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Answer all questions.
State clearly any result that you use in your answer. Unless stated otherwise V is a finite
dimensional vector space over a field F. ej,es,...,e, is the canonical (standard) basis of F™.

(1) Let £y denote the set of all sequences {zn}n>1, Where z, € R and limy— o 2, = O.
Define addition and scalar multiplication as follows:

{zn} +{vn} = {zn + 2zn} and Mzn} = {Az,}
for {zn},{yn} € €o and X € R. .
(a) Prove that £ is a vector space over R.
(b) For each positive integer o, let x, denote the sequence whose a-th entry is 1
and all other entries are zero. Let S = {x4|l0 =1,2,3,...}.
Prove that S is a linearly independent subset of £5 but it is not a basis.
(c) Determine the span of S in 4.

4+8+4

(2) Let S ={(z,y) € R? : z + 2y = 0}. ,
(a) Prove that S is a 1-dimensional subspace of R2.
(b) Define cosets of a subspace in an arbitrary vector space V. Describe geometri-
cally the cosets of S in R? and justify your answer.

4+(447)

(3) Let T: V — V be a linear transformation.
(a) Prove that dimV = dimker T+ dimIm 7.
(b) Prove that T is injective if and only if it is surjective.
c) Consider the following system of linear equations :
aiz+by+cz = dy
asZ +boy +c2z = dy
, a3z +byy +c3z = d3
where a;, b;, ¢;, d;, % = 1,2,3 are all real numbers. Suppose that this system has
a unique solution when d; = 0,ds = 0 and d3 = 0. Prove that the system has
a unique solution for any set of values of d, ds,ds.

6+4+6
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(4) Let M,(R) denote the vector space of all n x n matrices with real entries.
(a) Show that M, (R) is isomorphic with R?*.
(b) Prove that for any A in M,(R) there is a positive integer k such that
, aol, +a1A+a2A% + .- 4 apAF =0
for some real numbers a;, 2 = 0,...,k. Here A™ denotes the m-fold product of
A with itself.

4+6

(5) Let P, denote the vector space of all polynomials of degree less than or equal to n
with real coefficients (under usual addition and scalar multiplication). Define two
linear transformations S : P, — P,y and T : P,,; — P, as follows: For any
polynomial p(z) in P,,

S(p(z)) = zp(e) and T(p(z)) = p'(x),
where p/(z) denotes the derivative of the polynomial p(z).
(a) Write down an ordered basis for P, for any n.

(b) If A and B denote the matrices of S and T respectively relative to these ordered
bases, then find the product matrix A.B.

2+7
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The paper carries 85 marks. Maximum you can score is 80.

. Precisely justify all your steps. Carefully state all the results

you are using. You may use properties of sin z, log z etc. learnt
in 1042 without proof.

. In each of the following cases, decide whether the given set A C R is

bounded above (and/or below) and if it is, find its supremum (and/or

infimum).
(a) A={z €R:32% 10z + 3 < 0}.

(b)A={m+i—:x7€0}. B+4=1]

. Let A C R be bounded above. Show that there is a sequence {a,}

taking values in A such that lim a, = sup A. [5]
n—eco

. Given two sequences {a,} and {b,} of real numbers, define a sequence

{cn} as follows : ¢2, = ay, and cgp—1 = by

(a) If {an} converges and nl_l_)llg() (an — by) = 0, prove that {c,} con-
verges. - (8]

(b) Can you drop the condition “{a,} converges” in (a)? [5]

. In each of the following cases, if the given sequence {a,} is convergent,

find its limit. If it is not, find its limsup and lim inf. [5+5 = 10]
(-2 _n_[n
(@) an =gy (—2)n (®) an=7 [7] :

where [z] is the largest integer < z.
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5. Suppose {a,} and {b,} are sequences of positive numbers such that
{an} is bounded and nlgglo an /by = 00. What is the strongest conclu-
sion you can draw about {b,}? [10]

n
6. For any sequence {a,} (not necessarily bounded), let o, = 1 Zak.
: n
Show that =
hm mf an < hm 1nf on < limsup oy, < limsup a,.
n—oo n—oo
In this context, explain the significance of the two examples : (i)

an = (=1)"*! and (i) a,, = (=1)"H1p, [15 + 5 = 20]

7. Test the convergence of the following series : [5+5=10]

W2t T © (n?
(@) Z (b) in [
n;sn@n)

.
8. Find all real  and s such that the power series z converges. For
E p .

n=1

what values of z and s does the series converge absolutely? [10]
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. During IPL Season II, Boomer was running a promotion campaign where each packet of

Boomer contained a logo of one of the eight competing teams. I bought 10 packets of
Boomer. What is the probability that I got the logos of both the finalists of IPL I, as well

as, that of Kolkata Knight Riders (who was not one of the finalists of IPL I)? (5]
. An urn contains 7 red and b black balls. Balls are selected at random without replacement.
What is the probability that the (k + 1)-th ball drawn will be the first red ball? [4]

. Conclude, with justification, whether the following statements are true or false:
(a) If P(A|B) = 1 and P(A|B¢) = 1, then P(4) = 1. [4]
(b) The event A is said to attract the event B, if P(A|B) > P(A). If A attracts B and B
attracts C, then A attracts C. (5]

. Prove, using induction, that for any n(> 2) events Ai, ..., An,

Up_14r) ZPA)—ZPA N A1)

r=2
Hence, or otherwise, prove Kounias’ 1nequahty.

P (U",A;) € min ZP iP(AmA,C)

1<k<n
r=1
rs#k

[4+2=6)

. In the random walk problem, let R,, be the number of distinct values taken by So, 51, .-, Sa-

Show that
PR, = Rp1 +1] =P[S15... 5, #0]. [6)

(Hint: You may use approapriate dual events obtained by reversing a path.)
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Note: This paper carries 66 points. Maximum you can score is 60.

. (a) In a (hypothetical) study, it was found that the percentage of incidence of hyper-
- tension was less for people who regularly exercised. The study concluded that regular

exercise prevents hypertension. Give reasons for your agreement or disageement.

(b) Dividing the two groups (people who regularly exercise and who don’t) into young and
‘ old, illustrate with hypothetical numbers how the percentage of incidence of hypertension
can be higher for people who regularly exercise whether young or old, even when the

overall percentages agree with the study.

(¢) Explain briefly how will you design a statistical study to check their conclusion?
[54+10+5]

. Suppose there are two sets of values of a varible £ with n; and no values respectively.

(a) Let the geometric means of the two sets be G1, and G respectively. Show that the

geometric mean of all n; + ny values taken together will lie between G; and Ga.

(b) Suppose the harmonic means of the two sets are H; and Hj respectively. Will the
harmonic mean of all n; + ny values taken together will lie between H; and Hy? Justify

your answer. ‘ [8+8]
. Using the Cauchy-Scwartz inequality or otherwise, prove the following results:

(a) Gini's mean difference cannot be greater than /(2) times the standard deviation.

(b) The measure of Kurtosis  cannot be smaller than the measure of skewness f; for

any variable. [10+10]

. The first four moments of a distribution about the value 4 (i.e. %ZLI(X,» -4 r =

1,...,4) are -1.5, 17, -30 and 108, respectively. Find the first four central moments. {10]
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Answer all the questions.

1. A) Convert the following and justify with mathematical reasons why your conversion
procedure will lead to correct results. ’

i) (I01)=(C 7 o
1) (95269)10=( ? )X ' (4]

B) I) Write a C-program with full documentation for the above (ii) conversion procedure. You
should provide the flowchart/algorithm for the procedure.
1) Discuss the following three cases of designing compilers (vnOtations have usual meanings).
(A) Co** is available, to design Cg B | ‘
(B) C,*4 is available, to design C,"'4

(C) Nothing is available, to design CALA

You should explain sufficiently the necessary steps of your design formulations.

- [8+8]
2. On using at least two ‘for’ loops:write the ‘C’ program for each of these patterns with
complete documentation. '

Ay O
56
456
3456
23456
123456
B) 1
101
10101
1010101

101010101



C) *xxxxx D)10101010101
ROE K kK 101010101
kA 1010101
ok 10101
o 101
* 1

3. (a) Explain elaborately why NOR and NAND logics are considered as universal?

(b) Why any Boolean function can be expressed as sum of product form (SOP) as well
product of sum form (POS)? Explain with,,gx’amplcs.

(©) Explgin why 2°s complement repr-’ééentaﬁ&n is more important and useful than oth
of representations? bR

(d) ) In connection with com;iutgr memories, what is meant by “random access”?
an Wheth‘er both RAM and ROM are ‘random accessed’? [44
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Answer all questions.
State clearly any result that you use in your answer.
M, (R) denotes the vector space of all n x n matrices over reals.
For any matrix A, p(A4) denotes the rank of A.

(1) (a) Let T,S : V. — W be two linear transformations from a vector space V to
another vector space W. Show that if 7" and S take the same value on a basis
of V,then T = §.

(b) Let f : Mp(R) — R be a linear transformation that satisfies the relation
f(AB) = f(BA) for all A,B € M,(R) and f(I,) = n. Show that f(4) =
trace(A)for all A € M,(R).

3+12
(2) Find a non-singular matrix P such that PAPT is diagonal, where
' 1 2 3
A= 2 4 7
379
Determine the rank of A. 8

(3) Suppose that an n X n matrix H is in the Hermite canonical form.
(a) Prove that H2 = H. Hence, show that the sum of the column space of H and
the column space of I — H is a direct sum.
(b) Suppose that Hz = b is a consistent system. Prove that, a general solution of
Hz = b is given by b+ (I — H)z, where z is an n-vector.

(7T+3)+5
(4) Let a # b and
a 0 b
A=1] 2a 0 2b
3a 0 3b
Find a rank factorisation of A. 5

PTO



(5) If A is a non-singular n x n matrix, then prove that the rank of a k x | submatrix
of A is at least k 4+ 1 — n. 6

(6) (a) Let A be a matrix such that p(4) = r. Prove that there is a submatrix of order
r X r which is non-singular. If an 7 x r submatrix of A is non-singular, then
what can you say about p(A4)? Justify your answer.

(b) Let A and B be two real matrices of the same order. Suppose that the rank
of p(A) = 2. Prove that there exists a real number § > 0 such that the rank
of p(A+ AB) > 2 for |A| < 6. (Hint: A 2 X 2 matrix is non-singular iff its
determinant is non-zero.) (543)+8

(7) Let a;x + bjy = ¢;, i = 1,2, 3 represent three distinct straight lines in R2. Suppose
that the lines are not concurrent but any two of them intersect in a point. What
can you say about the consistency of the system? Determine the rank of the matrix
A whose rows are (aj, b;, ¢;), i = 1,2, 3. 6

INDIAN STATISTICAL INSTITUTE
FIRST SEMESTER EXAMINATION (2009-2010)
B. STAT (First Year)
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Full Marks-100, Duration-Three hours, Date-25/11/09

Note: Answer all the Questions.

1. (a) Give the algorithm/flowchart of producing a 3x3 Magic Square
where the entire row sums, column sums, and diagonal sums are
equal. You have to give the dry run of your algorithm.

(b) (I) Give the corresponding C program of the above
algorithm/flowchart with full documentation.

(II) Give also the C program to test in all possible ways whether
a given square is really a magic square. [8+ (6+6)]

2. (a) With the help of C program you have to prepare two files (input
file and output file) which have to be program controlled. In the input
file go on adding arbitrary real numbers in the form of two-
dimensional array, say mxn . In the output file print all the elements of
the said two-dimensional array (mxn ) and also the average of all the
numbers.

(b) (T) Write a C program to count the number of characters including
the blank spaces in a given text.
(II) Write a C program to count the number of words in the above
text file
[10+ (446)]
3. (a) Given any real number X, you have to calculate:
Do(x)=a, +ax+ a,x* +ax’
=a,+x.p,(x), where p,(x) is recursively defined as p,(x)=q,+xp,(x)

and in general p,(x)=a, +x.p,, (%) .

For the purpose of the calculation of p,(x), you have to use one ‘for’ loop

and one given value of x.

(b) (i) What do you understand by big 0 in the context of the complexity
of algorithms?

Most of the classical sort algorithms take the time ranging from
O(n.logn) to O(n*) where n denotes the number of elements to be sorted.



Consider two different values for ». The first value is n, whereas the
second one is 100.,. What would be the effect of the two values on
O(n.logn) to O(n*)?
(ii)  For a cyclic redundancy code, an n-bit encoded message (where
k is the number of message bits) has to be formed. What should
be the length of check bits?
(iii) For four message bits 1100 and the generator polynomial
x* +x+1, find the encoded message and hence explain how you
would proceed to locate all the single bit errors.

[6 + (6 +2 +6)]
4. (a) Distinguish between

(1)  Recursive algorithm and Iterative algorithm
(ii)  Subroutine call and Interrupt scheme

(b) What is a concurrent program? Distinguish between a procedure
call and a process creation. [10 + 10]

5. (a) In the theory of 2’s complement arithmetic describe all the cases of
addition of two numbers (which may be positive or negative).
(b) We find that in two occasions we encounter overflow or
underflow. In the event of any such occasion how would it be notified
within the computer for the purpose of creating an interrupt?

[10+10]

. Let there be k groups of data on z and y, with means Z; and ¥;, variances sgi and s2

INDIAN STATISTICAL INSTITUTE
First Semestral Examination : (2009-2010)
B. Stat 1st Year
Statistical Methods I
Date: 27. 11. 2009

Maximum marks: 100 Duration: 3 hours.

Note: Answer all questions. This paper carries 106 points. Maximum you can score is 100.

1. Suppose that male and female students are applying to a particular college for admission

in three different streams. Illustrate Simpson’s paradox with hypothetical data for this

scenario. [12 points]

. Consider a 2 x 2 contingency table with two attributes A and B each having two forms

A and a, and B and (3, respectively. Suppose the total frquency is n.

Writing the cell frequencies fap, fag, fop and fas as a,b,c and d respectively, express

the coefficients of contingency C and T in terms of the cell frequencies. {15 points]

. Using the Cauchy-Scwartz inequality or otherwise, prove the following results:

(a) The difference between the mean and median of a variable never exceeds the stan-

dard deviation for any variable. {10 points]

(b) The measure of Kurtosis 82 cannot be smaller than 8; + 1 for any variable where

(1 is the measure of skewness. [10 points]

yir
correlations 7;, and number of observations n; for i =1,2,...,k.

(a) Express the correlation of the combined data in terms of the above quantities. {12
points]

(b) using part(a) or otherwise, give a concrete example with specific numbers where
even though each r; is positive, the correlation of the combined data is negative.

[12 points]

[P.T.0)



Consider two different values for ». The first value is n, whereas the

second one is 100.,,. What would be the effect of the two values on
O(n.logn) to O(n*)?

(i)  For a cyclic redundancy code, an n-bit encoded message (where
k is the number of message bits) has to be formed. What should
be the length of check bits?

(iii) For four message bits 1100 and the generator polynomial
x*+x+1, find the encoded message and hence explain how you
would proceed to locate all the single bit errors.

. [6+(6+2+6
4. (a) Distinguish between )

(1) Recursive algorithm and Iterative algorithm
(i)  Subroutine call and Interrupt scheme

(b) What is a concurrent program? Distinguish between a procedure
call and a process creation. [10+ 10]

5. (a) In the theory of 2’s complement arithmetic describe all the cases of
addition of two numbers (which may be positive or negative).
(b) We find that in two occasions we encounter overflow or
uqderﬂow. In the event of any such occasion how would it be notified
within the computer for the purpose of creating an interrupt?

(10+10]
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Note: Answer all questions. This paper carries 106 points. Maximum you can score is 100.

1. Suppose that male and female students are applying to a particular college for admission

in three different streams. Ilustrate Simpson’s paradox with hypothetical data for this

scenario. [12 points]

. Consider a 2 x 2 contingency table with two attributes A and B each having two forms

A and a, and B and B, respectively. Suppose the total frquency is n.

Writing the cell frequencies fap, fag, faB and fap as a,b,c and d respectively, express

the coefficients of contingency C and T in terms of the cell frequencies. [15 points)

. Using the Cauchy-Scwartz inequality or otherwise, prove the following results:

(a) The difference between the mean and median of a variable never exceeds the stan-
dard deviation for any variable. (10 points]
(b) The measure of Kurtosis 8 cannot be smaller than £y + 1 for any variable where

B is the measure of skewness. [10 points]

. Let there be k groups of data on z and y, with means Z; and ¥;, variances sii and szi,

correlations r;, and number of observations n; for i = 1,2,...,k.

(a) Express the correlation of the combined data in terms of the above quantities. [12
points]

(b) using part(a) or otherwise, give a concrete example with specific numbers where
even though each r; is positive, the correlation of the combined data is negative.

[12 points]

[P.T.0]



(2)

5. (a) Considerr; and s;,i=1,... », data on ranks assigned (without ties) by two judges
to n participants in a competition. Suppose r; =s; +1for1=1,2,...,n — 1, and
™ = 1 and s, = n. If the Spearman’s rank correlation coefficient is 0.5, find the
value of n. [10 points]

(b) Derive the intra-class correlation coefficient when there are equal number of mem-

bers in each class. [10 points]

6. The average height and weight of a group of students turned out to be 5 ft 6 inches and
65 kilograms respectively. The correlation between heights and weights was found to
be 0.6. Using the regression equation for predicting weight from height, the estimated

weight of a 6 ft tall student was calculated to be 80 kilograms. Predict the height of a
student whose weight is 60 kilograms. [15 points]

PROBABILITY THEORY [
B. StaT. IsT YEAR SEMESTER 1
INDIAN STATISTICAL INSTITUTE

Semestral Examination

Time: 3 Hours Full Marks: 50
Date: December 1, 2009

. Let X ~ Biu(n; p) and Y ~ NB(k; p). Show that P[X > k] =P[Y g n — k. 6]

. Anurn has o tickets nunbered 1,2, ... . n, which are drawn at random, one at a time, without

replacement. What is the probability that for at least one ticket, its number will coincide
with its number of draw? 8]

Lot N~ Poi(\). Show that P[X < A2} < (2/e)M2. [10]

~The conditional distribution of X given Y is Poisson with parameter Y and Y has Poisson

distribution with parameter p. Show that X + Y has probability generating function given
by exp (pe(se™= ! = 1). 8]

3. A gardener in ISI Las planted an exotic plant in December 2008. A plant from one seed can

Lave only 1 or 2 Howers in the first winter with probability % and % respectively, otherwise
it dies without blooming, Each Hower produces 2 or 3 seeds with equal probability. During
a suminer the plant dies. but each sced survives independently with probability %

What is the expected number of Howers in December this year? '

Write down the generating function of the number of seeds available for planting in December
this year. [3+5=8]

— wutv — v}
. Show that max{u, v} = 4 + iy

Hence. using Cauchy-Schwarz inequality, show' that, if X and Y are random variables with
connnon mean . common variance 1 and correlation p, then

E [max{Xz,Yz}] <14+ V1-p%

248=10]
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The question carries 105 marks. Maximum you can score is 100. Precisely

justify all your steps. Carefully state all the results you are using.

‘ 1
1. (a) For every m € N, show that T <2(Vm+1-+vm) < \/1———5
n
1
b) Deduce that for every n € N, 2(v/n —1) < — < 2y/n-1.
(b) y (vVn—1) kZZI N Vn
n 1 i
(c) If an = 2v/n — Z T show that {an} converges. 5+ 5+ 10 = 20]
k=1

o0
2. (a) Find all x € R for which the power series Z nz™ converges.
n=1
(b) Assuming that you are allowed to differentiate a geometric series “term by term”,

find a closed form expression for the sum of the above series.

(c) Show that wherever the series converges, it converges to the above expression.
[5+ 5+ 10 = 20

[Hint : Show that the difference between the n-th partial sum and the “sum” equals

(n+ 1)z —ngnt?
]
3. Let f,g:1 — R. Define
h(z) = max{f(z),g(z)}, z€l

(a) If f and g are continuous at zo € I, show that h is continuous at zg.

(b) If f and g are differentiable at zg, is h differentiable at zq? [10 + 5 = 15

4. Let f be a continuous real function on R such that for all z # 0, f'(x) exists and

lim f'(z) = 3. Is f differentiable at 07 5]
T~

1 P.T.0



. Let f(z) = 1 — 2?3, Show that f(1) = f(-1) = 0, but f'(z) is never zero or
[~1,1]. This seems to contradict a theorem you know. Which theorem? Does i

really contradict the theorem? Justify! [10
. Let f:(0,1] — R be a differentiable function with f’ bounded on (0, 1]. Define
1
an::f(—>, n>1.
n
Show that {a,} is a convergent sequence. [10

. Let f be a thrice differentiable function on (0, 1) such that f(x) > 0 for all z € (0,1)
If f(z) = O for at least two values of z € (0,1), prove that f” (c) = 0 for soms
c€ (0,1). ’ (10

. Let f: I — R. We say that f is locally bounded if for every x € I, there is an interva
(z — 9,z + ) such that f is bounded on (z — 4§,z +6) N 1.

(a) Give an example to show that a locally bounded function need not be bounded

(b) Show that any locally bounded function on I' = [a,b] is bounded. [5+ 10 =15

First Semester Examinations (2009-2010))
B Stat — 1 year
Remedial English
100 marks
1% hours

Date: 04.12.2009

1. Write an essay on any one of the following topics. Five paragraphs are expected.
a) Autobiography of a Pencil.

b) Child Labour.

¢) A Winter Morning. (60 marks)

2. Fill in the blanks with appropriate prepositions:

a) Sir Leoline is weak -~ health.

b) I went the school the other side of the road.

¢) We argued the matter dawn.

d) Can we meet Mocambo lunch?

e) If she were roast you alive fire....

f) 1 was angry him lying.

g) I wish I could leave you Japan.

h) Don’t throw stones the poor animal because she is pain.

i) I don’t wish eat samosas.

j) There is every reason us move out.

k) This building could be developed a theatre.

1) Let us try and protect the species ______extinction. (20 marks)

3. Fill in the blanks with appropriate words:

Plotinus (A.D. 204-70), the founder Neoplatonism, is last of the great
philosophers of antiquity. life is almost coextensive with of the most
disastrous periods Roman history. Shortly before birth, the army had
become conscious of power, and adopted the practice choosing
e¢mperors in return monetary rewards and assassinating afterwards to give
occasion for a renewed sale of empire. preoccupations unfitted the soldiers
for the defence the frontier, and permitted vigorous incursions Germans

the north and Persians the east. War and pestilence diminished the

iiaﬁaibtion of empire by about a third, while increased taxation diminished
resources caused financial ruin even those provinces to which no hostile forces
penetrated. (20 marks)
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Answer all questions.
State clearly any result that you use in your answer.
Unless stated otherwise, a matrix is defined over an arbitrary field F.
For any matrix A4, p(A) denotes the rank of A.

(1) Let T : R® — R be a linear transformation with kernel S. What are the possible
dimensions of S? Justify your answer. . 5

(2) Let P:V — V be a projection operator. Define a projection operator @ such that
P+Q=1Idand PoQ =0. 6

(3) Let T : R? — R be a non-zero linear functional with kernel K.
(a) Prove that the sets 7~1(z), where z € R?, are precisely the cosets of K.
(b) ‘A complementary subspace of K intersects 77 !(z) in exactly one point’ -
Explain this geometrically. 945

(4) Let V be a vector space with a basis B = {v1,vs,...,v,} andlet T : V — V be a
linear transformation such that T'(B) = B. If P denotes the matrix of T relative to
the ordered basis vy, ve, ..., v, then prove that PPT = PTP = I,. 10

(5) Let S be an n x n real matrix such that ST = T'S for any n x n matrix T. Prove
that S is a scalar matrix. 10

(6) (a) Let A; and Az be two matrices of the same order such that p(A; + A2) =
p(A1) + p(A2). If (P1,Q1) is a rank factorisation of A; and (P, Q2) is a rank
factorisation of As, then show that (P, Q) is a rank factorisation of Ay + Az,
where P = [P, P;] and Q = { gl ]

2
P.T.0O



(b) Let A be an n x n matrix of rank r. Find a matrix B of rank n — 7 such that

A + B is non-singular.
T47

(7) Let A be a real m x n matrix.
(a) Show that p(ATA) = p(A).
(b) If D = diag(dy,ds, . ..,dn) is a real diagonal matrix, where d;’s have the same
sign, then prove that p(ATDA) = p(A). .
5+

(8) Let A be a non-singular matrix of order n.
(a) If C is any matrix of order m x n, then show that there exists a matrix X
satisfying XA = C.

(b) Let
M=(‘é fg)

Prove that p(M) = p(A) + p(CA™1B).

o+
(9) Find when the following system is consistent:
z + y + 2z =0
ar + By + az = 0
B + ay + az = v ‘
where o, 3,7y € R. 8

I

(10) Let A be a real symmetric matrix of order n. Prove that there exists a non-sigular:

matrix P such that PAPT is of the form ( %1 10;' ), where d; € R and B is a

matrix of order n — 1. Hence prove that there exists a non-singular matrix Q such’
that QAQT is a diagonal matrix. 8+5

INDIAN STATISTICAL INSTITUTE
FIRST SEMESTER BACKPAPER EXAMINATION (2009-10)
B. Stat. I YEAR

ANALYSIS

te: 11.1,.2010 Maximum Marks : 100 Time : 3 hours

Precisely justify all your steps. Carefully state all the results you are using.
1. (a) Given nonempty subsets S and T of R such that
s <t, forevery s€ Sand t €T, (1)
show that S has a supremum, 7" has an infimum and
supS < infT. - (2)

(b) “If the inequality in (1) is strict for every s € S and ¢t € T, then the inequality

in (2) is also strict.” — True or false? Justify. [10 + 5 = 15

o0

2. Given that Zan converges absolutely, show that each of the following series also
n=1
converges absolutely

xXo
Qn aZ
(@ dan & ) © > =
n=1 nian#—1 an +1 n=1 ap +1

[6+7+2=15

n . .
) sin(n + 1/2)z — sin(z/2)

. . bp =
3. If z is not an integer multiple of 2w, show that 12 cos kx Ssin(z/2)
oo

Using this show that E COTS::U converges for all s > 0. [5+ 5 =10]

n=1

4. Let f : [a,b] — R be a continuous function and define g : la,b] — R by putting

g(a) = f(a) and
g(z) = max{f(t):t € [a,z]} for z € (a,b].

Show that g is continuous on [a, b]. ‘ (15]

P.TO



_ Define uniform continuity. Let I be an interval. Suppose f : I — R is differentiabl

and the derivative is bounded on I. Show that f is uniformly continuous on I

[5+5=10

. Let f be a continuous real function on R such that for all z # 0, f/(z) exists an

lim f'(z) = 3. Is f differentiable at 07 £
z—0

. Let f(z) = 1 — z%¥3. Show that f(1) = f(-1) =0, but f'(z) is never zero o
[-1,1]. This seems to contradict a theorem you know. Which theorem? Does i

really contradict the theorem? Justify! [
. Find all functions f : R — R such that |f(z) — f(y)] < (z —y)* for all z,y € R. [L

. Let f be a thrice differentiable function on (0,1) such that f(z) > 0 for all z € (0,1
If f(z) = O for at least two values of z € (0,1), prove that f"(c) = 0 for som
ce (0,1). ‘ [1(

ProBaBiLiTy THEORY 1
B. StaTr. IsT YEAR SEMESTER 1
INDIAN STATISTICAL INSTITUTE

Backpaper Examination

Time: 3 Hours Full Marks: 100
Date: January 14, 2010

Lo A hat coutains ncoins. & of which are unbiased and the rest produce heads with probability
)

Z. A coln is drawn at randow from the hat and tossed twice giving a head first and then
i tail. Given this information, find the conditional probability that an unbiased coin was

chiosen. [15]
201 X and Y oare independent random variables. show that Var{XY] = Var[X]Var[Y] +
Var[XJ(E]? + Var Y J(ELY])% (15]

3. Suppose {pgbes1 he asequence of nunbers in (0, 1) so that iy k(1 —pg) = A. Then show
thar NB(A: py ) probability mass functions converge to Poi(A) probability mass function. [15]

4 Lot X~ Poi(A)., Show that PLY > 2)] < (¢/4)*. [20]
amme 0<%’<£‘z'!>+ﬁ,=l o o

5o pshow that o(s) = /g - Py Zﬂ:: is au infinitely divisible probability generating function. :15]

. In a shiaple synmetric random walk. let T be the time of Arst return to zero.
Write down the probability mass function of T (No proof required.)
Using Stirling’s formula or otherwise. show that E[T"] < ~ if and only if «v < % [5+15=20]



INDIAN STATISTICAL INSTITUTE
Mid-semester Examination: 2009-2010
B.Stat. (Hons.) 1st Year. 2nd Semester

Vectors and Matrices Il

Date: February 22, 2010 Maximum Marks: 70 Duration: 3 and 1/2 hours

e This question paper carries 75 points. Answer as much as you can. However, the maximum
you can score is 70.

e You should provide as much details as possible while answering a question. You must
state clearly any result stated (and proved) in class you may need in order to answer a particular
question.

1. Let f be a map from F™ x --- x F™* (n copies) to F. Suppose f satisfies the following

conditions: (i) f(x1,Xa2,...,Xn) = 0 whenever two of the x;’s are equal, (ii) f(x1,%2,...,Xn)
is linear in each x; when all the other x;’s are kept fixed. Show that f(x),x2,...,X5) = c|A]
for some constant ¢ € F, where A = [x; : -+ : X, ]". (12]
2. Let
[ b 0 -+ 0 0]
c a 00
b :
A1:=[a],A2:={(z a],Anzz 0 ca 00 forn > 3.
000 b
0 00 -+ ¢c a
- - nxn
Let a = 1 + be. Show that |A,| = 1+ bc+ (be)? + - -+ + (be)™ [11]

3. Show that the intersection of the two distinct planes ajz + by +c12 = 0 and asz + bay +

coz=0inR3is
z : Yy z

bicg — bocy  clag —caar  a1by —agh

provided the denominators are non-zero. {7

4. Let N(-) be a norm on R". For an nxn matrix A, define || Al y = sup, . o[N(AX)]/[N(x)].
Write A = ((a;5)), X = (T1,.--,Tn)""

(a) Show that || - ||v is a norm on
(b) Let N(x) := Yi=; |zi|. Show that [|A||xy = max; 3>, |ai;l. [5+7=12]
{P.T.0.]

Rnxn



5. Consider the inner product (x,y) = yTAx on R® where

Find an orthonormal basis B of S := {(z1,22,z3) : z1 + T2 + =3 = 0} and then extend it to
an orthonormal basis C of R3. (6+4=10]

6. Let uj,uy,...,u, form a basis of C".

(a) Show that A = (T wu?) ™! exists.

(b) Show that (x,y) = y*Ax is an inner product on C™ and that uj, us,...,u, form an
orthonormal basis with respect to it. [5+(5+5)=15]
7. Given u and v in R® with jjuf} = ||v}, explain how an orthogonal matrix C can be

obtained so that Cu =v. (8l

* ko * kk Best of Luck! % x x * %

INDIAN STATISTICAL INSTITUTE
MID-TERM EXAMINATION (2009-10)
B. StaT. I YEAR
ANAvysis II

Date : 26.02.2010 Maximum Marks : 80 Time : 23 hours
Precisely justify all your steps. Carefully state all the results you are using.

1. A function f is defined on [0,1] by

2 o . .
T if =z is rational
fley=9 5 . L

T if =z is irrational

n i
Compute / f(x)dz, / f(z) dz and decide whether f € R[0, 1]. [10]
J0_ 0

2. Let f € Ra,b]. Show that for every ¢ > 0, there is a continuous function g on {a, b]
such that [10]

b
/ 1f(2) - g(z)ldz <.

3. (a) Let f:[a,b] — R be continuous, and P a partition of [a,b]. Show that there is

b
a marking of P such that the Riemann sum S(P, f) = / f(z)dz. -[10]
(b) Let f : [0,1] — R be a differentiable function such that |f'(z)| < M for all
z € (0,1). Show that [10]
! 1, (k M
- 2V <« 2
[RCESWE I
1
4. Test the convergence of the integral / |log z| dz. [10]
0
5. Show that the improper integral
0o s
/ sinz
1 2P
converges absolutely for p > 1 and conditionally for 0 <p < 1. [15]

6. Show that the improper integral

|
—— dzx
o zP(L+x)

converges if and only if 0 <1-p <g. : ' [15)



INDIAN STATISTICAL INSTITUTE
Midsemester Examination : (2009-2019)
B. Stat 1st Year
Statistical Methods -II
Date: 1. 3. 10 Maximum marks: 40 Duration: 2 hours.

Note: This paper carries 44 points. Maximum you can score is 40. You may use any
results proved in the class by stating the results clearly. If you use other results not
discussed in class, they need to be proved. You may use calculators.

1. Suppose Y is regressed on X3, X, and X3 with an intercept term, and the following
matrices are computed.

20 0 0 0
0 19 3 0
Y'Y=5000 Y’X=(20,30,50, -40), X'X= X L o
0 0 0 4

(a) Compute the regression equation. [6 points]

(b) Compute the analysis of variance of Y by deriving model, regression and residual
sum of squares. Produce the ANOVA table. [8 points]

(c) Compute the estimate of error variance. Find the variances of each regression
coefficient. Also find the covariances between them. [6 points]

2. Consider data on three variables X;, X and Xa.

(a) Derive the partial correlation between Xy and X3 adjusting for X5, and express
it in terms of the pairwise correlations between X1, X and Xj. [6 points]

(b) Suppose a simple regression of X; on X, is performed to get the equations
X = BO + BQXQ. If a multiple regression of X; on X, and X3 is performed now
by how much will the regression coefficient of X5 change? (8 points]

(c) Suppose the simple regression equations X; = 3+ 3X;, X; = 2 + 4X3, X5 =
—~1+ 2X;3 and the pairwise correlations (r12 = r23 = r13 = 0.5) are available but
the original data is lost. Using part (b) or otherwise, can you find the multiple
regression equation of X1 on X3 and X3 based on those information? [10 points]



INDIAN STATISTICAL INSTITUTE
B.STAT-1 (2009-10) Mid-Semestral examinations
Theory of Probability and its Applications - 11
Maximum marks: 40. Time: 3 hours. Date : 3 March, 2010.

Note: Answer as many questions as you wish. The whole question paper
carries 48 marks.The maximum you can score is 40.

. The Distribution Function (D.F.) of a random variable X is given by
(1 2

€ ifx <0

% if0<zr<1
Fl)={ tz+& ifl<z<?

—Glzxz—#% if2<z<3

L1 ifz >3

(a) Find the discontinuity points of this D.F.
(b) Find P( - 0.5 < X < 2.5)and P(X? > 3X).
(¢) Find two Distribution Functions F;, F5 and a real number «,
0 < a <1, such that Fj is purely discrete, F5 is continuous and F'(z) can
be expressed as : '
F(z) = aFi(z) + (1 — @)Fy(z), forallz.
[2+2+6]
. Let © be arandom variable which is uniformly distributed in ( — 7, 7).
Let
Y__{cos@ if @ <0
T |sin®@ if © >0.
Find the D.F and the density function of the random variable Y.
[6]
. The speed of a molecule in a uniform gas at equilibrium is a random variable
X whose probability density function is given by:
flz) = {a:cze“l”’2 x>0
=0 z <0
where b = 57 and k,T', mdenote, respectively, the Boltzmann's constant,
the absolute temperature, and the mass of the molecule.
(a) Evaluate a in terms of b.
(b) Let Y = 1mX?. Find the density of the random variable Y.
[2+5]
(Please Turn overleaf)



4. Let X and Y be independent random variables each having the exponential
distribution with parameter \. Find the P(X — Y < a), fora € R (consider
the two cases a > Oand a < 0 separately). Hence find the density of the
random variable Z = X - Y.

[8+2]

5.Let X be a random variable such that X ~ ['(a, n), i.e. the density of X is
given by g,(z) = e e (g,0)(2), Where @ > Oandn > 1, is an
integer. Show that the D.F. G,,(z) of X is given by:

-1

Gn(x) =1 gﬁa_gl"e—az, z>0, for n>1,2>0.

[5]
6. Let the random variable X ~ N (0, 1).
(a) Find the density of the random variable Y = | X]|.
(b) Evaluate
L P(X>z+e)
J_Lrgo P(X>z)
[5+5]

INDIAN STATISTICAL INSTITUTE
B. Stat |
Computational Techniques and Programming 11
(Mid Semester Exam)

date: 5. 3,40

Time: 2 hours 30 mins.
Answer as many questions as you like. Maximum you can score is 40.

1. (a) Define Absolute error and relative error. An approximate number a=25,253 has
a relative error of 1%. How many correct digits it has?

(14+1)+2

(b) The base of a cylinder has radius R~2m, the altitude of the cylinder is H~3m.
With what absolute errors must be determined R and H so that the volume V
may be computed to within 0.1m’.

4
2 4 2n
© Cosx=1-2+Z 4 .. FE) I
21 4 (2n)!
How many terms of the above series are required to compute cosx upto 5
decimal place accuracy for |x‘ < 12{ . 4
[4+4+4=12]

2. (a) Obtain Newton’s formula for polynomial interpolation using divided difference
in case of n equally spaced data points when the unknown argument is situated
at the beginning of the data set and at the end of the data set.

(b) Let f(-2)=-50, f(-1)= 6, f(0)= 10, f(1)=10, f(2)= 30, (3)=190. Find
approximate values of f "(-2) and f (3) by stating clearly the formula you are
going to use.

[6+6=12]

3. (a) Derive Newton-Raphson iterative formula for solving f(x) = 0 and give its
geometrical interpretation. Also show that Newton Raphson method converges

quadratically. (3+2+3)

(b) Find the number and the position of the real roots of the equation
x* —6x® +10x* — 6x + 1 = Q using Sturm’s method. 4
[8+4=12]

pTe



4. (a) Write down the Mechanical Quadrature Formula when the interpolating
Polynomial is based on the Lagrange’s formula. Hence deduce the quadrature
formula when the interpolating points are equally spaced. Find out the error

committed in this method also. (2+4+2

(b) Define degree of precision of a quadrature formula. Write down 3- point
Legendre-Gauss quadrature formula and its degree of precision. (1+2+41

[6+6=12

INDIAN STATISTICAL INSTITUTE
Second Semester Examination: 2009-2010
B.Stat. (Hons.) 1st Year. 2nd Semester
Vectors and Matrices ||

Date: April 30, 2010 Maximum Marks: 100 Duration: 4 hours

e This question paper carries 110 points. Answer as much as you can. However, the
maximum you can score is 100.

*® You should provide as much details as possible while answering a question. You must
state clearly any result stated (and proved) in class you may need in order to answer a particular
question.

1. Suppose A = ((ay;)) is an (n+ 1) x (n + 1) real symmetric matrix such that all its prin-

cipal minors are non-negative, and that ant1n41 > 0. Let B := A(L,...,nfl,...,n),c:=
A(1,...,n|n+1). Show using facts about determinants that all the principal minors of the
n X n matrix D := B — ¢c”/an41 141 are non-negative. [12]
2. Let

a1 a2 an,

an, a Qo

A= 7 1 1

az - a3 ai
Write A as a polynomial in a suitable permutation matrix P. Hence, or otherwise, show
that the characteristic roots of A are a; + asw; + a3u.),2 + .4 anw;“l, i=1,...,n, where
wi1,w3s,...,wn are the n-th roots of unity. [7+6 = 13]

3. Suppose A; and Ag are n X r; and n X rp matrices, respectively, such that the columns
of both A; and A, form orthonormal sets and C(A1) L C(Aj3). Suppose Az and A4 are
r1 X p and T X p matrices, respectively, such that the columns of both A] and A} form
orthonormal sets and C(AJ) ¢ C(A])*. Assume that n > p. Let A := AjA3ATAT.
Decide, with reasons, if A is semi-simple. _ [12]

4. Let A B
M =

be symmetric, where A is square. Prove that M is positive definite if and only if A and

D — BTA!B are positive definite. v {13]

P.T.O.
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is an orthogonal projector. Obtain a spectral decomposition of A. [4+9 = 13] '

The question carries 120 marks. Maximum you can score is 100. Precisely

1=

X = (z1,...,%0)T €R*(n > 2). Let A:={p € R: Q) is indefinite}. Find A. [10]

: : — S 2 n n oy
6. For p € R, consider the quadratic form Qp(x) := 251 27 +2p 32501 2jit1 TiZj, Where justify all your steps. Carefully state all the results you are using.

7. Let A = ((ai;))nxn (n > 2) be defined by a;; = min(i,5). Let S be the unit sphere 1. (a) Let f:{a,b] = R be a bounded function. Define

in R, ie, S"!:= {x € R": ||x|| = 1}. Consider the function f : $"~! — R defined by f) if f(z)>0 —f(x) if f(z)<0

)2 f+(z) = and f_(z) =
(xl Q:Z) X= (ml, e ,xn)T; 0 * OtllchiSG 0 Ot‘hCI.WiSC

fx)=

Y13 111 9
i1 2 =1 0ijTiTj

: . i i 0 _ € R[a,b]. Moreover,
assuming the denominator to be non-zero for x € §7~1. Use tools of linear algebra to find Show that f € R[a, b] if and only if both f4 € Rla,b] and f- € R[a, b] reov

M :=sup{f(x):x € "1} and the set 4 := {x € S*~1. f(x) = M}. 1143 = 14 ’ ’ '

‘ { £(x) = M} [ ] / f(o)ds = / fo(@)dz — | f_(z)de. [10]
. a a
8. Suppose ¥ is a known n x n positive definite matrix. Also, suppose xg € R" is known. ’
Let Q(x) = det(% + (x ~ xg)(x — X0)), x € R™. Consider the problem of minimizing Q(x) (b) Let f : [a,b] = R be such that f' is continuous. Show that f is the sum of a
subject to the condition 1 + -+ + z, = 0, where x = (@1,...,2,)T. Use tools of linear

algebra to show that Q attains its minimum at a unique point in R"™, denoted x*, to be
obtained by you and find the minimum.

continuous increasing function and a continuous decreasing function. (7

[9+4 = 13] 2. A function f is continuous for all z > 0 and f(x) # 0 for all x > 0. If f (2)" =
. . z .
9. If A and B are n x n positive definite matrices, prove that 2 / f(t)dt prove that f(z) =z for allz 2> 0. (10}
0 ' .
A 1/n 1/n 1
|A+B[V/" > |A]'/" 4 |B|/7, 3. Test the convergence of the integral
[Note. You may use any relevant inequalit
y about real numb i ; 00
need not, prove i umbers for proving this result. [31(3;1 / “5‘_}_1"_\/— d (15]
0 T xTr
*RAKX* Best of Luck! *¥*#x%x 4. Let g : [0,1] = R be continuous. Let fu(w) = 2"g(x) for a € [0,1). Show that {/u}
converges uniformly on [0, 1] if and only if g(1) = 0. [10]

5. Starting from a geometric series and precisely justifying all your steps prove that

2n+1 4
n=
oo 3 \/'2" —1)nn
7 + .
6. Decide whether the power series Z { 375 )"l a™ converges or diverges at the

n=1

pointsvx =land v =2 (10}



;. L tl 7 & bl

constant function 0. Is it true that

flfn(a:)dw—%oﬁ‘”‘m?.
0

18]
Briefly justify your answet. |
St ( -1 )n —1en

e series Z (1" onverges uniformly on 0,1}, (20}
3. Prove that for all p >0, the serie - (1 + ")

I's test.
[Hint : If p > 1, use Weierstrass’ M-test. If0 <P < 1, use Abel’s ]

j = |a (10]
9. (a) Compute the Fourier series of the function fz) = |l ]
| | [10
that
(b) Show 2 L
i ———L-'— = 7—r—, and hence, Z o =5
¢ (20~ 12 38 —
n=

INDIAN STATISTICAL INSTITUTE
Second Semestral Examination : (2009-2010)
B. Stat 1st Year
Statistical Methods -I1

Date: 7. 5. 10 Maximum marks: 100 Duration: 3 hours.

Note: This paper carries 105 points. Maximum you can score is 100.

1. Consider the analysis of variance for the multiple linear regression model. The total sum of

squares can be decomposed in terms of the correction factor, the sum of squares due to the

model and the residual sum of squares.

(a) Express each of these sum of squares as quadratic forms in Y, the vector of observed

values of the dependent variable. [12]

(b) Show that the corresponding matrices in the quadratic forms in part (a) are all symmetric,

idempotent and orthogonal to each other. Find the ranks of these matrices. (10 + 3]

2. The following table gives the correlation coefficients between 4 z-variables. Using them, find

(a) r1403 and (b) R%(234). [12 + §]

1 6 6
8 8 .6
6 1 8
6 8 1

o o = o

3. Present a method to generate a value of the random variable X which has the following
distribution:
1\7+1 (%) 31
=4}t =1{ - — j = 1 2, NI
pix=gt=(3) +¥5— i-1,
(15)

4. Suppose we want to generate a random number from the standard normal distribution.

Give an algorithm based on the rejection method for this problem. Choose an appropriate
value of the parameter for the distribution that you choose for this purpose so that the

efficiency of this algorithm is maximized. [12 + §)

[P.T.0) .



5. In an ecological study of the feeding behaviour of birds, the number of hops between flights

was counted for several birds. For the data given below, see whether an appropriate geometric

distribution can give a good fit.

Number of hops | Frequency
1 48
2 31
3 20
4 9
5 6
6 5
7 4
8 2
9 1

10 1
1 2
12 1

(a) Check whether the method of moments and method of ML give same estimates of the

parameter. [1 O]

(b) Calculate the chi-square statistic for goodness of fit. Comment on the results. [15]

INDIAN STATISTICAL INSTITUTE
B.STAT-I(2009-10)
Probability Theory - II
Semestral Examinations
Maximum marks: 60. Time: 3 hours.
Date: //.5.2010
Note: Answer as many questions as you wish.
The whole question paper carries 70 marks.
The maximum you can score is 60.

1. (a) Let X be a random variable with a continuous Distribtion Function F'(z). Show that

the random variable Y = F(X) ~ U(0, 1).

(b) Let X and Y be independent and identically distributed random variables with

common density

2 %z ! if0<z <2
f(z) = {0 otherwise
where a > 1. Find the density of the random variable Z = | X* — Y*|. 74
+

2. (a)Let X be a random variable which has N(0, 1) distribution. Let Z be independent of

X taking values +1 and — 1 with probability %each. LetY = ZX. Show that Y is again

standard Normal. Show that X and Y are uncorrelated but not independent. Is there any

contradiction here because X and Y are both normal ? Give reasons.

(b) Let X be a random variable with a density function f(x) satisfying f(z) = f(—x)

for all z € R, such that the random variable Y = 715 has the density

o -3 -2
oy) = | FEv e Pry>0
0 otherwise
Show that X ~ N(0, ).
ow tha ( P ) (22056]
3. Let (X, Y) have a bivariate normal density with E(X) = E(Y)=0,
E(X?) = E(Y?) = 1and E(XY) = p-
(a) Find the conditional density of X given I)/(Q-—- y(.i v
(b) Find the correlation coefficient bet\iveen an - o
(c) Consider the usual polar trasformation (&, ©) where X = Rcos®,Y = Rsin®,
R>0,0 < © < 2. Show that © has a density given by
_ V) forg < f <2
f(()) — ¢ 3r{1—2psindcost) '
0 otherwise.
[4+3+7]

4. (a) Prove the following duplication formula folr Gamma fux:ctions:
I'(2r) = 71;22” T(r)(r + 3)

(b)Let X and Y be independent random variables such that X ~ Be(r,s)and

Y ~ Be(r + 1, s). Let Z = v XY . Compute the moments E(Z*), k=12, of the
random varial)21; 7 and check that they are exactly equal to the respective moments of a

(Please Turn Overleaf)
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(End Semester Exam)

random variable U such that U ~ Be(2r, 2s). What conclusion can you draw from this? Maximum Marks: 100

| State any result that you are using to draw this conclusion.

Date: - : ime: i
3. Let (X,Y) be a pair of random varibles with joint densit [4+(6+4)] w4 5. 10 Time: 3 hours 30 mins
: nsi
O fo 0 ()jl This paper carries 110 marks. Answer as many questions as you like. Maximum you
f(z,y) = Vi Orzy>land0<z+y<i can score is 100.
() Compute the value of 0 ~ otherwise.
pute the value of C.
(b) F.md the marginal density of Y. Find the density of X + Y. Find the conditional 1. (a) Define absolute error and relative error. How are they related? How are
density of Y’X +Y =u, and E(Y{X +Y = u), where 0 < u < 1 absolute errors combined when two numbers are added together? How are
' relative errors combined when two numbers are multiplied together?
[2+(3+3+6)]
[2+1+4+4=11]

- (b)(i) Explain the term loss of significance in terms of absolute error and relative
error.

(i)Let 8, , 6.be the relative errors in the values of sin&, cos #respectively.
Find the worst-case relative errors in evaluating each of the formulae
sin26 =2siné cosd

c0s26 =2 cos’ 9 -1
For what values of cos@ does the second formula display loss of significance?

OR

What are the two sources of error in the formula

. x+hn)-f(x
= LEENSE),
and how does each type of error behave as h increases?
[4+7=11]

2. (a) Derive a closed type general quadrature formula in case of numerical
integration for equispaced points. Hence find the formula when a quadratic
interpolating polynomial is used to approximate the integrating function.

Interpret this formula geometrically also.

[5+5+4=14]

(b) Compare the error terms of two-point and three-point quadrature
formulae.

(8]

P 1T.0.



3. (a) With reference to solution of differential equation y = f(x,y), explain the

conventional notations x,, (x,), ¥,» f,- Explain the terms local error, global
error, and order of a method.
[4+3=7]

(b) Without deriving any formulae, describe the general method for obtaining
multistep formulae.

Milne’s method uses the multistep formulae

: 4h
yn+l zyn—B +7(2fn _fn-l +2fn—2)

h ~
yn+1 :yn—l+§(fn+l+4fn+fn—l)

Each of which has local error O(hS). What is the meaning of the term 7,,“ ?

Suggest a suitable starting procedure and explain how the Milne formulae are
derived.

[3+2+5+5=15]

4. (a) How are the eigen-values and eigen-vectors of a matrix defined? What is the
power method for finding the eigen-value of largest magnitude? What
advantage does the scaled power method have over the power method?

[4+4+2=10]

(b) Apply five iterations of the normal and scaled power methods to the following
3 x 3 matrix to find the eigen-value of largest magnitude.

2 6 4
6 19 12
2 8 14

[6+6=12]

5. A matrix A and a vector b are given below. Reduce A to upper triangular form
using

(a) Householder Transformation
(b) Given’s Transformation

Hence solve Ax=b.

5 7 6 0
A=|7 10 8 b=|1
6 8 10 2

[9+9+4]=22

INDIAN STATISTICAL INSTITUTE -
Backpaper Examination: 2009-2010
B.Stat. (Hons.) 1st Year. 2nd Semester
Vectors and Matrices Il

Date: TV\A% ?}2/')})(0 Maximum Marks: 100 Duration: 3 and 1/2 hours

e Answer all the questions.

. You should provide as much details as possible while answering a question. You must

state clearly any result stated (and proved) in class you may need in order to answer a particular
question.

1. Prove that

a b ¢c d
b a —d 2, 12 2 42\2
= (a® +b* +c* +d°)". [10]
- d -b !
—d - b a
2. Show that
1421 1
1 14z 1 _( & l)(" )
........................... N 1+§.’Ei Z]._:Ilm‘
1 1 1+zn
if £1,9,...,Tn are non-zero. , . [10]

3. Find the orthogonal projector into the column space of

1 0 1
0 1 -1
= [11]
A: 1 3 -2
-1 -3 2
4: Let uj,ug,...,uy forma basis of C™.
(a) Show that A = (Zuiu}‘)'l exists.
(b) Show that (x,y) =y*Axisan inner product on C" and that up, us,...,u, form an
orthonormal basis with respect to it. o : [5+(5+6)=15]
P.T.O.



5. Let A be an n x n matrix such that A2 = I. Suppose, moreover, that A #dl for[?ggl
. Show that |tr(A)] < n.

6. Show that 1 -2 -2 -6
1}l -2 14 -1 -3
A=1 -2 -1 14 -3
-6 -3 -3 6
- - 13
is an orthogonal projector. Obtain a spectral decomposition of A. [4+9 13]

H e n . )2
7. Determine the rank and signature of the quadratic form Qx) = Y112 J=[1 ix; acjl)ﬂ,
. = <+ =
where x = (1,...,%n)" €R*(n > 2).

8. Let A = {(as;)) be an n x n positive definite matrix. Prove that (A~1); > 1/as; for all

[10]
i=1,...,n

9. If A and B are positive definite matrices of the same order and 0 < a < 1, prove that

leA + (1 — 0)B| > |A|*[B|!~, (10]

sxx%% Bost of Luck! *¥F****

INDIAN STATISTICAL INSTITUTE
B.STAT-I (2009-10)
Probability Theory - I
Backpaper Examinations
Maximum marks: 100. Time: 3 hours.

Date : 7/@,/2010.

Note: Answer all questions.

1. (a) Prove that the set of discontinuity points of the Distribution Function(D.F.) of a
random variable X is a countable set.

(b) Is it possible that the function F'(z,y) = Tei3y>0)(z, y) on R?is a bivariate
Distribution Function? Give reasons for your answer.

(c)Let X,Y, Z be independent random variables. Let the DF.of XandY be Fand G

respectively. Let Z be 0 — 1 valued random variable with
PZ=1)=a=1-P(Z=0),0<a<l.

Let W=2X+(1-2)U, where U = Min(X,Y). Write down the D.F. of the

random variable W in terms of «, F and G.

[7+8 + 5]
2.Let © be a random variable having uniform distribution U (0, 27). Find the density of the

random variable X = Sin©. Show that that the random variable Y = Sin20 has the
same density as that of X. Use this to show that the random variable

W= 7(-%‘%/- ~ N(0, ), where U, V are independent N (0, 1) random variables.

[5+3+7]
3.Let (X,Y) have joint density

Oz y—2)fle™ 0<z<y<oo
fla,y) = { 0 , otherwise

(a) Find the constant C' and the marginal densities of Xand Y.

(b)Find the conditional density of Y given X = z. :

() Find the joint density of (Z, Y), where Z = —{,g Find the conditional density of Z
given Y =y, y > 0. Compute E(X|Y =y).

[5+3+(6+3+3)]
4. Let the random variables (X ,Y’) have a joint density given by :

flz,y) = % 7(1+:2+_yz)3 , —0LT,Yy<x
(a) Find the marginal densities of X and Y. Find the conditional density of X|Y = Y.
(b) Make the polar transformation (X,Y) + (R, ©) where
X=RCos®@and Y =RSinO,0<R<00,0<0O <27,
Show that R and © are independent random variables , where R has the density
g(r) = r(/(1 +72)3),r >0 and O is uniformly distributed on (0,27 ).

[(5+2)+8]

(Please Turn Overleaf)



5. Let (X,Y) have bivariate Normal N5( (0,0),1,1, p) — distribution, —1 < p < 1.
(a)LetU = 7)((—1“%, and V =Y. Show that U and V are independent N (0, 1) random

variables. ‘
(b) Using (a) or otherwise show that P(X > 0,Y > 0) = } + ¥$02,
[6+9]
6. Let f(z)be any univariate probability density function such that f(z) = 0 forall z < 0.
Let g(z,y)be a function defined as follows:

o(z,y) = f(fTJ“;’) forx >0,y >0
0 otherwise
(a) Prove that g(z, y) is always a bivariate density.
(b) Let the expectation and the variance of a random variable having the density f(x) be
p and o2 respectively. Compute the variance-covariance matrix corresponding to the
bivariate density g(x, y) in terms of y and ¢2.

[7+8]

.............................................
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