L] du < / W (2/Q)|g(q, 2)|de du < ~-C.
ug EC o Jr QT

QT uL G

where we used Property 4 (see (1.4.2)) of g(q,z). The same bound holds for the
u’-integral as well. Thus, on plugging these bounds into (2.4.41) and estimating the
t and t'-integral trivially, we get (2.4.39). On analysing the u, «/, ¢t and t’-integrals
as above and applying the bound (2.4.13) from Proposition 2.4.4, we get the second

part of the corollary. O

2.5 Analysis of the zero frequency: ny, =0

With all the ingredients in the hands, we now give final estimates for S,.(IV), given
in (2.3.4), in the present and coming sections. The zero frequency case, i.e., ny = 0,
needs to be analysed diffenently. Let QY denote the contribution of the zero frequency
to Q, given in (2.3.8), and let S°(V) denote the contribution of QY. to S,(N). We

have the following lemma:
Lemma 2.5.1. Let QY and SY(N) be defined as above. Then we have

k¢ NoCSr
% < Gomgaw © M)

and

SS(N) < k,eTl/Q]\[1/2]{:3/2—17/27

where T = k',
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Proof. Let's recall from (2.3.11) that

QY <k* sup ZZ Il (2.5.1)

N<No ™ L, gh~C/qn m,m'~M;

Consider the congruence condition
+agy F &'qa = ny mod qugagyr /My

given in the expression (2.3.9) of €. For ny = 0, it follows that ¢2 = ¢}, and o = ¢'.

Hence, we get

=33 dtu(g)n(z) X 1
d,d|q o mod qr/ny

nia=—mmodd
nioa=—m' modd’

« XX W i < 2 M

d,d'|q d,d'|q
(dd’)\(m m’) (dd/)l(m m’)

On plugging the above expression and the bound J; < k°C*/(Q*M;N) from Corol-
lary 2.4.8 into (2.5.1), we get

Q% < k¢ sup —2 Z QTZZCZ d) ZZ Q2M1N

NeNy ™M 2~C/q1 d,d'lq (dTZi’;rIL(NM1 )
k€ Ny C*
< 2Q2?\4N > rd D (Mi(d,d) + Mp)
q2wc/q1 d, dllq
k6N004 kGN()OEST
L —————7— r(Myg+ M}) < —5——(C + M).
n2Q2MN Q2~2:C/th e ! qm%QQN( 1>

Hence we have the first part of the lemma. On substituting the above bound in place

of Q4 in (2.3.4), we see that S°(N) is dominated by

N5/3+e 1/3 41 CS NOT
SUP ———7=rm n, Q2 VM, +VC
M Mo QT r2/3C3 MZ 1 Z 19%/262\/_( )

c<Q oy <C gl (mar)>
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Recall that © is defined in (2.3.5) as

n
no<No/n? 2

Executing the ¢;-sum trivially and replacing the range for n; by the longer range

ny < Cr, we get

N2/3(Nyr)'/? (ny,r
SOUN) < k¢ sup ———t— § ’ @1/2(\/ M, +VC )
( ) M1<<IJ)\/[0 T2/3\/_ 7/6
kQ m<Cr

Next we evaluate the nj-sum, using Cauchy’s inequality and the Rankin-Selberg

bound (see Lemma 1.2.3), as follows:

1/2

1
(nh ) 1/2 (nlvT) ’)‘ n17n2 1/6+4-€
Y. et Y = D | e N
nm<«Cr n n <LCr 1 n n2<No
(2.5.2)
Thus we arrive at
2/3 2/3

SON) < kf—L2—

mTe (V5 + Q). (2.5.3)
Note that
— k\/NJT < K% NT < kBT < K**Q?*/N.
The second inequality follows because of 7 < k. We also have
My = k‘max ((k — 1)>C*/N, T) < k**°Q*/N

and

No = k*max {(CT)*r/N, T*2N'*r} < k<(QT)*r/N < k“T**V/Nr.
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Finally, upon using the above bounds in (2.5.3), we get

kr?/STN kQ
r/6V/N VN

< k:erl/QNl/Qk:g/Q_”ﬂ.

SYUN) <

Hence the lemma follows. O

2.6 Analysis of the non-zero frequencies: n, # 0

It now remains to estimate S,.(N) corresponding to the non-zero frequencies, i.e.,
no # 0. We will consider two cases, small ¢ 's and large ¢'s. To start with, we

analyse the character sum €, given in (2.3.9). We have the following lemma.

Lemma 2.6.1. Let €, be as in (2.3.9). Then, for ny # 0, we have

2
qiyrim,ny
eti<<M > D dydl .
n
d2|(g2,m195Fmnz)
d5|(gh,n1q2Em n2)

Proof. Let's recall from (2.3.9) that

e =33 ddy (%) “ (g—) 3 Yo

d|q amod gr/ny o’ mod ¢'r/n;
d|q nia=—mmodd nio’=—m' mod d’
taghFa' ge=—n2 mod q1q2qhr/n1

Using the Chinese Remainder theorem, we observe that €. can be dominated by a

product of two sums €, < Qﬁ?@f, where

=YY Y >
di,d} |q1 B mod L B’ mod T-

n1f = -—mmod di n18’ = —m' mod d}

iﬁqé$yq2+n2 =0 mod ¢17/n1

and

@ ="t > oL

da|g2 B mod g2 B’ mod ¢},
b n1f = -—mmod d2 n; 3 = —m/ mod df

+B84¢,FBg2+n2 = 0 mod g2}
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On analysing the second sum €f), we get 5 = —mn; modds and f' = —m/n; mod dj,

as (n1, g2q5) = 1. Then using the congruence modulo ¢2q), we conclude that

< NN dds

da|(g2,m1g5Fmnz)
db|(gh,m1g2tm/ng)

In the first sum QS_E), the congruence condition determines 5’ uniquely in terms of 3,

and hence
2
* rqgs (m,n
R )N T DI A L)
i, d) |1 B8 mod qir/n1 L
n1fB = —m mod d;
Hence we have the lemma. O

2.6.1 S.(N) for small ¢

In this subsection, we will estimate S,(N) for small values of ¢q. Let Qio denote
the part of Q. (defined in (2.3.8)) which is complement to QY ( contribution of
ny # 0) and let S7°(N) denote the part of S,(N) corresponding to Q7. We have

the following lemma.

Lemma 2.6.2. Let Q7.° and S7°(N) be as above. Then, for C' < k'€, we have

(2.6.1)

ker?CT(TN)Y2 (C?ny  CMing
07 <« ( + + M 2) .
= n%Q1Q2M1N Q% q1 !

570

r, small

Furthermore, let (N) denote the contribution of C' < k'*¢ to S7°(N). Then

we have

570

r,small

(N) < /232, (2.6.2)

where T = k'™,
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Proof. We start by analysing Qf) which is defined using (2.3.11). On applying
Lemma 2.6.1 for €. in (2.3.11), we get the following expression for Qf):

IR0 3) 33 NI S SED SRR IEA

1 N<No q2, q2ng d2|q2 m,m/~My no€Z— {0}
! db g5 n1gbFmnz =0mod da
ni1g2Etm’nz =0mod dj,

ke
070 <«

On using the bound J. < k°C*/(Q*M,N) from Corollary 2.4.8, and Proposition
2.4.4 for the range of ny, we get, upto a negligible error term, the following expression

for Qio

€2 4
L L TE03)3) ) WD 3D HD SR
< Np 7q2Ng da|g2 m,m/~M; 1<|n2|<< N2

d; |q2 n1q2:|1mn2 =0modds
ni1gatm’/ne =0mod d}

Further writing gads in place of ¢ and ¢,d,, in place of ¢}, we arrive at

T EC DD IS 3 DD D) I DRCAN!
le 1 N<No g, q 1 <C/q qng— m,m/~M; 1<|ng|<Na

n1QQd/2$mn2 _OmOddg
1 nigadatm/ng =0mod df

C
‘IQ 7
daa

(2.6.3)

Next we count the number of m and m’ in the above expression as follows:

Z (m,nq) §Z€ Z 1

. m~ M liny mn~Mi /¢
n1gydyFmnz =0mod do n1 q’zd’QZ:ang =0modds
M,
<S¢ (dQ,@ M
€d2/(d27n2)
liny

M
< ni(dg, 712) (m -+ _1>
dy
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In the above estimate we have used the fact (dy, n1) = 1, and hence ¢ can be inverted

modulo ds. We now count the number of m in a similar fashion as follows:

M,
1 d. d
m;@ < (( 5, M1Gada, N2) + & I(dy mgada, n2))
n1gad2tm’/ne =0mod d),
M
= (dy, n1gads) (1 + d_’l) .
2

Thus the number of m and m/ in (2.6.3) is dominated by

M M
kS (dh, m1gads) (dgymo) (1 4+ =+ ) (14 —,1 :

On substituting the above bound in (2.6.3), we arrive at

]{26 2 Cf4 _
72:{’6521—;/[1]\7 sup N ZZ dgd,zzz
o

N<No gy dy<C/q

2~ g
B~
M M
X Z (dg,n1q2d2)(d2,n2) (m + d_gl> <1 + d—/;) .

1§|n2\<<N2

Now summing over ng, and ¢5, we get the following expression:

kéqirC® . " o,
W sup NN ZZ dy Z (d}, n1gads) n1+d_2 1+d_’2 )

N<No b dy<Clar  gangS

Next we sum over dj, to get

keql7”05 ~ M1 C
07 < NN. — | | =+ M.
T < WBORMLN sup 2 Z dy Z ni + 0 + M,y

1
N<<N0 d2<<C/q1 qu& q

Finally executing the remaining sums, we get

N< Ny

k‘ETCG ~ C’nl C
0"« —— sup NN. (—+M>(—+M). 2.6.4
* ”%QleN b 2 q1 ' q1 ! ( )
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Note that, using the expression N, = k‘C'N'/3r2/3n, /(¢ N?/3) from (2.4.11) and
Ny < k€T3/2\/Nr from (2.3.7), we have

- 2/3 . 2/3 L€
sup NN, < ]{:EM(NN)V?’ < kGM(NN W3 2 rmn T Ny 20,
N<Ny il 0 q
(2.6.5)
Hence, on plugging the above expression into (2.6.4), we arrive at
kr?CT(TN)Y? (Cny C
07’ < ( + M ) (— + M )
- niqQ* M N A ! Q1 !
A 207 N 1/2 C? Cn M
r2 (;T ) ( ;’Ll X USRAZS 1 Mf) ' (2.6.6)
niqQ*MiN qi ¢

Hence we get the first part of the lemma. Let's consider the third term on the right

side of the above expression. On substituting it in place of Q. in S.(N) in (2.3.4),

we arrive at
N/ 207(T N2 M 1/2
sup 2/3(13 Z Z n1/3@1/2 Z <T gT 2 1)
M, QTr2BC3 n N nigQ*N
Ohite iy <C T ol (nar)
N5/3+e N 1/407/2]\41/2 B 1
< sup T r(TN) = =) 23g1/2 > 172
G “ mCr waglaltnr 9
N3/ (TN)YACH2 0, V(,
< sup _ T’(T ) 1 Z 77116 QL2
MM« QT2 Q\/N /
S n1<KLCr

< keTl/Ql{JS_U/Q,

where in the second last inequality, we used

n1,7) ~1/2 1/6+e
Y, Yoo <.,
n1<KCr

from (2.5.2), C < k', No < krV/NT*? and My < k*</N as C < k'**. We

now consider the second term in the right hand side of (2.6.6). We see that its
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contribution to S, (V) in (2.3.4) is given by

N5/3+e 207(TN) 20\ 2
sup S Z Z 1/3@1/2 Z (7“ (T 2) )
M<K M << My QTT / C LS TLIQ1Q N
<k oy <€ ooy 41l ()%

NB/3+e (T N/ACT/201/2 B 1
< sup QT r2/3C3 ( )Q\/N Z ny 0012 Z -
Mg el e T

NB/3+e TN 1/4C n ,
< sup 0T 1278 ( Z 17/6 o2
<< k377]/2.

In the second last inequality, we used the bound

1/2 1/2
(nb ) (nlﬂ”)z P\ ”1,77/2 2
pDIRCANCRY D S CEeH B 3) g
n1<KLCr LSt n<KLCr nn2<N0

e ,’,,1/2N01/6+e.

Lastly we consider the the first term in (2.6.6). We observe that

C’2n1 < T NEk© < nlk’l*e
¢ M g k2 @

where we used M; > C?k?/(Nk¢) (see (2.3.7)). Note that while analysing the
second term we had the factor n;C'/q;, in which we bound C' by k'*¢ later. Now
on estimating the ¢; and n; sum as done in the analysis of the second term we see
that the contribution of the first term is dominated by the contribution of the second

term. Finally on combining all the estimates we get the lemma. O]

2.6.2 Estimates for generic g

Now we tackle the case when C' > k'*€ and ny # 0. Let S7° (N) denote

T,generic

the part of S7°(N) which is complement to Sffma”(N) (i.e., the contribution of

C > k') and ny # 0 to S,.(N). We have the following lemma.
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Lemma 2.6.3. Let S7°

7 generic(IN) be as above. Then we have

570

r,generic

(N) < N1/2]€3/2_1/6+377/4. (267)

Proof. Let's recall (see (2.6.4)) from the analysis of Q7" in the proof of Lemma 2.6.2

that

N< Ny i

kETCG ~ C’n1 C
I G — NNy (=2 4+ My ) (= + My ). 2.6.
S EgaN S ( " 1) <q1 - 1) (268)
To get this, we had used the bound Ji < k°C*/(Q*MN). For C > k', we have
a better bound for J. (see Corollary 2.4.8). In fact, we have

LeC? Crl/SkQ/S LeC4 CT1/3/€2/3
Q% K2(NN)/3 ~— Q*MN (NN)/3’

T <K (2.6.9)

where we used VM N/C < k for C > k'*¢. Thus, on using the above bound, we

see that

€ 6 \7
Qio < 3/{:7“—0 x Cr'3k*3 x sup NN, (C’m + ]\/[1) (g + Ml) .

niQ*M N veng (NN)V3\ @ N
(2.6.10)
Recall from (2.6.5) that
NN. Cr2/3
sup —e 2 el (2.6.11)
Nen, (NN)/3 G
and R
NNy Ny N,
sup - = )
NeNo (NN)/3 (N No)t/?
Thus, we see that
kerC® NyN. C*n Cni M
Q;éo O 1/3k'2/3 04V2 1 1411 M2
< n3Q2M N o 8 (NNo)Y3 \ ¢F q1 MR

(2.6.12)
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On comparing it with (2.6.6), we observe that we have an extra factor

Orl/312/3 Qk:2/3

—1/3+€
rl/S(NT)1/2 (NT)I/Z =k’ G

in this case. Hence we get

070 <

ker?CT(T N)Y/? Sy <C2n1 N Cny M, N M"’)
niqQ*MN @ ¢ A

Note that
CQTll < nq NEk€ < nlNke
Q%Ml CJ% k2 @ k2 ’

where we used M; > C?k?/(Nk°) (see (2.3.7)). Thus, we see that

C2n1 077/1 in
+ —+ M <<
GMy @ " g k‘2
n Nk,e ke 2k2+6
< 1 ?”Ll Q
Q1 k2

(nl,r)Nke . N k2T
<<T+(”1’ T

<n17T)kl+e (nl,r)k?’/%e N J2+e < Jo2+e
r2 rT12 T ST

where we used My, < Q*k*T°/N, Nr? < k¥, Q = k\/N/T, T < k and

ni/q1 < (nq,7). Thus we see that

k€T2O7<TN)1/2 y kﬂ—l/S y f2te

070 <« A
+ niqQ*N T

On substituting it into S,.(N), we arrive at

. 1/2

“up N5/3+ Z Z 1/391/2 Z T2C7(TN)1/2 y k5/6+n/2
c<kQ QTT2/303 n%thQN \/7_-
(n1 T)

<C mﬁilﬂlfm(nl?“)“’
(TN 1/407/2 Z _2/3@1/2 Z 1 y k5/6+n/2
T
q

n1<KCr (nql'r) lq1|(n1r)> 1

N5/3+e (TN 1/401/2 \/T@l/ J:5/6+n/2
> e x i

N5/3+6
< su
C’<<% QTT2/303

< su
oy QT 123

< NV/23/2-1/6+3n/4,

n1<KLCr
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Hence the lemma follows. O

2.6.3 Estimates for the error term

In this subsection, we give estimates for S,.(IV) corresponding to the non-generic case
nyN < k¢ (see Lemma 2.2.1). Recall from (2.2.8) that, if nN = n?nyN/(¢’r) <

k¢, then we have

Ss=q) > > Anlmis12) g 13, s gr ) G () (2.6.13)

ning

where G (n3) is a integral transform given in (2.2.6). On plugging (2.6.13) and

(2.2.12) in place of S5 and S, respectively into (2.1.4) we arrive at

knrl—it
SN T Y LYYy

1<q<Q + n1|q7"n <<q 7ke

Xy Af(m)ci<...>14(q,m,n1n2)+0(k—2020), (2.6.14)

M<m<My

where

ol i= X Sa,naiar e ()

amod g

_ q * ang qr
“Sa(l) X (£ ) <o (o T). @615)
dlq amod gr/ny

nia=—mmodd

and

gy = [ We/@) [ V() a0, . 0) G () ata

with

12(m7 q, .T) - /0 U(:y)y_ite (_é\é;y> Jk—l (@) dyv
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and

G(m) = 57 [ (087 ()3 s

Nt [y (oc+1i1) [ [z Nx i d 21
= — % ot 2 dr, (2.6.1
It / (ngN)o—l-zT /0 € qQ (’Zl) 21 2 T, ( 6 6)

—00

where 0 > —1+max{—R(a;), —R(aa), —R(a3)}. On analysing the x and t-integral

like in Lemma 2.4.1, we get the following restriction
|21 =yl < Eq/QT.
Thus, on replacing z; by y + u with u < kq/QT, we essentially arrive at

1 [ yg(o +iT) t .
Ly(q, m,niny) = —/ ———— [ V= |N" I, I5(...) dudtdr,
! v 2m -0 (n2N)U+ZT R T u<<% ’

where

L= [ Wia/@ata. 0 (S01) an

and

o , 4\/mN
15() = 15(m7 q, U,T) = / Ut,u,f(y)yiwjkfl (Ty> dy7
0

with U .- (y) = U(y)y (1 + u/y) 7"+, The analysis of the above integral is
similar to I which is analysed in Lemma 2.4.5. Indeed, by the z;-integral in (2.6.16),
we observe that 7 < N|z|/qQ). Now going back to I, we note that N|z|/qQ =<
(NN)3/qr'/3 (see (2.2.4)). Thus 7 =< (NN)Y3/qr'/3. Hence, in terms of the
oscillations of the phase functions, both the integrals, I5(...) and I are same. Thus

using the stationary phase analysis as done in Lemma 2.4.5, we see that

keql/Q

Is(m, q, u,7) < W
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We now move the contour o in (2.6.16) to the left up to 0 = —5/2 passing

through the poles given by

1+o4it+o;+ 1

5 =0 <= o+it=—-1—qa; — L.

Thus, on treating the u and t-integral trivially, we get

JA 3/2 oo '
I4<Q7 m, n%nQ) < (ngN)5/2 d 1/4 / h/i(_5/2 + ZT)|dT

Q(mN)
1/4 Z Z N 1+€+§Raz

k.e 3/2
¢=0,1 i=1

Now using the Stirling bound
[ (=5/2 4 ir)| < (14 |7])> Y2 = (14 |7)~°

we arrive at

k6q3/2 3
2 * 5 2 * 1-+H0+Ra;
Li(g, m,nins) < W 3N Z Z 2V) '

£=0,1 i=1

Note that (n§N)5/2 = (n§N)1/2+2 < ke(ngN)l/2' and
3 3
D (nEN)ER = N (g N) YRS < k(s )Y,
i=1 i=1

as 1 + ¢+ Ra; = 1/2 + ; for some 3; > 0. Thus we get

keq3/2
Q(mN)!/*

ke(n%n2)1/2N1/4
Qm1/4r1/2

Li(q, m,niny) < (n5N)Y? = (2.6.17)

Thus, on plugging the above bound, the bound (2.6.15) for C..(...) and |Af(m)| < m*

into (2.6.14), we arrive at

N5/4M3/4 [ Az (1, m2)| 1/2
SH(N) < ) A >y v~ (1+n1). (2.6.18)

1<q<@Q nilgr, <<q rke
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We estimate the sum over n; and n, as follows:

P‘ ny,ns)| 1/2
1
DY ) (14

n1|q7"n <<q 3rke
IN

< Z Z nl,ng L

k€
nalar p, « erke
nyN

]

" 1/2

2
< | 22D Palnnm) > -
n2na<keqgdr/N n1|an <<q“TkE
2N
ny
kg2 /2

VN

<

Hence we get

NB/ANBA (3/24:3/2 E3/2+e
Q>T iz : \/TN ST L VNERR(26.19)
T

N) <k >

1<q¢<@Q

where we used My < k*T¢/T and Nr? < k3te.

Finally pulling together the bounds from Lemma 2.5.1, Lemma 2.6.2, Lemma

2.6.3 and the bound for the error term (2.6.19) we get Proposition 2.0.1.
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