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Chapter 1

Introduction

Let X be a smooth integral projective curve over an algebraically closed field k, S be a
finite set of r closed points of X, U be the complement of S in X and g be the genus
of X. Let & — U be a geometric point. We are interested in the structure of the
étale fundamental group of U (see Definition 3.15) and solving embedding problems (see
Definition 4.6) for U. We briefly discuss some of the properties of the étale fundamental
group (for details see Chapter 4). When £ is the field of complex numbers C, Riemann’s
existence theorem ensures that the étale fundamental group Wft(U, @) is the profinite
completion of the surface group Il, ., the free group generated by 2g +r — 1 elements.
In general, when char(k) = p > 0, Grothendieck proved that the maximal prime-to-p
quotient of the étale fundamental group, ng ,)(U) is isomorphic to the “prime-to-p” part
of the profinite completion of Il ,. It is also known that when char(k) = p > 0, the
maximal pro-p quotient wip )(U ) is the projective limit of the pro-p quotient of a free
group. Even though the structures of the prime-to-p and the pro-p parts of the étale

fundamental group are known, these fail to give the complete structure of ﬂ‘ft(U, w).

Note that the étale fundamental group is the projective limit of automorphism groups
of Galois étale covers of U. Hence an effective approach to understanding it is to describe
its finite quotients. Abhyankar’s conjecture on affine curves (now a theorem, proved by
Serre, Raynaud, and Harbater) states that these finite quotients are essentially finite
groups whose maximal prime-to-p quotient is generated by at most 2g + r — 1 elements.
However, this result does not explicitly describe the relations between these finite quo-
tients, especially how they fit in the inverse system of finite quotients. Some of these
questions can be can be formally presented as embedding problems (I' — G, 7$"(U) — G)
for finite groups I' and G (see Section 4.2.1 for details). Solutions to such embedding
problems “enlarge” a G-Galois étale cover of U to a “bigger” I'-Galois étale cover of U

that dominates the former cover.

When ker(I' — G) is a quasi-p subgroup, it was proven by Pop ([31, Theorem B]) and
Harbater ([15, Corollary 4.6]) that there are proper solutions to the embedding problem
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(see Proposition 4.9). Since an embedding problem can be split into a quasi-p and a
prime-to-p embedding problems (Remark 4.8), we are interested in embedding problems

when this kernel has order prime to p.

Now we present the main result of this thesis. Let k be an algebraically closed field
of positive characteristic p, G be a finite group, ¥ : V. — X be a G-Galois cover
of smooth integral projective k-curves étale away from Sx and Sy = ¢~ '(Sx). Let
rx = |Sx|, rv = |Sv| and gx (resp., gv) be the genus of X (resp., V). Let m > 1 be a
positive integer prime to p. Here P,,(V \ Sy) (see Definition 3.21) is a generalization of
Pic(V)[m]. In fact, it is a (right) G-module (see Subsection 5.2.1).

Theorem 1.1. Let H be a free Z/mZ-submodule of Pp, = Py(V \ Sv). Then the
following embedding problem

(X\SX
ga
]
1

has a solution for some I' and B if H is a G-submodule of Py,. Here «a corresponds to

w

1 H¢ T

the G-Galois cover V.— X. Conversely, given a solution ~ : 7$"(X \ Sx) — T to the
above embedding problem with H a free Z/mZ-module, then the H-Galois étale cover
of V'\ Sy induced from ~ comes from a G-stable subgroup of P, isomorphic to H as

G-modules.

Moreover, two solutions to the embedding problem lead to the same G-submodule of
P, (V' \ Sv) iff they are equivalent.

Given H and G as above, this theorem gives us tools to form I'-covers of U for each

extension group I' of G by H, by examining the structures of P, (V' \ Sy) as G-modules.

We consequently get some sufficient conditions for an index-p subgroup of ﬁ%(U ) to

be effective for some embedding problem (e.g., Corollary 5.12).

When G is a cyclic p-group, we also discuss in section 5.4 some sufficient and necessary
conditions on n (Theorem 4.12, Corollaries 5.29 and 5.31) for the existence of a proper
solution of an embedding problem for some extension I' = H xg G of G by H. We
describe a method of counting the minimal genus of I'-covers corresponding to a given
embedding problem (Corollaries 5.21 and 5.22). Here we also count (Theorem 4.13) the
number of proper solutions for all embedding problems {(H xy G — G, 7$'(U) — G) :
0 is any homomorphism G — Aut(H)}.

We begin the thesis by declaring general notations and conventions in Chapter 2.
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In Chapter 3 we recall basic definitions of the ramification theory of Dedekind do-
mains and discuss some relevant theorems. Then we discuss briefly the definition and
properties of étale fundamental groups. We also revisit the representation theory of
cyclic groups over finite rings Z/mZ. Finally, we state some results on the extension of

groups by an abelian group.

In Chapter 4 we discuss some classical theorems on étale fundamental groups of k-
curves and some known results on embedding problems. Then we state the motivating

problems and our approach towards them.

We prove some preliminary results (Lemmas 3.33, 3.37 and Propositions 3.24, 5.1)
before giving a proof of Theorem 1.1 in the last chapter. Consequently, we prove certain
results on effective subgroups of the étale fundamental group in Section 5.3. When H (as
in the hypothesis of Theorem 1.1) is isomorphic to (Z/mZ)™ and G is a cyclic p-group,
we give a characterization of n for the existence of solutions of the above embedding
problems and count the number of solutions in section 5.4. We also discuss the method
of finding a cover with genus minimum among the genera of covers corresponding to the

proper solutions of the above embedding problem.






Chapter 2

Notations and Conventions

All rings are commutative with unity 1, except (possibly) group rings.
Unless otherwise stated, k& will denote an algebraically closed field of characteristic p.
For a set S, both |S| and #(.S) denote the cardinality of S.

For a scheme X, Ox will denote the structure sheaf of X. When X is integral, k(X)
will denote the function field of X.

Field extension K < L will be denoted by L|K. Similarly, extensions A< B of
(Dedekind) domains will be denoted by A|B. For prime ideal ) in B and P = AN Q,

we write Q|P. For morphism of schemes Y — X, mapping y — =, we write y|z.

For a scheme X, a geometric point Z — X is a morphism Spec(K) — X for a
separably closed field K and = € X is the image of Spec(K) — X.

Covers are by definition finite generically étale morphisms of reduced schemes. Unless

otherwise mentioned, covers of schemes will be smooth, and connected.
For Galois covers Y — X, Gal(Y|X) will denote the automorphism group Aut(Y|X).

For a finite group H, p(H) will denote the characteristic subgroup of H generated
by all Sylow p-subgroups, H/p(H) is the maximal prime-to-p quotient of H. When
H = p(H), H is called a quasi-p group. When p(H) is trivial, H is called a prime-to-p
group.

For a scheme U and a geometric point @, m1(U,u) denotes the (topological) funda-

mental group, m$'(U, @) denotes the étale fundamental group.
EP is the abbreviated form of embedding problem.

The ceiling function [-] : R — Z maps x to the lowest integer [x]| greater than or

equal to x.






Chapter 3

Preliminaries

3.1 Ramification groups

Here, we briefly recall the notion and basic definitions related to the ramification theory
(See [35], [27] for details). Let A be a Dedekind domain, K be its fraction field, L be a
finite extension of K, and B be the integral closure of A in L. Then we know that B
is also a Dedekind domain. For a non-zero prime ideal P in A, there are only a finite
number of distinct prime ideals @Q;, 1 < i < r, in B lying over P. In fact, there is a
primary decomposition PB = II]_; Q5" for unique positive integers e;. Let f; denote the
index of the finite extension of residue fields B/Q; over A/P, f; = [B/Q; : A/P].

Definition 3.1. The integer e(Q;|P) := ¢; is called the ramification index Q; over P,
f(Qq|P) := f; is called the inertia degree of Q; over P.

Let L|K be a finite separable extension. Then the degree of extension n = [L : K]
satisfies the equation n =Y ;_; e; fi. The prime ideal Q; is unramified over P if e(Q;|P)
is 1 and the extension of residue fields B/Q;|A/P is separable. If not, Q;| P is ramified.
We say P is unramified or unbranched in L if all such @); are unramified over P. The
field extension L|K itself is unramified if every prime ideal P in K is unramified. Note

that almost all prime ideals in K are unramified.
Now assume that L|K is a finite Galois extension, the Galois group is Gal(L|K).
Proposition 3.2 ([27, Proposition 9.1]). For any non-zero prime ideal P in A, Gal(L|K)

acts transitively on the set {Q;la <1i <r} of prime ideals in B lying over P.

Hence, for a fixed non-zero prime ideal P, e;’s are all equal to, say, e and f;’s are
equal to, say, f. In fact, n = [L : K| satisfies n = efr for any non-zero prime ideal P in
A.
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Definition 3.3. Let @ be a prime ideal in B such that P = Q@ N A. The decomposition
group of @ over P, denoted by D(Q|P), is the stabilizer of @ in Gal(L|K), i.e.,

D(Q|P) = {o € Gal(L|K) : 0(Q) = @}

Note that any o in D(Q|P) naturally induces an automorphism of the residue field

B/Q, fixing A/P pointwise. This induces a natural homomorphism
D(Q|P) — Gal(B/Q|A/P).

Definition 3.4. The kernel of the homomorphism D(Q|P) — Gal(B/Q|A/P) is called
the inertia group of @) over P and is denoted by I(Q|P).

Note that #(D(Q|P)) = e(Q|P)f(Q|P) and #(I(Q|P)) = e(Q|P).

Field extension and completion: Let L|K be a finite extension, v be a discrete
valuation of K, A be the valuation ring, m = {a € A : v(a) > 1} be the maximal ideal of
A, B be the integral closure of A in L. Let w;,1 <1 < r, be the different prolongations
of v in L corresponding to maximal ideals 91; lying over m, respectively. Let e¢; and f;
be respectively the ramification index and inertia degree of 9;|m. Let K (L;) be the
completion of K for v (respectively, of L for w;). Then the extension L;| K of local fields
is finite of degree e; f;. If © is the valuation of K, then ; is the unique prolongation of
9in L; and e; = e(i)ﬁif}ﬂmf(), fi = f(fmz[zz]mf()

Proposition 3.5 ([35, II §3. Corollary 4]). If L|K is a Galois extension, then so is
Li|K with the Galois group Gal(L;|K) equal to the decomposition group D(9;|m) in
G(L|K).

3.1.1 Ramification Groups and Upper jump

Let K be a complete field with a discrete valuation v, A, m be as before. Let x denote

the residue field A/m and Uk denote the multiplicative group A\ m.

Let L|K be a finite Galois extension and B be as above. Then L is a complete local
ring. Let w be the prolongation of v in L, 9t be the maximal ideal of B, A denote B/,

U, denote B\ M, e = e(M|m) and f = f(MW|m). Let = be in B that generates B as an
A-algebra.

Definition 3.6. For each integer i > —1, Let GG; denote the set

Gi={o € Gal(L|K) : w(o(x) —x) > i+ 1}
={o € Gal(L|K) : w(o(b) —b) > i+ 1Vb € B}.
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Then the {G;}i>_1 form a decreasing sequence of normal subgroups of G. The group
G; is called the i-th ramification group of G. They define a filtration of G, called the

ramification filtration.
Note that G_1 = G, G is the inertia subgroup I(9M|m), G/Gy = Gal(\|k), and G;
is the trivial subgroup for large 7.

Define iy g : G — Z U {oo} by ip k(o) = w(o(x) — x). Note that i (lg) = oo and

ir|k (o) is non-negative when o # 1¢.

For —1 <t <0, let [Go : Gp] :== [G-1 : Go]~!. Define ¢r|k or simply ¢ : [~1,00) —

[_1700) by u gt
Plu) = /0 [Go : Gl

Then ¢(u) = u when —1 < u < 0. For 0 < m <u <m+ 1 for a positive integer m,

we have the explicit formula

, where g; := #(G}).

Clearly, ¢ is a homeomorphism on [—1,00). Let ¥ be the inverse of ¢. Then both ¢ and

t are continuous, piecewise linear, increasing and ¢(0) = 1~1(0) = 0. If s is an integer,

o is ¥(s).

Definition 3.7. The upper numbering of ramification groups is defined as follows: G* :=
Gry(s))- The upper jumps of the L|K are the numbers s in [~1,00} where G® # Gste
for all € > 0.

Note that G~ = G, G° = Gy, and G* is the trivial subgroup for large s.

3.2 Covers of schemes and the étale fundamental group

Let k be a field. We will assume the following convention. An affine variety over k
is the affine scheme associated with a finitely generated algebra over k. An algebraic
variety over k is a scheme over k such that there is a covering by a finite number of
affine varieties over k. A curve over k is an algebraic variety over k whose irreducible

components are of dimension 1.

Definition 3.8. A morphism 7 : Y — X of reduced schemes is called generically étale

if for each generic point ¢ in X and each n € 71((), 7 is étale at 7.

Definition 3.9. Let X be a reduced scheme (respectively, a reduced k-algebra). A
cover of X is defined to be a finite generically étale surjective morphism 7 : Y — X of

reduced schemes (respectively, reduced k-algebras). We say that the cover is connected
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(respectively, normal, smooth) if both X and Y are connected (respectively, normal,

smooth).

A morphism 7 : Y — X between smooth reduced curves is called a cover if it is

finite and generically smooth (separable).

The cover is étale if the morphism 7 is étale. If S is a finite subset such that 7 is
étale at every x in X \ S, then we say that 7 is étale away from S. Let us denote by

Aut(Y'|X) the group of automorphisms {o : ¢ is an automorphism of Y, 7 oo = 7}.

Definition 3.10. If G is a finite group, then a G-Galois cover is a cover ¥ — X
of schemes together with a monomorphism G — Aut(Y|X) via which G acts simply

transitively on all the generic geometric fibres.

Notation. If H is a subgroup of G, and if V — X is an H-Galois cover, then there is
an induced G-Galois cover Ind% (V) — X, which consists of a disjoint union of [G : H]
copies of V, indexed by the cosets of H in G. More precisely, Ind% (V) = (G x V)/ ~
where (g,v) ~ (gh,h~tv) forg € G, h € H andv € V.

Let the equivalence class of (g,v) in (G x V))/ ~ be [g,v]. For ¢’ in G, the action of
g’ is given by ¢'([g,v]) := [¢'g, v].

Note that when X is an integral scheme, G — Aut(Y|X) becomes an isomorphism.

Unless otherwise mentioned, we will assume that a cover is connected.

Definition 3.11. We say that the reduced and irreducible covers X; — Y, ..., X,, —
Y are mutually linearly disjoint if the fibre product X; xy X5 X ... Xy X, is an integral

scheme.

Now let k be an algebraically closed field of positive characteristic p and X be a
smooth projective integral (connected) curve over k. Let m : Y — X be a cover of
smooth integral (connected) projective curves over k. Clearly, the extension k(Y)|k(X)
of function fields is a finite separable extension. Note that any open set U C X is affine
and Ox (U) is a Dedekind domain. Let = be a closed point in X and y be in 7~!(x). Let
Ox . (vesp. @y,y) be the completion of the DVR Ox . (resp. Oyy), K (resp. L) denote
the fraction field of Ox . (resp. Oy,,), m (resp. M) be the maximal ideal of Ox_, (resp.
@yﬂ). As discussed in the previous section, @yvy is the integral closure of @Xﬂ»’ in L.
The ramification index and inertia degree of y over x are respectively e(y|x) = e(9t|m)

and f(y|lz) = f(M|m). Similarly, decomposition and inertia groups are defined.

As k is algebraically closed, f(y|x) is 1. Hence D(y|z) = I(y|z) and y is ramified
over z if and only if e(y|z) > 1. Note that deg(m) = 3_, o —1(,) e(y|z) = [k(Y) : k(X)].

Definition 3.12. When e(y|z) > 1 for some x in X and some y in 7~ !(z), we say that
x is a branch point. The finite subset of branch points of X is called the branched locus

of the cover 7.
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The following result (see [38, Lemma 5.7.11]) shows that ramification kills ramifica-

tion

Lemma 3.13 (Abhyankar). Let A be a discrete valuation ring with maximal ideal m,
fraction field K, and perfect residue field k. Let K;|K, i = 1,2, be two finite Galois
extensions. Denote by A; the integral closure of A in K;, and fix maximal ideals ; lying
above m fori =1,2. Assume that e(9;|m) are prime to the characteristic of k, and that
moreover e(My|m) divides e(Ma|m). Then the finite morphism Spec(C') — Spec(Asg) is
étale, where C' denotes the integral closure of A in the composite field K1Ks.

The following formula (see Riemann-Hurwitz formula [19, Theorem 7.27] and Hilbert

different formula [19, Theorem 11.70]) helps calculate the genus of a cover of a curve.

Theorem 3.14 ([19, Theorem 11.72]). Let 7 : Y — X be a G-Galois (connected) cover
of smooth projective curves over an algebraically closed field k, for a finite group G. Let
gy (resp. gx) denote the genus of Y (resp. X ). Let G,; denote the i-th ramification
group at y € Y. Then we have the following equality

29y —2=G|(29x —2) + Y Y (IGyl - 1).

yeY i>0

Note that when the above cover is tamely ramified at 7(y), Gy ; is trivial for i > 1
and |Gy 0| = e(y|(y))-

3.2.1 Etale fundamental group

Here we discuss the definition and some properties of the étale fundamental group (see
[11], [24] and [38]). Let S be a locally connected, locally simply connected topological
space and s be a point in S. Then the (topological) fundamental group (.S, s) can be
shown to be isomorphic to the automorphism group of the universal covering space of S.
The motivation for the definition of the algebraic (étale) fundamental group of a scheme

comes from this property of the topological fundamental group.

Let X be a connected scheme, Z — X be a geometric point of X and FEt /X denote
the category of X-schemes which are finite and étale over X. For an object Y in FEt /X,
let Fibz(Y') denote the underlying set of the geometric fibre Y X x Z of Y. A morphism
Y — Z in FEt /X induces a morphism of the geometric fibres Y xx &z — Z Xx T
and hence a set theoretic map Fibz(Y) — Fibz(Z). Thus Fibz becomes a functor from
FEt /X to the category of sets.

Definition 3.15. The étale fundamental group Wft (X, Z) is the automorphism group of
the functor Fibz on the category FEt /X.
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Let F be a functor from FEt /X to the category of sets defined by F(Y) = Homx (z,Y).
An element of F(Y') is a point y € Y lying over « with a k(z)-homomorphism k(y) —
k(z). For Y in FEt /X, Aut(Y|X) acts on F(Y) by composition on the right and this
action is faithful if Y is connected. When Y is connected and Aut(Y'|X) acts transitively

on F(Y), Y|X becomes a Galois étale cover.

The functor F' is strictly pro-representable, i.e., there exists a directed set I, a pro-
jective system X = (X, ¢ij)ier where X;|X is Galois, ¢i; :+ X; — X;(i < j) are
epimorphisms and elements f; € F(X;) such that f; = ¢;; o f; and for any Z in
FEt /X, f; induces an isomorphism hﬂHom(Xi,Z) — F(Z). When j > i, define
a map ®;; @ Aut(X;|X) — Aut(X;|X) satisfying ®;;(0)fi = ¢ 000 f; for all o in
Aut(X;|X). The following proposition gives us a useful alternative definition of the

étale fundamental group.

Proposition 3.16 ([38, Corollary 5.4.8]). The étale fundamental group 7$'(X, ) is
isomorphic to @Aut(XﬂX) as profinite groups.

In [2] Abhyankar studied this inverse system of Galois groups of U, the complement
of curves C in the projective plane over a field of positive characteristic. Abhyankar also
considered ([2, Section]) the system 7'(U) of Galois groups of (finite) étale covers of U
that are only tamely ramified over C. In particular, generalizing a result of Zariski, he
showed in [2, Section 13] that the groups in 7/(U) are abelian if C' is a divisor with strict

normal crossings, i.e., a union of smooth curves that intersect transversally.

Proposition 3.17. Let X be a connected scheme. For any two geometric points & — X
and ' — X, there exists a continuous isomorphism of profinite groups ﬂ‘ft(X, z) =

(X, ).

Hence, for a connected scheme X, we will simply write 7$%(X) to denote the étale

fundamental group. Let us define some quotients of the étale fundamental group.

Definition 3.18. Let U be a smooth connected affine curve over an algebraically closed
field k of characteristic p > 0. Let X be its smooth completion and S be the finite set
of closed points X \ U. The tame fundamental group is denoted by 7% (U) and is defined
to be the inverse limit 74 (U) = &iLnAut(Y]X ) where Y — X varies over all connected

Galois covers of X which are étale away from S and are tamely ramified over S.

The prime-to-p (resp., pro-p) fundamental group is denoted by ng,)(U) (resp., ﬂgp)(U))
and is defined to be the inverse limit lim Aut(Y'|X) where ¥ — X varies over all con-
nected Galois covers of X étale over U whose Galois group has order prime-to-p (resp.,

Galois group is a p-group).

Note that ng/)(U) (resp., 7T§p)(U)) is the maximal prime-to-p (resp., maximal pro-p)

quotient of the étale fundamental group.
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3.2.2 Cyclic covers

In this section, we discuss m-cyclic covers of curves, for an integer m prime to p. Let Y
be a smooth connected projective curve of genus g over an algebraically closed field &k of
characteristic p > 0. Let m > 1 be an integer coprime to p. Let S be a finite set in Y
with r closed elements. The following definitions, notations and results can be found in
[10, Chapter 3] and [40, Section 3].

We are interested in the structure of the étale cohomology group HA (Y \ S, fim) =
Hom(7{' (Y \ S),Z/mZ), where iy is the group scheme: pm = SpecZ[T]/(T™ — 1),
ged(m,p) = 1.

We denote by Pic(Y') the Picard group of Y, by Div(Y") the Cartier divisors of Y, by
Z|[S] the subgroup of divisors whose supports are contained in S, which can be identified
with the free Z-module with basis S. Divg(Y) := Div(Y) ®z Q and (Z/mZ)[S] :=
Z[S] ®z (Z/mZ), the free module over Z/mZ with basis S.

Let A =5Y""  ¢:D; € Div(Y) ®7Q, where ¢; € Q, D; is a prime divisor and n € Z>o.
Then let [A] denote Y ;" [¢:]D; € Div(Y'), where [¢;] = the integral part of ¢;. For
L € Pic(Y), m > 1 and an effective Cartier divisor D such that L®™ = O(—D) where
O is the structure sheaf on Y. Define L(:P) := L% @ O([£D]).

We fix an isomorphism L®™ = O(—D). This isomorphism allows one to define an
O-algebra structure on O @& LD g ... g Lim=1.D),

Proposition 3.19. Let V be the scheme Speco (@7, LEP)). Then m: V — Y is the
normalization of the finite morphism Specp(®7'LY) — Y.

Let G be a cyclic group of order m and o be a generator. Let u be a fixed primitive
m-th root of unity in k. Then G acts on @;’iﬁlL(i7D) by O-algebra homomorphism
defined by

o) = ol
for any local section I of L) ¢ @ 'L#-P) (see [10, Section 3.9]).

Corollary 3.20. The cyclic group G acts on V and m,Oy . One has V/G =Y and the

decomposition Oy = EB’Z;_OIL("’D) 1s the decomposition in eigenspaces.

Hence, V' = Specy (&7, L#P)) — Y is a G-Galois (possibly disconnected) cover
of smooth curves, étale away from D,.q C S. Let us assume that V is connected. Since
LM @Oy (D) = div(s) = Oy for some s in k(Y'), k(V) = k(Y)(t) for some ¢ € k(V) such
that t™ = s and o(t) = ut. Let D = Z§:1 a;y;, for positive integers a; and points y;
in S. Then this cover is (tamely) ramified at y; iff gcd(m, a;) < m and the ramification

. . m
index is sed(may) -
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Definition 3.21. We define

{([L], D) € Pic(Y) @ Z[S]|L®™ = O(-D)}
{(O(=D),mD)|D € Z[S]}

Po(Y \ ) = (3.2.1)

as an m-torsion abelian group.

For simplicity, we also write elements of P, as ([L], D). We may assume that D is
an effective Cartier divisor with support in S since the multiplicity at each point in S

can be chosen from {0,1,...,m — 1}.

When S = 0 then P,,(Y) is the m-torsion subgroup Pic(Y)[m] of the Picard group
Pic(Y) and is isomorphic to Z/mZ®%9. In general, P, (Y \ S) is an extension of a
subgroup of Z/mZ[S] by P,,(Y). We have the following exact sequence (see [40, Equation
3.4]):

0 —— Picd(Y)[m]——s P (Y \ S) —— 7/m2z[S] 2 2,/mz (3.2.2)

Here the inclusion map is [L] — ([L],0), f(([L], D)) = D mod m and deg(D mod m) =
deg(D) mod m.

Exactness at P, (Y \ S) comes from the definition. To see the equation is exact at
Z/mZ[S], choose any ([L],D) in P,(Y \ S) and let C' be a cartier divisor such that
L =0(C). Then mC + D ~ 0 and so mdeg(C) + deg(D) = deg(mC + D) = 0. Then
deg(D) = 0 mod m. Hence f(P,(Y \ S)) C ker(deg). Conversely, suppose D € Z[S]
such that its image is in ker(deg). Then deg(O(D)) = mi for some integer i. Choose
any L of degree i from the Picard group. Since the multiplication operator [mly :
Pic’(Y) — Pic?(Y) is surjective and [L™™ @ O(D)] € Pic’(Y), choose [M] € Pic’(Y)
such that [M]™ = [m]y([M]) = [L7™ ® O(D)]. Then ([M ® L1],D) € P,(Y \ S) and
f(([M ® Ly], D)) = D mod m. Hence, f(Pn(Y \ S)) D ker(deg).

The above corollary and Equation 3.2.2 gives rise to the following proposition (see
[40, Proposition 3.5]).

Proposition 3.22. There is a bijection between the elements of Py (Y \ S) and Z/mZ-
Galois (possibly disconnected) smooth covers of Y, étale away from S. In fact, we have

isomorphisms of groups:
Po(Y\ 8) = HY (Y \ S, ftmm) = Hom(n$(Y \ §), Z/mZ) = (Z/mzZ)*2+7~ 1+

where b =1 if r =0, b = 0 otherwise.

Definition 3.23. We say a subset B of a finite group is of type T'1 if subgroups generated
by the elements in any two disjoint sets of B intersect trivially. We say that the reduced
and irreducible covers X1 — Y, ..., X,, — Y are mutually linearly disjoint if the fibre

product X; Xy Xo X ... Xy X,, is an integral scheme.
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Let us describe some useful properties of P,,,(Y \ S) (see Definition 3.21). The proofs

are included here for the sake of completeness.

Proposition 3.24. ForY and P,, = P, (Y \ S) as above:

(i) An element of order m in P, corresponds to a connected m-cyclic cover.

(ii) Let B C P, be such that every element of B is of order m and for X € B let
V. — Y be the m-cyclic cover corresponding to A\. Then B is of type T1 iff the
set of covers {V\ — Y : A € B} are mutually linearly disjoint.

(iii) Let B be as above of type T1. Let ¢ be an element in the subgroup generated by B.
Each connected component of the cover Ve — Y is dominated by the normalization
of the fibre product of the covers Vy — 'Y for \ € B.

(iv) Let B be as above of type T1 and p be a primitive m-th root of unity in k. The
subgroup generated by B acts on the normalization of the cover X epVy — Y
naturally which extends the automorphism defined by A = ([L],D) € B of the
cover Speco(@ﬁf)lL(i’D)) = Vi — Y given by the multiplication of u* on sections

of L(:D),

Proof. Let ¢ : W — Y be a smooth disconnected cover of Y, étale over Y \ S with
an m-cyclic group action. Then all connected components of W are isomorphic and
a connected component W; of W is an n-cyclic cover of Y and nl = m where [ is
the number of connected components of W. Then 3([N],F) € P, corresponding to
Wy — Y. Then W corresponds to ([N],lF) € P,, and the order of ([N],lF') in B, is

n.

Conversely, any element of order n < m in P, is of the form ([L®?],aD), for some
([L], D) of order m in P, and n = m. The cover W corresponding to ([L®%],aD)
is a disjoint union of * number of isomorphic n-cyclic covers, each given by the normal-

ization of Specy (@], L&™).

(2

For (ii) we use induction on |B|. Suppose ([L], D) and ([M], E') are in B and for some
a and b let ([L®%],aD) = ([M®®],bE) be order n > 1. Let W, W’ W" be the m-cyclic
covers corresponding to ([L], D), ([M], E), ([L®%],aD), respectively. Let N = L®?. Then
a connected component V' of W” corresponds to ([N],a'D) € P, for some a’. Moreover
W and W’ dominate V (the O-algebra defining V' is a subalgebra of O-algebra defining
W and W').

Conversely suppose W; and W5 are covers of Y corresponding to ([L], D) and ([M], E).
If they are not linearly disjoint then they both dominate a connected cover V. — Y
of degree n > 1. Let ([N],F) € P, be the element corresponding to V. Then
L® = N = M®® and the cover associated to ([L®], aD) is Indz%/gfnz(V) = Ind%?zz(V).
Hence {([L], D), ([M], E)} is not of type T1.
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When |B| = t+ 1 > 2 the same argument works. Consider the connected covers
Wy — Y,...,Wy — Y for any t elements Ay,..., A\ of B. Then by induction hy-
pothesis, these are mutually linearly disjoint and their normalized fibre product W is
a connected cover of Y. Let Wy — Y be the cover corresponding to the remaining
element A\g. By looking at the algebra associated with these covers, if W — Y and
Wy — Y are not linearly disjoint then the common cover will correspond to a connected
component of the cover associated with alg = a1 A1 + ... a,A¢ for some 0 < a < m and

some 0 < a; <m —1.

For (iii), we again use induction on |B|. Let W; and W3 be covers of Y corresponding
to ([L], D) and ([M], E) and W be the normalization of W; xy Ws. Then W is the
normalization of Spec(@’;;_ol 69;.”:_01 L0D) @ MGE)) From Lemma 3.25, we see that
the O-algebra associated to the connected component W3 of the cover associated to
([L®* @ M®],aD + bE) is a subalgebra of ®}";" @;”;Ol L&D) @ MUE) | This induces a
dominating map from W — Wj.

Now, let |B| = ¢t + 1 be greater than 2. As before, assume that W; — Y is the
connected cover corresponding to \; in B, for 0 < i < ¢, and W denotes the (con-
nected) normalized fibre product of Wy,...,W;. Clearly W is the normalization of
Spec(@gr;(l) . 69;7:;5 <®§:1L§ji’Di))). By Lemma 3.25, the O-algebra defining the nor-
malization of Wy xy W contains the O-algebra defining the cover corresponding to an

element of the subgroup generated by B.

To prove (iv), we fix p1, a primitive m-th root of unity in k. For \; = ([L;], D;) € B,
let Speco(@?iang.i’Dj )) = V; — Y be the smooth irreducible cover. The O-algebra
homomorphism defined by h;(l) = u'l for any local section [ in Lgi’Dj ) defines an element
hj € Aut(V;]Y) (see Corollary 3.20). Fix an isomorphism from < A\; > to < h; > by

mapping A; to h; to identify < A; > with Aut(V;]Y).

Now if B = {A1,..., \¢}, the m-cyclic covers Vi, ..., V; of Y are linearly disjoint. The
abelian group < B >=< A] > X...X < )\ > acts component-wise on the normalised

fibre product of these covers. O

Lemma 3.25. Let B = {([L;], D;) : 1 <i <t}, 0 < a; < m for each i. Then the O-
algebra associated to the connected component of the cover associated to > -_, a;([Li], D;)
is a subalgebra of EB;'};S) .. @?:;01 <®§:1Ll(ij¢)> .

Proof. First note that _i_,[z;] < [>i_, ;] for non-negative rational numbers z; and
so Yty ziDi] — Yoi_o[x:D;] is effective for effective cartier divisors D; with support in
S. Also, a cartier divisor D — D’ is effective & O(D — D') C O < O(D) C O(D").

Given ([L], D) € P,,(Y'\S) and positive integers a, j, d such that md = aj, (L)0eP) =
L% @ O([4D]) =2 O(-dD) ® O(dD) = O.
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Let ¢ be the least positive integer < m such that md; = a;. for positive integers
di; 1 <3<t For0<j<m,letaj = s;; modulo m for 0 < s;; < m. Note that
sij # sij if j # j'. Clearly, a;j > s;;. Then the O algebra associated to the cover for
>icr ai([Lal, Di) s

t .
iy - a;
B3 (@1 LT D) = o5l (@l 1) © (==L ),
The O algebra associated to the connected component is
t .
_ y i a;
A=) (@4, L) © 012219 py)

Note that ®/_, L% < @!_,L;". Since [ZZ 199 D] — S22 D] is effective (as a;j >
t .
sij). O 5L i) € OS5 Di). Then
¢

t .
a;j i= ai] . Si S;i
(©1L8) © 012219 D) o @@t L) @ 0(3 [ D))
=1

-1
./4 - @L'ZO

J

3.3 Representation of cyclic groups over finite rings

In this section, we discuss basic representation theory (see [33], [34]). We are interested
in the representation of finite cyclic groups over finite rings such that the characteristic

of the ring is coprime to the order of the group.

Let R be a commutative ring and let G = {g1, 92, - . ., gn} be any finite multiplicative
group. The group ring R[G] is the set of all formal sums Y ;" | a;g;, for a; € R, 1 <i < n.
Note that 1g; and Og; are simply written respectively as g; and 0. For a;,b; € R, addition

and multiplication are defined as follows:

(Z aigi) Z bigi) = Z a; + b;)gi
=1 i=1

and

Zazgz Zb]g] Z Z aibj)gk-

k=1 9i9;=9k

These operations make R[G] into a ring and it is commutative if G is abelian.
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An R[G]-module M is a R-module together with a R-linear homomorphism p :
R[G] — Endgr(M), where Endg(M) consists of R-linear endomorphisms of M. For
g € G and m € M, p(g)(m) is simply written as gm. We also say p or M is a represen-

tation of G over R or a G-module over R.

Definition 3.26. Two R[G]-modules (or representations of G over R) are called iso-

morphic if there is an isomorphism as R-modules that preserves the action of R[G].

Definition 3.27. A representation given by p : R[G] — Endg(M) is irreducible if M
is nontrivial and it does not have a proper nontrivial submodule that is invariant under

p(g) for every g € G.

Definition 3.28. A subrepresentation or G-stable submodule of M is a submodule NV
of M over R such that gm is in N for all m in N. A G-stable decomposition of M
is expressing M as a direct sum of G-stable submodules. A non-empty R[G]-module
is indecomposable if any G-stable decomposition of M consists of only one non-empty

summand.

Proposition 3.29 (Maschke’s theorem, [33, Theorem 3.4]). Let F be a field of charac-
teristics not dividing the order of G and M be a finitely generated F|G]-module. Let N
be a vector subspace of M stable under G. Then there exists a complement N' of N in
M which is stable under G.

A useful consequence of this theorem is the following corollary.

Corollary 3.30. Every representation of a finite group G over a field F with charac-
teristics not dividing the order of G is a direct sum of irreducible representations of G

over IF.

Definition 3.31. Let F be a field of characteristics not dividing the order of G and
M be a representation of G over F. By the corollary above, M = @ | N (as F[G]-
modules) for irreducible non-isomorphic F[G]-modules N; and non-negative integers «;.
We call «; the multiplicity of N; in M.

Let [ and p be two distinct prime numbers and g be a positive integer. Let us recall

-k
the following lemma about g-th cyclotomic polynomial ®,(z) = [[ 1<k<, (g; — 62”5),
ged(k,q)=1

Lemma 3.32 (][22, Theorem 2.47]). ®, is irreducible over Q and deg(Qq) is ¢(q). If
ged(l, q) = 1, then ®4(z) factors into @ distinct monic irreducible polynomials in Fyx],
each of the same degree d. Here d is equal to the least positive integer such that ¢ =1

mod q.

Let G be a cyclic group of order p* and consider the group ring F;[G]. For b > 1, d
will denote the order of [ in (Z/p’Z)*. Now we can describe irreducible representations
of G over Fj.
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Lemma 3.33. FEvery nontrivial irreducible Fi-representation of the group Z/p®Z is of

dimension dy for some b < a.

Proof. Let G be the cyclic group of order p® and o be its generator. Clearly o?* = 14

implies that the minimal polynomial of ¢ divides zP* — 1. Now,

%

a a b

' —l=@-D[[ep@) =@-D]] TI P,
b=1 b=1 =1

where @, () is the p’-th cyclotomic polynomial, Py (z) are irreducible factors (over
;) of @, (x) (by the lemma above) of degree dy. Let M be a nontrivial irreducible

G-representation. Then M is a simple F;[z]-module where multiplication by z is the

nontrivial action by o. Hence M = F;[z]/Py(x) for some i € {1,...,pb71d(7f_1)},b €
{1,...,a}, by structure theorem for modules over PID. Since M is a nontrivial repre-
sentation F;[z]/(x — 1) is ruled out. Hence the dimension of M is d = deg(Py;). O

Note. Every nontrivial irreducible Fj-representation of Z /p®Z is isomorphic to F;[z]/ Py (x)
for some 1 <b<aand 1<i<p~p—1)/dp.

Now, let us assume that o is a generator of the cyclic group G of order p® and consider
the group ring (Z/I°Z)[G] for a positive integer c. Let us fix (s, a primitive pb-th root
of unity in C, for 1 <b < a. Then @, is the minimal polynomial of (,» over Q.

Let us recall an important result for prime decomposition in number rings.

Proposition 3.34. If m is a positive integer, (,, is a primitive m-th root of unity in
C and 1 does not divide m, then lZ[(y] splits into @ distinct prime ideals in Z[Cp),

where f is the order of I mod m.

Let r, = %5_1) for b > 1. Then, by the above proposition, IZ[(,] splits into
rp distinct prime ideals, say, Qp1,-..,Qpr, in IZ[(p]. Using the Chinese Remainder

Theorem, (Z/1°Z)[G] can be shown to have the following G-stable decomposition:
¢ o Zla] Zx)/(x—1) & (Bhoy (Z[x] /(P (2))))
G =
(Z/1°Z)[=] . Z[Gp] Z[Gpe]
R O
)
1

Z|C.p
Ty [Cp ]))

& (G (@2
bi

Z[z]

W™ 1) by multiplication by = on the left. Similarly, the action of o on

Here o acts on

Z
C[%’b] is given by multiplication by (,» on the left.
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Let M be a finitely generated (Z/I°Z)|G]-module. Then M admits a G-stable de-

composition as above (some of the summands may be trivial):

r M

M = ker(a - I) D (@gzl(@lew))
J

(3.3.1)

To describe the decomposition of M/ ngM , we need the structure theorem for finitely

generated torsion modules over a Dedekind domain (see [20, Theorems 9 and 10]).

Proposition 3.35. Let R be a Dedekind domain and T be a finitely generated torsion
module over R. Then
T=R/P"&...®&R/P™

for uniquely determined prime ideals P; of R and non-negative integers a;.

Let us describe the structure further. Let J = {r € R|rT = 0} be the annihilator of
T. Let J = P;* ... P be its prime factorization in R. Then

R/J=R/P*@®...® R/P;".
Then T, as an R/J module, decomposes into
T=T/P'T&...aT/P;"T,

where each T/P*T can be identified with the submodule {m € T|P%T = 0}. To
describe the structure of each summand above is the same as describing the structure of
a finitely generated module over an Artinian quotient ring R/P* = Rp/P°Rp for any
prime ideal P. This is given by the following result.

Proposition 3.36. Let T be a finitely generated module over a quotient ring S/(t%),
where S is a DVR and t is a generator of the mazimal ideal. Then T s isomorphic to
a direct sum of modules S/(t7), where 1 < j < s. Let f; be the dimension of the vector
space t'T/t 71T over R/(t). Then the number of summands of type S/(t/) appearing in
the decomposition of T' is fj_1 — f;.

Note. When S = Rp in the above proposition, and (t) = PRp, S/(#/) is isomorphic to
R/PJ.

Now we go back to Equation (3.3.1) and apply the above results on M/ ngM )

Lemma 3.37. Let the hypothesis be as before Equation (3.3.1). Then M can be expressed
as a direct sum of indecomposable G-submodules isomorphic to Z/I'Z, Z[Cpb]/Qéj, 1<
i <e¢, 1<b<a. The number of direct summands isomorphic to Z/I'Z is fl_, — f!
where f] = dim(Zl/lZl)(%)- The number of summands isomorphic to Z[gpb]/sz 18

. Qi Nos
Joi—1,j — fvij where fyi; = dlm(Z[Cpb]/ij)(ﬁ) and Ny; = M/Qj; M.
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Proof. Let R =Z[(p]. As Ny; is a R/Qp,-module and R/Qj; = Rq,,/Q};Rq,;, Nvj is a
torsion module over Rg,,. By the propositions above, we have the following decompo-

sition as G-modules:
Ny = @f (R /(Ql A))fb,ifl,j*fbij &~ ¢ (R/Ql ‘)fb,ifl,j*fbij
bj i=1\11Qy; bj i=1 bj :

Note that ker(o — Id) is a Z/I°Z-module with trivial G-action. Then again, M¢ =
ker(c — Id) = &¢_, ofiaifi (ZJUI'Z). Then we get the G-stable decomposition into
indecomposable (or zero) G-submodules:

M 2 (85, (Z/UT)T 70 @ (@) Dy S5 (Z[G)/Qhy) oo™ o), (3.3.2)

O

3.4 Group cohomology and group extension

We briefly discuss some basic definitions and results in the theory of group cohomology
(see [44]).

Definition 3.38. Let A be an object of an abelian category A. A projective resolution of
Ais a complex P. with P; = 0 for i < 0, together with an augmentation map € : A < Py

so that each P; is projective and the augmented complex

d

0 A+ D Py Py

is exact.

Lemma 3.39. If an abelian category A has enough projectives, then every object A in

A has a projective resolution.

Let F: B — A be a left exact contravariant functor between abelian categories such
that B has enough projectives. For an object B in B choose a projective resolution
B < P. The right derived functor R'F(B) is defined by R'F(B) = H'(F(P)). Note
that R*F(B) is independent of the choice of projective resolution.

Proposition 3.40. The derived functors R*F form a universal cohomological 6-functor.

Definition 3.41. Let G be a group. A (right) G-module is an abelian group A on which
G acts on the right.

For g in G and a in A we simply write a - g or ag for the (right) action of g on a. For
another G-module B, let Homg(B, A) denote the G-set maps from B to A. Then we
obtain a category mod-G of (right) G-modules. This category can be identified with
the category of Z[G]-modules, with G acting on the right.
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Note that mod-G is an abelian category with enough projectives.

Definition 3.42. A trivial G-module is an abelian group A with trivial G-action, i.e.

a-g=aforall ain A and g in G.

Notation. Let us denote a free G-module on a set S of symbols by < S >¢. Note that
< 8 >a= @SESZ[G].

Now we describe two free (hence projective) resolutions of the trivial G-module Z in

mod-G. They are called the normalized and unnormalized bar resolutions, respectively.

Bs . (3.4.1)

BY - (3.4.2)

Here By = B{ = Z|G] with G-action on the right.

For n > 1, consider the set of symbols S»* = {[g1 ® -+ ® gn] : gi € G for 1 < i < n}.
Then we get the G-module B =< S >g. Denote by B, a quotient of B}, B, :=
BY /B!, where B), =< {[g1 ® -+ ® gn] : i = 1¢ for some 1 < i < n} >qg. B, is the free
G-module over the set of symbols {[g1|- - |gn] : where g; € G\ {1} forl <i <n}.

Let [-] denote 1g in Z[G]. The map € : By — Z (or € : BY — Z ) sends [] to 1. For
n > 1 the differential d : B — BY_, is defined by d = " (—1)'d;, where:

[91 DR ®gn—1]gn§
01 @ ® Gn—iGn—it1 @ -+ D gnl,0 <i < m;
(g2 ® - @ gnl.

do(lg1 @ -+ @ gn])
di(g1 ® -+ @ gn])
dn([gl KR gn])

Similarly, for the complex B. the differentials are defined as above, except for 0 < ¢ < n,

g1l |gn—ign—is1| - |9 Wheng—’g—'17é1G7
di([91®"'®gn]): [ ‘ |nznl+| |n] n—i9n—i+

0 when In—ign—i+1 = lg.

Since d; odj = dj_1 0d; when 7 < j —1, we have dod = 0. Hence B is a chain complex.

Since d(B],) C B!,_4, B, is a quotient chain complex.

n—1»
Proposition 3.43. The sequences (3.4.1) and (3.4.2) are exact. Thus both Be and BY

are free resolutions of Z. in mod-G.

Proof. Consider the group homomorphisms s,, defined by

s1:Z — By,1—[];

Sn By = Bri, 1@ ®@0gnlgni = [91 @ @ gnyal, for n > 0.



3.4. Group cohomology and group extension 23

It is easy to see that es; = Idz, dso+s-1€ = idpy and (ds,+5,-1d)([g1 @+ @gnlgn+1) =
[91 ® -+ ® gnlgn+1. Hence, {s,} forms a chain contraction of (3.4.2). Thus (3.4.2) is

split exact as a chain complex of abelian groups. Similar proof works for (3.4.1). O

Let A be an object of mod-G. Note that Homg(—, A) is a left exact contravariant
functor on mod-G. Homg (B}, A) consists of n-cochains, i.e., set maps ¢ : G™ — A that
extend bilinearly on B} as Z[G]-module. Similarly, Homg(B,,, A) consists of normalized
n-cochains, i.e., n-cochains ¢ such that ¢(gi,- - , gn) becomes 0 whenever some g; is 1.
The differential d : Homg(By;, A) — Homg (B |, A) is defined by ¢ — d¢,

(d(;b)(g(]’ T 7gn) = (¢(90> T 7gn71)) “gn + Z(_l)ng( oy 9n—idn—itl, )
i=1
+(=1)"" (g1, s gn)-
Similarly, the differential d is defined on Homg(B,, A). We denote by Z"(G; A)

the n-cocycles, i.e., the n-cochains ¢ such that d¢ = 0. B™(G; A) denotes the set of

n-coboundaries, the image of n — 1-cocycles.

Notation. H*(G; A) := H*(Homg(Z, A)), the cohomology of either Homg (B, A) or
Homg(Byp, A). Thus H"(G; A) = Z"(G; A)/B"(G; A).

We are interested in H2(G; A). Note that Z?(G; A) consists of all 2-cochains ¢ :
G x G — A such that

#(1lg,9) = ¢(g,1g) and
0= (do)(f,g9,h) = d(f,q) - b — &(f, gh) + ¢(fg,h) — d(g, h), for f,g,h € G.

B?(G; A) is the set of 2-cochains ¢ : G x G — A such that for every f,g € G and some

1-cochain ¢

¢(la,9) = ¢(g,1¢) and ¢(f,9) = (d¥)(f,9) = (V(f)) - 9 — ¥ (fg) + ¥ (9).

3.4.1 Group extension by an abelian kernel

Definition 3.44. Let (G,-) be a (multiplicative) group and (A, +) be an (additive)

abelian group. A group extension of G by A is a short exact sequence

0 A E"5@G 1

of groups. The extension splits if m has a section o : G — FE.
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Note that (A, +) is a subgroup of (£, -), + and - denote the same group operation in

E. The notation + is used in between elements specifically in A as they commute.

Given a group extension E of G by A, G acts on the right on A by conjugation in F.
For a in A and g in G, a — a9 := §~'ag for any § in E such that 7(§) = ¢g. This action
makes A a (right) G-module.

Note that an extension 0 A E-—"-G 1 splits if and only if F is
isomorphic to the semidirect product A xg G for the homomorphism 6 : G — Aut(A)

given by 0(a) = a¥.

Definition 3.45. Two extensions 0 A E,—-@G 1,7=1,2, are equiv-

alent if there exists an isomorphism ¢ : Fy = F» so that the following diagram commutes:

0 A E,—=25G 1

|

0 A Ey "G 1.

Given a G-module A, how many extensions (up to equivalence) of G by A are there

such that the induced G-action on A is the same as the G-module structure of A, i.e.,

Given an extension 0 A E-">G 1, choose a lift &, in E for every
g in G such that 7(®,) = g and @1, = 1g. Define a set map [-,] : G x G — A,

[f,9) = @7, @Dy,

Note that m(®} ) @ Pg) = (w(Df,)) 7 (Ps)m(®y) = (fg) ' fg = Idg. Hence [g,h] €

kerm = A. We call such a set map a factor set.
Proposition 3.46. Let A be an object of mod-G. A set function [-,] : G*> — A is a
factor set if and only if [-,-] € Z*(G; A).

Proof. If [-,-] is a factor set, then for any f,g,h € G, we have [1g,g] = <I>g_1<I>g =1Id =
l9,1¢] and

= 0,10 DDy — D D pDyp + Dy Dy ®p — D) By Dy,

fg fgh fgh
- (@;;hcpfgcbh + <I>,—L1<I>;;<I>fc1>gq>h) — (@;glhq>f¢>9h + cbg—hlcbgcbh)
=0, 0D, D) — O, & DDy, = 0.

Hence |-, ] is an element of Z2(G; A).
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Conversely, suppose [+, -] is a normalized 2-cocycle. Let E := G x A as a set. Define

an operation on F by:

(f,a)-(g,b) = (fg,a-g+[f 9] +b).

It can be shown that the above operation is associative, (1¢,0) is the identity element
and the inverse of (f,a) is (fY,—a - f 1= [f,f D= —a- =17 1.
Then F is a group, A is isomorphic to {15} x A, and G is isomorphic to the quotient of
E by {1g} x A. Thus F is a group extension of G by A and the factor set arising from
this is the 2-cocycle we began with. O

Theorem 3.47 (Classification Theorem). The equivalence classes of extensions of a

group G by an abelian group A are in bijective correspondence with H?(G; A).

In fact, given an extension 0 - A — E — G — 1, any choice of factor set [-,] :
G x G — A modulo B?(Z; A) determines the extension (up to equivalence) uniquely.

3.4.1.1 Group Extension by a non-abelian kernel

We quickly discuss the theory of group extensions of G' by a (possibly non-abelian)
group H. Let 1 - H — I' - G — 1 be an extension and &, € I' be a lift of 0 € G,
®1, = 1p. Let a : G — Aut(H) be defined by a(o)(h) := &, 0 h o ®,, for every
hin H; o(l) :== Idyg. Let § : G — Aut(H)/Inn(H) be the group homomorphism
defined by (o) := [a(0)]. Then (H,6) is a G-kernel with centre Z(H). This 6 induces a
group homomorphism 0y : G — Z(H). Each G-kernel determines in invariant fashion
a cohomology class of 3-cocycle. Let f3 € Z3(G, Z(H)) be such a cocycle determined by
(H,0) and F3(H,0) = [f3] be the cohomology class in H(G; Z(H)). Here T is a group
extension of G by the kernel (H,0). So, (H,#) is extendible. Then F3(H,0) = 1. Then
(H,0) can be realised as a kernel of an extension group E of G (see [9], the proof of the
converse part of the theorem 8.1). Note that this construction of F depends only on G,
H and a.

Theorem 3.48 ([9, Theorem 11.1]). If (H,0) is an extendible kernel, then the classes
of (G, H)-equivalent extensions (E1,¢1) of G may be put into one-one correspondence
with H?(G, Z(H)) and hence into one-one correspondence with the classes of (G, Z(H))-
equivalent extensions of G by the center Z(H) of H (with given operators of G on Z(H)).

The following is an example of when a group extension can only be a semidirect
product.

Theorem 3.49 (Schur-Zassenhaus). If G and H are groups of relatively prime orders,
any extension of G by H 1is split.






Chapter 4
Motivation and main problems

Here we discuss some of the known results about the structure of the étale fundamental

group of smooth connected curves and Abhyankar’s conjectures (see [38], [18]).

4.1 The fundamental group of complex curves

Let X be a compact Riemann surface (equivalently, a smooth projective complex curve)
of genus g, U = X \ {z1,---,z,} be an open subset of X obtained by removing n points
from X. We know that the fundamental group of U has the following presentation:

Hg,n ::7T1(X\{$1,"‘ 73517,}) =< ala"'agabla"' 7bgvcla"' ;Cn

: alblaflbfl e agbgag_lbg_lcl ey =1> .

Riemann’s existence theorem translates the results of the topological fundamental group,
which can be obtained via loops into the results about the étale covers and étale funda-

mental group.

Theorem 4.1 (Explicit form of Riemann’s existence theorem [16, Corollary 2.1.2]). Let
U be PE\{z1, -+, 2y} for a non-negative integer n. Let G be a finite group and C be the
set of equivalence classes {g = (91, ,9n) € G" :< g1, -+ ,gn >= G}/ ~ where g ~ ¢
if 3h € G such that g = hg;h™t for 1 < i <n . Then there is a bijection between the
G-Galois connected étale covers of U and elements of C. Moreover, this correspondence
is functorial under the operation of taking quotients of G, and also under the operation

of deleting more points from }P’%:.

Note that, giving a homomorphism 71 (U) — G is the same as giving a G-Galois
(topological) connected covering space of U, and these are naturally in bijection with

C, and this is naturally bijective to G-Galois connected étale covers of U by Riemann’s

27
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Existence Theorem. In fact W‘ft(U ) is continuously isomorphic to the profinite completion
of 7T1(U) = Hg,n'

4.2 Etale fundamental group of k-curves

Let k be an algebraically closed field of characteristic p > 0.

Grothendieck’s result (see [11, XIII, Corollaire 2.12]) generalizes Riemann’s existence

theorem for an n-punctured curve over an algebraically closed field:

Theorem 4.2. Let X be an integral proper normal k-curve of genus g, p > 0, S be
a finite (possibly empty) subset of closed points of X, U be the open curve X \ S and
#(S)=n>0. Then ng/)(U) is isomorphic to ﬁg);), the profinite prime-to-p completion
of Iy .

Clearly, when p > 0, the étale fundamental group is much bigger than ﬁg{’ 7/1). The

following theorem describes the structure of the pro-p part of ﬂft(U ).

Theorem 4.3 ([5, Chapitre 17, Propositions 2.1, 2.2]). Let U be an integral normal
k-curve, p > 0. Then ﬂgp)(U) is the mazimal pro-p-quotient of the profinite completion
of a free group of rank r. This r is finite (equal to the p-rank of the Jacobian variety of

U) when U is a proper k-curve, r is infinite (equal to the cardinality of k) if U is affine.

The pro-p and prime-to-p parts of 7$*(U) do not describe the full structure of the
étale fundamental group. Since this is a profinite group, one way would be to describe
its finite quotients (or, equivalently, the finite Galois étale covers of U). When N is a
positive integer, X is an integral proper normal curve over k and p > 0, there are only
finitely many Galois étale covers of X of degree N (see [23, Théoréme 4]). Abhyankar’s
conjecture ([1, Conjecture 1]) gives a sufficient and necessary condition for a finite group
to be a quotient of the étale fundamental group of an affine curve. The “if” (sufficient)
part comes from Theorem 4.2 . The proof of the “only if” (necessary) part involves
contributions from Serre ([36]), Raynaud ([32, Théoreme 2.2.1 |) and Harbater ([14,
Theorem 6.2] and [15, Corollary 4.7]).

Theorem 4.4 (Abhyankar’s conjecture on affine curves). Let U be a smooth affine k-
curve, p > 0, X be the smooth completion of U, the genus of X be g and S = X \ U be
of cardinality r. Then a finite group G is the Galois group of an unramified cover of U

if and only if G/p(G) has a generating set of size at most 2g +r — 1.

Abhyankar gave many examples (see [3]) of Galois étale covers of AL, for the Galois
group equal to various permutation groups, alternating groups, projective special linear

groups.
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Nori ([18, Theorem 3.5]) showed that for any semisimple, simply connected algebraic
group G over Fy, where ¢ is a power of p, G(F,) is a Galois group of a Galois étale cover
of A}C.

Abhyankar’s affine arithmetical conjecture ([4, Section 16]) states that for a finite
group G, Wft(Alle) — G iff 7{'(A}) - G. The “only if’ part of this conjecture is still
open. Abhyankar extended this conjecture to the total arithmetical conjecture: every

finite group is a finite quotient of the absolute Galois group of F,,(X).

An interesting way to understand the relationship of the fundamental group 7¢*(U)
with U is via anabelian geometry, first introduced by Grothendieck ([12]). Here, it was
conjectured that the curve U, as a scheme, should be determined (up to isomorphism
of schemes) by the profinite group 7{'(U). In characteristic 0, Theorem 4.2 implies that
the étale fundamental group of a proper normal curve is completely determined by the
genus of the Riemann surface associated with the curve. But, in higher characteristic
cases, the result is very interesting. In fact, the anabelian conjecture by Grothendieck
was proved for hyperbolic curves over finite fields by Tamagawa ([39]) and Mochizuki

([25]). Over the algebraic closure of a finite field, the consequence is very different:

Theorem 4.5 (Tamagawa ([41])). Let II be a profinite group. There are only finitely
many proper normal curves of genus g > 2 over Fp with étale fundamental group iso-

morphic to II.

More works on Grothendieck’s anabelian conjecture can be found in [43], [37].

There have been different attempts to understand 7$(U) in various ways ([6, Theo-
rem 1.1], [7], [28], [29]). In [30], Pop described certain results (analogous to the Riemann
existence theorem) on 7' (PL \ S) for a henselian field K of rank 1 and and a specific
closed subset S, with the action of Gal(K*°?|K). For discussions on patching methods,

formal and rigid geometry, and semistable reduction see [16], [5].

To study G-covers of a curve X, branched at S, for a fixed Galois group G, one needs
to examine the ramification groups at the branch points. Since the ramification groups
contribute to the degree of the ramification divisor and consequently the genus of the
cover, the existence of G-covers with “small” ramification at particular points can be
understood by finding G-covers with “small” genus. Some A,-Galois étale covers of A,li
with a given ramification group at infinity were constructed in [26, Theorem 4.6] and it
was shown to be of minimal genus over all A,-Galois étale covers of Aj. Similar result
for Ag-covers (p+2 < d < 2p) can be found in [26, Theorem 4.9] and [8, Corollary 2.2].
In [13], for a prime number [ other than p, (Z/IZ)®" x Z/pZ-Galois covers of P} ramified

only at infinity with minimal genus were constructed.

Another approach to describe the étale fundamental group and its finite quotients is

to consider embedding problems.
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4.2.1 Embedding problems

Definition 4.6. For finite groups I', G, H, an embedding problem (EP) for a profinite
group IT is a pair of epimorphisms (5 :I' - G,«a : Il - G), with H = ker(f).

Il (4.2.1)

A proper solution to the EP is an epimorphism « : II — I' so that the above diagram

commutes.

Let U be a smooth integral k-curve, k is an algebraically closed field of characteristic
p > 0. Consider the embedding problem (&) for the étale fundamental group =$*(U),
(B:T = G,a:78U) - G).

E=B:T -G a:188U) - G) &)

Let X be the smooth completion of U, S be the complement of U in X, a correspond
to the G-Galois cover m : Y — X, étale away from S. Then, giving a proper solution
to the above EP (€) means giving a I'-Galois connected cover ¢ : W — X, étale away
from S such that W dominates Y, and we get an embedding of k(Y') in k(W) as H-
Galois k(X )-algebras (Note that G-action on k(Y") is the same as the action induced by
restricting the action of I" on the image of k£(Y') in k(W)).

By considering an EP, one can study not only the finite quotients of the profinite

group m{*(U) but also how they fit in the inverse system of quotients of the fundamental

group.

Definition 4.7. The embedding problem (4.2.1) is said to be prime-to-p (resp. quasi-p)
if H is a prime-to-p (resp. quasi-p) group; it is non-trivial if H is non-trivial; it is split

if 8 has a section.

Remark 4.8. From the EP (4.2.1), we obtain a prime-to-p EP & = (' : T'/p(H) —
G, «) with ker(8") = H/p(H). Let v be a proper solution to the EP &’

p(H) 11

H— T 3@

/
| ol
e 8

H/p(H)——T/p(H) —» G
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Then we have a quasi-p EP £®) = (8" : T — I'/p(H),v'), where 8’ o 8 = 3 and
ker(8"”) = p(H). The EP (4.2.1) splits into the prime-to-p EP & and the quasi-p EP
).

Proposition 4.9. All (finite) quasi-p embedding problems over smooth connected affine
k-curves (p > 0) can be solved properly and in #(k) non-isomorphic ways if the embed-

ding problem is non-trivial.

This was proven by Pop [31, Theorem B] (also see the proof by Harbater [15, Corollary
4.6]).

The result below by Harbater and Stevenson is about EP restricted to open subgroups

of the étale fundamental group.

Theorem 4.10 ([17, Theorem 6]). Let X be a smooth connected projective k-curve,
p>0,5 C X be a non-empty set of closed points in X, and let U = X \ S. Then the
above EP (&) satisfies the following: there exists an open subgroup I1 C w$(U) such that
aln(Il) = G and such that the induced embedding problem (c|r, 5) has a proper solution.

In [6], [21], it was shown that one can find an index-p open subgroup II of 7¢*(U)

which satisfies the conclusion of the above theorem.

Notation. Let NS(€) denote the number of equivalence classes of proper solutions to
E. Here we consider two solutions v; and ~, of £ to be equivalent if ker(vy;) = ker(ys).
In other words, NS(€) counts the number of distinct H-covers of Y which become T’

covers of X, étale over U.

As we have discussed earlier, if £ is a nontrivial quasi-p EP then NS(€) is infinite
(Proposition 4.9). Since there are only finitely many H-Galois étale covers of X when

H is a prime-to-p group (Theorem 4.2), we have the following proposition.

Proposition 4.11. If the embedding problem (&) is a prime-to-p EP then NS(E) is a

finite number.

Also note that if G is trivial then NS(€) is simply the number of surjective group
homomorphism 7{'(U) — H divided by | Aut(H)|.

4.2.2 Main problems

Let the hypothesis be as in the previous section, k is an algebraically closed field, and
p = char(k) > 0. Since any embedding problem splits into a prime-to-p EP and a quasi-p
EP (Remark 4.8), and quasi-p EPs over smooth connected k-affine curves have proper
solutions (Proposition 4.9), we are interested in embedding problems with prime-to-p
kernel. Let H be a finite abelian group of order prime to p. We are interested in the

following problems:
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1. How do we find a proper solution of the prime-to-p EP (£), and in general, a

I'-Galois étale cover of U, where I' can be any extension of G by H?
2. Given an prime-to-p EP (&), what is the value of NS(E)?

3. What is the minimal genus of covers corresponding to the proper solutions of a

given EP?

When H = (Z/mZ)™ for some positive integer m prime to p, we translate the first
problem of finding a proper solution to the EP into finding G-submodule of P,,,(U) (G
acts on P, (U) on the right, see Subsection 5.2.1). This is Theorem 1.1.

Let X be a smooth connected projective curve and Sx be a finite set of closed points
of X. Let ¢ : V — X be a connected G-Galois cover étale away from Sx for a finite
cyclic p-group group G, gy be the genus of V, Sy = ¢~1(Sx) and a : 7{*(X \ Sx) - G
be the homomorphism corresponding to . Let [ be a prime number other than p. For
b > 1, dy will denote the order of I in (Z/p°Z)*. ®,(z) denotes the pb-th cyclotomic

polynomial, P;(z) are irreducible factors (over F;) of @, ().

Theorem 4.12. Let G be a cyclic group of order p*, o be a generator of G, | be a
prime number other than p, H = (Z/IZ)", ng (resp. np, 1 < b < a) be the dimension of
P(V\ Sv)Y (resp. ker(®,(c)) C P(V \ Sv)) over F. Then n can be expressed as

n=u-+ X5_,vpdyp

for non-negative integers u < ng, vy < ny/dp,¥b < a if and only if the embedding
problem (B : H x9 G — G, a : 7$"(X \ Sx) — G) has a proper solution for some group
homomorphism 0 : G — Aut(H).

This result can be generalized partially for any finite abelian group H of order coprime
to p (see Corollaries 5.29, 5.31).

For the second problem, we count the number of equivalence classes of solutions
for the embedding problems in Theorem 4.12. See Equation 5.1.2 for the notation
NSEzxt(0,a).

Theorem 4.13. Let G be a cyclic group of order p*, andl be a prime number different
from p. Let H = (Z/I1Z)®" be a G-module, 0 : G — Aut(H) be the G-action, « :
(X \Sx) — G be an epimorphism. Letyy; (resp. 7;;) be the multiplicity of Fy[x]/ Pyi(z)
in the G-module P (V' \ Sy) (resp. H). Let ng (resp. u) be the dimension of Pi(V \ Sy)¢
(resp. HY). Then

b—1 _ J—
NSExt(0, ) = NS(H xg G — G, a) = [[Ig_ 117 P~/ (it i fn,

' . - ;o _ _ _
where ny; = T, (1 Ds) np o = T2, (S 1 b)) 7 = LM ®) and

n =T (S 1),
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Given an embedding problem ((Z/IZ)" xg (Z/p°Z) — Z/p*Z,c = 7¢*(X \ Sx —»
Z/p™Z), the third problem of finding the minimum of genera of covers corresponding to

the proper solutions of the EP is addressed in Corollaries 5.21 and 5.22.






Chapter 5
Proofs of the main results

Throughout this chapter k denotes an algebraically closed field of characteristic p > 0.

5.1 Pullback of Galois covers

Let Z be a normal variety over k. Let G be a finite group and 7 : V. — Z be a smooth
G-Galois cover of Z, étale over a non-empty open subset U of Z. Let H be a finite
group and v : W — V be a smooth H-Galois cover of V, étale over 7~ 1(U). Let o €
Aut(V|Z) = G. Consider the pullback W, of W:

W, ::VXVWLW

¢{ Jw

V——V

Then v, : W, — V is also an H-Galois cover, étale over 7~ 1(U) and & is an isomor-

phism of schemes over k.

Proposition 5.1. The H-covers W, — V are isomorphic to W — V, Vo € Aut(V|Z)
if and only if the composition W BN V =5 Z is also Galois.

Proof. First we assume that for o € Aut(V|2), ¢ : W — W, is an isomorphism
of H-covers of V. We need to show that the field extension k(W)|k(Z) induced by
k(Z) < k(V) < k(W) is Galois. Let 7 : k(W) — k(W) be any field embedding in the
algebraic closure k(W) that fixes k(Z). It is enough to prove that 7(k(W)) = k(W).
Since k(V)|k(Z) is Galois 7(k(V)) = k(V) C 7(k(W)). Let 0 = 7|;) and it defines an

element of Aut(V|Z). Let ¢/ : W/ — V be the normalization of V in 7(k(W)). Also,

35
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7 induces an isomorphism W’ — W and the following diagram is cartesian.

w —-w

o s

V=V

Hence W' = W,, ¢ = 1, and by hypothesis ¢, : W — W’ is an isomorphism of
H-covers of V. Hence k(W) = k(W) = 7(k(W)).

Conversely, suppose the composition W YV T Zis Galois. Let o € Aut(V]2)
be non-identity and W, be the corresponding pullback of W. We want to define an
isomorphism ¢, : W — W, such that ¢, o ¢, = 9. Let k(W) be the splitting field of a
polynomial f € k(V)[z]. Then k(W) is the splitting field of o(f) € k(V)[z]. Every root
of o(f) is k(Z)-conjugate of a root of f and since k(W)|k(Z) is Galois, o(f) splits in
k(W). Hence by comparing degrees k(W) is also the splitting field of o(f). Hence there
is an isomorphism ¢, : k(W,) — k(W) fixing k(V'). This induces the isomorphism
¢ : W — W, of V-schemes. O

Let ¢ : W — W, be an isomorphism of covers over V, for all o € Aut(V|Z).

Then by the proposition above, the composition wo : WLV#Z is Galois. For

o € Aut(V1]Z), we get the following commuting diagram:

Gops

Ve—V -2,V
Z Z Z

Let &, :=G0¢, : W — W. Clearly, ®, is an automorphism of W and 9o ®, = g o,
(mo)o®, = mor). Hence &, € Aut(W|Z) and it is a lift of 0. When o = Idy €
Aut(V]Z), we choose its lift to be Idyy .

5.1.1 The G-action on H:

For all 0 € G = Aut(V|Z) we fix a lift ®, as above. When H is abelian, the right action
of G on H is given by (see Section 3.4.1):

h-o:=®oho®, YocGandhecH (5.1.1)

Remark 5.2. When H is abelian with the G-action as above, H becomes an object

of mod-G. Then the equivalence classes of extensions of G by H are in one-to-one
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correspondence with the cohomology group H?(G; H) (Theorem 3.47). The factor set
[,]: G x G — H given by [0,7] :== ®_1®,®, is a 2-cocycle (Proposition 3.46) and
its image in H*(G; H) = Z*(G,H)/B?*(G, H) corresponds to the Galois group I' of
W — Z. For general H, using the bijective correspondence between the classes of
(G, H)-equivalent extensions of G with H?(G, Z(H)) (Theorem 3.48) one can similarly

find the cohomology class corresponding to I'.

Let C be a smooth connected curve, a : 7$¢(C) — G be an epimorphism and H be
a finite abelian group. Let a : G — Aut(H) be a fixed action of G on H.

Notation. Let NSExt(a,«) denote the sum of the number of solutions to embedding

problems (3, a) where 8 runs over all extensions of G by H given by a.

Since H?(G, H) classifies all such extensions, we have the following formula. For
e € H?>(G,H), let ', denote the extension and 8, : I« — G denote the epimorphism.
Then
NSEzt(a,0) = Y NS(B,a). (5.1.2)
e€H?(G,H)

5.2 Galois action on cyclic covers

5.2.1 (G-action on P,

Let X be a smooth connected projective curve and Sx be a finite set of closed points
of X. Let v : V — X be a connected G-Galois cover for a finite group G and
Sy =¢~1(Sx). Let rx = |Sx|, rv = |Sy| and gx (resp., gv) be the genus of X (resp.,
V).

For 0 € G and any D = 37 g awv € Z[Sv], o*D = > 5 ayo v € Z[Sy] as
o(Sy) = Sy. So G acts on P,, = P, (V '\ Sy) on the right by

([L],D) o = ([c*L],0" D).

It is easy to see that this action preserves the group operation of P,,. Hence P,, is a

right G-module. Note that P,, is naturally a Z/mZ-module with compatible G-action.

Remark 5.3. We choose a generating set A = {ay,...,an} of type T1 of P,,,(V '\ Sy)
such that each a; is of order m. We also fix u, a primitive m-th root of unity in k.
Using Proposition 3.24(iv), we fix an isomorphism from P,, to the Galois group of the
normalization of the cover xX,W; — V, where W; — Y is the cover corresponding

to a;.

Now we prove the main result: Theorem 1.1 from the introduction.
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Proof of Theorem 1.1. Let B C P, = P, (V \ Sy) be of type T1 consisting of elements
of order m and H =< B >. Suppose H is a G-submodule of P,,. For A € B, let
Wy — V be the m-cyclic cover corresponding to A\. Let W — V be the normalized
fibre product of these covers. Then by Proposition 3.24, W — V is an H-Galois
connected cover étale over V' \ Sy. Since H is a G-module for any ¢ € G and A € B,
o*\ € H. Hence W — V dominates the m-cyclic covers W,«y — V corresponding to
o*\ for every \ € B. Moreover, o(B) consists of elements of order m and is of type T1.
Hence by Proposition 3.24 the normalized fibre product W/ of the covers Wy«y — V' is
dominated by W — V. Comparing degrees we obtain that the covers W} — V and
W — V are isomorphic. Since this is true for all ¢ € G, by Proposition 5.1 W — X
is a Galois cover. Let I' be the Galois group. Then I' is an extension of G by H.

Since W — X is Galois, for any o € G, we choose a lift ®, = &0 ¢, from the Galois
group I' = Aut(W|X). Let h € Gal(W|V) be the image of A €< B > (by Proposition
3.24) and h” be the pullback of h under o. Let W, and WY be the pullbacks (by o)
of W and W) respectively. For a morphism f of varieties over k, we let f# denote the
map of rational functions. Let K = ®¥ (k(W))) C k(W), Z be the normalization of V
in K. We will show that Z = W«,.

o, o
— T
WTWU\%W R(W) 5 k(Wy) = k()
o B g ¢o- o
w < 1% d; ]\ J\
(Woyer 2)Z —— WI —— k(Z) = K +——— k(W?) +— k(W)
o2 A T # AT #

From the diagram above, note that ®, induces the isomorphism ¢ : V' — V and conse-
quently induces an automorphism of P, (V '\ Sy). If A = ([L], D), its pull back under
o is 0*\ = ([6*L],0*D). Then (by Corollary 3.20 and the discussion after the corol-
lary) L™ @ Oy (D) = div(s) ~ 0 for some s in k(V) and k(W)) is k(V)(t) for some
t € k(WY) C k(W) such that t™ = s. Similarly, 0*L™ ® Oy (c*(D)) = div(c#(s)) and
k(Wyer) = k(V)(¥') for some t' € k(W,«)) C k(W) such that ()™ = o (s). Note that
k(W) = k(V)e @ k(W)) = k(V)s ® k(V)[t], where a’(a ® b) = (ac?(a')) ® b= a® a'b
for a,a’ € k(V), b € k(W)). Clearly, 6;# is given by b = 1 ®b,a+— 1®a=0"(a)® 1.
Since k(V) — k(WY) implies a — a ® 1 and ¢’ﬁ>\|k(V) = Id, gi)ﬁ/\(a ® 1) = a. Now,

0 = OF [y (E" — 5) = 07, 06T (1" — 5)
= (@F (1@ )™ — 7 \(0*(s) @ 1) = (®F ()™ — o7 (s).

Hence K|k(V) dominates the m-cyclic extension k(Wy«y)|k(V) (corresponding to the
equation 2™ — o7 (s) = 0). By comparing degrees of extensions, k(Z) = K = k(W,+))
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and hence ®_ ! induces qb;lA o 5;1 : Wy — Wy=), the m-cyclic cover of V' corresponding
to o A

From the commuting diagram above, h induces o*h, the image of o*\ in Gal(W,«,|V).

Let B = {\1,...., \}, A = ([Li], Di), W; be the corresponding cover and h; be
the image of A; in Gal(W;|V). Again, (by Corollary 3.20 and the discussion after the
corollary) we have L!" ® Oy (D;) = div(s;) for some s; in k(V') and k(W;) is k(V')(¢;) for
some t; € k(W) such that ¢]" = s; and h#(tj) = udiit; where &;; = 0 if i # j, 0;; = 1 if
i= 3.

Note that k(W,+y,) = k(V)(CI)f(tj)) such that (‘I’f(tj))m = o7 (s;). Clearly, k(W) =
BV)(@F (), .., BF (1)) and (0" h) (D (1)) = o (B (1),

Note that

(@, h; @, ) (0 (t;)) = OFhT (@F) 7L (@F (1))
= ¥ (u0t;) = 10 (BF (1)) = (0™ ha)* (F (¢))).

We have ®_toh;0®, = 0*h;. So, by Equation 5.1.1, we obtain h-o = ®,oho®, = o*h,
for any h € Gal(W|V'). Hence, the group action of G on H = Gal(W|V) is the same as
the action of G on H as a G-submodule of P,, and W — X provides a solution to the
embedding problem.

For the converse, we choose a basis B = {hq,...,h,} of the free Z/mZ-module H.
The solution v to the EP corresponds to the I'-cover W — X which leads to the H-cover
W — V. Let W; — V be the Z/mZ-cover W/H; where H; =< hj:1<j<rj#i>.
Note that T is the normalization of fibre product of W;’s. Since W; — V' is a Z/mZ-
cover, it corresponds to some ([L;],D;) in P,,. So the subgroup of P,, generated by
{([Ls], D;) : 1 <4 < r} is isomorphic to H. Note that this subgroup does not depend on
the choice of the basis (by Proposition 3.24(iii)). By Proposition 5.1, this subgroup of P,
is G-stable under the G-action on P,,. Moreover, exactly like in the previous paragraph,
the G-action on this subgroup of P, is the same as the G-action on H induced from
the EP. Hence H is isomorphic to this subgroup < {([L;],D;) : 1 <i <r} > of P,, as

G-modules.

Furthermore, for the last part of the theorem, observe that two solutions for the
embedding problem are equivalent iff they induce the same H-cover W — V. Finally,
the H-cover W — V determines the subgroup of P, isomorphic to H by the above. [
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Corollary 5.4. Let a be as above, H = (Z/mZ)" be a G-module and a : G — Aut(H)
be the associated action. Then NSFExt(a,«) is the number of distinct G-submodules of
P, (V' \ Sy) isomorphic to H.

Proof. By Theorem 1.1, there is a bijection between G-submodules H of P,, = P,,,(V \
Sy) and equivalence classes of solutions to the embedding problems (8, «a) where S :

I' — G is an epimorphism and I' is any extension of G by H. O
Note that Py, = P, (V\ Sy) 2 (Z/mZ)N for N = 2gy 47y — 1+ b3 (by Proposition
3.22. An immediate consequence of Corollary 5.4 is the following corollary.

Corollary 5.5. There exists a unique extension I'g of G by P, such that the following

embedding problem has a unique equivalence class of solutions.

f(x\ 5%)

1 P,C Fo G 1
1

Whena : G — Aut((Z/mZ)N) is equal to the action given in Subsection 5.2.1, NSExt(a,a) =
NS(Ty - G,a) =1, NSEzt(a,«a) = 0 otherwise.

Proof. Taking H = P,, in the Corollary 5.4, we obtain a unique equivalence class of

solutions to the embedding problem.

Let Wy — X be the I'g cover corresponding to the unique solution of the above EP.
Since any (Z/mZ)N-Galois cover of V| étale away from Sy, is dominated by Wy, from
Equation (5.1.2) we obtain the last part of the corollary. O

We are interested in finding G—submodules H of P, as these give rise to the solutions

to embedding problems for o : 7{*(X \ Sx) — G with some extension I" of G' by H.
Note that Sy is a G-set. Let S be a (possibly empty) G-stable subset of Sy .

Proposition 5.6. The group P,,(V'\ S) is a G-submodule of P, (V' \ Sv). In particular,
there is an extension T' of G by Py, (V' \ S) such that the embedding problem (8 : T —

G, ) has a solution.

Proof. By definition of P,, there is a natural inclusion of H = P,,,(V'\ S) in B, (V' \ Sy).
Since S is a G-set H is stable under the action of G on P, (V \ Sy) defined in 5.2.1.
Hence H is a G-submodule of P, (V \ Sy). The rest follows from Theorem 1.1. O
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Let us apply the above proposition to the following example.

Example 5.7. Let X =P} = Speck[z] U Speck[L], Sx = {(z =0),(z =1),00:= (1 =
K[z, 15 9]

zt+s

0)}, V be the smooth completion of the affine curve Spec ( .
ACENS

), where ¢, ¢ are

positive integers coprime to p, G = Aut(V|X) = Z/pZ, ¢ : V. — X be the Galois cover
corresponding to a : 7' X \ Sx) — G.

eletn;=(+)(p—1),ne=n1+1,n3 =n1 +p—1,n4 =ng +p. Then the EP
&= ((Z/mZ)" xp, G — G, )

has a proper solution for some 6; : G — Aut((Z/mZ)™), 1 <1i < 4.

Note that ¢ : V. — X is a p-cyclic (Galois) cover, branched (totally ramified) at

(r = 1) and oo (since 2% has poles at (x = 1),00 of orders ¢,¢, respectively). For
{

z—1)¢
=0,...,p—1, let Oi(e 1)/ corresponds to (z = 0,y = (p —4)). Let I (respectively,
%) in V be the point above (z = 1) (respectively, oo) in Sx. Note that v~ '((z =
0)) = {Oo,...,0p_1}. Then Sy = = 1(Sx) = {Oy,...,0,_1} U{I} U {0}, a disjoint
union of G-subsets and 1 is étale over X \ Sx. By Theorem 3.14, the genus of V,
gy = ZPODHAENE=DH)E=) _ (H)=l) — m Clearly, (Z/mZ)™ xg, G is the

unique extension of G by (Z/mZ)™ w.r.to 6; (by Theorem 3.49).

(&) If S; = ¢, {I} or {0}, by the above proposition, we have a G-submodule P,,(V \
S1) = {([L], D) € Pu(V \ Sy) : L™ = Oy(D) = Oy} = Pic’(V)[m] = (Z/mZ)™
(by Proposition 3.22). Let 6; : G — Aut((Z/mZ)™) be the restriction of the
canonical G action on P, (V \ Sy ). By the above proposition, there is a proper
solution for the EP &;.

(&) When Sy = {I,50}, Pp(V '\ So) = (Z/mZ)" (Proposition 3.22) is a G-submodule
by the proposition above with the canonical G-action #» and the EP & has a

proper solution.

(&) When S3 = {0y, ...,0p_1}, by Proposition 3.22 and the proposition above, Py, (V'\
S3) = (Z/mZ)". Let 03 be the G-action on this submodule (Z/mZ)" — Pp,(V'\
Sy). Then the EP &3 has a proper solution.

(£4) When Sy = {Oy, ...,0,_1}U{I} or {Oy, ..., 0p_1}U{%}, P (V\Sy) = (Z/mZ)™
(by Proposition 3.22) with G-action 64. By the proposition above, there are at

least two (non-equivalent) proper solutions for the embedding problem &;.
Suppose G1 <G and let fi : X1 — X be the normalization of X in k(V)Gl. Then the
cover V. — X factors through X; — X, Aut(X;|X) = G/G; and Aut(V|X1) = Gi.

Proposition 5.8. Let Sy be a subset of f{ ' (Sx) stable under the action of G/G1. There
is a natural G-equivariant homomorphism P, (X1 \ S1) — Ppn(V \ Sv). Moreover if
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(|GS%|,m) = 1 then this homomorphism is injective. In particular there is an extension
T of G by P, (X1 \ S1) such that the embedding problem (B : T — G, «) has a solution.

Proof. By definition of P, there is a natural inclusion of P, (X7 \ S1) in P, (X7 \
fr1(Sx)). Since Sy is a G/G1-set Pn(X1\ S1) is stable under the action of G/Gy on
Pn(X1\ f{1(Sx)) defined in 5.2.1. Hence P,,(X; \ S1) is a G-submodule of Pp,(X7 \

f(8x)).

Let h : V — X7 be the cover which composed with X; — X is V. — X. Then for
([£], D) € Pu(X1\ f; 1 (Sx)), ([h*L], h*D) is in P, (V\ Sy ). This defines a G-equivariant
map h* : P (X1 \ f{1(Sx)) — Pm(V'\ Sy). Since the cover of W — X defined by
elements of Py, (X1 \ f{ '(Sx)) are Galois with abelian Galois group of order some power
of m and G‘fb is of order prime to m, W — X; and V — X are linearly disjoint.

Hence h* is injective. The remaining statement follows from Theorem 1.1. O

Let us explain the above proposition further in the following example.

Example 5.9. Let X = P} = Speck[z] USpeck[1] and Sx = {(z = 1), (z = ¢), 00 :=
(1 =0)} for some c € k\ {0,1}. Let V be the normalization of X in

T

k(x)[y, 2]
rtts x5+€
(v =y -2 - 55)

;L,§,5,E € Z>0\pZ

Clearly G = Gal(V|X) =< 0,7 : o? = ° = ldg,07 = 70 >= (Z/pZ)?, where o, T
are defined by o(y) = y+ 1,0(2) = 2z; 7(y) = y,7(2) = z+ 1. Let G; =< 7 > and
YV — IP’,lﬁ be the G-cover corresponding to «.

e For 1 <4 <4, let n; be as in Example 5.7. Then the EP
& =(zZ/mZ)" x,, G— G,a)
has a proper solution for some p; : G — Aut((Z/mZ)™), 1 <i < 4.

klz, -1
Here X; is the smooth completion of Spec m and Gal(X1|X) = G/G1 =<
YT e
o >. Let aq : Trft(X ) = G/G1 corresponds to f; : X1 — X. This cover is branched
only at (x = 1) and oo, and unramified at (z = ¢). Let f, co be the points in X7 over
(z = 1), 00, respectively; and C;,0 < i < p —1, be the points in X; above (x = ¢).
Since h : V — X branched at 6o and each C; and unramified at I, let A~ (s0) = o,

h=Y(I) = {Iy,...,I,1} and h~1(C;) = C;. Then

Sy ={lo,...,I)-1,Co,...,Cp_1,%}, f; (Sx) = {I,Co,...,Cp_1,5}.
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Then h* : Pp(X1\ f; 1 (Sx)) = Pn(V'\ Sy) is defined by

p—1 p—1 p—1
n* (([c}, al +) b:Ci + d@)) = ([h*c], a(d L)+ pbiCi) + pdob) ,

1=0 =0 =0

fora,b;,d € Z, a—i—Zf:_Ol bi+d = 0( mod m). By the above proposition (since ged(|G$?|,m) =

ged(p,m) = 1), it is a natural G-equivariant injective homomorphism.

Let S;,1 < i < 4, be as in Example 5.7 (substitute V,G,a,0; by X1,G/G1, a1,
C;,0 < j < p— 1, respectively). Then (Z/mZ)" = h*(Pn(X1\ S;)) is a G-stable
free Z/mZ-submodule of P,,(V \ Sy) (by Proposition 3.22 and the proposition above).
Let p; be the corresponding G-action. Clearly, (Z/mZ)"™ x,, G is the unique extension
of (Z/mZ)" by G w.r.to p; (by Theorem 3.49). By the proposition above, there is a
((Z/mZ)"™ x,, G)-Galois cover W; — X (resp. a (P, (X1\S;) %, (G/G1))-Galois cover
Y; — X) corresponding to the proper solution of the EP &/ (resp. the EP &;). Then

Wi is the normalization of ¥; x x, V.

5.3 Some results on effective subgroups

Definition 5.10. Let H be a subgroup of a finite group I'. A subset B C H will be
called a relative generating set for H in I' if for every subset T C I" such that H UT
generates I', the subset B U T also generates I'. The relative rank of H in I' is the
smallest non-negative integer p := rankp(H) such that there is a relative generating set

for H in I" consisting of p elements.

Let X° be a smooth connected affine curve, X be its smooth completion and Sx =
X\ X° Let G, H and T be finite groups. Let a : 7{'(X°) — G be an epimorphism.
Let Y — X be the G-Galois connected cover corresponding to a.

Definition 5.11. Given a finite index subgroup II C 7*(X?°), we say the EP (8: T —»
G, ) restricts to 11 if a(Il) = G. If the restricted EP (8, 1) has a proper solution then
we say Il is an effective subgroup for the EP (3, «).

Let Z — X be the normalization of X in the fixed field of II and Z° be the inverse
image of X° in Z. Then I = 7$*(Z°). Let V be the normalization of Y x x Z. Then
V — Z is an «(II)-Galois cover. Note that the embedding problem restricts to IT if
and only if the covers Z — X and Y — X are linearly disjoint. Recall that a proper
solution to the EP (5 : ' — G, «) translates to finding a dominating cover W; — X
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so that the following diagram commutes.

A proper solution to the restricted EP (5, a|rr) gives a I'-Galois cover W of Z étale
over Z° that dominates the normalization V of Y xx Z7 — Z.

7f{(2°) = I mft(X°)
o (5.3.1)

? \‘
11
B \G

s R

A proper solution to the above EP translates to the problem of finding a I'-cover
W — Z dominating V — Z.

W _

| -~ T

| fa T~

4 ~

V*/W_XXZEZ (5.3.2)
Y G X

When there exists a I'-Galois cover W — Z so that the above diagram commutes,

IT becomes an effective subgroup for the EP (8, «).

For ramification filtration and upper jump, see Section 3.1.1. The following is an

immediate consequence of Proposition 5.1.

Corollary 5.12. Let Z — X be a cover étale over X° such that the mormalization
f:V — X of the fibre product Y xx Z is connected. Also assume that there exists an
H-cover W° of V° = f~1(X°) whose pullback by all o € G is again the same H-cover
WO — V. Then there exist an estension 3: T — G of G by H such that w$*(Z°) is
an effective subgroup of w$*(X°) for the EP (B, ).

Hypothesis (H): Let H be a finite group, G,T" be finite quasi-p groups. Put X° =
A! = Speck[r] and X = P! in the Diagrams (5.3.1) and (5.3.2)respectively. Let Y° —
Al be an étale G-Galois cover associated with a : 7{*(Al) — G. Let Z° — Al be a
p-cyclic étale cover, gy and gz be the genera of the smooth completions Y and Z of Y°
and Z° respectively. Let f : V — Z be the normalization of the fibre product Y xp1 Z,
Ve = f71(Z°) and gy be the genus of V. Let & = (3 : ' — G,a) be an EP and
H = ker(B).
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Recall that II, = II, o is the surface group (see Chapter 4). Let us state the following
theorem that gives us a sufficient condition so that an index-p-subgroup of ﬂ‘ft(Al) can

be an effective subgroup for the EP &;.

Theorem ([21, Proposition 15]). Consider the Hypothesis (H). Let g be such that there
is a homomorphism 7 : II; — H/p(H) and the image of 7 is a relative generating set for
H/p(H) in I'/p(H). Let gz be at least g. Suppose that the genus of the normalization
of Z' xp1 Y is same as gy for all but finitely many p-cyclic covers Z’ — P! branched
only at x = oo with the genus g(Z’) = gz. Then 7*(Z°) is an effective subgroup for the
above EP &;.

The example below shows that the sufficient condition mentioned in the above theo-

rem is not necessary.

Example 5.13. Let Y° — Al! and Z° — A! in the Hypothesis (H) be such that
gy > gz|G| and k(Z) Nk(Y) = k(x). Here m is coprime to p, H = P,, = P,,(V°) and
the G-action a on H = P, is the same as in 5.2.1. Let B C P,, be of cardinality at most
2gz. Let I' = P, X4 G. By Theorem 1.1, the EP (3, O[|ﬂ_?t(Zo)) has a proper solution and
so §%(Z°) is an effective subgroup of m¢*(Al) for the EP &.

Remark 5.14. The condition “gz > g and the image of Iy — H/p(H) is a relative
generating set for H/p(H) inT'/p(H)” in the theorem above is not necessary in the given
example. Note that gy > gz|G| (since gy > gy > gz|G|) and hence |P,,| > m?9zIC]
(Since P, D Pic®(V)[m] = (Z/mZ)?V). Put g = gz in the hypothesis of the theorem
above. Since p(H) = p(Py,) is trivial, gz = g <  rankr(H). By Corollary 5.5, we are
in the set-up of the above theorem. Clearly, the G-submodule of P, generated by B
has cardinality at most m29z/Gl and hence is not the whole of P,,. This implies B is
not a relative generating set of H in I'. In fact, no image of II,, in H can be a relative
generating set of H in I'. Then the sufficient condition mentioned in the theorem above

is far from necessary.

Let us recall a corollary to the above theorem from [21].

Corollary 5.15 ([21, Corollary 17]). Consider the the Hypothesis (H). Let gz is at
least rankr(H) and the upper jump of the cover Z — P! at oo is different from all the
upper jumps of Y — Pl at co. Then w$(Z°) is an effective subgroup of m$'(AL) for the
given EP &;.

Note that the condition “gy > rankp(H)” in the above corollary can be relaxed:
“gz > %rankp(H ) when H is abelian” as we can define a homomorphism 7 : II,, — H
such that 7(Il,, ) is a relative generating set for H/p(H) in I'/p(H).

Theorem 5.16. Let m be prime to p, a : G — Aut(H) be a representation over
Z/mZ and r be the size of the smallest generating set of H as a G-module. Consider the
hypothesis (H). If gz > r/2 and all the upper jumps of Y° — Al at oo are different
from 1+ 2g7/(p—1) then a: G — Aut(H) is a subrepresentation of Py, (V?).
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Proof. Note that the upper jump of Z — P! over oo is 1 + 2gz/(p — 1) (see [21,
Remark 18]). Also f : V. — Z is a connected G-Galois cover étale over Z°. Let
a: 7$(Z°) — G be corresponding epimorphism and 3 : I' — G be any extension of
G by H with respect to the action a. Note that p(H) is the (proper) trivial subgroup
and rankp(H) < r. By the corollary above the EP &; has a proper solution. Hence by
Theorem 1.1, H is a G-submodule of P, (V?). O

5.4 The case when G is a cyclic p-group

Let X be a smooth connected projective curve and Sx be a finite set of closed points
of X. Let ¢ : V — X be a connected G-Galois cover étale away from Sx for a finite
cyclic p-group G of order p® generated by o, gy and gx be the genera of V and X;
Sy = 1(Sx) and a : 7"(X \ Sx) — G be the homomorphism corresponding to 1.
Let [ be a prime number other than p, H = (Z/IZ)" be a module over Z/IZ = ;. For
b > 1, dy will denote the order of [ in (Z/p®Z)*. @, (z) denotes the pP-th cyclotomic

polynomial, Py;(z) are irreducible factors (over F;) of @, ().
Note that deg(Py;(x)) = dp (see the proof of Lemma 3.33).

Since ged(|G|,1) = 1, by Theorem 3.49, H?(G; (Z/IZ)") is trivial. Hence any exten-
sion of G by (Z/IZ)™ must be a semidirect product.

Now we prove Theorem 4.12.

Proof of Theorem 4.12. By Lemma 3.33, we have an isomorphism of F;[G]-modules

B(V \ Sv) = (Fl)no ® (69221 @fi;l(p_l)/db (Fl [x]/PbZ(l'))w”),

b—1(,
where the non-negative integers -y, satisfy Ele (p=1)/ db%idb

= ny. As mentioned before,
since ged(|H|, |G|) = ged(l,p) = 1, any extension of G by H with respect to some G-
action 6 must be equivalent to H X9 G. Note that any basis of H over [F; is of type T1

consisting of elements of order [.

If n satisfies the expression given in Theorem 4.12, then H is identified with a G-stable
b—1 /
subspace (F;)* @ (®f_, &_, (p=1)/d (Fy[x]/ Pyi(z)) i) of P(V \ Sy) where

b=1(p—1)/d
P (r=1)/ RV —

and the embedding problem (8 : H x5 G — G,a : 74X \ Sx) — G) has a proper

solution by Theorem 1.1 where 6 depends on the choice of identification of H.

Conversely, if an embedding problem (3 : H xg G — G, a : 7$(X \ Sx) — G) has a
proper solution, then H = ker(f) must be a F;[G]-submodule of P;(V \ Sy) (Theorem
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1.1). So
b—1(,_ /
H = (B)" @ (@5 o, "™ (Fife)/Pua))h)
where 0 < u § no, 0 < % < Wi- Put v, = Ef:ll(p_l)/dbfy{)i. Then v, < np/dp and

n=ut g SFE o g e O

Lemma 5.17. Let that hypothesis be as in Theorem 4.12. For each x € Sx, ¢y~ ({z}) =
{vi,...,v.} is a G-subset of Sy. Moreover, r divides p* and v;’s can be rearranged so

that o~ (v;) = viy1 fori <r, o~ (v,) = v1.

Proof. Since ¥ (v1) = x, and the Galois group G =< o > acts transitively on the fibre,

y~1(z) is the orbit of vy in Sy and v; = 0% (v;) for some integer s;, 1 < i < r. Hence

Yp~1(x) is a G-set and r divides #(G) = p®. Since o is identity, 3s < r such that
o*(v1) = v1 and so {vy,0 1 (v1),...,0 —(s— 1)1)} is a G-subset. For each 1 < ¢ < 7,
v; = 0% (v1) must be in {Ul,afl(vl), .., 06" ()} Then r = s. O

Lemma 5.18. Let the hypothesis be as in Theorem 4.12 and Sx be nonempty. Let
rx = #(Sx), rj = #({z € Sx|# @ ({z})) = p’}) for 0 < j < a. There is a G-module

isomorphism

RV \ Sv) = Pi(V)[l] @ F¥ ™ & (e @, O/ (Bila]/Pa(e) Z= 7).

Proof. Recall the exact sequence (Equation 3.2.2) of abelian groups:

deg

0 —— Picd (V)] P(V \ Sy) L z/12[Sv] <2 212,

where the inclusion map is [L] ~ ([L],0), f(([L], D)) = D mod [ and deg(D mod [) =
deg(D) mod [. Clearly, [0*L] — ([c*L],0) = ([L],0) - 0. Also, (f(([L],D))) -0 =oc*D
mod [ = f(([c*L],0*D)) = f(([L], D) - o). Since o is an automorphism of V', deg(D) =
deg(c*D) for any cartier divisor D. Hence the inclusion map, f and deg are all G-
module homomorphisms. From this exact equation of G-modules and Proposition 3.29,

we have a GG-module isomorphism

PV \ Sy) = Pic’(V)[[) & P(V \ Sy)/ Pic’(V)[I] = Pic®(V)[I] @ f(P(V \ Sv))
>~ Pic’(V)[l] @ ker(deg)

=~ Pic(V)[I] @ {Zvesy aov|ay € Z/1Z,Yyes, ap = 0}

= Pic’(V)[I] ® Pram(Sv, 1),

where Pam = Pram(Sv, 1) denotes the G-module {X,cs, ayv|a, € Z/IZ, X es, a0y = 0}.
We fix a section ¢ : Pram — F(V'\ Sy) of f. As an abelian group, Pray, has dimension
#(Sv) — 1 over F;. Clearly, the I-cyclic cover of V corresponding to [L] € Pic®(V)[l] is
étale over V. If o(X,eg, apv) = ([L], Epes, ayv) (for simplicity, we choose the coefficients

a, to denote element of both Z/IZ and Z), the corresponding [-cyclic cover of V' is
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(tamely) ramified at v € Sy iff a, # 0 mod [, ramification index at v is [ (see the

discussion after Corollary 3.20). The G action on Py, is given by

(EUESVCLUU) t0 = EvESvav(J_lv)-

Let CX := {z € Sx|#(@W1({=z})) = p'} = {za,...,7ip}, 0 < i < a. CX can be
empty. Then r; is the cardinality of C;X, Sx = 1J;C#X (by Lemma 5.17), rx = >_7; and
#(Sy) = >0 yrip'. Let v~ ({5} = {vij1, - .- , Vijpi > Tearranged as in Lemma 5.17.

WLOG, we may assume that C’jX is non-empty for some I € {0,1,...,a}. For

0 <i,j < a, note that [p/~"] = 1if j <4, [p~%] = p/~* if j > 4. Since [p!~"|p’ —
) i . I .

I S vk — [P Y8 v, this ele-

ment of Py corresponds to the [-cyclic cover Vi; — V, where V;; is the normal-

[p"~11p! = 0 and G acts trivially on [p

ization of VZ’J xx V and Vz’j — X is the [-cyclic cover corresponding to x;; — 1,
an element of Pram(Sx,l) = {Xzesy027|Ezes5,a; = 0 mod [} — P(X \ Sx). Then
By = {[p" =130y vie — [P0 _jon 1 0 < i < a1 < j <y, (4,4) # (I,1)}is
linearly independent and each element generates a trivial submodule of P;,n,. Hence the

number of trivial components of Pray, is at least #(By) = rx — 1.

Let Wj; be the subspace of Pram generated by the basis Bj; = {vij1 — vij2, vijo —
Vij3y - vy U jpio1 — Uijpi} when ¢ > 0. Then dim(W;;) = pi -1, Wi N (U(i,j)#i/,j/)Wi/j/) =
{0}. Since the basis is a G-set, each W;; is G-stable. Since By and B;j’s are disjoint and
there union is linearly independent, Pram == F;* 1o (B¢, @;i:l W;;) is a G-stable decom-
position (since, equating dimensions on both sides, #(Sy)—1 =rx —1+Y.¢, ri(p'—1)).

Since (Vijk — Vijk+1) - 0 = Vijk+1 — Vijk+e (here k+2 =1 when k = p' — 1), the
characteristic polynomial of ¢ is (zF' —1)/(z — 1) = T, Hf:(ﬁb)/db Py(x), a product of
irreducible polynomials, each of multiplicity 1. Thus, we have the G-module decompo-
sition: Wy = @!_, @ ®)/% (F,[2]/(Py(z)). Hence,

_ re b
Pram(Sv, 1) 2 FX e (@0, @7 @y @08/ (By[a]/Py(x)))
=10 . L
~ Flrxfl ® (@?:1 @le (p—1)/d; (Fl[l,]/Pit($))Zj:i J).
O

Lemma 5.19. The Z/lZ-cover Vi; — V in the proof of Lemma 5.18 is ramified at
each viig, 1 < k <pl, and each vijk, 1 <k < pt, and étale elsewhere.

For i >0 and any irreducible G-submodule M of W;j, the corresponding M -cover of

V will be ramified at each point in v~ (zi;) = {vij1, - . ., v;jpi b and étale elsewhere.

Proof. Once we have fixed an index I € {0,...,a}, Vj; corresponds to ([L], D) € 2(Pram),
) i . 1 .
where f(([L],D)) = D mod ! = [p/~1 3P _ vije — [P 11 3F_, vrik € Pram. Since
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([p"=1, = [p* 1) is either (p’~%, —1) or (1, —p" 1), coefficient of each vijk and vy is

nonzero in Z/IZ. The result follows from the discussion after Corollary 3.20.

Let w be a nonzero element of M C W;; =< B;; >. Then w = ZZ;l ;151 for
aiji € Z/IZ. Then at least one coefficient, say a;;. is nonzero. For 1 <t < p’, let
1 < k+t < p'such that Kk +t = k+¢ mod p’. Then (ijkVymgg 1S present in the
expression of w-o! and {k +7:1<i < p'} = {1,...,p'}. The the cover corresponding
to 2(w - 0*) is ramified at v, Since G acts transitively on Y~ (x;j), M is G-stable
and the M-cover of V dominates the connected component of the cover corresponding

to every element in M, the M-cover is ramified at each point in ¢ ~*(z;;). O

Proposition 5.20. Let the hypothesis and notations be as in the Theorem 4.12 and
Lemma 5.18. Let W : W — V be an H-Galois cover corresponding to a proper so-
lution of an EP (B : H x9 G — G,a : 78X \ Sx) - G). Let B]W ={z € CJX :
points in W over some v € ¢~ ({x}) is ramified}, possibly empty. Then the genus of
W is )

24 [H|(2gv - 2) + 1" (- DT, | B 1Y)

gw = 9 .

Proof. Note that for any z € B]W and for every w € (¢ o ¥)~1({z}) and e(w|¥(w)) =1,
#(UY(W(w))) = |H|/l = I"! (by Lemma 3.13). Since there are p/ points in Sy
over each z € BJW and ["~! points in W over each v € ¥~ 1({z}), by Theorem 3.14,
29w — 2 = [H|(2gv = 2) + 1" (X [ B} IP) (L - 1). 0

Now we can calculate the minimal genus of H xgG-covers of X dominatingy : V — X

in specific cases.

Corollary 5.21. Let the hypothesis and the notations be as in the Theorem 4.12, Lemma
5.18 and Proposition 5.20. Let P(V \ Sy) = Pic’(V)[l] ® Pram = (EBiWi’B’{) @ (EB@'WZ-B’U)
be a G-stable decomposition into non-isomorphic irreducible submodules W;, B; and (3]
are non-negative integers. Let Wy be the trivial representation. Let 6 : G — Aut(H),
H = @W." as G-modules for non-negative integers ;. Assume that v; < B, + B'. Let
I 6aiI/Vimim{ﬂz"v”ﬁ} and H" = ;W , where a; = 0 if B} > vi, o = vi — Bl if B < 7.
Then H = H' & H". Let gmin be the minimum of genera of H-covers of V' corresponding
to the proper solutions of the EP (f: H x9 G — G, ).

1. Let Sx contain rg elements and each v in Sy be totally ramified. Then

24 |H|(2gy —2) + 1" 11— 1)(ag + 1)

9min = D) .

2. Let there be r1 elements in Sx and for each x € Sx, let there be p elements in
Y~ 1(x). Let ag # 0. Then

2+ [H|(2gy — 2) + "Y1 — )pmax{ap + 1,1, ...}
Jmin = 9 .
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3. Let Sx = Cf UC;X such that for each x € CX there are p' elements in v~ ({z}),

i = 0,1. Let there be r; elements in CiX. Then gmin = 2+‘H|(2g"_2%+ln_l(l_1)3

where B is as follows:

(a) If ; =0 for alli >0
i. ifag <rg—1, then B = (ap+ 1),
it. if ro <ag <rg+ry—1, then B=[(ap+1—10)p+ 70].
(b) If a; # 0 for some i > 0
i. if ap + 1 < max;so{ai}, then B = (max;>o{a;})p,
@i, if max;>o{a;} < ap + 1 < max;>o{a;} + 7o, then B = [(max;>o{ai})p +
(oo + 1 — max;>o{a;})],
iti. if max;sof{os} + 1o < g+ 1 < 1o+ 711, then B = [(ag+ 1 —19)p + ro).

Proof. Let ¥ : W — V be an H-Galois cover such that the composition Yo ¥ : W —
X is a H xy G-Galois cover of X, étale away from Sx. The genus of W is determined
by the number of ramification points of the H-cover W — V. If W is of minimum
genus among all such curves, then the corresponding inclusion map H < P;(V \ Sy)
(by Theorem 1.1) must satisfy H N Pic’(V)[]] = H’ (this is because the elements in
Pic’(V)[l] correspond to étale covers of V). We have to choose H” <+ Pyam, such that
for the corresponding H-cover W — V| BJW C CJX as in Proposition 5.20 and that the

number of ramification points Y 7_ |B3W\p] is minimum.

1. Here Sx = Cgf ={x1,...,2r}, Pram = F}"O_l and H" = W = F°. Note that
ap+1 < rg. Put H" =< 29 — 21,...,Za9+1 — ¥1 > S0 that for the resultant
H' ® H"-cover W — V, BY = {z1,...,70,+1}. Then the H-cover W — V
has the required genus. For any other H-cover W/ — V satisfying the given
conditions, |B]W/] > dim(H") + 1 = a9 + 1. Therefore, the genus of W above is

minimal.

2. Here Sx = C = {x1,...2,,},7x = r1,#(Sy) = pr1, and
H' 2 F° & [0 (Fila]/P(2))*].

Let A = max{ag + 1,0, a2,...}. Choose < =3 — x1,...,Zaq41 — 1 >= F}O.
For 1 < j < a;, choose the irreducible submodule isomorphic to F;z]|/(P1;(x))
from a fixed decomposition of W7, = EBY;U/ U, [z]/Pi¢(x) (as in the proof of the
lemma above). These will give G-stable submodule isomorphic to F;[z]/(Pyi(x))*.
From these and the H' — Pic?(V)[l], we form an H-cover W of V, and B}Y =
{z1,...,24}. Then the genus of W is gmin.

Let W’ be another H xy G-cover of X dominating V', étale away from Sy. Then
Bl"" ¢ Sx. We may assume that w.r.to the H-cover W' — V', HNPic®(V)[l] = H'.

_ n—1(_ w’
2+ H]gv 2)+l2 U=DUAT IP)  Note that ;' ensures that

Then its genus is gy =
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there are at least ag -+ 1 points in B]" ". Also, by comparing dimension, #(BY >
«;. Therefore gy > gmin-

3. Assume that C5° = {201, ... %or, } and CFf = {z11,... 21, }-

(a) Here H” = W{".

i. Since ap + 1 < 19, we choose the isomorphism: H” =< {vgj1 — vo11 :
0 <j <ap+1} >. For the corresponding H-cover W — V, BgV is
{z01,...,%0,a9+1}. Clearly, this gives us the minimal genus curve.

ii. If rg < ag+1 < rg+r1, then identify H” with the vector space generated
by {voi1 —wor11 : 1 <@ <ap+ 1} U{D%_; vijk —p-von|l < j < ¢} which
gives us the cover W — V with BYY = C§°, BYY = {211,...,21;} for
t =ap— (ro — 1). Clearly, W has the minimal genus mentioned above.

(b) Here H" = F & [@gi_ll)/dl (Fy[x]/ P1i(x))*]. We begin by embedding the
nontrivial part of H” in P,y as those can only be generated by elements in
C{¥. As in the first part of the proof above, we get B;l) c o (Bgl) here
is the set B}V in part 2 when oy = 0). Assume that B%l) ={x11,..., 714},
A = max;>o{a;}.

i. When a0+1 < A, < 22:1 Ulﬂc‘Zizl Ullk’2 S] < Oé0+1 > <(£z£ﬂﬂl]))a0

and no additional point gets ramified. B)Y = ¢ and B}V has max;~o{c;}

points. Now apply Proposition 5.20.

ii. When A < ap+1<A+rg, <{>h_jvijr— ey vik|l <j < A}U{p-
voj1 — D opeq ikl < J <+ 1— A >= (%)ao, BY = {zg]1 <i <
ap+1— A}, BV = BF). Apply Proposition 5.20.

iii. When A+79 < ag+1 < rg+rq, we have to choose extra ag+1—A —ry
elements from =1 (C{* \ BP). O vk — >k vk A+1 < <
A+ (ap+1—A—rp)} should be taken with the basis above to generate a
vector space isomorphic to Fj*°. Then BY =g, BYY = Bgl) U{z;]A+
1<j<ag+1—r}, #(BY) = ag+1—rs. Again apply Proposition
5.20.

O]

Notation. Let M;; denote the irreducible G-module F;[z]/ Py (z) for i <i<a, 1 <t <
p'~Y(p—1)/d; (o acts by multiplication by ). For 1 < j < r;, the multiplicity of M;; in
Wsj is 1 if s > 1, the multiplicity is zero if s < i.

Let the hypothesis and the notations be as in the Theorem 4.12, the Lemma 5.18
and the Proposition 5.20. Let the G-modules H, H', H"” be as in the Corollary 5.21.

Corollary 5.22. Consider the G-stable decomposition H" = F"° & (&, @?;—1(;771)/@

M) for non-negative integers g, oir. In general, a method of finding an H X9 G-cover

of X of genus g, minimum among the genera of all the covers corresponding to the



52 Chapter 5. Proofs of the main results

proper solutions of the EP (5 : H x9 G — G, «) is given by the following integer linear

programming problem with bounded variables.
Minimaze "
Zpiyi
i=0

subject to : Y o_.ys > maxe{ai}, fori >0 and > 7 oy > ag+ 1; with 0 < y; <r; and
v, €72,0<1i<a.

If cmin is the minimum value of Y7 p'y;, then the minimum genus is

2+ l”(QQV — 2) + ln_l(l - 1)Cmin
g= 5 .

Proof. Let ¥ : W — V be an H-cover corresponding to a proper solution for the
given EP. WLOG, we may assume that the corresponding G-module monomorphism
H < P(V \ Sy) (by Theorem1.1) satisfies H' < Pic®(V)[l] and H” < Pay (since the
direct summand of H embedded into Pic’(V)[l] does not contribute to the degree of
the ramification divisor of ¥). By Proposition 5.20 the genus of W depends on the
cardinality >0 p!|B}V| of the (tamely) ramified points of ¥ in V, for all proper solu-
tions of the EP. By Lemma 5.19, the non-trivial part @;so ®: M;" of H” is embed-
ded into ©, e pwWs;. Also, for i > 0, Mg C ker(®,i(o|gr)) is embedded into
ker(®,:(0|p,,.)) = Di_; B, Ws;. Hence the image of M C H” must be in

(e, ene_ B Wes) N (4= By Wej) = @y ee v Wy

Note that the multiplicity of Mj; in @, cpe_ g Wsj is 325, |BY|. Hence Y %_.|BY| >
a;t, the multiplicity of My in H”, for each ¢t € {1, ..., %ﬁ’_l)}. Clearly, if ag > 0, then
F"0 — Pram(Sv, 1) factors through F}"® < Pram(Sx,1) and the corresponding F}*-cover
of X (dominated by W — X)) is ramified over at least ap + 1 points in USB}Y. Hence,
> o|BY| > ap+1. Since BY ¢ C, |BY| < r;. Put y; = |B/¥|. Then we have to
minimize ) p'y; subject to the given conditions for integer values of y; in the given

range.

Suppose the minimum value ¢y, is attained at y; = A;. For ¢ > 0, we choose
subsets A; of cardinality A; in CZ-X. For ¢ > 1, we can define Mg“ — By, eus_ A, W,
(since the multiplicity of Mj in the later is Y 7 Ay > max; ). For F}'* < Pram (Sx, 1)
(C Pram(Sv,1)) we choose ag + 1 points {ug, .. .,uq,} in U?_gAs and define FOT —
< us —up|l < s < ag >. Choose H' — Pic’(V)[l] and this will give us an H-cover
U . W' — V (by Theorem 1.1) and the image of its branch locus in X will be
contained in L_yA, (by Lemma 5.19). In fact, the image is exactly L% A as > g p'A;

is minimum. Clearly, the genus of W' is g and it is minimum. O
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Example 5.23. Let X be P} = Speck[z] U Speck[l], p =5,1=11,a =2, G =<
o >= Z/25Z, Sx = L%CZ-X, CzX = {aﬁil,l‘ig,m‘i?,}, where Tij = (1‘ = Eij) S P,lc for
{esj:1=0,1,2;5 =1,2,3;¢645 # girjr if (i,9) # (¢, 3} C k.

Let 1) : V — PL corresponding to a : 7§ (P} \ Sx) — G be given by the witt vector

1 1

((fﬂ —e01)?(z — 02)*(z — £03)? " (z — £11)*(z — £12)% (= — €13)

Then k(V) = k(z)[x1,x2]/I where the ideal I is generated by

(fi, f2) =

2) € Wy(k).

_‘Tl fl?

asg—x2+x1 — 2217 + 2213 — 2 = fo.

. Fia 7]\ o (P T\ 2 o Fa[T] \2 o [ Fua[T
o Let H = (357)" :PlCO(V)[ll]@(Fll)?)@((%17[30 @((%1£4%) @<(1351[—9})) EB((Tlsl[—s])>
as a G-module for n = 2gy + 25 and 6 be the corresponding G-action (o acts on the
nontrivial summands by multiplication by T'). We want to calculate the minimum gy,

of genera of H-covers of V' corresponding to the proper solutions of the EP

(ZJ117)29V+25 54y 7)257 — (Z)25Z), o = 75 (P \ Sx) — Z/257).

Note that ro =71y =rg =3 and rx = ;7 = 9. Let X; — P} be the (Z/5Z-Galois)
intermediate cover given by the normalization of P} in k(z,z1) (C k(V)). It is totally
ramified over C’g( as f1 has poles of order 2 only at those points. Since z; € k(X;) has
poles (of order 2) only at those ramified points and fo does not, V. — ]P’/,lC is totally
ramified at points over CgX. Since fo — (22! — 2217+ 2213 — ) has poles (of order coprime
to 5) only at points in X7 over Cg( UC;{, V — X is totally ramified at these points,
ie,V — ]P’,{, is ramiﬁed at points in ClX , with ramification index 5. In fact, the order of
the pole of fo — (23 — 2217 + 2213 — 29) at the unique point in X; over z; (respectively,
at each of the 5 points in X over 1) is 42 (respectively 2), Let Sy = ¢~1(Sx). Now

we are in the setup of the above corollary.

Note that d; = 1, do = 5 and we have the following factorization in Fq;[7] into

irreducible factors:

4 4
7% — 1= (T - )(J[(T - 3 [(T° - 3)).

t=1 t=1

Here 32 = 9,33 = 5,3 = 4 in Fy;. Then we have a G-module decomposition:

Py (V\Sy) = Pic” (V) [11]@(F11) %@ (&2, (F1u [T]/(T — 3")%) @ (@i, (Fua [T]/(T° — 3))%) .
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We have H = H' @ H", where H' = Pic’(V)[11]. We want to define an injective
homomorphism H” < P, (Sy,1). Here max; agy = 2,, maxzagr = 4, ag +1 = 4. We
have to minimize yg + 5y1 + 25y2 subject to yo > 2, y1 +y2 > 4, yo + y1 + y2 > 4,
0<y <3,y €Z

Clearly the minimum value is attained at yo = 2, y1 = 2, yo = 0 and cpin =
0+5x2+25x2=060.

. . Fu(T] \? o ( FulT]
Choose Ay = {21,292} and simultaneously an embedding ((T5_9)) @ (<T5_5)) —
Wa1 @ Waa.

4 3
Choose A1 = {x11, r12} and a G-module monomorphism (%ﬂg) &) (I(F;_[g) S Whe
Wia @ Wap @ Was.

Clearly Ag is empty. We define an injective map from F} to the subspace < >_7_; vj2s—
25 5 25 5
Zgzl Ulls, Zs:l V215 — O Zs:l Ulls, Zs:l V225 — O Zs:l U11s > of Pram-

If g1 is the genus of X, then (apply Theorem 3.14 on X; — IP’}C and V — X))
291 —2=50-2)+3x2+1)(5-1) = g1 = 14.
29y —2="5(28-2)+3x (424 1)(5—1)+3x5x (2+1)(5-1) = gy = 414.
Note that |H| = 11828+3+(4+43)x1+(2+1)x5 — 11853 Then the minimal genus is given by

2 4+ 11853(828 — 2) + 118371 (11 — 1) (i
i = 2 L(B28 )+2 (A1~ Dlewin) _ g 4 qq59  4g43,

Now we count the number of equivalence classes of solutions for the EPs in Theorem
4.12 for a fixed G action § on H = (Z/IZ)".

Proof of Theorem 4.13. Since ged(|G|,1) = 1, by Theorem 3.49, H?(G; (Z/I1Z)") is triv-
ial. Hence any extension of G by (Z/IZ)"™ must be a semidirect product. Hence
NSEzt(0,a) = NS(H x9 G — G, ).

Let Py(V\Sy) 2 (F))"0a (@9, @, ®~V/% (F,[2]/ Py(x))™) and fix an isomorphism
H = (F))"® (9, @f:ll(p_l)/db (Fy[x]/ Pyi(z)) i) (by Lemma 3.33). Let o be a generator
of G. For v € ker(Py;(0))\ {0} € P(V\Sy), {v,0v,...,0% '} is linearly independent
and {Z?b:f)l ajoiv|a; € Fy} is a G-stable irreducible subspace of ker Py;(c). Note that
each nonzero element of ker(Py;(c)) generates a G-submodule as above containing 1% — 1
nonzero elements and #(ker(Py;(c)) = 1%, Hence the number of dj-dimensional G-

stable subspaces of ker(Py;(0)) is

[do e — 1

s B (1% 0wi=1) o gdeOei=2) g 4 1)
b —1

Ap; =
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197 —1
1f—1 -
irreducible, the intersection of any two of them is trivial. So we can choose first two in

and the same for kerg(Py(0)) is ap; = Since these distinct subspaces are

ap;(ap; — 1) ways. After we have chosen first ¢ > 2 so that their sum is a direct sum,

: L L qtdy_q . .
again note that this direct sum contains lldbbill irreducible subspaces. Hence, we can

ltdbfl
1% —1

choose the (¢ 4+ 1)-th component in (ap; — ) ways.
The number of ways to choose first 7, components up to G-module automorphism

2dy, 3dy (vp,—1)dp _
api(api — 1) (ap; — Sy =2 (an — 57220 - (ap — P

- 1% —1 1% -1 _ i
l2db—1 leb_l l(7£~—1)db_1 n/ . :
ay;(ay,; — 1) (ay,; — 1 )(ap; — 1 ) (ay; — Zdbi_l ) bi

Similarly, the number of ways to choose first u components of P(V \ Sy)¢ up to

R b—1 -
G-module isomorphism is 7/n’. Then we get [II¢_ II7_, (p=1)/d (ni /)] /n’ distinct
G-submodules of Pj(V'\ Sy ) isomorphic to H. Now apply Corollary 5.4. O

The following result (a consequence of Proposition 5.8) holds for any finite group G

and any positive integer m coprime to p.

Lemma 5.24. Let K < G, ged(m, |K|) = 1 and Y = V/K. Then Pic®(V)[m]¥ =
Pic?(Y)[m].

Proof. Let 1 factor through A : V X, v and f:Y % X. By Proposition 5.8, we
identify Pic®(Y)[m] with h*(Pic®(Y)[m]) C Pic®(V)[m]X. Let A € Pic®(V)[m]¥. Then
< A > is K-stable (in fact, A- g = A Vg € K). If Wy — V is the corresponding
m-~cyclic cover with Galois group < A > then the composition Wy, — V — X is also
Galois (by Proposition 5.1). Since ged(m, |K|) = 1, H*(< A >; K) = {0} and hence
Aut(Wy|X) =< A > xK. But the K-action on < A > is trivial. Hence Aut(W,|X) =<
A > xK. Then W)/K <23 Y is a Galois cover. In other words, \ € h*(Pic®(Y)[m]) =
Pic?(Y)[m]. O

Lemma 5.25. Let the hypothesis be as in Theorem 4.12. Let o, be the linear trans-
formation on the Fj-vector space Pic®(V)[l] induced by o. Then dimg, (ker(®,(00))) =
29y — 2gp—1 for 0 < b < a, where g_1 := 0, and gy is the genus of V/ < o > for
0<b<a.

Proof. Let 7 = o”" ', 7, be the linear transformation induced by 7 on Pic?(V)[l] and
consider the intermediate p-cyclic cover V.— V/ < 7 >= X,_1. Since ker(7, — Id) =

Pic(X,_1)[l] by the lemma above and the minimal polynomial of 7, divides 2P —1 = (x—

a—1
1)®,(z), we have Pic®(V)[l] = Pic®(X,—1)[l] & ker(®,(7,)). Since Ppa(x) = Pl

P 1

Qp(xpa_l), ker(®,(7,)) = ker(®pa(0,)) and it has dimension 2¢g, — 2g,—1 = 29v — 2gq—1.
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a—1_cyclic group

Let @ be the image of o in the quotient group Aut(X,—1|X), a
generated by 7. Let o, be the linear transformation on Pic®(X,_1)[l] induced by 7. As
before, we see that the dimension of ker(®,.-1(75)) is 2gq—1 — 2g,—2. But as operators
on Pic’(X,_1)[l], 5 = 0,. Hence ker(®,0-1(0,)) has dimension 2g, 1 — 2g,—2. Now the

result follows from induction. O

The result below follows directly from Lemma 5.18 and the lemma above.

Corollary 5.26. Let g, be the genus of V/ < o’ >, 0<b<a. The dimension of
ker(®,(0)) € P(V \ Sy) (in Theorem 4.12) is given by ny = 2g, — 2gp—1 + p"~(p —
1) >3, ri for 1 <b<a. The dimension of P(V \ Sy)¢ s ng = 2gx +rx — 1.

Remark 5.27. From Corollary 5.26, it is obvious that the dimensions n;, 0 < b < a,

are independent of the prime number .

Example 5.28. Let X be P! = Speck[z] U Spec k[%], p=31=2a=2 G =<
o >~ 7/97, Sx = co. Let ¢ : V. — PL corresponding to o : n$*(Al) — G be given
by a witt vector (fi, fo) for polynomials f; of degree 2, fo of degree 4 in k[x|. Then
k(V) = k(x)[x1, z2]/I where the ideal I is generated by

— a1 = fi,

3
952—332—1-951—331 f2

and f1 # g} — g1 for any g1 € k(x), z] — 2} — fo # g5 — go for any g» € k(z, z1).

e We will show that the EP &, = ((Z/2Z)" x¢ (Z/9Z) — 7/97Z, ) have solution for
some 6 iff 0 < n = 6,12, 18,24, 30: 2,8, 14, 20, 26, 32.

o Let H = (Z/27)*® = (Fo[T]/(T% + T3 + 1))3 as a (Z/9Z)-module, and 6; be the
corresponding action (o acts by multiplication by T"). We will show that NSExt(0;,a) =
69827305537.

Let X; — Pi be the intermediate cover, with function field k(z,z1) (C k(V)).
Clearly, V — IP’,I€ is ramified only at co. Since f; has pole of order 2 only at oo, the

g1 = w = 1. Note that z and x1 has poles of respective orders 3,

genus of X7 is
2 at co. Clearly, x] — 23 — fo has pole of order 14 at the point in X; above oo and so

the genus of V' is gy 2+3(291 2)+(14+1)(3 U — 16. Note that di =2, dy =6.

By Corollary 5.26 n; = 2g1 — 0 = 2, ny = 29y — 297 = 30. By Theorem 4.12, the
above EP &, will have a proper solution for some G-action 0 iff n = 0 + 2v; + 679,

7 < % =1, 1< % = 5. Hence the values of n are as mentioned above.

Since d; = 2 and dy = 6, ®3(T) = T?+T+1 and ®9(T) = T®+ T3 +1 are irreducible

5
over Fy. Hence Py(V \ ¥~ 1({o0})) = (ngﬂl) &) <(T6EEZ[FT3]+1)) as G-modules. By

3—1 5—1 s B
Theorem 4.13, NSExt(0, a) = Hgf‘f %3?2 zz = 17043521 TOI5020 X LT043456 — 69827305537.
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We can replace [ by any square-free integer in Theorem 4.12.

Corollary 5.29. Let G be a cyclic group of order p®, o be a generator of G, m be a square
free integer prime to p, m =1y ...lp, for distinct prime numbers l-; dy, be the order of |,
in (Z/p°Z)*, H = (Z/mZ)", nor (resp. nyr, 1 < b < a) be the dimension of P,_(V\ Sy)%
(resp. kerr(®,(0)) C P (V \ Sy)) over Fy.. Then for each T < T, n can be expressed
as n = ur + Xf_ vprdyr for non-negative integers ur < nor, Vpr < Npr/dpr, Vb < a if and
only if the embedding problem (B3 : H xg9 G — G,a : n§"(X \ Sx) — G) has a proper

solution for some group homomorphism 0 : G — Aut(H).

Proof. The abelian groups P,,,(V'\ Sy), H have unique G-stable decompositions: P,,(V'\
Sy)=al_ P _(V\Sv), H=a!_,(Z/I,Z)". Now apply Theorem 4.12 for each P,_(V '\
Sv),H: = (Z]1;Z)". O

Remark 5.30. By Corollary 5.26, ny = np, for each 1 <7 <7T.

Let o be a generator of a cyclic group G of order p*, ¢ be a positive integer. Then,
like Theorem 4.12 and Corollary 5.29, we can give a sufficient condition for solving an

EP when the kernel H is an [°-torsion abelian group.

Let M = Pe(V \ Sy), a Z/I°Z[G]-module. Let (,» be a primitive p’~th root of unity
in C, ®,, be the monic polynomial of (, over Q and r}, = %ﬁj_l) for 1 <b<a. Let
the minimal primes of IZ[(p] be Qp1, . .., Qpr, (by Proposition 3.34). For 1 <i < ¢ and

Mo ) for

. ingG . .
1 <b<a,let f/ denote dlm(Zl/lZl)(%) and fy;; denote dlm(Z[Cpb}/ij)(ﬁ
J

Nij = M/Q5,M.

Corollary 5.31. Let H = ®¢_((Z/I'Z)% for non-negative integers e; and M = Ppe(V '\
Sv). Let f] and fy; be as in the above lemma. If e; can be expressed as e; = € +
D b1 doey; for 0 <ef < fi = f, 0 <ep; <370 (foim15 — foij), 1 <@ < ¢, then the
embedding problem (B : H xg G — G, a : n¢(X \ Sx) — G) has a proper solution for
some group homomorphism 6 : G — Aut(H).

Progf. Let R denote Z[(yp], Nuij = R/Qf)j = Rq,,/(QuiRq,,)" It is a module over
Z/I'Z. Note that Ny;;/INpj = Rgq,,/QujRq,, and the latter is of dimension dj over
Z/IZ. By Nakayama’s lemma Np;; has a minimal generating set of cardinality dj
over Z/I'Z. Since |Np;| = [*%, we have an isomorphism of abelian groups R/ Qij =
(Z)VZ)%. Then (Z/I'Z)% & (@f_,(Z/I'Z)%)%: can be identified as a G-stable submod-
ule of (Z/I'Z)fi-1—F & (@f_, @y (Z[Gp]/ (t;))bi-ri~Pid) (which is a direct summand
of Pe(V'\ Sy) by Equation (3.3.2)). Hence we get a G-module monomorphism from H
into Ppe(V'\ Sy). The result now follows from Theorem 1.1. O
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