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Dr. E. H. Chapman in his paper on the * Relationship between pressure and
_ temperature at the same level in the free atmosphere” (') has discussed the correc-
" tion for errors of observation in the case of Dines’s correlation coefficients between
pressure and temperature at the same level in the free atmosphere (*). Aeccording to
Shaw and Dines the fluctuations of pressure are the real causes of temperature fluc-
tuations in the free atinosphere. This view has far reaching consequences and
is based to a great extent on the statistical evidence furnished by high values of the
correlation coefficient between pressure and temperature.  Chapman believes that he
has succeeded in “ correcting ** Dines’s values in such a way as to actually give 4100
in several instances. A correlation of 1:00 estahlishes an absolute causal nexus and
lcaves no room for effects due to cther factors such as the region from which the air is
brought, whether tropical or arctic. A result of such importance demands closn
scrutiny. In the present paper I have investigated in detail one important assumption
unvn which the validity of Dr. Chapman’s work appears £5 2-pend, and uvoless I am
mistaken the conclusion must be that this assmnption is not justified.

" 2. I shall adopt the notation used by Chapman. =z, 2 2z, ...... are * true”
departures from a mean value while a,, a,, g, ...... are the corresponding “ errors of
observation”. Similarly y,, s s -..... is another series of true departures with &,, Z,,
3 ...... the curresponding errors. Thus the observed departures arc z,” = z, + «,,
Ty=2, %+ ay...... and ¥’ =¢; ¥ by, ¥, = 9,4+, ..... g

3. I shall now proceed to deduce expressions corresponding to those of Chapman,
but without making any assumption. We have if 2’ m 2 4+ a6 and y = y + J,
=2 + 2z +ad,y' =y + 2y + V', 2y = zy + ay + bz + ab. Summing,
dividing by the total number of records, and writing s,, 8y, 825 Syy 84 83 for the standard
deviations of 2z, y, 2’, ¥', @ and b respectively and r,,, 7., 7., etc., for the coeflicients
of correlation between z and y, 2’ and ¥, @ and =z, etc., respectively, we get

3.

B % b}

& =8+2s, 8, 7,48,
’

Do o

& =8;4+28,8, 7,+s,

8.0 8y Ty =8, 8y Ty t48, .8, 7., 8 8. FtS, 8 1

(") Proc. Roy. Soc.. A 95 (:920), pj. 235248,
(?) M. O. No. 2i0-4., Geophbysicul Memoirs, No. 2.
M. O. No. 220-c., Geophysical Memoirs, No. 13, etec.
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Hence,
r—ra e i o ho . EEE
n .8.! 8, 5l L 3 .‘y = '8, 8, :

anc, neglecting terms higher than the second,
8, 8
r —"rxy[1+rac '. +rlg ‘ +'1{(1 7', )‘)+(1-rly) l+(‘?ro: by a_—b}]

8 8 8; 8, 2
‘-‘—rl. . Comast / b . . : . . . . (1)

e i
ay " a’ alo @ s‘

4. Chapman makes tive different assumptions, (i) r,= 0, (i) ro= 0, (ii3) r,,= 0,
(¢0) r,,= 0 and (v) r,= 0. From a statistical point of view each of these assumptions
requires justification.

I shall now investigate r,, in greater detall taking the particular ascent described
in Computer’s Handbook M. O. 223, Section 2, pp. 18—21, 26—28, and 40—42 as a
concrete example. SR

5. The height H,, corresponding- to the observed pressure and temperature P/,
and T, is calculated by the successive application of Laplace’s formula; the differ-
ence in height 4,_, betwcen A, _, and H' is given by

: 3
log P, —log B 348 7 (1="00269 Cos 24) (1—H'|R) K._J10C2 . ()

where P, ;, = pressure at E._,, I, = mean teraperature betw_een H, , and H,
y=Ilatitude and H =mean height=} (X, +IZ'._,) and R=the terrestrial radius.
Putting T, m(T,+T..)2 :

and
14:837 (1—"00259 Cos 24) (1—H'/R)=f (X, H)
we have in kilometres
hoor=(T.+T._;) (log P,_,—log P2 f (X, H) . . 5 . (B)

This is the “ observed ” step, the corresponding ““true *’ step being

heei=(Tut Loy} (log P.i—log P.)/2f (4, H)
where 7,, 7'._,, P,, P,_, are “ true” values.

6. Let 7', — 7. =d2Z,. 48 —7. ,—dT._,, P,— B.=dP,, P, ,—~P, =dP,, etc., be
‘“errors of observation ” produced by (¢) lag of the recording apparatus, (¢i) errors in
micrometer and stage readings of the trace, and (¢ii) errors in calculation.

Then

d_l_’___._,)

b= (T 7 —am—aB 109 P (1 1

—tog P. (12521} o w.2r)

dP,, dP,
(T4 1) . aT, + dT.., ( R
2f (4L H) (tog P._,—log P,) { (1 T, % T, ) il log P,_,—log P,
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Neglecting the very small differencs between £ (4, H') aud f (4, H)

’ dTu+dTn-~ (d‘Pl—l/'P’— )—(d‘P /'P’) 3
— = 1____,____'__1__ Vvt . ___'n_z._____n n .
by = Hs { ¥ T, oy P.r—lak B G
= k,_,(1—c,.,), ¢a3l
where :
dTn+dTn—1 (d'Pn—I/P;-I)—(d-Pu/P;) .
ST, LR o @ - 22

The observational error in 4,_, is given by

dh-—! — h’n—l b h-—l a + c:._; .h;_, :
Now :
-H- — Hp—l + h--—x = w—3 + h._, + h._, . & .

= Eo + ”gyz(bn—-l)

-~

and

H=H,+ 8 (his)

siuc X, the height of the station is free from errors of oliservation. Therefore observa-
tional error in H, is :

n—1 o § Lo
dH, = H,— B, =8 (ls) = 5 () = 'S (@hey )

a1 { : . :
= § fei g = . . . “ . . (23)

7. Let A’, B’ be two “otserved” points on the trace corresponding to ““true *’
poiuts A, B. Let P,, 7,, H,and P, ,, 7. ,, H. , be observed pressures, temvera-
tures and heights of A’ and B' respectively. Let a complete kilometer, say 9 km. ‘be
situated between A’ and B'. Then the pressure and temperature at 9 km. is found by
linear interpolation between A’ and B'.

The observed values are

E 2 e ’ .H.,— 9 v ’
!. .Pp o— -P. + E-"‘"'/—‘ "H“ :o (‘Pﬂ—l 7zl .P.)
L Hy ..
G= 1t . 1)

while corresponding ““true *’ values are given by

P,=P + B8 7 (p - P)

-1
L and T,= 7,4 28l (1., T,
L { ¥
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Thus, adopting Chapman’s notation, *errors of observation’’ in P, and 7 are

given by

(Toi—T)

g =T — T, = dTu + — (T4 T)—_EE

_Hu—l iy

b = P;— P, =GP % %:2 - . = gs_—_?__ ( P_.—P)
n—1 n n—1
We got
o= aT ot =) (Lazi= 1) 0 [ _(—dB/H,-9) {1—(dT, —dT)/(T\i= Tnl
1 H—H,, 1—(dH,—dH, )] (H H,_,) i

= Ha0 M dH, ,dT.,—dT, _dH,—dH,_
_dm’( —E.-,}(T"’ T)[’H.’—g T, ,—T, “E.Tj]

neglectiny terms of the second order.

dH d.H._1 (H E) (-Hn—l_ n—l) n—l hn-—l — c

But Lo BT i =
Writing %::9 ~ = f., we get :

i +f,". (T';.. ) {Edf $ ‘”:' ‘;,T % c.l_,} .4........_.(3-1)4

— dP, . B =) { gﬂ o ‘”I,__‘i‘ = c;_l} ......... (3-2)

3. Tt will be now necessary to make definite assumptions about the quantities
dP,, dP._,, aT,, dT ;68

Case I.—We assume that a7, = dT, ... = dT avd dP, = dP,_; = ... AP,
i.e., assume that owing to some mechanical defect the errors are constant throughout
the whole of the trace.

Then
&= AT + f. (L= T2) ( s -—c-’-x)

b= dP + f. (Pi-—P)) (ﬁ‘,:@—.—c.’-,)
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where
24T, ;.. dP {(1/P,.,) — {/P.)}
TmEgE log ¥, , — log' P,

cn—l =

and dH, = S ( Cas Fueq ), OF from (B), p. 12,

Sl - s h'*"T-'-’)( ! —17]]
= o [dl‘ (log P — loy P.)+ ( @ NP, P

We can easily find the value of this expression for the ascent cescribed in the
Computer’s Handbook M. O. 223 § 2, p. 41, etc.

H, =93%, P, =29, T, =220, f{4 H) = 1482
H, ,=8764, P,., =315 1I',_,= 225, f. = 5808

Also from table given on p. 11 we compute

"’(T + T r) (P : ) = 06113

Thus
dn, { 7 3
=9 = +4 01105 dT — 0'1262 dP
¢, = + 0004424 dT — 007637 d P
Hence ‘
a, = + 1'3078 dT — 034583 dP
and

b, = + 16097 AT — 07904 AP
Multiplying and summing
S(as.b) = + 209 8(AT") + 0°28 S(AP%)...cevuccvun.nn (4)

even when S(dP.dT) = 0. Thus even when errors d P and dT are uncorrelated the
interpolation errors a, and &, will not be uncorrelated.
Again

S(z.a) = + 13078 &2.dT) — 05483 S(x.dP)
Thus »,, will not in general be zer» unless z and d7, and 2 and dP are hoth uncorre-
lated. Hence if the observational error produced by the lag of the instrument depend
at all in the degree of deviation from normal, then 7., (and 7, ., 7..) Will not be zero.

ar, _ 47, = ...... aPp, ap, , f

9. We now assume that o T 7 = P e

‘That is, the errors are proportional to the pressures snd temperatures.
Then

a = (. 8L (T, — T.) {‘g‘z%"“;‘”?'}

b, = p'.p; + f’.‘ P, = P {—fg.- k9 —c., §
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But in this case ¢, = ¢, and

n—1 n—
dH, = B ieh.) =18 (b )= @, - H)

° a—1 °

Thus we find, since H, = 060
g, = + 3028 t"and b, = + 304'1 p' + 41285 ¢

Therefore, S(as'd)) = + 1247986 S(*) .coceeueeeiivensacsns(b)
even if p’ and ¢ are uncorrelated, that is r,, is not zero.

. 10. Assuming d7T, = dT’;'_‘," = 8T but ;)‘,l: S ‘g,::l' S =p'-

T A T R L Y e R e L R I R N TR R B S S v po ]

=g 2dT Bt T : ;
di = ‘? (_T...x+ —:) { W (log Py —. log P,) }

= § dT. (log 2.~ log P)) |f (A, H)=4-0003614 4T
Therefore . a, = +1:3078 d/” and b, = +304'1 p' 416 AT
Thus S (a,.5,) = +209 § (d1”) ! ae o (BY

even if p’ and d7T are uncorrelased.

11. Assuming dlj, = 4T, Sisiciot BIWP.—dD, . .. gD
/ 4 - L "~ : :
we get
1 1
4P {m,‘ iRl }
S -Pn—l ‘Pl )
cn—l = tl+

log P,., — log P,

=S (t', h,'_,) i 797%21’_117.3 (T,;+T,:_,) (_P],- £ _11T>

n—1 "
= 49267 ¢ 4004125 dP
Hence a, = +3023 ¢ —04125 dP and by = 441283 ¢' — 07904 4 P
Therefors S (a,. b5) = + 1247986 S (¢*) + 0-28 § (dP’) (1)
when ¢ and dP are uncorrelated.

12. [ huve investigated four different cases, assuming (i) dP; d7T constant, (i)
dP/P and dT/T constant, (i7¥) dP/P and dT constant, (iv) d7/T and dP constant
respectively. In each case we found that 7, is not zero even when observational

b R R R e R A B S Y S R 1 Y S R R LA L A S A R RSN R e A R B ORI
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_errors are uncorrelated, and it seeras difficult to avoid the expectation that in as far as
‘errors are due to mechanical caases it will very rarcly, if ever, happen that r,
vanishes.

13. From the form of the equations (4) to (7) high values of », do not seem
improbable. In equation (1) assuming 7., i 7 and 7, to be each zero, we get

3 2
Tay —_ r-’y’ 1 + % ( 8"’ + 85’ ) z ﬁti T bt (1.1)

8,, " 8‘ "

= (1 + e,) r."'— e’. 1'“
= r"” + (e1 rg’y'_ é; rab)

2 e
8 8 \ el
where e, = 3 | -, +—" ) and ¢= ="
8q 8y / Sy 8’
Hence
e 3 ¥ o = e,
r, = ry, accordingas r, = —1.r..
' > : < €&

14. In the following table I have taken the winter values of s,/s, and 8,/8,
‘quoted by Chapman on p. 238 of the paper already cited. I get the avcrage value of
ejes = 1012 ;

: :
km. sa [z | sb [sy l e1 e2 1 e1 Jes
! |
o % |
AP S e ‘834 { 416 ‘1423 “1389 | 1024
& 284 i 326 ! 0935 0926 [ 100
i i
B T 260 | 260 | 0730 o8 | 1008
R e S 302 ! 238 | o739 0719 ' 1028
TOU s, A g T e 344 i -220 i 0833 0760 | 1:096
; | |
Thus r,, = 7., sccording Esn, = 1012 r.,
= :

Hence we conclude that if 7, is of the same order as r,, the correction for
“obhservational errors” will be negligible, while if 7, is substantially greater than s
the actual value of the “true” correlation may even be less than the observed value

1
Tty

15. Douglas (*) has recently published values of the correlation belween
pressure aud teroperature at 10,000 feet, which are considerably lower than Dines’s
values. Douglas gets ‘65 for a total of 550 observations a number much larger than
that used by Dines in any one of his sets. But the most imnportant point about

() C. K. M. Douglas. Quar. Jour. R. Met. 8:c, Vol. XLVII, 1921, pp. 23-—£35.
-
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" Douglas’s work is the fact that his observations “refer to actual heights above mean
sea-level, and not to aneroid heights” (*). I presume that Douglas’s work is thus
free from the -““interpolatior. correlation” arising from the use of Laplace’s formula
for the calculation of the leights. In other words if dP, d7' are uncorrelated then
a, b the ““interpolated ”’ errors will also remain uncorrelated.

The low values of 7., obtained by Douglas certainly suggest the possibility that
in Dines’s case the correlation 7, due to “ interpolation” may be so high that the
“ observed ” correlations 7, are actually greater than the truc cocffictents r,,.

16. It will be remembered that in the foregoing discussion. we had assumed that
i s Fopi ANA r,. are all zero. It may not be cut of place to say a few words with
regard to this assumption.

Karl Pearson (*) has dcfiitely established the reality of a genuine correlation
in the judgments of independent observers”. () He says:—

“astronomers have already found that the brightness of a star influences the
personal equatton. -This in the language of the present writer produces
a correlation of julgments ...... Hence if a number of observations were
made on stars of varying magnitude, the judgment being z function of the
magnitude, we shouald have a serics of sorrelated errors...... When every
effort is made to eliminate large causes, ...... therc still remains a multitude
of small causes whish preduce correlation. - It might be possible in an ideal
series still further to eliminate some of tlese, but in practical observation
we have to take & given plenomencu as it is, and we carnot possxb]y
abstract from it the whole of its characteristic atmosphere .

Then again :—

“the errors of judgmeut of apparently independent observers are not as a rule -
independent. The immediate atmosphbers of each single observation or of
each short series of observatious affects in a differential manner the factors
of the personality,” (*).

Pearson also noticed that the correlation even extended to olservations at
difterent times by different observers of the same physical quantity. (°)

17. The present case is not exactly parallel. Iut when it is remembered that
the same observer is measuring both @, a, y and b at the same time and from the
same trace, it would seem that conditions are still more favourable for producing
correlations between the different quantities measured. The correlations between =z,
a, y, and b due to “ persoual ¢ quation ”’, what Pearson calls “atmiosphere ”, may rot
be large, but even small values would sensibly affect Chapman’s correetions.

") C. K. M. Douglas, Quar. Jour. R, Mct. Soc Vol. XLVII, 1021, p. 25.
®* errs of Judgwent, etc., PLil. Trazs, Vol. 198 A (1¢02).

(" 1he sume p:per, page 262,

(*) Tlhe sume paper, page 270.

(*) The same paper, page 290.

T
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Speaking generally it seems likely that z andaory and b will be more highly
correlated than 2 and b or y and a. Let us assume that r,, and r,, are each zerc while
7. and r,, are small but negative. A negative correlation merely implies proportionally
smaller errors for laige fluctuations and from a purely physical point of view is not
impossible. Assuming 7,,=r,=—"2, we have from equation ()

5 __ioijfag B 0 [ SL’) 88) | _ 3% .9
r,,_r,,,.[l 2(§_+'¢T’)+3{96(9,' P {08 a,s,}] o o o LA

Taking numerical value of &, /¢, and s, /s, already considered, the average value of

8.8,

(’_“+?) = 62, 0f (%542 )= 186, of =141, Thus 1., = 1y, (1—"124+ 098) — 141
8a Y L y

Thus r,,=:974 r.,—141 r,,. In this case the true value r,, must be distinctly less
than the observed value 7, even if 7, is less than .

Thus even a very small * personal” or “reading” correlation between z and
a or y and b will substantially alter the correction for errors of observation.

18. Tho avove discussion appears to show that Chapman’s corrections cannot be
accepted as real without further investigation and arguments based on them must be
regarded as doubtful.

18. In conclusion I wish to acknowledge my indebtedness to Dr. Gilbert T.
Walker, F.R.8.. Director-General of Observatories, for suggesting the problem, for
giving me permission to wcrk in his department and for the lielp and encouragement
he has.given me at all times.

T
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