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Note: (i) All the matrices and vectors considered are over complex field unless otherwise stated.
(ii) Class room notation is used. (iii) This paper is for 40 marks. You can answer any part of
any question: The maximum number of marks you can score 1s 30.

1.Prove the following:

(a) 7(AB) =r(B) —d{C(B)NN(A)}.
(b) d{N(A)} =n —7r(A) where n is the number of columns of A.
)

(d) P and @ are square matrices of order n = r(PQ) > r(P) +r(Q) — n.
r{AB—-1)<r(A-I)+r(B-1).

|Az + Byl|| > [|Az|| for all  and y = columns of 4 are orthogonal to columus of 3.

r{A).

&

(i) Gisa A7, (i) AGA = A and (iii) GA is idempotent and r(GA)

B+2+2+24+2+5+5+2+5 =230

2. Prove or disprove the following:

(a) r(ABC) = r(AC) if B is a nonsingular matrix.

(b) ABB* =0 & AB = 0.

() A*= A« Az =z forall 2 in C(A).

(d) tr(4) =r(A) = 4> = 4.

(e) C(4)=N(A)= A =0.

(f) There exist matrices A and B such that AB — BA = I.
(g) r(A¥) = r(AFY) for some k = 7(AF) = r(AFT2),

(h) 7(A- B) > r(A) —~r(~B).

(i)

()

J

Every idempotent matrix has an idempotent generalized inverse.
The following system of three equations is inconsistent:
D2vV2z +y ~ 2 = V3, (i)vV2s +y — 2 = /3 and (iii) 2 + V2y — = = V3.

' 10 x 1 =6

aXaeee



* Compute Kendall’s 7 for the above data and comment on the
association between the performances of the players in the French
Open and the Wimbledon. [4+5+5]

4. The following data pertain to fasting glucose levels (FBS) and triglyc-
eride levels (TRI) of 12 patients in a study on Type 2 diabetes:

Patient FBS TRI

1 8 157
2 115 535
3 109 96
4 145 87
5 210 388
6 107 154
7 75 136
8 235 185
9 81 202
10 188 247
11 264 119
12 173 206

-

(a) Draw the scatter plot of FBS and TRI. From the plot, comment
on the suitability of a linear regression of TRI on FBS.

{(b) Based on a least squares linear regression of TRI on FBS, predict
the triglyceride level of a patient with fasting glucose level 150.

(c) Based on the fitted regression line, comment using both graphical
and quantitative diagnostics, how good the linear fit is. [3+7+8]
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Note: Justify your answers. .
Quote precisely if you are using any result proved in class.
This paper is set for 45 marks. Maximum you can score is 40 marks.

1.

2

[ have n sticks. IEach is broken into two pieces — one long and one
short picce. These 2n pieces are paired at random to form n sticks.
(a) What is the probability that they are joined to form original sticks?
(b) Find the probability that all long parts are paired with short parts.
4+ 4 = 8]
(a) Take a sample of size 4 with replacement from {1,2,---,100}. Find
et . \ .
the probability that the product of the first three sclected numbers is
divisible by 5.
(b) Suppose thtat T selected a sample of size 4 without replacement from
the above set. Find the probability that the product of the first three
clements of the sample is divisible by 5.
2 + 2 = 4]
I have a coin whose chance of heads in a single toss is p. I toss it
imdependently. Tor n > 1. let @, denote the probability of getting an
even number of heads in n tosses (zero is an even number).
(a) Show that a,, = p{1 — ay-1) + (1 — p)a,_y, forn > 2.
(h) Show that a, = %H 4+ (1 =2p)"], for n > 1. ,
3+ 3 =6]
- I 'have a sample space (£2,p). For two events A and B, say that 3

gives positive information about A if P(A|B) > P(A). If the following
statement 1s correct prove it, otherwise, give an example to show that
it is falsc. )

E o P.T.0
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3. Consider a sct of obscrvations ),

L3, ..., 2, such that tle uican is
_ . X , t the nis g
and the variance is 52, (

(a) If z, is the only obscrvation greater than 7, show that the mean
deviation of the obscrvations about the mean is cqual
1& '
(b) Is =3 2:* necessarily o - th
- z:zl i necessarily greater than or cqual to 74?7 Justify your
AlSWCT.

to 2( =
. n th—,L)_

¢) Wher scrvation is 1
(c) N en e; nlcw obscrvation Znt1 18 mtroduced to the datasct the
. [ . . ” M -y 17 ' i
can of the obscrvations decreases but the variance remains the
same. Express In+1 1 terms of T and 2.

(d)

Assuming ' i
suming all the obscrvations to be positive, determine which

summary measur iNimizes the ovmrecc: - 6 :
3 sure 6 minimizes the cxpression > {Va - }?

[3+3+6+3] =1 i
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.Note: Answer all the questions

1. (a) (1) What are the advantages of using floating point numbers over

the fixed point numbers?
(i1) With 8-bit exponent and 23-bit mantissa, estimate the range of

numbers(take any case of sign bit positive or negative) in normalized
representation. '

(iif) What is the utility of keeping exponents always positive?

How do we achieve this? Explain.

(b) What is a half adder? Starting from truth table derive a full
adder circuit in terms of two half adders and an OR

gate.
[(1+2+2)+(2+3)]

. (a) Starting from the truth table definition, derive the Boolean

expressions of all the 2-variable non linear Boolean functions.
(b) What is an ODD/EVEN function? Explain their significance.
(c) Why NAND/NOR is considered to be a universal gate?
[2 +2 +6]

. Design the SEC/DED (Single Error Correcting/ Double Error

Detecting) code for 8-bit message. (You should illustrate your design
with only four code-words instead of describing all the 256 code-
words and your illustration should indicate the rectification of at least
one single error and the detection of the occurrence of any double
error). - [8+1+1]

. (a) Distinguish between the following parameter passing techniques

with examples:

(1) Call by Value

(i)  Call by reference ° : »
(b) In two’s complement arithmetic consider the following cases:

(i)  Two numbers are positive

(i)  Two numbers are negative

(iii)  One positive and another negative

In what situation overflow and underflow would take place? How

these can be remedied?



[4+6]

5. Bring out the differences between the iterative and recursive
~ programming techniques. Illustrate the above programming
techniques with appropriate C code for:
(i)  Finding Fibonacci Sequence
(i) Finding an element in binary search [2 +4 + 4]

6. (a) Devise an algorithm for the conversion of infix notation into the
corresponding postfix notation on using STACK data structure and
illustrate it with the help of an example of dry run.

(b) Give the corresponding C code with full documentation
[6 + 4]

7. A matrix is called a square matrix if it has the same number of rows
and columns. Further a square matrix is a diagonal matrix if its only
nonzero elements are on the diagonal from upper left to lower right.
is called upper triangular if all elements below diagonal are zero anc

- lower triangular if all elements above the diagonal are zero. Write a
program that reads a square matrix and determines if it is a diagonal
upper triangular or lower triangular. (You should illustrate all the
three cases with full documentation.)

[2 + 4 +4]

8. Write a C program for creating a single linked list of several intege
and hence extend the C program (with full documentation) for
reversing the direction of the pointers in the already created linked
list. Your program should print both the linked lists. [5+ 5]

7.(a)

(b)

2)

. . : 2
X 1s arandom variable with p.g.f. O(¢) = e~ ) Calculate P(X = 20),
P(X =19).

Consider random walk starting from 0; probability of moving one step forward is -
p and probability of moving one step backward is (1— p). Put py, =0and for

nz1, p, be the probability that 1 is reached for the first time on »" day.
Calculate the pgf of the sequence ( P )

' ‘ [3+5]
The number of customers that enter a shop is a Poisson variable with parameter
A . Each customer, independent of others, buys an item with probability p (and

does not buy anything with probability 4 — p). If Y is the number of customers

who did*not buy anything from the shop calculate the distribution of ¥ . Find
E(Y). '

[7]
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Your answers.

nballs are distributed at random into »boxes. Let

X be the number of empty
boxes. Calculate Expectation and Variance of X .

[7]

Let § ={l,2, ...... ,n} so that S has 2" subsets (including empty set). Suppose
two subsets Aand B are selected at random (with replacement). Show that

P(4c B)= (%Y
(8]

X ~ B(n,p) and Y ~ P(np). For k>0 put a, X =k
P(Y = k)
increases and then decreases. For what value of & is @) maximum?

. Show that a, first

[5]

A coin, whose chance of heads is P, Is tossed independently. Let X be the
length of the run started by the first trial and ¥ be the length of the second run.

Find the distributions of X and E(X).
Find the distribution of ¥ and E x).

[7+8]

Consider Polya Urn Scheme with » red balls and g green balls. Prove that the

protability of a red ball at any draw is

r+g
[7]
Delhi are independent

total of four accidents
wing events.

Th.e number of accidents in Madras, Calcutta, Bombay,
Poisson Variables with parameters 1,2,3,4. Given that a
occurred, calculate the conditional probabilities of the follo

a)  One accident in each city.
b)  One in Calcutta, one in Bombay and two in Delhi.

[8]
[P.T.O.]

(b)

(c)

(a)

(b)

(c)

Consider a set of observations with mean Z and standard deviation
s. Show that the proportion of observations lying outside the
interval [T — ks , T+ ks] is at most (B»/k*, where k is any positive
real number and (3, is the unadjusted measure of kurtosis.

Consider two sets of bivariate data on (z,y) comprising m and n
observations respectively. The means of z, the means of y, the
variances of  and the variances of y are the same in the two sets
of observations. The correlation coefficients between z and y in
the two sets are r; and 75, respectively. Show that the correlation
coefficient between x and y in the pooled set comprising (m + n)
observations can be expressed as Ary+(1—A)r,, for an appropriate

real number A € (0,1). [3 + 4 + 4]

Suppose X and Y are two binary variables, each assuming values
0 or 1. Suppose, based on a set of observations on (X,Y), a
least squares regression of Y is performed on X. Show that the

regression line has slope zero if and only if the Odds Ratio based
on (X,)Y)is 1.

Based on a bivariate set of observations on (z,y), suppose you
want to perform a linear regression of y on z by minimizing the
expression: ap X {4 — a — br;}* + (1 — @) 3 |3: — a — ba;| with
respect to a and b, where oy is a fixed real number between 0 and
1. Formulate the above minimization as a weighted least squares
minimization problem and describe an algorithm to estimate a
and b. Show all your computational steps clearly.

The following data pertain to the proportion of matches won in the
French Open and the Wimbledon by seven women tennis players:

Plaver .French Open Wimbledon

1 0.7 0.4
2 0.6 0.8
3 0.6 - 0.7
4 0.2 0.8
) 0.3 0.6 ’
6 0.5 0.8
7 04 0.9
2
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1. (a)
(b)
(c)
2. (a)

maximum you can score is 50.

A study showed that 88% of the people suffering from Hepatitis
B who took Lamivudine recovered within a week. Do you think
that the study design was appropriate to make conclusions on the
effectiveness of Lamivudine? Explain.

Suppose the instrument to measure the maximum concentration
of SO, in the overground air layer is calibrated only within the
range 25-450 pg/m?, and hence, levels lower than 25 p, /m® or
greater than 450 1,/ m? are recorded as the corresponding bound-
ary values. Suggest a suitable measure of central location and a
measure of spread which will summarize data on SO, levels on
different days within a particular week. Justify your answer.

The following summary measures are reported for a set of obser-
vations on the scores of 10 students in an examination:

mean = 71.6; variance = 32.5; median = 78.4.

Comment on the feasibility of the above measures. You need to
derive any result you may use. 3+ 3+ 6]

Boyle’s Law states that the pressure (P) of a gas at a given tem-
perature is inversely proportional to the volume (V) of the gas
at that temperature. Does this imply that if you collected bi-
variate data on (V,P) of a gas at 10C, the correlation coefficient
between V and P will be -1? Justify your answer. Suggest suitable
transformations on V and P such that the correlation coefficient
between the transformed variables is -1.

! P.T.0
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1P i
rove that the following statements are equivalent:
(a) 7(A) =r(42) =, |

b . .
(b) VU isa nonsingular matrix of order r where 4 — uv

(¢ A=p D 0 is any rank factorization of A.
0

Pt fors i
0 , some nonsingular matri i
ool atrix P and a nonsingular matrix
2 Prove the following: .
(a) 7(A+ B)

) RiA) R(=B7;(i) :r(;gB_) <:(>AC)7(A) NC(B) = {4} and R
(c) A isidem =rA)+r(B(I - ATA))
potent = M A is hermitj
. an f e .
Ed) Gisadr =Gisa Ay for some ot Some positive definite (pd) matrix M.
(

(A)NR(B) = {¢}.

o positive defini :
) A and B are square matrices such ¢ finite matrices M and N,

f) If A and B are orthogonal projecti

hat (4 : B') is a g-inverse of (=B'": 4) = A=
if and only if AB = B, —

on ope y i
perators then 4 — B ig g projection operator

‘fﬁCIent condition for the matrix (

5 / .
_Ggpress the inverse of ( A+wv') to be nonsin

. gular and o .
A+ uv') interms of inverse of 4 when it is nonsingular,

§ or disprove the following: .

o ;f aAdr &G isa (4%, .

thas unique i i

g generalized inverse impl;

g . se impl i i

(c) A i#a generalized inverse of itself ini) ;?S ) 1§ n'onsmgmar‘
plies 4 is idempotent.

PT.O.



(d) r(APA*) = r(A) where P is a positive definite matrix.
(e) r(A) =r(A?%) and C(A)=N(4) =4 =h0. e
' is tri lso orthogona =1.
£) The matrix T is triangular and a ‘ o N
ég)) If A is real then there exists a solution of the consistent system Az = b in C(A')

i izati f the form A =UU".
tric matrix has a rank factorization o )
AN ces such that C(4) = C(B) = A= B.

o atri
(i) Aand B are real symmetric idempotent I — C(B) = B = AZ for some

(j) A and B are matrices of same order such that C(A)

nonsingular matrix Z.

(10 x 2 = 20]

.,,m‘,’x...
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Answer all questions.

State clearly any result that you use in your answer.

(1) Prove that every open subset of R can be expressed as countable union of closed set
Show by an example that the converse of this need not be true.

(2) Define a function d : Z* x ZX — R by d(m,n) = ]T—% — 1| for m,n € Z*, where Z* is
set of non-zero integers. Show that d is a metric on Z*. Show that the sequence \r, =

4
n=1,2,... is a Cauchy sequence relative to the metric d but it is not convergent.

(3) Let a = (a1,az2) € R? and r > 0. Define
S(a;r) = {(z1,22) :€ R?: (1 ~ a1)? + (29 — ap)? = r?}
(a) Determine whether S(a;r) is compact or not.

(b) Prove that S(a;r) is homeomorphic with S(b;s) for any b€ R? and s > 0.
(c) Can there be a continuous onto map S (a;r) — R? Justify your answer.

(4)  (a) Let f: [a,b] — R be a continuous function which is monotonically increasir

Prove that f([a,b]) = [f(a), f(b)].

(b) If f: R — R is monotonic and image of f is an interval (may be unboundec
then show that f is continuous.

(5) Prove that the function
sin x

flz) =

is a monotonically decreasing function and is bounded above by 1 on the interval 0,

7+

(6) Use Taylor’s theorem to prove that the function log(1 + z) has the following power gerie
“expansion for 0 < z < 1:

2 3 n
log(l+z) =2 — % %——---—{—(—1)""‘1%4—...
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1. Let f:]0,1] — R be defined by
3 if =z is rational
flz) =
z? if =z is irrational
Compute the upper and the lower Riemann integrals of f on {0, 1] and hence
decide whether f € R[0,1]. - [10]
2. (a) Without quoting the theorem on integrability of composite functions, show
that f € Rla,b] = |f| € Rla, b]. Is the converse true? (10 +3 = 13]
(b) Let f : [@,b] —.R be a bounded function. Define |
' f@) i fz)>0 ~f@) i f&) <0
Jilz) = and f_(z) =
0 otherwise 0 otherwise

Show that f € Rla,b] <= both f, & f_ & R[a,b]. Moreover,

/: f(:;f)dx = /;b f+(z)dr — /ab f-(z)dz. | [10]

@ Let f: {a,b] — R be a function with a continuous derivative. Show that f

is the sum of a continuous increasing function and a continuous decreasing

function. ' ‘ 7

1 P.T.0



3. Test the convergence of the integral

it 1
4.
Let {fa} be a sequence of continuous functions which converges uniformly to a
function f on an interval J. Prove that

lim f, (xn) (*7")

n=—0o0

for every sequence {za} C I such that Tp =T €]

Show that the conclusion may fail if the convergence is not uniform. (1045 = 15]

5) Let g: [0, 1 '
Q [0,1] — R be continuous. Let fa(z) = 27g(2) for € [0,1]. Show that

{fa} converges uniformly on [0, 1] if and only if g(1) =

[10]
6. Let fu(z) = noz(1 ~ ' forz € 0,1), n > 1.
(a) Show that {fn} converges pointwise on [0,1] for any a € R [5]
(

b) Find all a such that the convergence is uniform on [0, 1]

(8]
[7]

(¢) Find all & such that

i ([ #toie) = [ (im 50

g

[20]

/ tan~! xdx—Z(—

—~ (2n +1)2°

First Semester Examinations (2007-2008)
B Stat - 1 year
Remedial English
100 marks
1 Y2 hours

Date:5'.12.07

|. Write an essay on any one of the following topics. Five paragraphs are expected.
a. Winter in my city

b. My hobby
c. My views on the present education system.

(60 marks)
2. Fill in the blanks with appropriate prepositions:
a. Industryisthekey success.
b. The customs were searching  drugs at the airport.
¢. Elizabeth knew how to inspire her soldiers ______ hope.
d. Early rising is beneficial _ health.
e. We should live in a style suited our condition.
f. Examinations act as an incentive _diligence.
¢. He is too miserly to part ____his money.
h. Héis a clever man but unfortunately diffident his powers.
1. Suddenly we were enveloped dense fog.
J. Many aspire greatness but few attain it.
k. His income is not adequate his wants.
1. The soil of Pune is favourable roses.
m. Iam sick the whole business.
n. A car will be a great convenience ___abusy man like him.
0. Whoeveracts contrary __ nature does not go unpunished.
p. Theaccidentresulted ~ thedeath  five people.
q. The mule was partially rehevcd the load.
r.  Your wish is tantamount __acommand.
s. Oneissure what one sees.
(20 marks)
3. Fill in the blanks with appropriate words:
Ashok over the top of his copy of the Times. The man in the
seat had drifted off to _His snores came out in intervals, coinciding

the thythm of the train. His moustaches quivered with each breath, a silver

\mass of frost on the branch of a bare tree in the wind. Ashok smiled and folded his

. Then, slipping out a small black ,he openedittoan page
and hid behind it with a miniscule wood pencil. His strokes light, quick and

PT.0



cle f)

' k’s
1S pi he did. Every one of Asho
- saw his pictures the way : ' : ’
oo p'eogiI::eevse Fbvery P of expression on each ofhis subj e?ctst
Tihon r;'erfelclttl}?e 2 to see, his compositions were clever, the colours jus
s there for a . , s oo
rseemed to _ itbig. . |
yetm}'?hl;e::rriage a sudden heavy jolt and the man yvol;e ——
A . e
He shook his head to clear it and, staring hard at Ashok and his glance,

; __ forasmoke.

. The

. sseatand went (20 marks)
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Note: (i) All the matrices and vectors considered are over complex field unless otherwise
stated. (ii) Class room notation is used. (iii) State clearly all the results used,

1 (a) Show that every square matrix is unitarily similar to a triangular matrix,
(b) Define algebraic multiplicity am(\, A) and geometric multiplicity gm(A, A) of
an eigenvalue A of a matrix A and show that am(), A) > gm(), A)

2 x5 =10

2 Let A be a real skew-symmetric matrix of order n and rank r. Then prove’ the
following: '
(a) A is singular if 7 is odd.
(b) A has 7 nonzero eigenvalues.
(c) If X is a nonzero eigen value of A then ) = i for some real number L.
(d) If z + iy, where 2 and y are real vectors, is an eigen vector of 4 corresponding
t0 a nonzero eigen value then z and y are orthogonal and are of same norm.

[2+2+2+4=10]

3 State and prove Caley-Hamilton theorem.

[5]
4 Prove or disprove the following: |

(a) 2% +2z — 3 is the minimal polynomial of 4 implies A4 is nonsingular.

(b) If A is symmetric then there exists a constant ¢ such that I + ¢4 is positive
definite.

(c) A is nilpotent if and only if all the eigenvalues of 4 are zerg,

(d) For a triangular matrix T, rank(T) = rank(T?) if and only if T has r nonzero
diagonal elements where 7 is rank of 7T,

() gm(1,4) = rank(A) implies A is idempotent.

- [5)(2:10]
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1. We select a point at random in the unit square [0, 1] x [0,1] of the
plane and calculate Z = x — Y where X and Y are the z-coordinate

and y-coordinate respectively of the selected point. Find the density
of Z.

(8]
@ Let X be a uniform (0,1) random variable. Denote by U, the first

digit in the decimal expansion of X and by V, the second digit in the

decimal expansion. Calculate the distributions of U and V. Are they
independent? : 8]

3. Exhibit a funcion ¢ on the real line so that the following happens. If
we take a random variable X wih density f(z) = 2z for 0<z<i,
then Y = p(X) has density g(y) = 4y3 for 0 < y < 1. 5]

4. 1 Z ~ N(0,1), then show that P(|2] < 2)=2P(Z<21) ~1. [4

9. Let X be a random variable with distribution function

Flz) = 0 if z<0
il if 0<z<¢4
% if 4<z<é6
= 1 if z>7
Calculate the following probabilities. PO<X < 5; P0< X < 5);
PA<X<6);,P(Xisa rational number) 8]
6. Let X be arandom variable with density f(z) = az+bz% for 0 < 2 <1
If E(X?%) = 9/20, calculate P(X <1/2). 8]
7. If X is exponential with parameter A, calculate density of the random
variable ¥ = (5 — X)/5. [4]
ok ok ok ok
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For a function g(x) tabulated at x=x,x,....x, where x, =x,+ih, for

i=012,...n hbeing a positive real number, define finite forward differences of
various orders, and express them in terms of the tabulated function values.

For the polynomial p(x)= 4% + x? —x+99, express finite forward differences
of all orders as functions of A, taking x, = ().

[5+5=10]

Derive the Newton Backward Difference Interpolation Formula from first
principles, stating clearly the rationale behind the approach.

(10]

. What are splines? Describe explicitly how the interpolation problem can be
solved by using cubic natural splines. For what reasons is interpolation with
splines superior to Newtonian interpolation?

[2+4+4=10]

Starting with the basic Newton interpolation formula, deduce th2 Simpson
quadrature rule for evaluating a given definite integral, based on values of the
integrand at eight equispaced values of the argument. Obtain an estimate of the
error you can expect this rule to make, in approximating the definite integral.

[6+4=10]

Explain in a few sentences the essence of the Gaussian approach for obtaining
an approximation to the definite integral

b
f 1 (x)dx,

d

" using values of f(x) at n+ [ points in the interval [a,b].

If n=2, deduce the explicit form of the Gauss quadrature rule for evaluating the

above integral, and also the associated error, given that the Legendre polynomial
of degree 3 is

[5+5=10]
XXXXXXXXXXXXKXXXXXX XXX XXX KX XKKXKXXXXKXXKXK
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1.

2.

This paper carries 35 marks.

This is an extremely diluted version of the Duckworth-Lewis method
employed in rain interrupted one-day international cricket matches.

Based on 100 matches interrupted by rain during the run chase of the
team batting second, data were collected on four variables:

X1 : the number of runs required to win the match at the time of
interruption

X2 : the number of overs remaining at the time of interruption

X3 : the number of wickets lost by the team batting at the time of
interruption

X4 : the number of overs that can be accommodated when'it is possible
to resume the match

The mean-vector and the dispersion matrix of (Xj, X9, X3, X4) were
obtained as follows:

142.58 282 14.8 184 133
23.06 99 96 72
3.27 ’ 14.4 8.2
12.94 9.8

{a) Obtain a linear prediction function of X using X2, X3 and X4
based on least squares regression.

(b) What proportion of the variance in X is explained by the above
linear regression?

(c¢) Explain whether X3 is useful in the above linear prediction of X;.
B+5+9

(a) Suppose Ly = al +cl’+ 1’ where a is a scalar and c is a vector.
Under what necessary and sufficient conditions on a and ¢ is £, ¢
a valid dispersion matrix?

P.T.Q



(b) Suppose the correlation matrix of (X1, X, ..., Xp)is R = ((ri))
such that Ty =01 7 =2,3,...,p and Tij = Qy 4,5 > 2, 4 #

J- Compute the multiple correlation coefficient between X and
(X2sX37-"7X]J)' [‘5 + 5]

(a) A DNA Sequence comprises nucleotides A, T, G, C; each occur-
ring independently with probabilities p;, P2, p3 and py, respec-
tively, where Zlepi = 1. Given a DNA sequence comprising n

nucleotides, obtain the correlation matrix of the proportions of
the four nucleotides in the sequence.

(b) An internal component of a machine has a fixed chance of be-

coming inactive on any particular day. Suppose the second date

in this month when the component became inactive was the 10th,

What is the probability that the component did not become in-
active before the 4th? [5 + 5]

s
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otes: (i) All the matrices and vectors considered are over complex field unless otherwise
tated. (ii) Class room 73,(51",’(1,1672077, 18 used. (111) State clearly the results used.
o | /
1 (a) Let B be g real positive definite matrix of order n. Then show that
|B| < biibay -+ by '
(b) Let A be a real matrix of order 7 such that lai;l < 1 for all i, j. Then show
that |[A] < n"/? and cquality occurs if and only if a;; is +1 or —1 for all 4, j,
and tows of A are pairwise orthogonal.
A

2 (a) Givo'nfa p;iix'.()f‘ nonnegative definite matrices X and Y of same order, show
that. th'(.‘.r(}'}ﬁxi'sts a nonsingular matrix U such that hoth U* XU and U *YU arc
diagonal. '

(b) Given any pair of matrices Apmen and Bg.,. show ﬂt,hat, there exist a pair of

unitary matrices P,,,X,,,' and Q.. and a nonsingular matrix Zywn such that

[

TA=P ¢t Z and B=Q o
‘ 0 0 0 0

where ¢ and W are diagonal matrices of order r with nonnegative diagonal
elements satisfving ¢? + 02 =/, , being the rank of the matrix (4” : B*).
(Assume that r < min{m. k}).

[5 10 = 15

3 (a) Define rank and signature of a quadratic form and prove that él‘quaﬂfa,tié\fopm
' Ar can be written as the product of two linearly independent linear forms in

« if and only if 4 has rank 2 and signature 0.
(b) Let 4 be a nonnegative definite matrix of order n and B be a matrix with n

rows. Then show that the row space of (0 B) is contained in the row space of
A D

B 0

e
N
C 3



4 (a) For the matrix A éiv('n below. find a lower triangular matox L such that
; he

A = LI using square root method. Also find [A4].

4 2 -2 0
| 9 2 1 3
S T

0 3 7T u

(b) Give a nonsingular matrix B such that the transformation y = Bz will reduce

the quadratic form »'Ax to diagonal form.

[5+ 5 =10]

Y

5> Prove or disprove the following:

(a) 7(4) =7(A4%) =7 = A has a nonzero principal minor of order r. '

(b) Every orthoganal matrix of order 2 is either symmetric or skew symmetric.

(c) Let A’ zl,B + C where B is real positive definite ma:rix and ' is rezl skew
symmetric matrix. Then {A] = [B] = ' = 0.

(d) 4 and' B are 'n(:nmega,t,ive definite matrices = all the eigenvalues of AB are

nonnegative.
(¢) Every (f‘.om\pllex symmetric matrix is normal. :
(f) A is a positive definite matrix = B = ! [ is also positive definite.
- ‘ "
) 6 x 2.5.= 15]
.. ‘,"‘\—.l" . ..

(3]
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Note: Answer any 5 of the following questions

For a function f(x) tabulated at x = Xg5X;,...,X,,define divided differences of all
orders, and show that if f(x)is a polynomial of degree »,then divided differences
of order &k, where k > », are equal to 0.

For a real-valued function g(x) tabulated at x = Xy5X1,...,X, €[a,b], deduce the

error of the interpolating polynomial D,(x)of degree n,if g(x)is (n+1) times
differentiable in [a,5].
[10+10=20]

Derive the general Newton-Cotes quadrature formula from first principles for
evaluating numerically the definite integral

[ res,
based on values of f(x) at(m+1) equispaced values of x in [a,b]. Give the

explicit formula for n = 2.

Explain in detail the basic principle behind Gaussian quadrature. How does its
error compare with that of Newton-Cotes quadrature?

[10+10=20]

For the problem of solving numerically a differential equation
‘ Y@ =), y(x,) = y,,
at N equispaced points in the interval [x,, xy], the step size being 4, describe
the Euler method and, making appropriate assumptions, show that its error is
O(h).
For solving the same problem as in 3(a), deduce the general Adams-Bashforth

formula, and explain its advantages and disadvantages over the Euler approach.
[10+10=20]

Describe the Newton-Raphson approach for solving numerically a nonlinear
equation f(x) = 0in a single variable x. Establish that the order of convergence of
this method is 2.

P.T.0



Explain how the Newton-Raphson method can be adapted efficiently to obtain all
the zeros of a polynomial of degree p .

[10+10=20]

Consider the problem of solving nlinear equations Ax = bin nunknowns, where

the coefficient matrix A is real, symmetric. Describe a computationglly efficient (as

compared to the basic Gaussian elimination-based approach) non-iterative method

for obtaining the solution. ' .

Discuss the rationale behind the Jacobi approach to the computation of the
i of a square matrix 4.

eigenvalues q 10+10=20]

For the problem of solving a nonlinear equation inx, of the type x = g(x), under

what conditions does fixed-point iteration converge? Justify_your answer.
In cases where fixed-point iteration does converge, explain how its convergence
can be accelerated. Justify your answer.

[10+10=20]

SOOOOCOXIKHOKIOCOEOXARX OO XXX
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The question carries 120 marks. Maximum you can score is 100. Precisely

justify all your steps. Carefully state all the results you are using.
1. Let f: R — R be a continuous periodic function of period .

(a) Show that the integral of f over any interval of length 7 is the same, i.e.,

a+m b+m
/ f(z)dz = f(z)dz for all a,b € R.
a b

(b) Show that /Oﬂ[f(x +a) - f(z)]lde =0 for all @ € R.

(c) Show that given a € R, there exists z € [0, 7] such that f(z + a) = f(z).

(10+4+6=2
2. Test the convergence of the integrals
o0 e—(l)
2
b 1
b -
(b) / s 748=1
=~ 1
3. Let =
/() Z 1+ n2z’
nzl

(a) For what values of 2 € R does the series converge absolutely?

(b) On which intervals I C R does the series converge uniformly? On which interva

I C R does the series fail to converge uniformly?

(¢) Is f continuous wherever the series converges?

(d) Is f bounded? B+10+5+5=2

. P.T.0



4. Let {fn} be a sequence of continuous functions on [0, 1] decreasing pointwise to the

constant function 0. Is it true that

1
/ fo(z)de — 0 as n — 07
0
Briefly justify your answer. [10]

(a) Let f(z) = (w — |z})%, = € [-7,n]. Compute the Fourier coefficients of f and
show that \

w2 > 4
f(x) = £} +nz_:_1-7—1—2—cosn:c.

X n 4
(b) Show, by any method, with full justification, that lim E r T
r—1- =1 Tl4 90

[10 4+ 15 = 25]
. Suppose f : [-m, 7] — R is such that the Fourier series for f converges to f at every

z € [—m,7]. Given that f =0 on (~=,0) and f =2 on (0,7), can you determine the

value of f at the points —m, 0 and n7 Briefly justify your answer. (10]

. Show that the function f: [—1,1] — R defined by

z2sint if T #0

f(z) = ’
0

otherwise

is of bounded variation, while the function g : [-1,1] — R defined by

zsind if z#0
9(z) = z 7
0 otherwise

is not of bounded variation. [T+ 8 =15
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Answer all questions.
State clearly any result that you use in your answer.

(1) Let X be any set and let P(X) denote the power set of X. Prove
that there exists a bijection between P(X) and {0, 1}%. Hence show
that the power set of the set of natural numbers is uncountable.8+8

(2) Let A = [1,2] and B =[~2, —1]. Define the set AB by

AB={zycR|z€ Aandy€ B}.
Determine the supremum of the set AB. 8

(3) Let z be any real number. Prove that there exists a sequence of ra-
tional numbers {r,,} which converges to z. Can we choose 7, strictly
decreasing? Justify your answer. 9+5

(4) Let {z,}22, be asequence of real numbers such that lim, 00 Z2n-1 =
u and lim,_ e Zon = v. Determine the limsup and the liminf of the
sequence {Zn}32;. 8

(5) Discuss the convergence/divergence of the following power series:
>
n ?
n=1 3

where z is any complex number. 8

(6) Let {a,} be a sequence such that ap, > 0 for all n. Suppose, the
series Y o | an, diverges. Show that

> Q 3
(@) 2 omei T T diverges and

(b) >0, 1+(7lz'—an converges.
5+5
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Each question Carries 10 marks. Maximum you can score is 60.
You should give proper justifications for your arguments.

1. The life time, in some units, of an electronic item is a random vai
density

flx)=xe™* x>0

(1) What is the expected life time of the item.

(i)  What are the chances that the item works for at least 10 units?

(iii)  Given that the item has been working for 10 units, what is the .
probability that it works for at least 10 more units?

2.() X, X, are independent uniform (0,1). Put

Y, = /- 2log X, Cos(27X,) Y, = /- 2log X, .Sin(27X
Show that Y;,Y, are independent standard normal.

(i1) X,Y are bivariate normal with Correlation p, means 0 and varianc

that correlation between X2 and Y2 is pz.

3.() X,Y are independent two sided exponential with parameter one. Find
of X-Y.

(i1) Without any calculations, explain with justification, how to get densit
from the above answer.

4. Show that the density of standardized 12 variable converges to the
standard normal variable as the degrees of freedom increases to infinity

5. Ipick anumber p at random from (0,1). Then I toss a Coin, with char
pin a single toss, ntimes. Let X be the number of heads obtaine
distribution of X . Given X, find the conditional distribution of p .



)

I pick a number x at random fro
random from (x—I,x+1). Find t
explain for which values yof

E(E(x|Y)= E(x).

rr»x (0,1).‘ F}iven X =x, you pick a number Yat
he conditiona] distribution of Y given ¥ =y

Y this is defined. Fina E(x]y = ¥). Verify

BT
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This paper carries 35 marks. Attempt all questions. The
maximum you can score is 50.

1. (a) Consider data on three variables X, Xy and X3. Suppose X; is
regressed on Xs using least squares. When the residuals of this
regression are regressed on X3 using least squares, the slope of the
regression line is B;. If X; is regressed on X» and X3 simultane-
ously using least squares, the regression coefficient corresponding
to X3 is F2. Show that |5i] < |Bz2]. When does equality occur?

(b} Suppose X1, X2 and X3 are variables satisfying a linear relation-
ship 2X; 4+ 3X3 + 4X3 + 5 = 0. Compute the partial correlation
of X; and X eliminating the linear effect of X;. |6 + 6]

2. (a) Suppose the correlation matrix of (X1, Xs,...,Xp) is R = ((ri;))
such that r;; = pi7l; 4,5 =1,2,3,...,p. Compute the multiple
correlation of X; and (X3, X3,...,X,).

(b) Suppose we wish to predict fasting glucose levels {X1) using a lin-
ear function of HbA1C (X3), BMI (X3) and HDL (X4) levels, but
resources may not permit collection of data on all three factors.
Hence, it is decided to collect data on the factors in the order of
their importance in predicting X;. From some preliminary data,
the correlation matrix of (Xj, Xs, X3, X4} is found out to be:

1 058 0.71 0.37

1 043 035
1 076
1
Determine in which order you should collect data on the three
factors? 4+ 4

3. {a) Jet Airways uses five different aircrafts in the sector Kolkata-
Mumbai. What is the expected number of flights one has to take
in this sector so that one has flown on all the five aircrafts?

! P.T.0



(b) Assuming that the duration of the television advertisements in
between the overs of a twenty-twenty cricket match is distributed
as normal with mean 38 seconds and standard deviation 6 sec-.
onds, obtain the variance of the duration of those advertisements
with duration greater than 45 seconds.

(c) What is the probability that a particular unit in a population is
included in a sample drawn from the population using SRSWR?
Suppose two independent samples, of sizes n; and ny, are drawn
from a population using SRSWR such that the means of the two
samples are F1 and %3, respectively. If a is any real number, show
that aZy + (1 —~a)Z3 is an unbiased estimator of the population

mean. For what value of a does the above estimator have the
minimum variance? [4+6+ 6]

4. (a) Using random observations from U(0,1), explain, with suitable

justification, how you can generate an observation from the den-
sity:

flx)= %\-e.’zp{—!m—— 61/A%; A>0; —oco<z<o00.

(b) Suppose it is analytically very difficult to compute the distribu-
tion function of a continuous variable X with density'g. Explain
how you can estimate the value of P(a < X < b) using simula-

tions. Cé+47]

5. The following data pertain to the mumber of credit cards owned by
100 randomly chosen individuals:

Number of credit cards Number of individuals
0 17

29

28

14

7

3

(S LI

Fit a suitable probability distribution to the above data and test for
its goodness of fit. 19}
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