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ON ERRORS OF OBSEEVATION AND UPPER AIR RELATION.
SHIPS.

BT

. ?. C. trlahalanobis, II.A. (Canlah.),

Prqfessor of Phgtics, Preeidency College, Calculta.

(Reeeived April,.19!2.)

Dr. E. E. Chapman in his paper on the " Iielationship betrveer pressure nnd

o temperature at tho same level in the free atmosphere " (') has discussed ths r:orrec-

tion for errors of observation in the qnse of Dines's correlation coellicients be[n'een

prrrssure anri tenrporature at the same level in tho free atmosphere (!,;. Accorriirrg'to
Slrrrw autl Dines the fluctuotiorrs of pressuro are tlre real t:auses of ternpcraturr: fluc-
ttrntions in lhc freo aft,rnosphcre* Tlris vierv has far retrclrins conscquences aurl
is based to a great extent on t[e statistical eviilence furnishod hy high values o[ the
eorrelation coe{Iicient betweerr'pkssure anrl temperature.' Chapman bolieves tbat he
lrns sueceeded in " correctinq " Ifines'B values in such a rtiry ,rs to actually give g1'00
in nevoral inetances. A correlatiou of 1'00 esta'lrlishes an absolute causal nexus and.

leaves no room for effects due to otber factors such as the rcgiou frorn which the air is
brrrrrght, whethcr tropical or arttic. A result of sueh irrportauce tlernanrls clos,r

scrutiny. In the present paper,I have iurestigateil in detail oue important assumption
L;)uu rhich tbe validit.v of Dr. Ghapmau's work appears i:'l:pcnd, aud uoless I rrn
mistaken the oonclusion must be that this assurnption is uot justifiotl.

2. I shall adopt the notation usod by Cbapman, ob ott ose.-.... 3re "t+e"
dcparturea from a mean value vhile eu dt as -..... aro the corresponding " errors of
olrseryatiou ". Similarly gr h, lr, ...... is aoother seties of true departures witlr Ir,, Z,r,

br, the'correspondinq errort. Thus the obserretl departures ru'o $r' : s:, ]- u,,
a'1 = st * (t ...... and !'t =-!t 1- bn g', : lr*bt ......

3. I shalt norv proceetl to do<luce exprossions corrospondinq to thosc o[ Chapman,
butnitlroutmakinganyassmpion. 'We travr:i[ o'to $o and y'Eg+b,
s:":, I * 2ao *a',y't -{i,+2W *L', o'y': oil + ou + ba * ab. Summing,.
diviiling by tbe total number of reconls, autl writiug s51 8yr 8.,; syr so, 8, for.t[e stanrlard
detiatious of o, y, c', !', o autl D rtspoctivel-v and t.r11.,r,, r;, etc., for the coeflicieots
of correlatioo lrctryeen r aud y, i aud y', o &ud i, ehc., respectirely, rre gct

DrJ.

tl,:d;*9 f. 8. ?'o.{ro'

fr, -s;*2 er.r, lrras,t
8., .6r, .r,y,:si .a, rry+d. .9, r,r!'Er.s..fslso .fc .f,,r

(t) ItE l'.o1'. S<x.. A l,s (:93O), i,p 5i-2t&
(') X. O.!io. 2i0-C" (itupbl'ricul Xeuroirr,lio.2.

X. O. No 220-c., Geoph.vricrt Xcroiq No. l8,otc.
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i.

l2 os tstinoBs oF oBsERv trloN

Eenco,

r,,:r..,, .?: t;;- r" .!;.- ru l-r" l*,,
ancl, neglecting terms higlrer tlrau tbe second,

r,-r,,,lt-yr.. .!"+r, | +u, {tr-r- t$+tr-,il $+ 
(2r.. rr,* } t

E. t1 EEe-r.,t'-,,i-r"i;i o . .(r)

4. Chapman mnkes rive different assumptions, (i) rt= 0, (ii) r-: 0, (iii) rrr: 0,
(io) r.r:0 and. (o) rr,- 0. from a staristical point of vie'w each o[ these assumptioan
requires justi{icatioo.

I shall nov investigatc r.. iu greater detail, tating the particular asceutdescribod.

in Computer's Handbook It. O. 223, Sectioo 2, pp. 18-21, 26-28, aud 40-42 ss a
concrete orample.

5. The height J?., eorr:slnnding to thc olrscrved pressure and temperature P.
and ?., is calculated by the ruccessive application of Laplace's formula; tbe differ-
onco iu height tr'.-, betwcslr 3.-, and -(, is giveu by

tos P.-,-tos \: !+f U-'NIEr Coe 2tl (1-8,'lE) h:.-tllc}l .@)

whore P,-t = pressuro at E.-u I.: mean ternperaturo between' E -, and E-
y:latitude and .lf :mean height-\ (E lII.-r) aud -B-tlre terrsstrial ratliug.
Putting ?.-(\+f.-)p
and

14'837 (1-'002,i9 Cot 2t) (1-Elnr,=f yt, E)
wo have in kilometros
' h.-,:(T'.*[) (lq P'._,-log P'.\12 f (t, E') (Bl

This is tbe " observed " step, tho correspond.ing .'truo " step being

h._,--(7.+I._,) (tog p._r-log p.)leJ @, il)
wlrere 7., T.-r, P,, P,-, are tt true " values.

6. Let T.-7,:d?.. ?.-1-Tnr:dT.-" P:-P,:dP,, P.-r-P.-r:clP,-t, etc., be

"errors of observation " produceil by (r) lag of the recordiug apparetus, (ii) errors in
micrometer and stage rerdini;e of the traco, and (zii) errol's io calculetion.

Tlrerr

[,-r:[,r"+ T.-, -tlT.-dr,-!\\,trg P',-,(r- "H,)-bg r'.(,-F)]t !el6,11

dT. + dr,_;r:{r:;

a

:r{#rfi\ (,o, p'.-, 
-tos 

p.) 
{ (r-

:

tl

i

i

;

a



AND UI PIR AIB BELATIONSIITI'S.

Negleoting the very small differenc: between f (,{, E') ad f (1, E)

h*r:n:-,{r-ffi,r-@fr; l-rl
: h'*r(7-c*r), sag

wbere
(d,P" -(dP, ?,, )P',_

ltg

13

.-l

(2'r I

\2:2)

I'he observational error in D,-, is gi ren by

dhnr: hnt - h.-t fl * ci*, .h;
Now

E, - E-, * h.-r= E*r* h*, * hn,

- E, * S(i._,)
rI

o

cnd
a-,fl,- ]r,+ B (h:.-''';'
o

siauc .[. the height of the rtation ib free from errors of olicervation.
tional error in E.ie

Therefore observa-

s-7 b, a-tdE,: E:- E, - l'(i;) -p([-,) = ,t(di*, )
ts,

- .S (c,-r.h.n)

Io: ?,*

a (2'3)

7. Let A', B'bo two "obgerv:d" points on the tracs cbrresponding to.rtrue,,
poiuts A, B. Let ?',,r., E'.and ?.-1, 1-r, E,-, bo observed pressures, temoera-
tures and beights of A' and. B' rospectively. Let a comploto kilometer. say g km. be
situated hetween A'and 3'. Theu tbe pressure autl temperature at g km. is found, by
liuear interpolation between A'and B'.

The obserYed. values aro

";- P, + #;!. eL, - p:)
4a e r_l

rt: L*nf*:1. rr:,- r.)

rhi]e correspondiog "true" valuesrrre given by

P, - ?. + #;!_, (P.-, - ?.)

fl,-')
E. - A-, _,'

and

rnr --- ,- -.-

' (?.-r- T.).

a
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14 ON ERBOBS OF OBSERVATION

1- 1- dT,-r-d n1,! t-1-

,l'hus, atloptiug Clrapmrn's nOtatiolr, "errol's of observatirlD " in P, aDd ,| are

given by

an:Ti-Tr:

$'-e g,:t

.But

B. It will lre now

dP,, clP,-e dT^, dT,-t,

d.e., assume thzrt owing

the rthole of the trace.

Then

E:-g / mt1
E^- H,-, ' r- l

E,-9 ( ryl-f-*l'r'-'-r')dT,

bn = pg - ps :d,p, * ilix; ( P:-,- o:l -#.!a:; (_P'-,-?' )

a c: d r ̂ * 
ta ;-]) f ;,::' ) t, -

dg,-dg.-t ----:---- -B:_- ci;-,

I
1

-itr.*(1,:;r,)(r,,-,-r)Pfu +0fr,-"7'!i["-*i#:)

neglectitrs terms of the secr)B(l order'

h.-r-h^-, - ,,'-.. 
- 

v r_1
-- hr_t

I

i
I

I

ll

i1

{
il
rl

i'l

:l

il
I.i
:i

I

:

Writing ##,- f^, vre get

d?',-r-dT, 
- n'-';a---rTt, - 

Lr-,
l.-1-ls

d'l'^-r-d'l',
-t7;v7 -u'-t

-8. t

dE,-E={ .........(3'l)

... ......(3'e)

a, -- dT. + f: . g:- *f:) +

+b,: d,P.+f: ( P:-,'-?:)

t

t
dE,

E:-T

]

rrC(.'eSSAry

ete.

to make definite assunrptious about the quantities

Case f.-We assum(: LLrat dI, - dPr-t: ... dP,

some mechanical defect the errors are eonstant tl:roughout

+ f: (r:-,- ilf*-,j )

-i,r:u-':-)

:

;

!

b, = clP + f: (Pj-,-PJ
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AND Ul I'f]R, AIIi IIELATIONS}IIi)S.

(4)

d?,-1
tD,-

! t-l

16

p'

where

,t,P { (11 P:_, ) - (11 P:)l
log l' ,-logP,

a

n-

aud clII, -- f '( ,;-, J,,-,), ol from (71), P. 12,

- 7 l'0, q,on P;-to1,?i)+dP'f P+-)(+- iJ]fQ.a)l \ v " \ z l\r^-, -r,l .

We can easily fintl the value o[ this expression for the asccnt riescribetl in tbe

Computer's Handbook M. O. 223..5 2, p. 41, etc'

U',, - 9'327, P',, - 2E9, :r, - 220, f (L, E) - 14',82

E',-r:8'764, ?"-, :315' 1'''-t: 225' f'' :'6808

Also from table given on p. '11 rre compute

':'('t t''-') G*;-;:): oGtt:r

!.

'lhus

eud

Thon

dn' - + o'llt)E clr - 0'1202 dP
H',,-9

c',-, : + 0'004494 dT -'007637 dP

9. 'We row assum 
" 

tt at, 
dfr

I

]Ieuoe
ae : * 1'3A78 dI' - 0'3485 d,P

bs :. + 1'60?7 (tT - 0'7904 clP

ltultiplying and summin g

,S(cr.D,) - + 2'09,S( rn + 0'28,S(dPr)

uren .when S(dP.dT) - 0. Thus cveu wlren errors d? and d,T nre uucorrelated the
irrterpolation errors oe and 0, will :rot be uncorrelated.
.r gain

S(o.o) - + 1'307tt S(a.dT) - 0';i453 S(o.d")
',['lrus r',, rvill not in general be zer r unless c and d?, ancl o and d,P are hoth uncorre-
llted. flence if the observational error prorluced bv the lag of tlre iustrument dcpend
rt all in tho degrce of deviatiorr fr,rm normul, tircn ro, (and 4r, t,oy, fa.) will uot be zero.

dr"-, dP,-4
llhat, is, tbe errors are proporbional to the pressures and temperatures.

-r:_, ...... f' and

As l'.T. : dE,'ir'=i-
lJ' r

{l{,- + p' -,^-, \

f'. (T:-, r.) * t' - c'n,I
t

P,.P. t-bs f ', \P.-, P t )

:
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16 oN EBBoRs oF oBsERyATroN

Ilut in thie case c'*, :, /', alrd

rrrue wo fin,, sinoe 

': 
: ,ir''h*'): 

''''s' 
(i-') : t'(H'^ - rr")

os : * 302"31'and D, : * 304'1 p' ! 412'8u l'

'Iherefore, ,S(ar'Dr) -- + 124798'6 S(t') ............(6)
even if p'and t' are uncorrelatrd, that is r"6 is not zero.

dP10. Assuming d?. = dT':: - dT, but .--:
a)l-c,

c.-,:2dfl (f:.,+f:)

dE. f ?: + ?.:,
l7-r@

t-l

-rS
a

2dI
>7 a

(tre t:-, - tos", 
) ]

- S df. (log .P.-,- log P.) l"f Q\ E):1.0'036U df
Therofore ae : + 1'3078 d,)! and, b, : !304'1 p' + 1'6 dT

Thua S (rr. hct = +2'09,S (df') .r.

even if p' and il? ue uncorrela;ed.

i

11. Assuming dT:
T_ l' rvhile d?,:ilP*r ...... ....., : dp'

we get

(6)"

d?.-,
-rn' --i *-t

dP t
j

:-T)Lrl

l) \-Tt
Cr-t : t'*

log log P,

dE,: $ l" h*t

- \9'267 t', +0'01126 dP
--T

Eence ar: !3tJ2'3 t' -'041:15 dP and bs: *412.83 t' - 0.2904 dp

Therefore S (or. br) : +124798'6,S (r) + 0'28,S (dP)

wlien /' an,4 dP ars uueorrclated.

(?)'

12. I huve investigated four tlifferent cases, assuming (d) dP; d? constant, (ii)
dPlP and' ilTlI conetart, (df{ dPlP and dT constan! (io) dT/fand dpconstani
respectively. In each caso we found that ro6 is not zero eyen when observatioual'

+ T#q.s (r:+ r:,)li;, - +)

;t
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AND OPPEB AIB BELATIONSEI:'S. 17

orrors are uncorrelated, and it seelos tlifficult to avoiil tl,e erpectation that in as far as

errors aro duo to mochanioal calrus it will very rarcly, if ever, happen [hat r",

vanishes.

18. l.rom tho form of the equations (l) to (7) high values of r"r tto not seem

improbable. Iu equatlun (1) aesumios fo, fs,- fs and rr, to be each zero, we gct

rn-r.,,, Ir**(+1*+) ]-*,].,^ .:. (r'r)

- (, + e,) rrr,- et rob

- t.,rr * (e, fc,t,- €, f,r\

)i
ond. cr: 8n 8t

g. cc
whero et Z I

Ilonce
z-

?r, : f.,!,
?

14. In the foltowing table I hare taken the r,r'inter yslues of s./s. and sr,/e,

quototl by Chlp=ier on p. 238 of tlre p&per already cited. I get the a-.;rege value of

€rl€r: 1'012

kru hb. te lry c,

8.t , 8o'

,.' --#

accordingas ro5 4 4.r",r,. .<- e,

2

4

6

8

.334

.2E4

-260

'302

.34{

.416

.390

.2S0

.333

.220

-ltz,3

'0933

.0730

.0739

.0831,
10

Thus t'ar : 'rt,!, ,rr:r:ortlirrg as ,'aa Z-_ 1'012 r"r,
.<.

7

Ilencc rve conclrrdc tlrat if r',, is oI tlre s,rme ord.er as r'...v, tire corre,ction for

" ollselvltio:rrl errors " n'ill lle n,rqligible, wirilo if r',6 is substantil)lv greater thau r",
thc actual value of the " true " cumelzrtion ma.v even be less than the observed value
T.'r" 

I

15. Douglas (r) has receutl.v publisherl values of the correlation betrleen
pressure and tcmperature at 10,000 fcet, whi'ch ere considerably lorver thau Dines's
values. Douglas gots '05 for a total of 550 observations a number uruch iarger tlran
tlrat used b1' Dines in any one of his sets. But th+: rnost irnportant point aboui

C) C. X. M. Douglas. Quar. Joot. R. llet. Src., Yol. ILYII, t921, pp,23--ri.

t+

.:389

.0926

.0728

.07r 9

{760

t 024

1.010

1.O03

1.028

r'096

et /cce2

I

I

I

I
I
I
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i8 ON EBIIORS OF OI}SEII TATION

Douglas's work is the fact that his obserrations " t'efer to actual heights above me&n

sea-level, and not to aneroi,l ireights " ('). I presurne tlrat Douglas's work is thus
free fron the '" interpolatiorr corr€l&tion " arising from, thc use of Laplace's formula
for the calculation of the I'eights. Iu other rvotrls if. clP, d,'l'aro uncorrelated then

a, b Lhe " incerpolatetl " elrors rvill also retnlin uncorrelated.

The lorv values of r,,r, obtained by Douglas certainlv suggest the possibility thu,t

in Dines's case the corlelation r,, due to " iuterpolation " *uy lle so hiqh tbat the

" observed. " correlatioDs ?',,r, arc actualiy greatet tL'an tlre true cocfficients r"r.

16. It will be lernernbererl that in the foresoing cliscussion we had assumecl bbaI

f*t !.b!r r"r, and. .rr. are all zrrt,. It may not be cut of placo to say a few rvords with
rt:gard to this assumptiou.

Kari Pearson (') has iltfinitel.v established tlre reality of a "senuine correlatiorr

irr tLe judr;ments of independent observers ". (') U. says:-

"astronomers have alrr,ndy founcl that the )rriglrtness of a star influences tbe
personal equation. -This in the language of tlte puesent rvriter prod.uces

a con'elation of julgmonts...... Ileuce if a number of observations rvere

made on stars. of varying magnitude, tlte judgment heing t function of the
uralnitutle, rve shoold havc a set'ir:s of r:crrelated errors...... \Yhen over,i'

olfort is marlo to el:minnte large catlses,...... tlere still rernains a multitude
of small c&uses whirh produce correlation. It might l.re possible in an ideat
series still further to eliminate some of tl'ese, but in practical obseryatiorr

we hnve to take tu given pher,ornenou as it is, and o'. g41nob possibly
abstract from it the rvholo of its cbarauteristic atnrosplrele ".

'Ilren again :--

" the errors ol' iudgmerrt of apparr:ntl.r indel,endent obselvers nre not as a rule
independent. The imrnediate atnrospltere of eacL single obselration or (rf

each short sc:'ies of observatious :rffects in a cliffercntial mnr)ner the factors
of the personality," (t).

Pealsorr also noticed. that tlre couelation eyen extcndecl to obsarvations at
difte.rent times by rlifferent obseryers of the same pbvsical quantii)'. (')

)7. The present case is nct exactly l,arallel. lluh rvhen it is remembered tlrat
tlre sattte ,',bserver is measurirrg hoth {c-, o, !/ and D :rt t]re srme time antl from the
sanre tr:rce, it trould seem ti, 16 .ond'tions are stili mole favourable for. producing
correlations bt'hvecn the different rluanticies rneasure.l. The correlations betrveen r,
c, y, attrl D due ttr " persoual t quation ", vhat Pearr,orr calls " atrrrosphere ", mav r,ot
bo !n,'gn,lrut evcn smaU values l'oulcl scnsiblv aflect {)hapman's corrcctions.

1.') C.. K. )[. Dougtrs, Qurr. .Iour. R. lrlct. Soc., f'ol. IL\.II, lg2l. Ir. !i.
(11 Urrors of Judl4rrreut, otc., l'Lil. Trnls, \'ol. lgs -t (lt:('j).
(:t) 'lhs s::luo p::1l€r, pugc 2g?.
(r) TLc *ure prper, poge 270.

(3) Tho ssruc lhprr, pago 2!r0.
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I.XD NPPER AIR RELATI(.INSIIIPE. 19

. Speaking generally it seems likely that a aud o or y anrl D wrll bo tnore highly

correlated tfuan r aud D or y :rnd a. Iret us B.ssume that r", and rr. nre each zero n'hile

?.o" and ,.6y are small but, negatire. A uegative coueiation merely implies proporticnally

smaller errors for large flut:tuations and from o purely physical point of vicw is not

inrpossible. Assumirs /o. -oor:-'B, we have fronr equation (I)

r4:r.,,,1,- ,(i.* il +;{ ca (1*"c) F 0.s il}]-# ". (12)
L

Taking numerical value of e, f a. and a, /e, alrcaily considered, tlie avernge value of

(}ru3J 
_ 'G2,, (#*#)-'rso, or !4' -'141. rltrts r", = t'.,,,U-'124+'oes) -' 141

Thus r.r-'974 r.,r,-'147-r"r. In this case the tri,e talue r., must be ilistinct.ly Ioss

than thc observcd value /,,r' tlitrn if r., is less tltan ,'.,r,.

Thus even I vcry smalt " personal " or " r,ading " correlation betweeo o and

a or y anil D will substantially nlter the comection :br crrors of observation.

18. Th" ol;ove tliscussiou nppears to shors that Clrapman's oorro;tiorrs cannot bo

accepted as real wiibout further investigation and arguments based on them must bo

regarded as doubtful.

19. In conclusion I vish to acknorvledge my intlebtedness to Dr. Gilbert t.
'IV'aIker, F.R.S.. Diroctor-Gcneral of Obscrvatorics, for suggcsting tho problem, for
giving me pcrmission to rytrk in his departmcnt and for tho liclp ancl euu('ur&gomont
he has.given me at all timet.

8OPI.2r.I V.5(6).n.1.23-{m.
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