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1. Let u be a finite measure on a field F. Let A be an extension of u to ¢(F'). Show
that the extension is unique. You are NOT allowed to use the extension theorem. [10]

2. Consider a finite measure u on o(F) where F' is a field. Show that for every
€ > 0 and any set A € o(F), there is a set B € F such that u(AAB) < e. [10]

3. Consider the Borel sigma field B on R? (defined as the smallest sigma field
containing all open sets.) Show that it is the smallest sigma field generated by the
class of sets consisting of product of intervals. [20]

4. Suppose f is a nonnegative measurable function (that is, in the class L*) on a
finite measure space (2, A, u). Define v(E) = [ fdu. Show that v is a measure and
for any g € L™, and for any B € A, [ggdv = [ fgdpu. [20]

5. Suppose F' is a monotonically nondecreasing right continuous function. Let
F(o0) = limg_., F(z) and F(—o0) = lim, .o F(z). For any a < b, define u(a, b =
F(b) — F(a). Show that u can be extended to a measure on the Borel sigina field. You
may use Caratheodory’s extension theorem. [20]
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This paper carries questions worth a total of 112 marks. Answer as
much as you can. The mazimum you can score is 100 marks. Through-

out this question paper, Q0 stands for a region and v a piecewise C!-
curve in C.

(1) (a) Compute

/ dz
12}=2 2241 -

(b) Let f € H(Q) such that |f(2) — 1} < 1. Compute
f'(z)
- f(2)
v a closed curve in .
(c) Let 25 € Q be a zero of f € H(Q) of order m. Show that
fY™ has a continuous branch in a neighborhood of 2.
(d) Let f and g be two entire maps such that |f(2)| < |g(2)|
for all z. Show that f = A - g for some complex A.
[5+8+8+8]
(2) (a) Let f and g be two lincar fractional transformations from
the open unit disc D onto D such that for some |a] < 1,
f(a) = 0= g(a). Show that f = X- g for some |A] = 1.
(b) Show that any one-to-one conformal map from an open disc
onto an open half planc is a linear fractional tranformation.

dz,

(15 + 12]
(3) (a) Let ¢ be a continuous map on 7. For z € C\ v, definc
P(z) = f~(-E—>
v§— 2
Show that ®(2) is holomorphic on C\ 7.
(b) Let v be closed and a € C\ v. Show that
L[ % g
2mi j,z—a
[15 + 12)
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(4) Let f € H(Q), Br(z0) C §2 and
M= sup [f(z)].

|z~ zpl=r
(a) Show that
nM

rn

|f™ (z0)] <

(b) Let {f,} be asequence of holomorphic functions converging
to f uniformly on each compact subsets of 2. Show that for
each n > 1, { f;")} is uniformly Cauchy on each compact
subsets of {2.

(c) Show that for each n > 1, f](") — ) yniformly on each
compact subscts of 2.

5+ 12 + 12]
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Answer ALL questions. Marks arc indicated in brackets.

(1) S and T are solvable subgroups of a group G and S ns normal in G. Prove that ST
is a solvable subgroup of G. {10]

(2) If p, g are prime numbers with p < ¢ and n is a positive integer, then prove that any

group of order pq™ is solvable. [15]

(3) Let G be a nilpotent group, o(G) = n, and m is a positive integer which divides n. Prove

that G has a subgroup of order m.  {10]

{4) Prove that if an initial object exists in a category then it is unique upto isomorphism.
(10]

(5) For two group K and @ with @ finite, we define the wreath product of K by @, denoted
by K o Q, as follows. Let K9 be the set of all functions f : Q — K, and equip K9
the group structure given by pointwise multiplication, i.e. (fy - fo)(q) = f1{¢)f2(g), where
the multiplication on the right hand s:de is that of the group K. @ has a natural action

§:Q — Aut(K®) given by

O f)d) =fd), 0.4 €Q, e K.

Define the wreath product of K ¢ Q) to be semidirect product of K@ by Q with respect to
the action §. Now answer the questions below.
(a) Let G be a group which is an extension of K by @, that is, G is a group containing K
as a group such that there is a homomorphism 7 from G onto @ with K = Ker 7. For each
g € @, choose and fix an element {(g) € G such that 7(l(g)) = q and define 7 : G - Ko Q
by

olg) = (fo,7(9)),

where f, € K9 denotes the function f,(q) = (q) ¢ ({{g7(g))~*. Prove that = is a one-to-one

homomorphism, and hence K o (@ contains a subgroup isomorphic with G.

P.T.0



(b) Using (a), prove the following :

Let A be a collection if finite groups satisfying (i) if G belongs to A, then every subgroup ¢
G also belongs to A, and (i) if G, H are two groups in A, H acting on G, then the semidire
product of G by H will also belong to A. Prove that if K,Q € A, and G is any extension:
K by @, then there exists a group isomorphic with G in A.

[20+10=30]

(6) Prove that F(A|)B) = F(A) x F(B) it A, B are disjoinut sets, where * denotes the fr

product and F{X) denotes the frce group generated by a set X, [15]

INDIAN STATISTICAL INSTITUTE
M. MATH FIRST YEAR
General Topology
31. 8. 06 Mid-Semester Examination Time : 2 hrs.

This paper carries 50 marks.The maximum you can score is 40. You may use any
theorem proved in the class.

. Let X be the real line. Let B = {[a,b) : a < b} Show that

(a) B is the base for a topology T on X. 5]
(b) Is (X, T) connected? Justify your answer. (5]
(c) Is [0,1] with the subspace topology compact? Justify your answer. (5]

. Let (X, d) be a complete metric space with no finite open subset. Show that there is

no countable open subset. [10]

. Let (X,d) be a compact metric space and f : X — X an isometry. Show that f is

onto X. [10]

. Let X be a metrizable space. Show that X is compact if and only if every continuous

real valued function on X is bounded. [15]
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This paper carries 70 marks.The maximum you can score is 60. You may use any
theorem proved in the class.

1. Let X,Y be Hausdorff spaces and Y compact. Define pon X xY onto X by p(z,y) =

z. Show that p is a closed , continuous map. [10]
2. Let X,Y be Hausdorff spaces and f a closed continuous map from X ongo Y. If X is
normal, show that Y is normal. [10]
3. Let p: E — B be a covering map with B connected. Show that if p~1(b) has m
elerents for some b in B then p~!(z) has m elements for all z in B. [10]
4. Suppose G C R3 is a topological group . Further suppose G has a relatively open
subset homeomorphic to the open disc B2 . Show that G is a surface. (10]
5. Calculate the Fundamental Group of a Mobius Strip. [10]

6. (a) Let X,Y be topological spaces. Let zg € X,yo € Y. Define (X, zq) V (Y, yo) and
show it is homeomorphic to {zo} X Y UX x {yo} 8]

(b) Let X; = St z; = (1,0) & S! for all &. Show V(Xj,z;) is not homeomorphic to
Uz{rl}x X {:ci_;} x X; % {IIJ,‘+1}X"'CHX¢ {12]
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This paper carries questions worth a total of 180 marks. Answer as
much as you can. The mazimum you can score is 100 marks.
Throughout this question paper, (1 stands for a region, I the open
upper half plane and D the open unit disc in C.

You are free to use any theorem from Topology and Complez Analysis
proved or presented without proof in the class. However, you must state

such a result at least once in the answer script because the evalliation
will take that into account.

(1) (a) Let A be a discrete, relatively closed subset of Q and f €
H(Q\ A) such that res(f, z) = 0 for each z € A. Show that
there is a g € H(Q2\ 4) whose derivative is f.
(b) Let {f,} be a sequence of injective holomorphic functions
on § converging to f uniformly on compacta. Show that
f is injective.
(c) Let f, : @ — D be a scquence of holomorphic functions.
Show that there is a holomorphic function f : @ — D such

that a subsequence of {f,} converges to [ uniforr‘nly on
compacta.

(d) Let / be a complex-valued continuous map on D such that
flD N H is holomorphic and f(2) = f(Z) for all |2| < 1.
Show that there is a g € H (D) whose derivative is f.

(¢) Assume that z € @ = Z € Q and f is a continuous map
on QN H which is holomorphic on QN H and real on the
real axis. Show that there is a g € H(Q) that extends f.

8+ 8+ 10+ 10 + 10

(2) (a) Show that the germs [C, 2}, and {C\ {0},1/2]; at 1 do not

belong to a connected component of the sheaf of germs of
holomorphic functions on C.

(b) Let v and 71 be two paths in Q from « to b such that
7o & v, (rel {0,1}) and [ € [/(Q2). Show that

[ =]
J‘Yo J”YLJ

(c) Show that every harmonic function on Q is a C*®-map.

pP.7.0



(8 + 14 + 10]
(3) (a) Let X be a compact Riemann surface and py,-- -, ps € X.
Show that the range of every non-constant, complex-valued
function on X \ {p1,- - ,pa} is dense in C. .

(b) Let X, Y be Riemann surfaces with X compact. . Show
that every unbranched holomorphic function p: X — Y is

a covering map.
(c) Show by an example that (b) need not be true if p were

not unbranched.

(10 + 10 + §]

(4) -(2) Assume that Q is simply connected, a € Q and f, is a_

germ of holomorphic function at a that admits an analytic
continuation along every path in  beginning from a. Show
that there is a holomorphic function g on Q such that f, =
£, gl

(b) Let f be an entire function such that |C\ f(C)| > 1. Show

. that fis a constant map.

Yl (10 + 14]
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Notations are as usual. In particular R is the real line, A = Lebesgue measure on R,
L,= space of all measurable functions whose pth power is integrable, |{f||, = L, norm
of f and (p, q) is a conjugate pair.

1. Show that for every Borel subset B of R,
AM(B) = inf{\(G) : G is open and B C G} = sup{A(F): F is closed and F C B}. [20]

2. Suppose {f.} is a sequence of measurable functions. Show that
{z : {fu(z)} is a Cauchy sequence} is a measurable set. [10]

3. Suppose (2, A, 1) is a o-finite measure space and p > 1. For a given g € L, and
every f € L, define T(f) = [ fgdu. Show that sup,p -, |T(f)| = |lgllg- Show that
this is also true for p = 1. [20]

4. Let (92, A4, 1) be a finite measure space. Let {f,} be a sequence of integrable func-
tions such that f, — f almost everywhere. Further suppose that for any ¢ > 0, there
exists a § > 0 such that sup, | [, fndu| < € whenever p(A) < 6. Show that f is inte-
grable and lim [ f,du = [ fdu. [20]

5. Suppose f € Li(\). Define g(t) = [ |f(z +1¢) — f(x)|dA(z). Show that g is continu-
ous at 0. [20]

6. Suppose y is a measure on the Borel sets of (0, 1] such that u(k/2"%, (k+1) /2" = 1/2"
for every n > 1 and every k = 0,1,...2" — 1. Show that p is the Lebesgue measure on
(0,1]. [20]

7. Suppose (€2, A, P) is a probability space. Let B and C be any two sub semi fields of
A. Show that they are independent iff (B) and ¢(C) are independent. [20]
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Notations are as usual. In particular R is the real line, A = Lebesgue measure on R,
L,= space of all measurable functions whose pth power is integrable, || f||, = L, norm
of f and (p, q) is a conjugate pair. :

1. Show that for every Borel subset B of R,
A(B) = inf{\(G) : G is open and B C G} = sup{A(F) : F is closed and F C B}. [20]

2. Suppose {f,} is a sequence of measurable functions. Show that
{z: {fn(z)} is a Cauchy sequence} is a measurable set. [10]

3. Suppose (2, A, ) is a o-finite measure space and p > 1. For a given g € L, and
every f € L, define T(f) = [ fgdu. Show that sup)sy -1 [T(f)] = {lgll- Show that
this is also true for p = 1. [20]

4. Let (92, A, 1) be a finite measure space. Let {f,} be a sequence of integrable func-
tions such that f, — f almost everywhere. Further suppose that for any ¢ > 0, there
exists a & > 0 such that sup, | [4 fadu| < € whenever p(A) < 6. Show that f is inte-
grable and lim [ f,du = [ fdu. [20]

5. Suppose f € Ly()). Define g(t) = [ |f(z +t) — f(z)|dA(z). Show that g is continu-
ous at 0. [20]

6. Suppose y is a measure on the Borel sets of (0, 1] such that u(k/2", (k+1)/2" = 1/2"
for every n > 1 and every k£ = 0,1,...2" — 1. Show that p is the Lebesgue measure on
(0,1). [20]

7. Suppose (£2, A, P) is a probability space. Let B and C be any two sub semi fields of
A. Show that they are independent iff () and ¢(C) are independent. [20]
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Answer all questions. Marks are indicated in brackets.
All algebras are assumed to be associative and unital, and all rings are unital, but not nec-
essarily commutative unless specifically mentioned to be so. Homomorphisms of rings and

algebras are assumed to be identity preserving.

(1) Let R be a PID and z,y be elements of R, d be g.c.d. of z,y. Prove that
R/(z) ®r R/(y) = R/(d). (5]
(2) Compute Ko(R) when R is a PID (state clearly any result proved in the class that you
use). 5]
(3) Let E be a (right) R-module which is both noetherian and artinian. Prove that the ring

S := End(E) is connected (that is, it does not have any nontrivial idempotent elements) if

and only if the set of non-invertible elements of S form an ideal. 18]

(4) Let V be a vector space over a field F' and let () be the quadratic form on V defined
by Q(v) = 0 for all v € V. Prove that the Clifford algebra C(Q) is isomorphic as a unital
F-algebra with the exterior algebra A(V). [§]

(5) Prove or disprove :

If E is a projective R module over a commutative ring R then the dual module E' :=
Hom(E, R) is injective.  [8]

(6) Let E be a noetherian right R-module and ann(E) :={a € R : za =0Vz € E} = {0}.
Then prove that R is a (right) noetherian ring. Give a counterexample to prove that the

result fails if noetherian is replaced by artinian. [9+6=15]

(7} Let G be a group and and K be a commutative unital ring. Consider the category C,
whose objects are pairs (A, ) where A is a unital K-algebra and 8 : G — A be a map
satisfying 8(g192) = 8(91)8(g2), Ble) = 1, where e is the identity of the group G. The set of
morphisms from (A1, £1) to (Az, B2) consists of K-algebra homomorphisms ¢ : A; — Az sat-

1 P.70



isfying ¢o3; = 3,. Prove that this category has an initial object. 8]

(8) Let Gy, G be groups containing a common subgroup H. Prove that the following cate-
gory F has an initial object :

The object class Obj{F) consists of triples (G, j1,j2) where G is a group, Ji Gy = G
(i = 1,2) are group homomorphisms satisfying ji(h) = j2(h) for all K € H. The set of
morphisms from (G, j1, j2) to (G', 71, 75) consists of all group homomorphisms 7 : G — ¢’
satisfying 7 o j; = j/ for i = 1,2. '

(Note : this initial object is called the amalgamated free product of G and G with respect
to H, denoted by G *y G2. You may try to construct this as a suitable quotient of the free
product G, ¥ Gy.)  [10] .

Date

1.(a)
(b)

©

2.(a)

(b)

(©)

3.(a)

(b)
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This paper carries a total of 75 marks. Answer as much as your can.
In case you score more than 60, your final score will be 60,

Draw all the nonisomorphic trees of order 7.

Describe a tournament on 7 vertices with exactly 14 dicycles of length 3. Justify
your answer.

Prove that the Ramsey number R(3,4)=9.
| [4+6+5=15]

Prove that the sequence s = (5,5,55,2,2,2,2) is a potentially Hamiltonian graphic
sequence but s is not a forcibly Hamiltonian graphic sequence.

Prove that the edges of any 3-regular graph of order 2n, can be decomposed into
k pairwise edge-disjoint paths when k& =n but not when k <n.

‘Suppose that S is a set of 2006 points inside a unit cube in R*. Show that there is

a subset A4 of §of cardinality 32 such that every (possibly degenerate) closed

polygon with these 32 points of 4 as vertices has perimeter less than 8+/3 units.
[5+5+5=15]

Find the vertex, edge and total chromatic numbers of the n-dimensional cube
graph Q(n) . Justify your answer in each case.

Prove that the graph Q(n) as in 3(a) is hamiltonian for all »>2; and is planar if

andonlyif n<3.
[9+6=15]

P.T.O.
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4.(a) Find all the integral maximum flows in the network N of the Figure 1 below, with
the unique source s and the unique sink 7. Justify your answer.
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Backpaper Examination: (2006)
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Date: §.2. 0/7 Time: 3.5 houis

Notations are as usual. In particular A = Lebesgue measure on the real line, L,= space
of all measurable functions whose pth power is integrable, |{f||, = L, norm of f and
(p, q) is a conjugate pair.

1. If B € o(A), show that there is a countable subclass Ap of A such that B € Ag.
[15]

Figure 1: The network N

2. Suppose f is a measurable function on R, [|fldA < oo and fg fdA = 0 for every

compact subset K of R. Show that f = 0 almost everywhere. [15]
(b) Construct a connected 4-regular planar graph on even number of vertices without

a perfect matching. Justify your answer. 3. Suppose y is a finite measure on ([0, 00), B) where B is the Borel o-field. Show that

[9+6=15] > pfz, 00) is a Borel measurable function and [j o 2du(z) = [§° plz, 00)dA(z). [10]
; : 4. Suppose v and yu are two finite measures on the same space (£2,.A). Suppose
5.(a) Prove that there is no graph whose energy number is equal to 3. S=1f>0:f,fdu < U(E) for all E € A}. Show that there exists g > 0, such that
. . .. . : = : . 20
(b) State and prove the Prim’s algorithm to find a minimum spanning tree (MST) in [ 9dp=sup{] fdu: f € 5} [ ]
:ﬁrfl:eclt\ngcoSt graph. Show that this algorithm implemented appropriately g1V: 5. For any Borel set B, define u(B) = Y02, ilr?’\ angn’n . Show that for every z € R,
e s. 84+7=15] pz(B) = p(B +z) defines a measure on the Borel sets of R and they are all equivalent
[ to each other. (20]
6. Suppose f and g are two positive measurable functions on a probability space such
*k %

that fg > 1. Show that ([ fdup)([ gdu) > 1. ' [20]
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1. Let R and C denote the field of real numbers and the field of complex numbers
respectively and let

A= Rb%(,,_l).

Prove that A is isomorphic (as a ring) to the product ring R x R x € and identify

the element (a, b, ¢) of the product which corresponds to the element X of A under
an isomorphism. Quote the resuli(s) that you use.

71

2. Let R be a UFD with field of fractions K (= R) . Show that K can not be an

algebraically closed field.
(7]

3. Let k be a field. Prove that k (X) is not finitely generated as a k-algebra.
(71

4. Let @Q denote the field of rational numbers. Let o= cos% + 1 sin%.

Show that [ Q (&) : Q ]= 4 and determine the minimal polynomial f (X) of & over Q.
Determine a splitting field E of f(X) and resolve f(X) into factors over E.

(10]
5.  Letp beaprimeand f(X)=X""+X"?+..+X+1.

(1) Show that f (X) is irreducible in Q@ [X] where Q denotes the field of
rationals. Clearly state the result(s) that you use.

(i)  Prove that 0 [X)/(f (X)) is a normal field extension of Q .
[6+8=14]

P.T.O



Let k be a field.

(M)

(ii)

(i)

Let R denote the field of real numbers and let A = R [X’ Y, Z)(/Xz LYy 72 _1).

()
(i)
(iii)

Let f(X) and g(X) be coprime polynomials in k[X]. Show th§|>
fiX) — Yg (X) is irreducible in the polynomial ring k[X, Y] and hence i
irreducible in k (Y) [X]. Clearly state the result(s) that you use.

L = k (t) where t is transcendental over k and F=k(u) wher

Let :
u= f(y(t) , (f, g =1. Show that L is algebraic over F and comput

g :
[L:F].

Deduce that if ¢ is a k-automorphism of L, then ¢ is defined by ¢ ()=

(at + b)/(ct + d) for some a, b, c,d, ek with ad-bc=0. ‘
’ , [5+5+5=15

Show that A is an integral domain.

Prove that X~1 isa prime element in A.
Examine if A is a PID. -
[4+4+4=121

*kskockok
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This paper carries 105 marks. Maximum you can score is 100. Precisely justify all your
steps. Carefully state all the results you are using.

1. Let X be a normed linear space. Show that X is a Banach space if and only if

whenever {z,} C X and Z llzn]| < oo, the series an converges in norm. [15]
n n

2. Show that if f is a linear functional (need not be continuous) on a normed linear space
X, then ker f = {z € X : f(z) = 0} is either closed or dense in X. (10]

3. (a) Let Y be a linear subspace of a normed linear space X5 and let zo € X be such
that
d=d(z0,Y) = inf ||y — > 0.
(20,Y) Jnf ly — zol|

Show that there exists f € X* such that f(z) =1, ||f]| = 7 and fly =0. [12]

(b) Let Y be a closed linear subspace of a normed linear space X. Show that

Y =(kerf: f € X*,Y Cker f}. 8]

4. A subset A C X* is said to separate points of X if whenever z; # x5 € X, then there
exists f € A such that f(z1) # f(z).

(a) For any normed linear space X, show that X* separates points of X (10]
(b) Let X, Y be Banach spaces. Let A C Y* separate points of Y. Let T: X — YV
be a linear map. Show that T' € £(X,Y) if and only if for all y* € A y*oT € X*.

[15]

9. Let X, Y be Banach spaces. Let T € £(X,Y). Show that there is a constant ¢ >0
such that ||Tz|| > c||z| for all x € X if and only if T is 1-1 and T(X) is closed in Y.
20]

6. Let X be an infinite dimensional normed linear space. Show that X* cannot have a

countable Hamel basis. [15]
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1. Suppose X and Y are two random variables (on the same probability
space). Show that X and Y are independent if and only if for all measur-
able functions g and f for which E(|f(X)]) < o0 and E(|g(Y)]) < oo, we
have E(f(X)g(Y)) = E(f(X))E(9(Y)). [10]

2. Suppose (Xy,... Xn) is a multivariate normal random variable. Give a
necessary and sufficient condition for X1,... X,, to be exchangeable.  [10]

3. Suppose X,, are mean zero independent random variables such that
sup, P(|Xn| > z) < CP(|X| > &) where C is a constant and E(|X]) < oo.
Show that the SLLN holds for {X,}. [10]

4. Suppose X is a Poisson random variable with mean 1.IfX =k, then I
take a fair coin and toss it k times. Let N be the number of heads. What
are the possible values of N? What are the corresponding probabilities?[10]

5. Suppose you toss a coin independently till you get two successive heads.
Let T be the number of tosses needed. What is the probability distribution
of T' and what is E(T)? (10]

6. Suppose X1i,...X, are i.i.d. random variables, with density function
f(z) =ka*=1,0< z <1, for some k > 0. Show that n(1l — X)) converges
in distribution and find the limit. Here Xmy = max{Xy,... X, }. [10]

7. Suppose X and Y are two independent random variables with distribu-
tion functions F and G. Show further that if any one of the X or YV is
absolutely continuous, then X + Y also is absolutely continuous and find a
formula for the density. [10]

8. Suppose {X,} and {Y,} are independent and each of them converge in
distribution. What can you say about the convergence in distribution of
(Xn, Yn)? [10]
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1. This paper carries questions worth a total of 116 marks. Answer
as much as you can. The mazimum you can score is 100 marks.

2. Unless otherwise stated, X, Y will denote arbitrary topological
spaces, maps between topological spaces will be continuous and all ho-
mology groups are over the coefficient group Z.

(1) State and prove five lemma.
[15]
(2) Let f,g: X > Y he howotopic maps. Show that for all p > 0,
fo=g90 0 H,(X) — H,(Y).
[15]
(3) Consider the 1-cycle

o((1—t)ey+tey) =™ 0<t <1,
in 5%, Show that g, € Hy(S") is a free generator of H;(S%).
(15]
(1) Let A C X be a non-empty, closed set that has a neighbourhood
in X that strong deformation retracts onto A. Show that for
all p >0,

Hy(X, A) = Hy(X/A).
| [12]

(5) (a) Let M be a manifold, M its (manifold) boundary and A/°
the (manifold) interior of M. Show that

OMNAI°=§.
(b) Show that the inclusion map
i1 (D".S5"Y) — (D", D"\ {0})

is not a homotopy equivalence in the category of pairs of
topological spaces, where D" = {or € R" : |2| < 1} is the
closed unit disc in R™.

1
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(c)

(6) (a)

(h)
(©)

Let CX be the cone of X. Suppose f’: X — Y be a map
such that there is a map g : CX — ¥ such that gog = f.
where ¢ : X — CX is the quotient map. Compute
Fo s Hy(X) = Hy(Y),
p = 0. “
[64+12+6]
Lot f : § — S?* be amap. Show that thereisa z € S
such that f(z) =z or f(z) = —z. ) ‘ .
Show that every map RP?" — R/%" has & fixed point.
Let M be a n-manifold without boundary and A C M a
finite subset with k elements. Compute H, (M, M\ A) for
all p 2 Q.
[8+12+13]

Date : 02. 03. 2007
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Thas paper carries questions worth o total of 50 marks. Answer as much us you
can. The mazimum you can score 15 40 marks.

(1)

(2)

4)

®)

Define a Smooth manifold. Describe an atlas on the real projective space
RP? to show that it is a smooth manifold of dimension 2.

[4+5=0]
Let f: M — R be a smooth function on a manifold M. Explain what do
you mean by differential of f at a point p € M. Suppose M is given to be
connected and the differential of f vanishes at all points of M. Prove that
f must be a constant function.

[24-4==6;]
Define a tangent vector at a point p of a smooth manifold M. Let

g:(~1,1)— M

be a smooth curve. Prove that the velocity vector of o at p = o(0) is a
tangent vector at p.

124-3==5]
Let f be a smooth function defined on an open set U containing a point p of
a smooth manifold M. Prove that thereis an openset V,peV CV C U
and a smooth function g on M which agrees with f on V.

o)

5]
Define the notion of tangent bundle of a smooth manifoid M. Show that
the tangent bundle of the unit circle S! can be identified with S* x R

[54+4==0]
Prove that the set x{M) of vector fields on a smooth manifold M is a
module over the ring C*(M) of smooth functions on M.
“
Define a 1-form on a smooth manifold M. Let w be a 1-form on M. Describe
a local expression of w on a chart (U;zy, 22, - ,2,) in M. Deduce a change
of basis formula for 1-forms on M.

.

[2+2+4=8]
Prove that the space of 1-forms on M is isomorphic to the dual of the
C*(M)-module x(M).

Qa4

=
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Attempt all questions from Group A, any FOUR from Group B
and any THREE from Group C. Maximum score :70.

Throughout the paper, k denotes a field.
GROUP - A

State whether the following statements are TRUE or FALSE with brief justification.
Each statement carries 3 marks.

®H If L/ x and F / k @re Galois radical extensions, then so is L/ K-

(1) The Galois group of the polynomial X + X +1 over Qis S,.

(iii) Cos 20° is not solvable by radicals over Q.
(iv) Q (i/f ) is not a subfield of any cyclotomic field over Q.
(v) The simple extension k(x)/ k (where x is transcendenta] over k) has infinitely many

intermediary fields.

Bx5=15]
GROUP - B

Attempt ANY FOUR questions.
Each question carries 8 marks.

(1) Show that the polynomial

S ) =X 43XV 42X 4 ¥ 172 47y is irreducible in ¢ [X, 7],

(ii) Let p be a prime number and f (X) a polynomial in Z [X] whose image in F,[X] is an

irreducible polynomial of F , [x ]
Show that (p, £(X)) is a maximal ideal of Z[x].

() Let k be a field of characteristic p>0 , and let o be algebraic over k. Prove that o is

separable over k if and only it k(a" )= k (a).

1) Give an example of an inseparable field extension L/ & Which does not have purely

inseparable elements outside k. (Detailed proof not required.)
' P.T.O



. Y
2-

ial f(X)ek(X]i
hat the Galois group of an irreducible and separable polynobmlta;1 e j; imzeo \ E{ (]Xl)s |
Lo ..a, be ‘
3. iizll)i(;ie Let E be a splitting field of f (X) over k and lt;,ct] (:, ;eg ;
in E. Show that E = k(a,.) for each i, 1<i<n,and [E

4. (1) Show that the polynomial x*

~10X" +1 is irreducible in 7 [X] but is reducible in
F, [X ] for every prime p.

() If & isarootof X* + X 41 F, [X], then show that « is a primitive 7™ root of
over F,. If w is a primitive 7 root of
X’ + X +17 Explain.

dk. Let g(X)ek|X]and
t £(X) be an irreducible polynomial of degree n over a field k. Let g (x) [ ] ,
4. Le

i degree of h(X) is |
h(X) an irreducible factor of f (g (X)) in kX ]. Prove that the deg (X) |
divisible by n. [Hint : Consider field extensions.)

unity
unity over F,, does it follow that @ is a root of

Let f e k[X] be irreducible and let L,

if g, h are monic irreducible factors of f

o of L such that o (g)=h. Deduce that in

L factors have the same degree and exponent.
ber and pa prime number such that p does not divide n. Let ! & P

6. Let n be a natural number an

. . y
[ ]

i ts.
(Give proof; clearly quoting the results you use in your argumen )

n L[X], then there exists a k-automorphism
the prime factorisation of f in L [X], all prime

Give an example to show that the assumption
have | of normality is required.
he n" cyclotomic polynomial over Q. Show that, for a € Z, we have
®, (X) denote the n” cy in the multiplicative group 123 = 36]
® ,(a)=0 (mod p) if and only if @ is an element of order n in the p | o
T . : Its that you use. '.
F,’, where @ is the image of ain F ,. Clearly state the resu y

[Bx4=32] |

GROUP -C

Attempt ANY THREE questions
Each question carries 12 marks.

G.
1 Let G be a finite group of automorphism of a field L and let k be the fixed field of
| Prove that L/ k is a finite Galois extension whose Galois group 1s G.

!
2. Let p bearootof X*+1 over Q.

(i) Resolve X* +1 into factorsin Q (p).

(i) Determine the Galois group of X* +1 over Q.
(ii1) Describe all subfields of Q( p).

. ith
3. (1) Suppose that a field extension L/ i Of degree 2" is of the from [ = k(\/a ,...,\/Z: ) wI

a e k. Prove that, if ch k # 2, then L= k(a) where a= \/Z + ...+ \/;: . [Hlnt . ShOW
that L/ i is Galois and consider (L/ k (a)) ]

. ) _ . Chen
(i1) If a,...,a,are pairwise relatively prime square-free integers such that |a,‘>1 Vi, the

show that [Q (\/Z \/_a_;): Q]=2“.

p.T.0
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1.(a)

)

3.(a)
(b)

4.(a)

(b)

5.(a)
(b)

State inverse function Theorem in R" . Use it to show the following: Let
w:M —> N be a smooth map between smooth manifolds. Assume that for

reMdy, T M—T, N isan isomorphism. Then there exists an open set U

containing pin M such that /U isa diffeomorphism onto its image.

Let M be a smooth manifold and U an open subset of M containing p € U. Let

I<isn

1s an independent set in T,:M . Prove that {y,,¥,,.... y,} forms a set of
coordinates on an open set containing p .
[2+5+5=12]

Let @ be smooth action of R on a smooth manifold M . Show that there exists a
vector field on M which is invariant under the action 4.

[10]

Define the notion of orientation on a smooth manifold.

Let M, and M, be orientable manifolds. Prove that M, x M, with the product

manifold structure is also orientable.
[4+8=12]

Define a Riemannian manifold.

Let f:M — N be an immersion. Assume that N has a Riemannian metric.
Prove that f induce a Riemannian metric on M .
[2+6=8]

Define a Riemannian connection on a Riemannian manifold.

Let M be a Riemannian manifold. Let D, be the covariant derivative with

respect to the Riemannian connection. Let U be a coordinate chartin M and V

be a vector field along a smooth curve »:/—>U. Compute the components of
DV att=t,.

[4+8=12]

P.T.O.



6.(a)

(b)

8.(a)

(b)

)

Explain what do you mean by a parallel vector field along a smooth curve on a
Riemannian manifold.

4
Let r: [a,b]-—) M be a smooth curve on a Riemannian manifold M and VW be

vector fields which are parallel along r. Prove that the function I [a,b] - R
givenby f(t)= (V(t),W(t))rm is Constant.

[2+6=8]
Let M be a closed embedded submanifold of RN . Show how the Riemannian

connection on (M,g) is obtained from the standard Riemannian connection on
N . .
R™, where gis the induced metric M .

[12]

State Gauss-Bonnet Theorem.

‘Prove that a compact orientable surface of genus g 21 does not admit any metric

of strictly positive Gaussian curvature.

[2+4=6]

* ok %
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Note: The question paper carries 105 marks. The maximum you can score is 100.

1. Suppose {X,} is a sequence of i.i.d. random variables, P{X, = 1} = § = 1-P{X, = 0}.

Determine the behaviour of the series 352, %a. (10]

2. Suppose {X,} are independent E(Xy) = 0 for all n and sup E(X?2) < co. Show that
n X1+ ...Xn) — 0 almost surely. [10]

3. Suppose X is in Li. Show that
00 0
E(X) =/ P(X > t)dt—/ P(X < t)dt. 15)
0 -—00

4. Suppose {X,} is a sequence of i.i.d. randpm variables such that P{Xn, = 1} = p =
1—-P{X, =0},0 <p<1 Let A be the event that in the sequence {X.}, the triplet
(1,0,1) appears infinitely many times. Show that P(A4) = 1. [15]

5. Suppose X1 is a U(0,1) random variable. Define {X,} recursively as follows: given
X, =1z1,X2 =x32,..., Xn-1 = Tn_1, Xn is uniformly distributed on (0, z,—1). Show that
{X,} is a supermartingale. Show also that X, — 0 almost surely. [15]

6. Suppose F is a continuous distribution function. Show that F is uniformly continuous. If

F,, converges to F weakly, and F is everywhere continuous, show that sup, | Fn(z)—F(z)] —}
20
0. [

7. Suppose X, is a sequence of i.i.d. random variables such that EX? < co. Show that

for any € > 0, nP{|Xn| > ey/n} — 0. Using this, show that maxj<i<n Xi/v/n — 0 almost

surely. (20]



INDIAN STATISTICAL INSTITUTE
Second Semestral Examination : (2006-2007)
M. Math. - First Year
Algebraic Topology

Datc : 18. 05. 2007 Alaximum Seore : 100 Time :3 1/2 Hours

1. This paper carries questions worth a total of 120 marks. Answer
as much as you can. The mazimum you can score is 100 marks.
c - -2 Unless otherwise stated, R will denote o commutative ring with
identity. - - : :

1) (a) State the universal coefficient theorem for homology for a
topological pair (X, A).

(b) Let X bhe a n-manifold without boundary. Show that for

evayzeX, L
H,(X, X\ {z}) ® R~ H,(X, X\ {z}: R).

" {e) If X is"an orientable n-manifold without boundary, show

_that X is R-orientable. :

24444

(2) (a) Show that every simply connected manifold without bound-
. ary is orientable.

(b) Let X be an oriented manifold, G a group that acts on X
- such-that for cvery g € G, ¢ — ¢- z is orientation preserv-
cevnsie e - inge-Show that-the quotient space Xo/G is orientable.
"7 (3) (a) Show that $? x S? is not homotopically cquivalent to S*.
(h) Let X and Y be n-manifolds without houndary and X#Y
their connected sum. Compute the Euler characteristic of

X#Y in terms of the Enler characteritics of X and Y.
7+ 7]
(1) Let X be a topological space. X D AD B. A. B good closed

subscts of X and F a field. Assume that

H;;(X/A: F) ~ I‘I,,(X/B:"IF);" R

Show that .
L H"(A:F) ~ H*(B:F). -
(3) (a) Let [y bea homcoworph of [0,1]% in $". Show that S" \ I;
is connected.

P70



(2)

(h) Show that S* \ 8-, has exactly two components. where
Sg—1 is & homecomorph of §¥~L.
(10 + 10]
(6) (a) For p > 0, compute H?(R").
~ (b) Prove the Poincaré duality theorem for R™.
(c) Show that the Euler characteristic of an odd dimensional
closed manifold is zero.
[5+ 7+ 10)

(7) (a) Let X be a compact n-maunifold with houndary and X, and
X, two copics of it. Suppose Y is the topological sum of X,.
0X x [0,1] and X,. Identify any 2’ € 8X, with (2',0) and
auy z' € X, with (2/,1). Let 2X be the corresponding
quotient space.

Show that 2X is a union of two open scts A; and A; such
that X; is a strong deformation retract of A i =12 and
0X is a strong deformation retract of AN A,

(b) Show that

X(2X) = 2x(X) — x(0X).

{c) Show that RP* is not the boundary of any compact ori-
entable manifold.

[12 + 10 + 10]

INDIAN STATISTICAL INSTITUTE
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The question carries 130 marks. Maximum you can score is 100. Precisely justify all
your steps. Carefully state all the results you are using.

1. Given a sequence {a,} of scalars, show that there exists a complex measure y on [0, 1]

such that f01 z"dp = ap for all n > 0 and || pll < 1if and only if for any polynomial
n

P(z) = Z axz®,
k=0
n

2_ ko

k=0

< sup{|P(z)| : z € [0,1]}. [10]

2. Let cg be the space of all sequences of real numbers converging to zero equipped with
the usual sup norm. Let A be the subset of ¢, consisting of all sequences of rational

numbers converging to zero. Show that A cannot be a Gy set in c;. (10]

3. (a) The space ¢; of all summable sequences of scalars is clearly a subspace of the

space ¢ of all scalar sequences converging to zero. Is this a closed subspace, if

¢o is equipped with the usual sup norm? Justify! [5]
(b) Clearly explain what is meant by the expression “0] = €o” and prove it. [15]
(c) Show that ¢; is separable, while /., is not. (8]
(d) Show that £; with its usual norm is not a Hilbert space. ‘ (7]
(e) Is there any equivalent norm on ¢; that will make it a Hilbert space? Justify!

[10]

4. Let (X,[[-]lx) and (Y, ]| - |ly) be Banach spaces and T : X — Y be a linear map.

Define
Izl = IT(z)lly, ze€X.
(a) Is || - |l a norm on X? If yes, prove it. If not, can you find a necessary and
sufficient condition on T that will make it a norm on X7 [5]

(b) Given that ||-||; is a norm on X (i.e., the condition of (a) holds), find a necessary

and sufficient condition on the range of T" that will make || - [|; a complete norm.
(6]

P.T.0
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(c) Given that (X, || - |l1) is a Banach space (i.e., the conditions of both (a) and (b)
hold), prove that ||-||; is equivalent to ||-|| x ifand only if T": (X, ||-llx) — (¥, [l ]l¥)

is continuous. [10]
. Let Y be a w*-closed subspace of a dual Banach space X*. Let z* € X*. Show that
there exists y* € Y that is nearest to z*, i.e., [|z* — y*|| = inf{||z* — 2*|| : 2* € Y'}.

[Hint : The norm on a dual space is w*-Isc.] (10]
. Let (9,2, 1) be a o-finite measure space. Let f € L®(u). Define My : L*(u) —
L?() by
| Mi(9) = fg, g€ L*(n).

Prove that My is a bounded, normal operator on L%(u) with |[M]| = || f|lco- [10] t
(a) My is unitary if and only if |f(¢)] =1 a.e. 8]
(b) M; is self-adjoint if and only if f(t) € R a.e. (8]

(c) My is an orthogonal projection if and only if f(t) € {0,1} a.e. 8]



	Page 1 
	Page 2 
	Page 3 
	Page 4 
	Page 5 
	Page 6 
	Page 7 
	Page 8 
	Page 9 
	Page 10 
	Page 11 
	Page 12 
	Page 13 
	Page 14 
	Page 15 
	Page 16 
	Page 17 
	Page 18 
	Page 19 
	Page 20 
	Page 21 
	Page 22 
	Page 23 

