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ABSTRACT II

ABSTRACT

Graph coloring is one among the oldest and broadly studied topics in graph theory. A coloring of a
graph G is an assignment of colors to the vertices of G such that no two adjacent vertices receive the
same color, and the chromatic number of G (denoted by x(G)) is the minimum number of colors needed
to color G. The clique number of G (denoted by w(G)) is the maximum number of mutually adjacent
vertices in G. In this thesis, we focus on some problems on bounding the chromatic number in terms of
clique number for certain special classes of graphs with no long induced paths, namely the class of P;-free
graphs, for ¢t > 5.

A hereditary class of graphs G is said to be x-bounded if there exists a function f : N — N with f(1) =1
and f(x) > x, for all z € N (called a x-binding function for G) such that x(G) < f(w(G)), for each G € G.
The smallest x-binding function f* for G is defined as f*(z) := max{x(G) : G € G and w(G) = x}. The
class G is called polynomially x-bounded if it admits a polynomial y-binding function.

An intriguing open question is whether the class of Pi-free graphs is polynomially x-bounded or not.
This problem is open even for ¢t = 5 and seems to be difficult. So researchers are interested in finding
(smallest) polynomial y-binding functions for some subclasses of Pi-free graphs. Here, we explore the
structure of some classes of Ps-free graphs and obtain (smallest/linear) x-binding functions for such classes
of graphs. Our results generalize/improve several previously known results available in the literature.

Chapter 1 consists of a brief introduction on x-bounded graphs and a short survey on known y-bounded
Ps-free graphs. We also provide motivations, algorithmic issues, and relations of x-boundedness to other
well-known /related conjectures in graph theory.

In Chapter 2, we study the class of (P, + P3, Py + P3)-free graphs, and show that the function
f N — N defined by f(1) =1, f(2) =4, and f(z) = max{x—i—3, L%J — 1}, for x > 3, is the smallest
x-binding function for the class of (P» + P3, Py + P3)-free graphs.

In Chapter 3, we are interested in the structure of (Ps, 4-wheel)-free graphs, and in coloring of such
graphs. Indeed, we first prove that if G is a connected (Ps, 4-wheel)-free graph, then either G admits
a clique cut-set, or G is a perfect graph, or G is a quasi-line graph, or G has three disjoint stable sets
whose union meets each maximum clique of G at least twice and the other maximal cliques of G at least
once. Using this result, we prove that every (Ps, 4-wheel)-free graph G satisfies x(G) < 3w(G). We also
provide infinitely many (P, 4-wheel)-free graphs H with x(H) > 2w(H).

It is known that every (Ps, K4)-free graph G satisfies x(G) < 5, and that the bound is tight. Both the
class of (P, flag)-free graphs and the class of (Ps, K5 — e)-free graphs generalize the class of (Ps, Ky)-free
graphs.

In Chapter 4, we explore the structure and coloring of (P5, K5 — e)-free graphs. In particular, we
prove that if G is a connected (Ps, K5 — e)-free graph with w(G) > 7, then either G is the complement
of a bipartite graph or G has a clique cut-set. From this result, we show that if G is a (P5, K5 — e)-free
graph with w(G) > 4, then x(G) < max{7,w(G)}. Moreover, the bound is tight when w(G) ¢ {4,5,6}.

In Chapter 5, we investigate the coloring of (Ps, flag)-free graphs. We prove that every (Ps, flag, K5)-
free graph G that contains a Ky satisfies x(G) < 8, every (P, flag, K¢)-free graph G satisfies x(G) < 8,
and that every (Ps, flag, K7)-free graph G satisfies x(G) < 9. Moreover, we prove that every (Ps, flag)-
free graph G with w(G) > 4 satisfies x(G) < max{8,2w(G) — 3}, and that the bound is tight for
w(G) € {4,5,6}.
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GLOSSARY VIII

GLOSSARY

We consider only simple, finite and undirected graphs. If G is a graph, then V(G) and E(G)
respectively denote its vertex-set and its edge-set. We use standard terminology from Bondy and
Murty [11] and West [169]. For easy reference, we give below some of the definitions which are

used in this thesis.

Acyclic graph: A graph with no cycles.

Adjacent vertices: Two vertices joined by an edge.

Antihole: The complement graph of a hole.

Atom: A graph which has no clique cut-set.

Big component of a graph: A component with at least two vertices.

Bipartite graph: A graph whose vertex-set can be partitioned into two stable sets.
Chordal graph: A graph that does not contain a hole.

Chromatic number of a graph: The least possible integer k£ such that the graph admits a

k-vertex coloring.
k-chromatic graph: A graph whose chromatic number is equal to k.
Claw: The graph Kj 3.
Clique covering of a graph: A set of cliques whose union is the vertex-set of the graph.

Clique covering number of the graph G: The chromatic number of the complement graph
of GG or the smallest possible integer ¢ such that the vertex-set of G can be written as a union

of t cliques.
Clique cut-set: A cut-set which is a clique.
Clique of a graph: A set of mutually adjacent vertices.

Clique number of a graph: The largest possible integer ¢ such that the graph contains a clique

of size t.

k-coloring or proper k-vertex coloring of a graph: An assignment of k colors to the vertices
of a graph such that no two adjacent vertices receive the same color or a partition of the

vertex-set of a graph into k stable sets.
Coloring of a graph: A k-coloring of the graph, for some k.
k-colorable graph: A graph with a k-coloring.
Color class with respect to a k-coloring of a graph: A set of vertices with the same color.

Complement graph of the graph G: The graph with vertex-set V(G) and edge-set {uv | uv ¢
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Complement graph of a bipartite graph: A graph whose vertex-set can be partitioned into

two cliques.

Complete bipartite graph K, ,: A graph whose vertex set is a union of two disjoint stable sets

of size p and ¢ such that each vertex in one set is adjacent to every vertex in the other.
Complete graph K;: A simple graph whose vertex-set is a clique of size t.
Component of a graph: A maximal connected subgraph.
Connected graph: A graph in which there is a path between any two vertices.
G contains H: If G has an induced subgraph which is isomorphic to H.

Cut-set or Separator or Separating set: A set of vertices whose removal increases the number

of components.
Cut-vertex of a graph: A vertex whose removal increases the number of components.

Cycle/chordless cycle/induced cycle: The graph obtained by joining two pendant vertices of
an induced path.

k-cycle: A cycle of length k.

Degree of a vertex v of a graph: The number of vertices adjacent to v.

Disconnected graph: A graph with more than one component.

Distance between a pair of vertices: The length of a shortest path between the vertices.
Even hole: A hole with even number of vertices.

Dominating set of a graph: A subset S of the vertex-set such that every vertex is either in .S

or has a neighbor in S.
Dominating induced subgraph: The subgraph induced by a dominating set.
Forest: An acyclic graph.
H-free graph G, where H is any graph: If G does not contain H.

(H,, Hs, ..., H;)-free graph G, where H,, Hs, ..., H; ( k > 2) are given graphs: If G
does not contain H;, for any i € {1,2,...,k}.

F-free graph G, where F is a given class of graphs: If G does not contain any graph in F.

Girth of the graph G: The smallest possible integer ¢ such that G contains a cycle of length /,

if G contains a cycle, else it is oco.

Hereditary class of graphs: A graph class C such that if a graph G € C and G’ is an induced
subgraph of G, then G’ € C.

Hole: An induced cycle of length at least 4.
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Homogeneous set: A subset S of the vertex-set with at least two vertices such that each vertex

not in S is either adjacent to all the vertices in S or non-adjacent to all the vertices in S.
Imperfect graph: A graph which is not a perfect graph.
Independent or stable set of a graph: A set of mutually non-adjacent vertices.

Independence or stability number of a graph: The largest possible integer ¢ such that the

graph contains a stable set of size t.

Induced subgraph on a vertex subset S of G: The subgraph with vertex-set S and edge-set
consisting of edges of G with both the ends in S.

Isomorphic graphs: Two graphs G and GG’ that have an isomorphism between them, that is, there
exists a bijection f: V(G) — V(G’) such that uv € E(G) if and only if f(u)f(v) € E(G").

Join of two vertex disjoint graphs G and H: The graph with vertex-set V(G) UV (H) and
edge-set E(G)UE(H)U{uwv |ue V(G),ve V(H)}.

Length of a path/cycle: The number of edges in a path/cycle.

Maximal clique of a graph: A maximal set of mutually adjacent vertices.
Neighbor of a vertex v: A vertex which is adjacent to v.

Non-neighbor of a vertex v: A vertex which is non-adjacent to v.
Neighborhood of a vertex v: The set of neighbors of v.

Non-adjacent vertices: If there is no edge joining them.
Non-neighborhood of a vertex v: The set of non-neighbors of v.

Null graph: A graph whose vertex-set is an empty set.

Odd antihole: The complement graph of an odd hole.

Odd hole: A hole with odd number of vertices.

Path/chordless path/induced path: A graph whose vertices can be ordered such that two

vertices are adjacent if and only if they are successive in the ordering.
(u, v)-path: A path with u and v as pendant vertices.
Pendant vertex: A vertex of degree 1.

Perfect graph: A graph such that chromatic number is equal to the clique number for each of

its induced subgraph.

Quasi-line graph: A graph in which the neighborhood of each vertex can be expressed as a union

of two cliques.

Ramsey number R(s,t) : The minimum possible integer n such that every graph on n vertices

contains a clique of size s or a stable set of size t.
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Regular graph: A graph in which all the vertices have same degree.

k-regular graph: A regular graph whose common degree is k.

Self-complementary graph: The graph which is isomorphic to its complement graph.
Self-complementary graph class: A graph class C such that C = C.

Subgraph of a graph G: A graph whose vertices and edges are in G.

Tree: A connected acyclic graph.

Twins in a graph: Two non-adjacent vertices such that the neighborhood of one vertex is

contained in the neighborhood of the other.

Union of two vertex disjoint graphs G and H: The graph with vertex-set V(G)UV (H) and
edge-set E(G)U E(H).

Universal vertex of a graph: A vertex which is adjacent to all other vertices.
Wheel: A join of a hole and a Kj.

k-wheel: A join of a hole of length k£ and a K.
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NOTATION

We use standard notation of Bondy and Murty [I1] and West [169]. For easy reference, we list

below some of them which we have used in the thesis.

English Symbols

Cy Induced cycle on ¢ vertices

d(v) or dg(v) degree of a vertex v in G or |Ng(v)| or |N(v)|
dist(u,v) distance between two vertices u and v

dist(u, X) min{dist(u,x) | x € X}

dist(X1, X5) min{dist(z1,z2) | x1 € X1, 12 € X5}

E(G) edge-set of G

G simple, finite and undirected graph

K, complete graph on ¢ vertices

m number of edges in a graph

n number of vertices in a graph

N(v) or Ng(v) neighborhood of v in G

N(v) or Ng(v) non-neighborhood of v in G

N(X) or Ng(X), where X C V(G) {veV(G)\X|Nw)NX #0}

Py Induced path on /¢ vertices

| X| cardinality of X

G—v subgraph obtained by deleting a vertex v from GG
G—e subgraph obtained by deleting an edge e from G
G[X] subgraph of G induced by the vertex subset X
G-X the graph G[V(G) \ X]

uv edge with u and v as end vertices

V(G) vertex-set of G

Greek Symbols

a(G) independence number or stability number of G
I(G) minimum degree in G

A(G) maximum degree in G

0(G) clique covering number of ¢

X(G) chromatic number of G

w(G) clique number of G

Miscellaneous Symbols



NOTATION XIII
GorCorH class of graphs

G1+ Go union of vertex disjoint graphs G; and G5
GV Gy join of vertex disjoint graphs G and Go
G or Co-G complement graph of G

g {G|Geg}

(G union of ¢ vertex disjoint copies of GG

N set of natural numbers.

[k], k e N {1,2,...,k}.

(3) W

o isomorphic

OM-— T =5 INDCA™"MR

Q
=
-

not isomorphic

belongs to, is an element of

does not belongs to, is not an element of
union

intersection

subset, is a subgraph of

floor of x (largest integer less than or equal to x)

ceiling of = (smallest integer greater than or equal to x)

set difference
summation

end or absence of proof



SOME SPECIAL GRAPHS XIV

SOME SPECIAL GRAPHS
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Figure 1: Some special graphs on at most four vertices.
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Figure 2: Graphs on five vertices which are not forest.

W @

Figure 3: The Petersen graph, and the Grotzsch Graph/the Mycielski’s 4-chromatic triangle-free graph
(left to right).
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Figure 4: The Clebsh graph, the Co-Clebsh graph, and the Co-Clebsh graph with one vertex deleted (left
to right).
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Figure 6: The complement of the 16-regular Schldfli graph on 27 vertices.
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Chapter 1

Introduction

1.1 Graph coloring: An overview

Graph coloring is one among the oldest and broadly studied topics in graph theory. It started
with the ‘Four color problem’ which asks whether the countries of any map can be colored using
at most four colors such that no two countries which share a common boundary have the same
color. After several partial results, a solution for this problem was given by Appel, Haken and
Kosh [I, 2] in 1977 by an extensive use of computer verifications, and is now popularly known
as the ‘Four Color Theorem’. In 1997, Robertson, Sanders, Seymour and Thomas [148] gave an
improved and significantly simplified proof for the four color theorem using the approach given in
[T, 2]. The attempts for a solution of the four color problem give rise to many important notions
and novel techniques in graph theory, and motivated the study of various other graph coloring
problems/parameters. While vertex coloring and edge coloring are the classical graph colorings,
different types of graph colorings have been introduced and explored by many researchers in
recent years which include total coloring, list coloring, acyclic coloring, star coloring, equitable
coloring, grundy coloring, harmonious coloring etc., A famous book of Jensen and Toft [93] and
a monograph edited by Kubale [120] provide an excellent and detailed surveys on various graph
colorings. Though graph coloring theory has a remarkable growth since its inception, it is still
flooded with numerous challenging unsolved problems. It is evident from a large number of recently
published books, monographs, edited book volumes, periodic surveys and theses that graph coloring
theory still receives a wide attention all around the world, and is of current interest. In this thesis,
we would like to focus on some problems related to classical vertex coloring of graphd'}

Several real world practical problems such as storage/packing problems, time-tableling/scheduling
problems, frequency assignment problems and register allocation problems can be modeled as
applications of vertex coloring problems in graphs (see [78], [133] for more). Thus given a general
graph, the computation of its chromatic number algorithmically is of interest. This leads to the

following decision problems.

!The contents of this chapter are appearing in “A.Char and T.Karthick. y-boundedness and related problems on graphs
without long induced paths: A survey. Submitted for publication.”
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COLORING

Instance: A graph G and a positive integer k.
Question: Is G k-colorable?

k-COLORING
Instance: A graph G.
Question: Is G k-colorable?

Also, we consider the following optimization version of the vertex coloring problem.

CHROMATIC NUMBER
Instance: A simple graph G.

Question: What is the chromatic number of G?

These problems play a significant role in the theory of algorithms. By a classical and an early
result of Karp [07], for any fixed k > 3, k-COLORING is known to be NP-complete for an arbitrary
class of graphs. Khanna and Linial [T07] showed that coloring 3-colorable graphs with 4-colors is
NP-hard. It is also known that [128] there exists a fixed constant € > 0 such that approximating
the chromatic number of an arbitrary graph within a factor of n¢ is NP-hard. Feige and Kilian [65]
proved that the chromatic number cannot be approximated within a factor of O(n'~¢), for any
e > 0, unless NP C ZPP, and thus improving an earlier stated result of Lund and Yannakakis [12§].
These algorithmic issues motivated the study of k-COLORING for some fixed values of k.

While it is well-known that 2-COLORING can be solved in polynomial time, 3-COLORING
remains NP-complete even when the graphs are restricted to planar graphs with degree at most 4
or triangle-free graphs; see [130]. But for the class of perfect graphs, k-COLORING can be solved in
polynomial time [80]. These results further motivated the study of k-COLORING for certain special
classes of graphs, viz the class of H-free graphs, for some graph H. We refer to an excellent work
of Golovach, Johnson, Paulusma and Song [77] for a survey of the current status of the problem,
and several other related problems.

Kamiriski and Lozin [96] and independently Kral, Kratochvil, Tuza, and Woeginger [119] showed
that, for any fixed £ > 3 and g > 3, k-COLORING is NP-complete for graphs with girth at least
g. From this result, it follows that, if H contains a cycle, then k-COLORING is NP-complete for
the class of H-free graphs. Also from results of Holyer [88] and Leven and Galil [123], if H is a
forest with 0(H) > 3, then k-COLORING is NP-complete for the class of H-free graphs. Thus we
conclude that k-COLORING is NP-complete for the class of H-free graphs, if H is not isomorphic to
the union of disjoint paths. Kral, Kratochvil, Tuza, and Woeginger [I19] proved that COLORING
can be solved in polynomial time for the class of H-free graphs, whenever H is an induced (not
necessarily proper) subgraph of a Py or a Py + K7; otherwise, the problem is NP-complete.

The computational complexity issues discussed above are the primary motivations of the current

research on finding the chromatic number for restricted classes of graphs, finding lower and upper
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bounds for the chromatic number in terms of various other parameters of the given graph, and in
finding approximation algorithms for the chromatic number. Unfortunately, for a general graph
G, the computations of parameters w(G) and a(G) are NP-hard. In this thesis, we mainly focus
on lower and upper bounds for the chromatic number for some classes of graphs. Some of the

important and useful lower and upper bounds for the chromatic number are given below.

e In any coloring of a graph G which uses x(G) colors, since each color class has at most o(G)

V(&)
a(G) -

vertices, we have y(G) >

e Given a graph G, in any coloring of GG, clearly the vertices of any clique in G require distinct
colors. So for any graph G, if H is an induced subgraph of G, then x(H) > w(H). In particular,
for any graph G, w(G) is an obvious lower bound for x(G), and x(G) = 1 if and only if
w(G) =1.

e By using a simple ‘greedy algorithm’, the vertices of a given graph G can be colored in
polynomial time using at most A(G)+1 colors. Hence every graph G satisfies x(G) < A(G) + 1.
Obviously if G is a complete graph or an odd hole, then x(G) = A(G) + 1. A well-known
theorem of Brooks [25] states that if G is not a complete graph or an odd hole, then G satisfies
X(G) < A(G). In other words, he showed that every graph G with A(G) > 3 and w(G) < A(G)
satisfies x(G) < A(G).

1.2 Chromatic number and clique number

Bounding the chromatic number of a given graph by its clique number has attracted several
researchers. Recall that given a hereditary class of graphs G, x(G) > w(G), for each G € G. An
important hereditary class of graphs for which the equality holds is one among the well explored
classes of graphs in graph coloring theory that has a long history starting from the classical ‘Konig’s

theorem on matchings’, and is given below.

1.2.1 Perfect graphs

Recall that a graph G is said to be perfect if x(H) = w(H), for every induced subgraph H of G,
else it is called imperfect. Motivated from a question of Shannon [I61] on communication channels,
Berge [6] initiated the study of the class of perfect graphs. We refer to [140] for more details.
Some well-known instances of perfect graphs are: bipartite graphs and their complement graphs,
comparability graphs, chordal graphs and the class of Ps-free graphs. We refer to [89] for many
more classes of perfect graphs. Perfect graphs have been broadly studied because of a couple of
celebrated conjectures posed by Claude Berge in 1961 [6]

The first conjecture of Berge [0] was settled by Lovasz [125] in 1972 (see also [70]). Indeed,
Lovéasz gave different proofs for see [125] 126], and we refer to Gasparian [71] for a

simple and elegant proof.
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Theorem 1.1 ([125), 126]) (Perfect Graph Theorem) Given a graph G, the following statements
are equivalent: (i) G is perfect. (ii) G is perfect. (iii) Every induced subgraph H of G satisfies
a(H) - w(H) = |V (H)].

The second conjecture of Berge [6] asserted for a characterization of the class of perfect graphs
without certain induced subgraphs, is shown to be true by Chudnovsky, Seymour, Robertson and

Thomas [42], and is given below.

Theorem 1.2 ([42]) (Strong Perfect Graph Theorem) A graph G is perfect if and only if G does

not contain an odd hole or an odd antihole.

Chudnovsky et al. [37] gave a polynomial time recognition algorithm for the class of perfect
graphs. Moreover, several algorithmic graph theory problems which are well-known to be NP-
complete in general can be solved in polynomial time when restricted to the class of perfect graphs;
see [78]. In particular, using linear programming techniques, Grotschel, Lovéasz and Schrijver [80]
showed that given a perfect graph G, the parameters x(G), w(G) and «(G) can be computed in
polynomial time. The books of Golumbic [7§], and Ramirez-Alfonsin and Reed [141] provide an

excellent survey of results on perfect graphs and their applications.

1.2.2 The difference x — w can be arbitrarily large

Given a class of graphs G, while every graph G € G satisfies x(G) > w(G), the following question
arises naturally: Is it possible to find an upper bound for x(G) in terms of w(G), for all G € G ? In
other words, for a graph G' € G, how large the difference x(G) —w(G) can be? The difference y —w
can be arbitrarily large in general. This was shown independently by several authors. Descartes
[54] constructed a k- chromatic graph with girth at least 6, for every k > 4. By means of an

excellent recursive construction procedure, Mycielski [135] in 1955 proved the following.
Theorem 1.3 ([135]) For each k € N, there ezists a triangle-free graph Gy with x(Gy) = k.

Note that for k& > 2, the graph Gy, in [Theorem 1.3/ has 3 x 2¥=2 — 1 vertices, which is exponential
in k. Erdos [58] proved that for each k € N, there exists a triangle-free k-chromatic graph with
at most k°° vertices via a geometric construction. Later in 1959, Erdés [59] proved the following

remarkable theorem using non-constructive probabilistic methods.

Theorem 1.4 ([59]) For all g > 4 and for sufficiently large k, there exists a k-chromatic graph G
with |V(G)| < k% (where 0 < ¢ < 2 is a constant) and girth at least g.

1.3 Beyond perfect graphs: The class of xy-bounded graphs

From [Theorem 1.4} it follows that for a general class of graphs G, there does not exist a function
f N —= N (where f(1) =1 and f(z) > z, for all z € N) such that x(G) < f(w(G)), for all G € G.

But, for a restricted class of graphs such a function may exist. For instance, a result of Wagon
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[168] states that for £ € N, every {Py-free graph G satisfies x(G) < 5+ (w(G) + 1)w(G)? 3. This
motivated Gyérfds to introduce the notion of ‘y-bounded graphs’ in [81].

Let G be a hereditary class of graphs. A function f : N — N such that f(1) =1 and f(x) > z,
for all x € N is called a y-binding function for G if x(G) < f(w(G)), for each G € G. The class
G is called x-bounded if there exists a y-binding function for G, is linearly x-bounded if f is a
linear function, and is polynomially x-bounded if f is a polynomial function. The smallest/optimal
x-binding function f* for G is defined as f*(x) := max{x(G) | G € G and w(G) = x}.

If G is the class of graphs which is {K}, Ly, Lo, . . ., Ly }-free (where t is fixed), and if x(G) < k,
for all G € G where k >t — 1, then we say that the bound is tight if there is a graph H € G such
that x(H) = k.

Let G be the class of {Ly, Lo, ..., Ly }-free graphs where L; 2 K, for each i and fixed t. If every
G € G satisfies x(G) < f(w(G)), we say that the bound is tight if there is a graph H € G such
that w(H) = ¢ and x(G) = f(¢) for infinitely many values of /.

Note that the class of perfect graphs is a class of y-bounded graphs with identity function
f(z) = x as the smallest y-binding function. So the notion of y-boundedness extend the concept
of perfection. A graph class G is said to satisfy the Vizing bound if x(G) < w(G) + 1, for all G € G.

The notion of y-boundedness is well studied in the literature, and it is reflected in several
published papers and theses; see for instance [62] [74] 134], T42] and the references therein. Several
notions analogous to y-boundedness were introduced and studied in the literature; see for instance
[30, 82, [08]. In this thesis, we restrict our attention to y-boundedness for some hereditary class of
graphs.

The class of x-bounded graphs has received much attention especially due to several problems
and conjectures which were posed by Gyarfas [81], and other related interesting conjectures and
problems in graph (coloring) theory. In particular, in the same paper, Gyarfas [81] raised the

following.

Meta problem ([81]) For the given hereditary class of graphs G:
e Does there exist a x-binding function for G?¢
e Does there exist a polynomial x-binding function for G?

e Does there exist a linear x-binding function for G¢

o What is the smallest x-binding function for G¢

The answers to the above problems led to the introduction of several new definitions and graph
operations which in turn contributed to the evolution of modern graph theory, and initiated the
study of several interesting new classes of graphs beyond perfect graphs. A plenty of innovative
proof approaches are developed that include deep structure/decomposition theorems which are
also useful in other topics of graph theory.

In view of algorithmic graph theory perspective, as pointed out by Gyérfas [81], if a class of

graphs G admits a polynomial x-binding function, say f, then there is an polynomial approximation
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algorithm for CHROMATIC NUMBER with performance ratio at most % In particular, if G
admits a linear y-binding function, then there is a constant factor approximation algorithm for
CHROMATIC NUMBER; see [81] for more details.

Recall that not all hereditary class of graphs are y-bounded, since the class of triangle-free
graphs is not x-bounded, by [Theorem 1.3] Also it is long-known that not all polynomially x-
bounded classes of graphs are linearly y-bounded. For instance, the class of (Ps, Ps)-free graphs
admits a quadratic y-binding function, and no linear y-binding function exist for such a class of

graphs [68]. Esperet [62] in his thesis asked the following intriguing question:
Is every x-bounded class of graphs polynomially x-bounded?

Recently Brianski, Davies and Walczak [23] proved that the answer to this question is ‘No’
in general, by showing that there exist hereditary classes of graphs that are y-bounded but not
polynomially y-bounded. In fact, they proved the following.

Theorem 1.5 ([23]) For every function f : N — NU{oo} with f(1) =1 and f(n) > (*/"), there
exists a hereditary class of graphs G such that f(x) = max{x(G) : G € G and w(G) = z}, for every
z € N.

In the following, we present some strategic tools to obtain a y-binding function (if exists) for a

hereditary class of graphs which are available in the literature.

e Perfect k-coloring: We say that a graph G admits a perfect k-coloring [20] if its vertex-set can
be partitioned into k sets, say Vi, Vs, ..., Vi, such that each V; induces a perfect graph. Clearly
a graph is perfect if and only if it admits a perfect 1-coloring. Note that a perfect k-coloring
of G is also a perfect k-coloring of G, by . Perfect coloring of graphs provides
a measure for graph’s imperfection, and can be used as a tool to obtain a linear y-binding

function (if exists) for a given hereditary class of graphs, and is given below.

Proposition 1.6 ([32]) Let k be a fized positive integer. If G is a hereditary class of graphs such
that every G € G admits a perfect k-coloring, then G and G are linearly x-bounded. In particular,
X(G) < k-w(G) and x(G) < k-w(G), for every G € G.

e Perfect divisibility: A graph G is said to be perfectly divisible [85] if for all induced subgraphs
H of G, V(H) can be partitioned into two sets X and Y such that H[X] is perfect and
w(H[Y]) < w(H). Clearly perfect graphs are perfectly divisible. The notion of perfect
divisibility is useful in finding (quadratic) y-binding functions (if exist) for some classes of

graphs. Indeed, it is not hard to prove the following.

Proposition 1.7 ([49]) The class of perfectly divisible graphs is x-bounded with f(z) = (*1') as
the x-binding function. That is, every perfectly divisible graph G satisfies x(G) < (“’(G)H).
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e 2-divisibility: A graph G is said to be 2-divisible [87], if for all (non-empty) induced subgraphs
H of G, V(H) can be partitioned into two sets, say X and Y such that w(G[X]) < w(H) and

w(GY]) < w(H). By using induction on the number of vertices, it is easy to show the following.

Proposition 1.8 ([49]) The class of 2-divisible graphs is x-bounded with f(x) = 2°7' as the
x-binding function. That is, every 2-divisible graph G satisfies x(G) < 2¢(@~1,

Before we proceed further, we need the following.

Let G be a given graph and let X; and X, be two disjoint proper subsets of V(G). We say that
Xy is complete to X if each vertex of X is adjacent to every vertex of Xo, and X7 is anticomplete
to Xy if each vertex of X7 is non-adjacent to every vertex of Xy. The distance between X; and Xo

is defined as min{dist(xy,z3) | 1 € X1,22 € Xo}.

We say that two vertex subsets, say S and T of a graph meets if SNT # 0, and meets k times
if |SNT| = k.

Given a graph H, we say that a graph G contains a dominating-H, if there is a subset S C V(G)
which induces H and every vertex in V(G) \ S is adjacent to some vertex in S. Also, we say that a
graph G contains a non-dominating-H , if there is a subset S C V(G) which induces H, and there
is a vertex v € V(G) \ S such that {v} is anticomplete to S.

Given a graph G, we say that a graph G is nice if it has three pairwise disjoint stable sets, say
S1,S9 and Ss, such that w(G — (51U S U S3)) < w(G) — 2.

Note that a graph G is (Hy, Hy, ..., Hy)-free if and only if G is (Hy, Hs, . .., Hy)-free.

e Graph expansions/substitutions: Let G be a given graph on n vertices, say vy, vg, ..., v,. Let
Hy, Hs, ..., H, be vertex-disjoint graphs. Then an expansion of G, denoted by G[Hy, Hs, . . ., H,],
is the graph constructed from G by replacing each vertex v; of G by H;, and for all 7,5 €
{1,2,...,n} and i # j, if v; and v; are adjacent (resp. non-adjacent) in G, then V(H,) is
complete (resp. anticomplete) to V(H,). An expansion is also referred to as a substitution [41].
If H; = H for each i, then an expansion G[H, H, ..., H] is the usual lexicographic product of G
and H, and is denoted G[H]. If each H; is F-free, for a graph F', then an expansion of G is
called an F'-free expansion of G. A 2K;i-free expansion of GG is called a clique expansion of G
(and is also called a blow-up of G [72],[102]). A clique expansion of a Cj is called a complete buoy
in [68]. A Ky-free expansion of a Cj is called a 5-ring in [63]. Note that a K,-free expansion
of a Ky is a complete bipartite graph, and a Ks-free expansion of a Ky, t > 3 is a complete
multipartite graph. Importantly, Lovasz [125] proved that if G and Hy, Hs, ..., H, are perfect,
then G[Hy, Ho, ..., H,] is perfect, and is now known as the Substitution lemma/Replication

lemma.
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1.4 The class of P;-free graphs

The class of P,-free graphs is an extensively studied graph class that also received a wide attention
among the researchers for the past few decades. It is a well-known fact that CHROMATIC NUMBER
can be solved in polynomial time for the class of Py-free graphs [53]. Recall that COLORING is
NP-complete for the class of P;-free graphs when ¢ > 5. Since the decision problem is NP-complete,
CHROMATIC NUMBER for the class of P;-free graphs is NP-hard, for ¢ > 5. So one is lead to study

k-COLORING for the class of P,-free graphs. Here we give a brief summary of the known results.

e k-COLORING for the class of Ps-free graphs: Bacsé and Tuza [4] showed that every connected
Ps-free graph has a dominating-complete graph or a dominating-P;. Using this result, Hoang,
Kamiriski, Lozin, Sawada and Shu [86] showed that k-COLORING for the class of Ps-free graphs

can be solved in polynomial time.

e 3-COLORING for the class of P,-free graphs, where t > 6: Randerath and Schiermeyer [143]
showed that given a Ps-free graph, 3-COLORING can be solved in O(n"m)-time, where 2 < k <
2.36. In [12], it is shown that LisT 3-COLORING for the class of Pr-free graphs can be solved
in polynomial time which immediately implies that 3-COLORING for the class of P;-free graphs
can be solved in polynomial time. Later, the existence of better algorithms with improved
time complexity for 3-COLORING for some subclasses of Pr-free graphs, namely for the class of
(Pr, K3)-free graphs and for the class of (P, odd hole)-free graphs were given by Bonomo et
al. [13]. However, the problem of determining the computational complexity of 3-COLORING
for the class of P-free graphs is still open, for t > 8.

e k-COLORING for the class of Pi-free graphs, where t > 7 and k > 4 ort = 6 and k >
5: Woeginger and Sgall [I70] showed that 4-COLORING for the class of Pjp-free graphs and
5-COLORING for the class of Ps-free graphs are NP-complete. Le, Randerath and Schiermeyer
[122] extended the result for 4-COLORING and showed that 4-COLORING for the class of Py-free
graphs is NP-complete. Furthermore, Broersma, Golovach, Paulusma and Song [24] showed
that 4-COLORING remains NP-complete for the class of Ps-free graphs. Finally, Huang [90]
extended all the above results and proved that 5-COLORING for the class of FPs-free graphs and
4-COLORING for the class of Pr-free graphs are NP-complete, and conjectured that 4-COLORING
for the class of Ps-free graphs can be solved in polynomial time. Recently, Chudnovsky, Spirkl

and Zhong [50] showed that Huang’s conjecture is true.

In this thesis, we would like to focus on the ‘meta questions’ of Gyérfas [81] related to y-boundedness

for the class of P;-free graphs.
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1.5 x-bounded P;-free graphs

Gyérfés [81] in 1987 showed that the class of P;-free graphs is y-bounded with y-binding function
f which satisfies the inequality
R([t/2],z+1)—1
[1/2] =1

Randerath and Schiermeyer [144] slightly improved this upper bound for the class of (P}, K3)-free

< fle) < (-1

graphs, and proved that every (P;, K3)-free graph is (¢ — 2)-colorable. In 2003, Gravier, Hoang and
Maffray [79] improved the general upper bound of Gyarfas, and established that for ¢ > 4 and
w(G) > 2, every P-free graph G satisfies x(G) < (t — 2)“(@)~1. A fascinating open question is
whether this upper bound can be reduced to a polynomial function in w(G). This was posed by
Trotignon and Pham [164] (see also [155]):

Problem 1 ([164]) Is it true that, for every t > 5, the class of Pi-free graphs is polynomially
x-bounded?

In 2007, Choudum, Karthick and Shalu [32] suggested a stronger statement in view of [Problem 1

for t = 5, and is given below.

Conjecture 1 ([32]) There is constant ¢ > 0 such that every Ps-free graph G satisfies x(G) <
c w(G)?.

Using the notion of ‘online coloring’, Kierstead, Penrice and Trotter [110] claimed (without
proof) that they have an improvement to the bound of Gravier et al. to 2¥(%), when ¢t = 5. Esperet,
Lemoine, Maffray, Morel [63] studied the class of Ps-free graphs with small cliques, and proved the

following.

Theorem A ([63]) If G is a (Ps, K3)-free graph, then each component of G is either bipartite or
a 5-ring. In particular, x(G) < 3. Moreover, the bound is tight.

Theorem B ([63]) Every (Ps, K4)-free graph G satisfies x(G) < 5, and the bound is tight.

More generally, they showed that every Ps-free graph G with w(G) > 3 satisfies x(G) <
5 x 3973, So every (Ps, Ks)-free graph G satisfies x(G) < 15, and the problem of finding a tight
x-bound for the class of (Ps, K35)-free graphs is open. Recently, Scott, Seymour and Spirkl [156]
showed that every Ps-free graph G with w(G) > 4 satisfies x(G) < w(G)22%(@). The problem
of reducing this quasi-polynomial upper bound to a polynomial function in w(G) seems to be
difficult. In other words, is open even for the class of Ps-free graphs. It is known that
the class of Ps-free graphs does not admit a linear y-binding function [68]. The existence of a
polynomial x-binding function for the class of Ps-free graphs implies the Erdos-Hajnal conjecture
[61] for the class of Ps-free graphs; see . So the researchers are interested in finding
(smallest) polynomial y-binding functions for some subclasses of P;-free graphs and for the class of

(P;, H)-free graphs, where t > 5 and H is a small graph.
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Brandt [19] proved that for £ > 3, if G is a ((P», K3)-free graph, then x(G) < 2¢—2. Schiermeyer
and Randerath [I53] showed that for every ¢t > 5, the class of (P;, KV Py)-free graphs is linearly y-
bounded. That is, every (P, K1V Py)-free graph G satisfies x(G) < (t—2)(w(G)—1). Unfortunately,
is open even for a subclass of Ps-free graphs, namely the class of (Ps, Cs)-free graphs.
The best known upper bound for such a class of graphs is exponential in nature which is due to

Chudnovsky and Sivaraman [49]. Indeed, they proved that every (Ps, C5)-free graph G is 2-divisible,

and hence x(G) < 2¢@~1 by [Proposition 1.8 The problem of finding a polynomially x-binding

function for the class of (Ps, C5)-free graphs is still open, and this problem seems equally hard as

[Problem 1l for ¢ = 5.

From the above mentioned result of Gravier et al. [79], every Py-free graph G with w(G) > 3
satisfies x(G) < 4 x 3¥(©)~1 This is the best known upper bound for the class of Pg-free graphs.
However, better bounds are known for some subclasses of Ps-free graphs, and for some subclasses
of Ps-free graphs which we present in the next two sections below. In particular, we pay more
attention on structural/decomposition theorems (if exist) which are used in proving polynomial
x-boundedness for such classes of graphs. The graphs in is useful to justify the tightness

of the bound for some classes of graphs.

Obs. Graph G Property of G w(G) X(G) Ref.
1 | Cs5[tKq] + K, (2P, paw, K7 V Py)-free max{2,[} | max{3,(}
2 | Cs5]Ky] (3K1,Cy, K1 V Py)-free 2t [5¢] 133, [34]
3 | Ki[Cs) (3K1,2P,, K1 + K3, Ps)-free 2t 3t [33, 91]
4 | Ki[C5] VvV Ky (3K1,2P, K1 + K3, Ps)-free | 2t +1 3t+1 [33], 91]
5 C5[K1,C5, K1, K1,Cs] | (Ps, Ky)-free 3 5 [63, [144]
6 Grotzsch Graph (P2 + P3,3P,,K3)-free 2 4 [144]
7 Co-Clebsch graph (Py + P3, Py + Ps, P5)-free 5 8 [92]
8 | Schlifli graph (Py + Ps, Py + P;)-free 6 9 [45, [107]
9 | Co-Schlafli graph (Py + P53, Ky — e)-free 3 6 [105]

Table 1: Some extremal graphs, where t,p € N.

Proposition 1.9 ([68]) Let G; = Cs, and for k € N, let Gy = C5[Gi]. Then for each k, Gy, is
(Ps, Ps, bull)-free with w(Gy,) = 2% and x(Gy) > ().

1.5.1 Polynomially x-bounded Ps-free graphs

In this section, we present some subclasses of Ps-free graphs which are polynomially y-bounded.
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Some important basic subclasses of Ps-free graphs:

e The class of P,-free graphs: An early result of Seinsche [159] gives a characterization for
the class of Pj-free graphs (also called cographs or complement reducible graphs). It states that
a non-trivial graph G is Py-free if and only if for every subset X of vertices either G[X] is
disconnected or G[X] is disconnected. Corneil, Perl and Stewert [53] showed that any P,-free
graph can be constructed from a K by means of the union and join operations, and that the
class of Py-free graphs can be recognized in linear time. Furthermore, the class of P;-free graphs
is the smallest class of graphs that includes K7 and is closed under the join and union; see [53].

From above results, one can deduce that every P,-free graph is perfect.

e The class of split graphs: A split graph is a graph whose vertex-set can be partitioned into
a stable set (possibly empty) and a clique (possibly empty). A well-known result of Foldes and
Hammer [66] gives a characterization for the class of split graphs. Indeed they showed that
given a graph G, the following three statements are equivalent: (i) G is a split graph. (ii) G is
a (2P,, Cy, Cs)-free graph. (iii) G and G are chordal. It is easy to show that every split graph
is a perfect graph.

e The class of pseudo-split graphs: A graph is a pseudo-split graph if it is (2P, Cy)-free.
Pseudo-split graphs were introduced by Maffray and Preissmann [129] as a generalization of
the class of split graphs. They proved that pseudo-split graphs can be recognized in linear
time by using a characterization based on a ‘degree sequence’. Moreover they showed that (see
also [9]) a graph is (2P, Cy)-free if and only if its vertex-set can be partitioned into three sets
Vi, Vs, and V3 such that V; induces a Cs or is empty, V5 is a clique, V3 is a stable set, V] is
complete to V3, and V; is anticomplete to V3. Gyarfas [81] (and independently Blaszik et al.
[9]) proved that the class of (2P, Cy)-free graphs is linearly x-bounded with smallest y-binding
function defined by f(x) = z 4+ 1. Indeed, they showed that every such a graph G satisfies
X(G) < w(@) + 1, and the equality holds if and only if G is not a split graph.

e The class of 2P,-free graphs: The class of 2P,-free graphs generalizes the class of split
graphs and the class of pseudo-split graphs. Using a construction of Erddés and Hajnal [60],
Wagon [I68] established that f(z) = (*7') is a suitable x-binding function for the class of
2Py-free graphs (see [138] for the class of ¢P,-free graphs). As noted by Wagon, this function is
not the smallest y-binding function for such a class of graphs. Indeed, Nagy and Szentmikldssy
(unpublished), and Gaspers and Huang [73] showed that every (2P,, Ky)-free graph G satisfies
X(G) <4, and the graph C5 V K7 shows that the bound is tight. Thus when G is a 2Ps-free
graph with w(G) = 3, Wagon’s bound is not tight. Recently Geier [74] slightly improved the
bound of Wagon by using the same approach of Wagon and proved that every 2Ps-free graph G
satisfies x(G) < (“’(Gz)ﬂ) -2 {@J , and that the bound is tight for w(G) < 3. From a result of

Chung [51], it is also known that there is a 2Py-free graph G such that x(G) > 3(w(G) + 1)'**

for every € > 0. However, the problem of finding the smallest x-binding function for the class
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of 2P,-free graphs is open (see Problem 2.16 in [81]).

Apart from pseudo-split graphs, linear y-binding functions were proved for subclasses of the
class of 2P,-free graphs by many researchers, and we state here a few of them (see [22] and
[104] and the references therein for more). Fouquet et al. [68] showed that every (2P, Ps)-free
graph G satisfies x(G) < L%W(G)J, and that the bound is tight (see Obs. |3| and Obs. |4] of
for tight examples). Brause et al. [22] proved that every (2P,, K; V Py)-free graph
G satisfies x(G) < max{3,w(G)} which is tight, by Obs. [I] of [Table 1] In [104], Karthick and
Mishra proved that every (2P, P, + P3)-free graph G satisfies x(G) < w(G) + 1 and that the
bound is tight. In the same paper, they also showed that every (2P,, 4-wheel)-free graph G

satisfies x(G) < w(G) + 5, and that every (2P, HVN)-free graph G satisfies x(G) < w(G) + 3.

e The class of 3K;-free graphs: Note that this class is also a subclass of the class of claw-free
graphs which is well-studied in the literature (see [64] for a survey). Chudnovsky and Seymour
[46] proved that if G is a connected claw-free graph with a(G) > 3, then x(G) < 2w(G), and
that the bound is ‘asymptotically tight’. We call a graph G with o(G) < 2 as a 3K;-free graph.
From a more general result of Gyarfas [81], it is known that the smallest x-binding function
f* for the class of 3K;-free graphs satisfies $R(3, © + 1) < f*(x) < R(3,z). A celebrated
result of Kim [I13] states that this special Ramsey number R(3,z) has order of magnitude
O(£-). Thus one can conclude that if G is a 3K;-free graph, then x(G) is bounded both sides

log z

by O(I:g(f();)). It is also known that the class of (3K, 2P,)-free graphs, which is subclass of

the class of 3K;-free graphs, does not admit a linear x-binding function [22]. However, the

problem of finding the smallest y-binding function for the class of 3K;-free graphs is open, and
seems to be hopelessly difficult (see [19]). On the other hand, (linear) x-binding functions were
proved for several subclasses of the class of 3K;-free graphs, and we mention here a few of them.
Kierstead [I11] showed that if G is a (3K, K5 — e)-free graph, then x(G) < w(G) + 1. From a
result of Hoang and McDiarmid [87], every (3K, Cs)-free graph G satisfies x(G) < w(G)*/2.
Henning et al. [84] proved that if G is a (3K}, K1 4+ Ky)-free graph, then x(G) < 2w (G), and
that the bound is tight (see Obs. [3land Obs. [ of [Table 1)). Later, Joos [94] generalized this
result and showed that every (3K7, K1 + K5)-free graph G satisfies y(G) < Zw(G). Choudum et
al. [33] proved a structure theorem and deduced that every (3K, 4-wheel)-free graph satisfies
X(G) < 2w(G), and they also proved tight chromatic bounds for the class of (3K, F))-free
graphs, where I’ € {flag, kite, K; V Py, Ps} using structure theorems.

The class of (Ps, H)-free graphs, where |V(H)| =4 and a(H) = 2:

e The class of (Ps, paw)-free graphs: From a result of Olariu [I36], it is known that if a graph
is paw-free, then either it is triangle-free or it is a complete multipartite graph. Since a complete
multipartite graph is a perfect graph, and since every (Ps, triangle)-free graph H satisfies
X(H) < 3 [63], it follows that every (Ps, paw)-free graph G satisfies x(G) < max{3,w(G)}.

Clearly this bound is tight, by Obs. [I] of [Table 1]
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e The class of (Ps, C,)-free graphs: Fouquet et al. [68] examined the class of (Ps, Cy)-free
graphs and proved a decomposition theorem for such a class of graphs. Using that result,
they deduced that every (Ps, Cy)-free graph G satisfies x(G) < %w(G). From a decomposition
theorem of Fouquet et al. [68], one can easily deduce that if G is a connected (Ps, Cy)-free
graph, then either G has a universal vertex or GG has a clique cut-set or GG is a clique expansion
of a C5. It is known that [28] if G is a clique expansion of a Cs, then x(G) < [3w(G)]. From
these results, it not hard to show that every (Ps, Cy)-free graph G satisfies x(G) < Ew(Gﬂ,
by using induction on the number of vertices (see also [32]). Moreover the bound is tight, by

Obs. 2 of [Table 11
e The class of (Ps, K4 — e)-free graphs: Brandstadt [14] studied the structure of (Ps, K4 —e€)-

free graphs using the concept of ‘prime graphs’ and ‘modular decomposition’ of graphs, and
proved that several algorithmic graph problems can be solved in linear time. Shiermeyer and
Randerath [I53] showed that every (Ps, Ky — e)-free graph G satisfies x(G) < w(G) + 1. In [30],
Choudum and Karthick gave a characterization for the class of (Ps, K4 — e)-free graphs. Using
their characterization, it not difficult to show that if G is a connected (Ps, K4 — e)-free graph,
then either G is perfect or G has a clique cut-set or G has twins or x(G) < 3. Now it is easy
to prove that every (Ps, Ky — e)-free graph G with w(G) > 2 satisfies x(G) < max{3,w(G)},
by using induction on the number of vertices (see also [74]). Moreover the bound is tight, by

Obs. [l of Table 11
The class of (Ps, H)-free graphs, where |V(H)| =5, a(H) = 2 and H is 2P>-free:

e The class of (Ps, P;)-free graphs: In 1993, Fouquet [67] proved a decomposition theorem
which states that if G is a (Ps, Ps)-free graph, then either G has a homogeneous set, or G is
isomorphic to Cs, or G is Cs-free. (See Chudnovsky et al. [38] for a refinement of this result
which gives a characterization for such a class of graphs.) Using this, he proved that this
class of graphs can be recognized in O(n®) time. Later, in 1995, Fouquet et al. [68] showed
that every (Ps, Ps)-free graph G has a vertex-subset T such that G — T is a perfect graph
and w(G[T]) < w(G) — 1. From this, the authors deduced that every (Ps, Ps)-free graph G
satisfies x(G) < (“’(G2)+1). They also established that there is no linear y-binding function for
the class of (Ps, Ps)-free graphs. Indeed they constructed a class of (P, P5)-free graphs £ such
that x(G) > w(G)*e2571 for all G € L (see [Proposition 1.9)). These results provide a partial
solution for the 35 years old open problem of Gyarfas which asks for the smallest y-binding
function for the class of (Ps, P5)-free graphs (see Problem 4.8 in [81]).

e The class of (Ps, K; V Py)-free graphs: Bodlaender et al. [10] investigated this class of
graphs and proved that many well-known NP-complete problems can be solved in linear time.
They also showed a linear time algorithm for the recognition of such graphs. On the lines of
Bacsé and Tuza [5], Choudum et al. [32] in 2007 proved a decomposition theorem for the class
of (Ps, K V Py)-free graphs. It states that if G is a connected (Ps, K; V Py)-free graph, then
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V(@) can be partitioned into two sets V; and V5 such that G[V;] contains a dominating-C5 or
Vi =0, and G[V5] is a perfect graph. Moreover, G[V3] is Py-free, if Vi # (). As a consequence of
this result, they established that every (Ps, Ky V Py)-free graph G admits a perfect 4-coloring,
and hence every such a graph G satisfies x(G) < 4w(G), by [Proposition 1.6, In 2019, Randerath
and Schiermeyer [I53] improved this bound and showed that every (Ps, Ky V Py)-free graph G
satisfies x(G) < 3w(G) — 3. Later in 2019, Cameron, Huang and Merkel [28] proved that every

(P5, K1 V Py)-free graph G satisfies x(G) < 3w(G) via a structure theorem for such a class of
graphs based on prime graphs and modular decomposition which was proven by Brandstadt
and Kratsch [I6]. Moreover they claimed that the bound is tight. But the bound is not tight
except for w(G) = 2. Recently Chudnovsky et al. [39] proved a structure theorem for the class
of (Ps, Ky V Py)-free graphs which states that if such a graph is connected, then either it is
a perfect graph, or it can be obtained from one of the 10 basic graphs (see Fig. 2 of [39])
each contains a (5 by expanding each vertex of them by a Pj-free graph, or it belongs to a
well-defined specific class of graphs. From this result, they showed that every (Ps, KV Py)-free
graph G satisfies x(G) < [2w(G)]. Moreover the bound is tight, by Obs. of Table .

1
e The class of (Ps, P, + Ps)-free graphs: Brandstidt and Hoang [I5] showed that if G is a
(P5, P, + Ps)-free graph which has no clique cut-set, no universal vertex and no twins, then
either G is G* or every C5 in G is dominating (see [92] for the graph G*). Huang and Karthick
[92] extended this result and established that if G is a (P5, P, + P3)-free graph which has
no clique cut-set, no universal vertex and no twins, then either GG is an induced subgraph of
the complement of the Clebsch graph, or G is a Ps-free expansion of a Cs, or G has a stable
set S such that either w(G — S) < w(G) — 1 or G — S is perfect, or it belongs to a special
class of graphs. From this result, they deduced that every (Ps, P, + Ps)-free graph G satisfies
X(G) < [2w(@)], and that the bound is attained by the complement of the 5-regular Clebsch
graph on 16 vertices (see Obs. m of . They also proved a complete characterization of a
(Ps, P> + P3)-free graph G that satisfies that satisfies x(G) > 3w(G), and constructed a class

of (Ps, P, + Ps)-free graphs B such that every graph G € B satisfies x(G) = [3w(G)]| — 1.

e The class of (Ps, kite)-free graphs: Brandstidt and Mosca [I§] studied the structure of
‘prime’ (Ps, kite)-free graphs and showed that WEIGHTED INDEPENDENT SET can be solved
efficiently. Recently, Brause and Geifler [21] showed that every (Ps, kite)-free graph G satisfies
X(G) < 3 (if w(@) <2) and x(G) < 2w(G) — 2 (if w(G) > 3). This implies that every (Ps,
kite, K4)-free graph G satisfies x(G) < 8, and that every (Ps, kite, K7)-free graph G satisfies
X(G) < 10. These bounds do not seem to be tight, and hence the function f(z) = 2z — 2 for
x > 3 does not seem to be the smallest x-binding for the class of (Ps, kite)-free graphs. Indeed,
the problem of finding the smallest x-binding function for the class of (2P, K+ K3)-free graphs
(which is a subclass of the class of (Ps, kite)-free graphs) is open. Huang, Ju and Karthick [91]
proved that every (P, kite)-free graph G with w(G) < 6 satisfies x(G) < |3w(G)], and that

2
the bound is tight. Further, they showed that every (Ps, kite)-free graph G with w(G) > 6
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satisfies x(G) < 2w(G) — 3, and they proposed the following.
Conjecture 2 ([91]) Every (Ps, kite)-free graph G satisfies x(G) < [2w(G)].
If the conjecture is true, then the bound is tight, by Obs. 3] and Obs. [4] of Table [1}

Since the class of Kj-free graphs is a subclass of the class of (HVN, K + Kj)-free graphs, the
next two subclasses of Ps-free graphs generalize the class of (Ps, K4)-free graphs. So if H € {HVN,
K, + K,} and if G is a (Ps, H)-free graph with w(G) < 3, then x(G) < 5, and the bound is tight
[63]. Below we present the status of the smallest x-binding function for these classes of graphs

when w > 4.

The class of (Ps, HVN)-free graphs: In 2016, Malyshev [I31] proved that every (P5, HVN)-free
graph G satisfies x(G) < max{16,w(G) + 1}. Clearly the bound given by Malyshev is not tight.
Geifler [74] showed that given a critical (Ps, HVN)-free graph G, if G is Cj-free, then either G
is perfect or G = C7, and if G contains a Cs with w(G) > 4, then x(G) < w(G) + 1. Using this
result, he proved that every (Ps, HVN)-free graph G with w(G) > 4 satisfies x(G) < w(G) + 1.
Moreover, the bound is tight.

The class of (Ps, K7 + K,)-free graphs: It can be easily shown that if G is a (Ps, K7 + Ky)-free
graph, then x(G) < 5w(G). This can proved by induction on w(G) using the fact that every
(Ps, K4)-free graph is 5-colorable [63] as follows: For any v € V(G), we have x(G) < x(G[N(v)]) +

X(G[{v} U N(v)]). Now since the set of non-neighbors of any vertex in G induces a (Ps, Ky)-free
graph and since w(G[N (v)]) < w(G)—1, we observe that x(G) < 5w(G[N(v)])+x(G[{v}UN()]) <
5(w(G) — 1) + 5 = 5w(G). Clearly this bound is not tight. There are examples of such graphs G
with w(G) = k and x(G) = | 2k], for each k € N (see Obs. |3 and Obs. of Table . The problem

of finding the smallest x-binding function for the class of (Ps5, Ky + K,)-free graphs is open.

The class of (Ps, H)-free graphs, where a(H) > 3 or H contains a 2P5:

First observe that since the class of (3K, 2P,)-free graphs does not admit a linear y-binding
function [22], for any H; and H, if each H; contains either a 3K, or a 2P,, then the class of
(Hy, Hy)-free graphs does not admit a linear y-binding function. So the class of (Ps, H)-free graphs,
where a(H) > 3 or H contains a 2P, does not admit a linear y-binding function. The problem of
finding the smallest x-binding function for the class of (Ps, H)-free graphs (where a(H) > 3 or H

contains a 2P,) is wide open. We give below some known partial results.

e Chudnovsky and Sivaraman [49] proved that every (Ps, bull)-free graph G is perfectly divisible,
and so x(G) < (“(GQ)“), by |Proposition 1.7|.

e Karthick, Kaufmann and Sivaraman [99] showed that every (Fg,chair)-free graph is perfectly
divisible. This implies that every (Ps,chair)-free graph G satisfies x(G) < (W(GZ)H), by
Hence for F € {K; + P3,2K; + P>}, every F-free graph is perfectly divisible, and
hence every such a graph G satisfies y(G) < (‘”(GZ)H). These results partially settled a problem
of Gyérfas; see Problem 2.20 of [81].
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Karthick, Maffray and Pastor [103] proved that if G is a (Ps, banner)-free graph, then either
G has a homogeneous set or G is 3K;-free or G is perfect. Geifler [74] proved that every (Ps,
banner)-free graph G satisfies x(G) < g(w(G)), where g(z) is the smallest x-binding function
for the class of 3K;-free graphs.

Schiermeyer [152] showed that every (Ps, butterfly)-free graph G satisfies x(G) < ¢ w(G)? for
some fixed ¢ > 0. This cubic bound has been improved to a quadratic bound by Dong et al.
[56]. They claimed that if G is (Ps, butterfly)-free, then x(G) < 3(w(G)? — w(G)).

Schiermeyer [152] established that every connected (Ps, (K7 + Py) V Kj)-free graph G satisfies
x(G) < w(G)? Since the graph (Ps, (K; + Py) V K;) contains both dart and cricket, f(z) =
is also a y-binding function for the class of (Ps, dart)-free graphs and for the class of (P,
cricket)-free graphs. Later Brause and Geifler [21] proved that every (Ps, dart)-free graph G
satisfies x(G) < g(w(@G)), where g(x) is the smallest x-binding function for the class of 3K;-free

graphs.

If G is a (P5, Co-banner)-free graph, then it is shown that x(G) < (“’(GQ)H) [22]. However, a
better argument for such a class of graphs has been given by Geifler [74]. He proved that every
(Ps, Co-banner)-free graph G satisfies x(G) < ¢(w(G)), where ¢(z) is the smallest y-binding
function for the 2P;-free graphs.

Brause et al. [20] showed that if G is a (P5, Ky3)-free graph, then x(G) < ¢ w(G)3?, for some
fixed ¢ > 0. An improvement to this bound was given by Dong, Xu and Xu [55] recently. They
proved that for such a graph G, we have x(G) < 2w(G)? — w(G) — 3.

If G is a (Ps, Ko+ K3)-free graph, then one can easily show that x(G) < w(G)—i—S(‘”gG)), by using
the Wagon’s technique [168] as follows: Let G be a (Ps, Ky + K3)-free graph with w(G) = w.
Let K be a maximum clique in G, and say K := {vy,vq,...,0,}. Fori,j € {1,2,...,w}, define
Ki={veV(G)\K|K\Nw) ={uv}}, and for i # j, K, :={v € V(G)\ K | {vi,v;} €
KN N(v)}. Then it is easy to see that each K; U {v;} is a stable set (otherwise, we get a clique
of size w + 1), and that each G[K, | is Ks-free (otherwise, G induces a Ky + K3). Now since
every (Ps, K3)-free graph is 3-colorable, it follows that x(G) < w(G) + B(W(QG)).

Let H := K +H*, where H* € {K,+ K3, paw, Ky—e, Cy} and let ¢(z) be the smallest y-binding
function for the class of (P5, H*)-free graphs. Then for any (Ps, H)-free graph G, we have
X(G) < w(G)Y(w(G)) which can be seen as follows: Let K be a maximum clique in G. Then
every vertex in V(G) \ K has a non-neighbor in K. Since for any v € K, G[{v}UN(v)] induces
a (Ps, H*)-free graph, we see that x(G) < w(G)Y(w(G)). For instance, since every (Ps, Ky — e)-
free graph G’ satisfies x(G’) < max{3,w(G")}, we see that every (Ps, K; + (K, — €))-free graph
G satisfies x(G) < max{3w(Q@),w(G)?*}.

Wu and Xu [I71] showed that every (Ps, crown)-free graph G satisfies x(G) < 3(w(G)? — w(G)).
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1.5.2 Polynomially x-bounded Pgs-free graphs
In this section, we present some subclasses of Ps-free graphs which are polynomially y-bounded.

The class of (P + Ps3)-free graphs: Two subclasses of Ps-free graphs are well-explored in
the literature with respect to xy-boundedness, one is the class of Ps-free graphs which we have
presented in detail in the last section, and the other is the class of (P, + P3)-free graphs. The class
of P, + Ps-free graphs includes both the class of 3K;-free graphs and the class of 2P,-free graphs.
Bharathi and Choudum [§] showed that (P; + P3)-free graph G satisfies x(G) < (w(%)“). Clearly
this bound is not tight. Several classes of (P, + P3)-free graphs have been shown to admit better

(linear /smallest) x-binding functions, and we list some of them below.

e Let G be a (P, + P3, Ky — e)-free graph with w(G) > 2. Bharathi and Choudum [8] showed
that if w(G) = 2, then x(G) < 4 (and that the bound is tight, by Obs. [f] of [Table 1J), and
if w(G) > 5, then G is perfect. Karthick and Mishra [105] showed that if w(G) = 3, then
X(G) < 6, and that the bound is tight (see Obs.[J] of [Table 1]). Prashant et al. [139] showed
that if w(G) = 4, then x(G) = 4.

e In [31], Choudum and Karthick derived a decomposition theorem for the class of (P, + P3, Cy)-
free graphs, and showed that every such graph G satisfies x(G) < [2w(G)]. Furthermore the

1
bound is tight (see Obs. |2 of Table [1| for the tight examples).

e Wu and Xu [171] proved that if G is a (P, 4+ Ps, crown)-free graph, then x(G) < 1w(G)? +
%w(G) + 1. Clearly this bound is not tight. However it is known that, since the class of (P, + P,
crown)-free graphs includes the class of 3K;-free graphs which does not admit a linear y-binding
function [22], the class of (P, + P3, crown)-free graphs too does not admit a linear y-binding

function.

The class of (K; + P,)-free graphs: Randerath and Schiermeyer [144] proved that the
class of (K + Py)-free graphs is y-bounded, and the smallest y-binding function f*(z) satisfies
IR,z +1) < f*(x) < (*1'). The class of (K + Py, K + Py)-free graphs is a subclass of the
class of (K + Py)-free graphs, which is well-studied by the researchers. Rao [146] studied the
structure of (K + Py, K1 + P,)-free graphs, and Brandstidt, Le and Mosca [17] showed that such
graphs has bounded clique-width. With respect to y-boundedness, if G is a (K| + Py, K; + P,)-free
graph, since the neighborhood (similarly, the non-neighborhood) of any vertex induces a Pj-free
subgraph, and since every Pj-free graph is perfect, it is easy to prove by induction on |V (G)|
that x(G) < 2w(G) — 1. In [101], Karthick and Maffray established the best possible bound for
the class of (K + P4, m%free graphs. Indeed they proved a structure theorem for the class
of (K; + Py, K| + P,)-free graphs which states that any (K; 4+ Py, K| + P,)-free graph is either
a perfect graph or it can be obtained from one of the 10 basic graphs (see Fig. 1 of [101]) each
contains a C5, by expanding each vertex of them by a Ps-free graph or it belongs to a well-defined
class of graphs, namely H (see [101] for the definition of H). From this result, they deduced that
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every (Ki 4+ Py, Ky + Py)-free graph G satisfies x(G) < [2w(G)]. Moreover the bound is tight (by

Obs. of.

The class of (P, H)-free graphs, for various H:

e The class of (Pg, triangle)-free graphs: Let G be a (Fg, K3)-free graph. Randerath,
Schiermeyer and Tewes [145] showed that x(G) < 4. Further they showed that if x(G) = 4
with no twins, then either G contains a Mycielski’s 4-chromatic triangle-free graph or G is
an induced subgraph of a 16-vertex Clebsch graph. Recently Chudnovsky et al. [47] gave
an explicit construction for all (P, K3)-free graphs, and it is based on the 16-vertex Clebsch
graph, the 8-vertex Mobius ladder, and the graph obtained from a complete bipartite graph by

subdividing each edge of a perfect matching.

e The class of (Pg, paw)-free graphs: From an earlier mentioned result of Olariu [136], if G is a
(Ps, paw)-free graph, then either it is (FPg, triangle)-free or it is a complete multipartite graph. So
from the above item, it follows that every (Fg, paw)-free graph G satisfies x(G) < max{4,w(G)}.

e The class of (Ps, K4 — e)-free graphs: Karthick and Maffray [100] established that if G
is a (Ps, F, K4 — e)-free graph, then x(G) < w(G) + 1 (here, E' is the graph which contains
a Ps plus a pendant vertex attached to the mid-vertex of Ps). Karthick and Mishra [105]
proved that the chromatic number of a (Fs, Ky — e, K4)-free graph is at most 6, and that
the complement of the 16-regular Schléfli graph on 27 vertices attains the bound (see Obs.
of [Table 1]). In the same paper, they showed that every (Ps, K4 — e)-free graph G satisfies
X(G) < 2w(G) + 5, and conjectured that every such a graph G satisfies x(G) < w(G) + 3. In
[27], Cameron, Huang and Merkel confirmed that the conjecture is true in general, and later
Goedgebeur, Huang, Ju and Merkel [76] showed that every (Ps, K, — e)-free graph G with
w(@) > 3 satisfies x(G) < max{6,w(G)}, and that the bound is tight.

e The class of (Pg, C4)-free graphs: Brandstiddt and Hoang [15] showed that if a (P, Cy)-free
graph G has no clique cut-set, then the vertex-set of every C5 in GG is a dominating set, and
if G contains a Cg which is not dominating, then G is the join of a clique expansion of the
Petersen graph and a (possibly empty) clique. Gaspers and Huang [72] extended this result
on the same lines and showed that if a (Ps, Cy)-free graph G has no clique cut-set, either G
contains a vertex with degree at most %W(G) — 1, or G contains a universal vertex, or G is a
clique expansion of the Petersen graph or the graph F' (see Figure 1 of [72] for the graph F).
As a corollary, they proved that every (Fg, Cy)-free graph G satisfies x(G) < %w(G). Later,
Karthick and Maffray [102] explored the structure of (Ps, Cy)-free graphs further in detail and
showed that if G is a (Ps, Cy)-free graph that has no clique cut-set or an universal vertex, then
G is either a clique expansion of some special graphs or belongs to several special classes of
graphs. As a consequence of this result, they deduced that every (Ps, Cy)-free graph G satisfies

X(G) < [3w(@)]. Moreover, the bound is tight, by Obs. of Table 1}
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e The class of (P, K1 V Py)-free graphs: Choudum, Karthick and Shalu [32] proved a
decomposition theorem which states that if G is a connected (Fs, K7 V Py)-free graph, then
its vertex-set can be partitioned into three sets, say Vi, V5 and V3 such that G[V;] contains a
dominating induced giant wheel (if V; # 0), and G[Vz] and G[V3] are perfect graphs. (Here, a
giant wheel is either a C5 or the graph which consists of a £C'5 plus a vertex which is adjacent
to exactly three non-consecutive vertices in each Cjs.) Using this result, they showed that every
(Ps, K1V Py)-free graph admits a perfect 8-coloring which implies that every (FPs, K V Py)-free
graph G satisfies x(G) < 8w(G). The current best known upper bound for such a class of
graphs follows from a more general result of Schiermeyer and Randerath [I53]. That is, every
(Ps, K1V Py)-free graph G satisfies x(G) < 4(w(G) —1).

The problem of finding the smallest x-binding function for the class of (FPs, H)-free graphs, where
|V(H)| >3 and H ¢ {K3, Py, Ky — e,Cy, paw} is open.

1.6 x-boundedness and famous conjectures

In this section, we present the relation between y-boundedness and some interesting conjectures in

graph coloring theory.

1.6.1 Gyarfas-Sumner Conjecture

Let £ := {Ly, La,...,L;} be a finite family of graphs. Since there are graphs with arbitrarily
large chromatic number and high girth (by [Theorem 1.4)), if G is a class of L-free graphs which
is x-bounded, then one of the graphs in £ must be a forest. Gyarfas [81] and Sumner [163]

independently conjectured that the converse is also true:

Conjecture 3 ([81], 163]) If L is a finite family of graphs that contains a forest, then the class
of L-free graphs is x-bounded.

Observe that it is enough to prove [Conjecture 3, when L is a singleton set, say {F'}, where F
is a forest. Kierstead and Penrice [109], and independently Sauer [I50] proved that if F' is a forest,

then the class of F-free graphs is x-bounded if and only if the class of T-free graphs is x-bounded
for every component T' of F. Hence, to prove [Conjecture 3| it is enough to prove the following.

Conjecture 4 ([81, 163]) If T is any tree, then the class of T-free graphs is x-bounded.

Besides the class of Pi-free graphs, the class of K ;-free graphs [81], the class of T-free graphs,
when T is a tree of radius two [L09] or T is a subdivision of star [154] or T" is a particular tree
of radius three tree [I12], and the class of t-broom-free graphs (where a t-broom is the graph
constructed from the Kj;.; by subdividing an edge once) [124] are known to be y-bounded.
Recently due to the pioneering work of Chudnovsky, Scott and Seymour, the conjecture has been

verified for some special classes of trees which generalize several previously known results; see

[48, 158]. Despite several partial contributions, [Conjecture 4| is still open.
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1.6.2 Hadwiger Conjecture

If G is a graph, then any graph obtained from a subgraph of G' by contracting edges is called a
minor of G [149]. Kuratowski’s theorem [121] says that planar graphs are precisely the graphs
that do not contain K5 or K33 as a minor. So from the Four color theorem, we conclude that
every graph with no K5 or K33 minor are 4-colorable. Clearly, if a graph G has no Ky minor, then
G is an empty graph and hence it is 1-colorable; and if a graph G has no K3 minor, then G is a
forest, and hence it is 2-colorable. In 1943, Hadwiger [83] showed that every graph with no K,

minor is 3-colorable, and posed the following.

Conjecture 5 ([83]) For any integer t > 0, every graph with no K1 minor is t-colorable.

For t = 4, Wagner [167] showed that is equivalent to the Four Color Theorem
[1, 2], and so holds. When ¢ = 5, Robertson, Seymour and Thomas [149] showed
that holds with the aid of the Four color theorem. For ¢ > 6, is open.
But for several hereditary classes of graphs is shown to be true; see [29]. We refer to
Seymour [160], Kawarabayashi [106], and Cameron and Vuskovié¢ [29] for surveys on Hadwiger’s

conjecture. In [29], Cameron and Vuskovié¢ established a relationship between x-boundedness and

which is given below.

Theorem 1.10 ([29]) If G is a hereditary class of graphs that satisfies the Vizing bound (i.e.

every G € G satisfies x(G) < w(G) + 1), then holds for G.

By [Theorem 1.10] |(Conjecture 5| hold for the following classes of graphs since they satisfy the

Vizing bound for the chromatic number: Perfect graphs, line graphs of simple graphs [166], the
class of (chair, HVN)-free graphs [142], the class of (chair, K5 — e)-free graphs [142], the class
of (even-hole, K, — e)-free graphs [I17], the class of (Ps, K; — e)-free graphs, the class of (F,
paw)-free graphs, the class of (P, £, K4 — e)-free graphs [100] and many more; see [29, 153, [165].

1.6.3 Reed Conjecture

In 1998, Reed [147] suggested that the chromatic number of a graph can be upper bounded by a

convex combination of its clique number and its maximum degree plus 1, and is given below.
Conjecture 6 ([147]) For any graph G, we have x(G) < ’VA(G)JF;’(G)WLl-"

Odd holes, the Chvatal’s 4-regular, 4-chromatic triangle-free graph [52] and C5[K;| (see Obs.
of show that the ‘rounding up’ in Conjecture |§| is necessary. is obvious for
graphs G with w(G) € {A(G), A(G) + 1}, and for graphs G with w(G) = A(G) — 1, by Brooks’
theorem [25]. Using probabilistic methods, Reed [147] verified Conjecture [f] for graphs G which
have sufficiently large A(G) and w(G) is sufficiently close to A(G). He also showed that there is
some k > 0 such that every graph G satisfies x(G) < [kw(G) + (1 — k)(A(G) + 1)]. Furthermore,

Conjecture [0 has been verified for some special classes of graphs such as: Line graphs of multigraphs
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[116], the class of almost-split graphs [118§], the class of K 3-free graphs [114], the class of (odd
hole)-free graphs [3], some subclasses of chair-free graphs [3], graphs with disconnected complements
[140], and for graphs with restrictions on A and x; see [118|, [140]. However, Conjecture |§| is still
open in general, and seems a lot harder even for the class of triangle-free graphs. Kostochka (cf.

[93]) showed that if G is a triangle-free graph, then x(G) < 2(A(G) + 2).

In 2008, Gernet and Rabern [75] was the first to explore the relation between y-boundedness
and [Conjecture 6 Indeed, they proved the following.

Theorem 1.11 ([75]) If G is a hereditary class of graphs such that every G € G satisfies
X(G) < w(G) + 2, then holds for G.

This implies that the class of graphs which satisfies the Vizing bound satisfies |[Conjecture 6|
We refer to the last paragraph of for several such classes of graphs. In 2018,
Karthick and Maffray [I01], by using a result of King [IT5] which states that every graph H

2

with w(H) > £(A(H) + 1) has a stable set which meets every maximum clique of H, showed the

following:

Theorem 1.12 ([101]) If G is a hereditary class of graphs such that every G € G satisfies
X(G) < [2w(@)], then holds for G.

Since the class of (Fg, Cy)-free graphs and the class of (K; + Py, K1 + Py)-free graphs have

flz) = Ex] as the y-binding function, it follows that holds for such classes of graphs,
by [Theorem 1.12] The converse of [Theorem 1.12]is not true in general. For instance, the class of

(Ps, Ps)-free graphs satisfies [69], but it is known that no linear y-binding function
exists for such a class of graphs [68].

is open for the class of Ps-free graphs. Schiermeyer [I51] showed that if G is
a connected Ps-free graph with w(G) > 3 and with at least 10w(G) x 3°(9=3 vertices, then

holds for G. From earlier sections, for L; € {K; — e,paw, HVN}, since every
(Ps, Ly)-free graph G satisfies x(G) < w(G) + 2, it follows that holds for the class
of (Ps, Ly1)-free graphs, by [Theorem 1.11| Also for Ly € {Cy, K1 V P,}, since every (Ps, Ly)-free
graph G satisfies x(G) < [2w(G)], |Conjecture 6 holds for the class of (Ps, Lo)-free graphs, by
Theorem 1.12, Recently Geifler [74] verified for the class of (Ps, banner)-free graphs
and for the class of (P5, dart)-free graphs. We refer to [69, [I51] for more partial contributions to

for the class of Ps-free graphs.

1.6.4 Erdos-Hajnal Conjecture

From a result of Erdos [57] on Ramsey theory, it is known that every graph on n vertices contains a
clique or stable set of size at least 5 logn. If G is perfect graph, since a(G)w(G) > |V(G)|, we see
that G has either a clique or a stable set of size at least /|V(G)]. Erdos and Hajnal [61] showed
that given a graph H, there exists a constant ¢ > 0 such that every H-free graph G has either a
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clique or a stable set of size at least e“V1°8IV(G! We say that a hereditary class of graphs G satisfies
the Erdos-Hagnal property if there exists a constant ¢ > 0 such that every graph G € G has either
a clique or a stable set of size at least |V(G)|¢. (In other words, max{w(G),a(G)} > |[V(G)|°.) In
1989, Erdos and Hajnal [61] suggested the following.

Conjecture 7 ([61]) For any graph H, the class of H-free graphs has the Erddos-Hajnal property.

Some partial contributions are available in the literature, and we mention here a few of them.
Note that the conjecture is trivially true for H is P, or 2K, and that the class of H-free graphs has
the Erdos-Hajnal property if and only if the class of H-free graphs has the Erdés-Hajnal property.

2
logt

triangle-free graph on n vertices has independence number at least O(y/nlogn), and so the class

By a result of Kim [I13], since the Ramsey number R(3,t) has order of magnitude O(:%-), every
of triangle-free graphs has the Erdés-Hajnal property. If H € {K; + P,, P5, P4}, then since every
H-free graph is perfect, the class of H-free graphs has the Erdos-Hajnal property. In fact, all
graphs on at most four vertices are known to satisfy ; see [44]. Chudnovsky and
Safra [43] showed that holds when H is a bull. More precisely, they showed that
every bull-free graph G has a clique or a stable set of size at least |V (G)|1. Reed asked whether
the class of (Ps, C5)-free graphs has the Erdés-Hajnal property (see Problem 38 of [162]). Very
recently, Chudnovsky, Scott, Seymour and Spirkl [44] showed that is true for the
class of Cs-free graphs, and hence the class of (Ps, C5)-free graphs has the Erdos-Hajnal property.
However the conjecture is open when H is Ps or P;. We refer to a survey of Chudnovsky [35] for

more details and related results.

In [I55], Scott and Seymour established the connection between x-boundedness and the Erdos-

Hajnal conjecture.

Theorem 1.13 ([155]) If G is a hereditary class of graphs that admits a polynomial x-binding
function, then G has the Erdéos-Hajnal property.

Indeed, if every graph G € G is such that y(G) < w(G)¥, for some integer k > 1, then since
V(G)| < x(G)a(G) < w(G)*a(G), G has a clique or a stable set of size ]V(G)|k%1 Clearly the
converse of is not true in general. For instance, the class of triangle-free graphs has
the Erdos-Hajnal property, but is not y-bounded.

1.7 Outline of the thesis

In this thesis, we study the (smallest) y-binding function for the class of (P + Ps, P, + Ps)-free
graphs, the class of (Ps, 4-wheel)-free graphs, the class of (Ps, K5 — e)-free graphs, and for the class
of (Ps, flag)-free graphs. Our results generalize/improve several previously known results in the
literature which were stated in the earlier sections. We give below a chapter-wise summary for

each of the remaining chapters.
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Chapter 2: Coloring (P, + Ps, P, + Ps)-free graphs

For a fixed forest F', the problem of finding the smallest x-binding function for the class of
(F, F)-free graphs is open [81] and seems to be hard even when F is a simple type of forest such as
a long path or a subdivided claw. So it is interesting to look for some special cases, in particular,
when F' is a forest on at most five vertices. In this chapter, we are interested in finding the smallest

x-binding function for the class of (P, + P3, P> + P3)-free graphs.

From a result of Randerath, Schiermeyer and Tewes [145], it is known that every (P, +
Ps, P, + Ps3)-free graph G with w(G) = 2 satisfies x(G) < 4, and that the bound is tight (see Obs@
of . However, no smallest y-binding function is known for the class of (P, + P3, P, + Ps)-
free graphs in general. In this chapter, we show that the function g : N — N defined by
g(1) = 1,9(2) = 4, and g(z) = max {z +3,|2| — 1}, for > 3, is the smallest y-binding (or
f-binding) function for the class of (P, + Ps, Py + P3)-free graphs. Our result improves/generalizes
the earlier mentioned results known for the class of (2P, Cy)-free graphs, the class of (P, + Ps,
Cy)-free graphs, the class of (P, + Ps, paw)-free graphs, and the class of (P, + P5, Ky — e)-free
graphs.

Chapter 3: Coloring (Ps, 4-wheel)-free graphs

The class of (Ps, 4-wheel)-free graphs generalizes the class of: (2P,, 4-wheel)-free graphs, (3K, 4-
wheel)-free graphs, (Ps, Cy)-free graphs, and (Ps, K, —e)-free graphs. Recall that every (Ps, Cy)-free
graph H satisfies x(H) < [3w(H)]|. In [32], Choudum et al. proved a decomposition theorem
which states that if G is a connected (Ps, 4-wheel)-free graph, then V(G) can be partitioned into
two sets V1 and V5 such that G[V;] contains a dominating Cy or Vi = ), and G[V4] is (P, Cy)-free.
Using these two results, Choudum et al. [32] deduced that every (Ps, 4-wheel)-free graph G satisfies

X(G) <5[2w(G)]. Obviously this bound is not tight.

In this chapter, we explore the structure of (P, 4-wheel)-free graphs in detail and prove that if
G is a connected (Ps, 4-wheel)-free graph which has no clique cut-set, then either G is a perfect
graph, or GG is a quasi-line graph, or GG has three disjoint stable sets S7, S5 and S3 whose union
meets each maximum clique of GG at least twice and the other maximal cliques of G at least once.
It is known that every quasi-line graph H satisfies x(H) < 2w(H) [40]. As a consequence of these
results, we prove that every (Ps, 4-wheel)-free graph G satisfies x(G) < 3w(G). We also provide

infinitely many (P, 4-wheel)-free graphs H with y(H) > 2w(H).

Chapter 4: Coloring (Ps, K5 — e)-free graphs

In this chapter, we investigate the class of (Ps, K5 — e)-free graphs which generalizes the class
of (Ps, K4)-free graphs and the class of (Ps, K4 — e)-free graphs. Malyshev and Lobanova [132]
explored this class of graphs and proved that if G is a connected (Ps, K5 — e)-free graph with no
clique cut-set, then either w(G) < 3 x 67 or G is 3K -free. Kierstead [108] (see also [111]) showed
that every (3K;, K5 — e)-free graph H satisfies x(H) < w(H) + 1. From these results, it follows
that if G is a connected (P5, K5 — e)-free graph with w(G) > 3 x 67 and has no clique cut-set, then
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X(G) <w(G) + 1. In 2024, Xu [I73] claimed that if G is a connected (Ps, K5 — e)-free graph that
contains a C5 and has no clique cut-set, then G satisfies x(G) < max{13,w(G) + 1}.

Here, we study the structure of a (Ps, K5 — e)-free graph G with w(G) > 5 in detail and prove
that either G is the complement of a bipartite graph or G has a clique cut-set or x(G) < 7. Based
on this structural result, we show that if G is a connected (Ps, K5 — e)-free graph with w(G) > 7,
then either G is the complement of a bipartite graph or G has a clique cut-set. Furthermore,
there is a connected (Ps, K5 — e)-free imperfect graph H with w(H) = 6 and has no clique cut-
set. Using these results, we prove that if G is a (P5, K5 — e)-free graph with w(G) > 4, then
X(G) < max{7,w(G)}, and that the bound is tight when w(G) ¢ {4,5,6}.

Since k-COLORING for the class of Ps-free graphs can be solved in polynomial time for every
fixed positive integer k < 6 [86], it follows from our result and an observation of Ju and Huang [95]
that CHROMATIC NUMBER for the class of (P5, K5 — e)-free graphs can be solved in polynomial

time.

Chapter 5: Coloring (Ps, flag)-free graphs

In this chapter, we are interested in the class of (Ps, flag)-free graphs which generalizes the class
of (P5, K4)-free graphs and the class of (Ps, paw)-free graphs. Recall that every (Ps, K;)-free graph
G satisfies x(G) < 5 and that the bound is tight. Recently Dong et al. in [55] showed that every
(Ps, flag)-free graph G satisfies x(G) < 3w(G) + 11, and later in [56], the same authors improved
their bound, and proved that every (P, flag)-free graph G satisfies x(G) < max{15,2w(G)}. This
implies that if G is a (P, flag, Kj5)-free graph, then x(G) < 15. However, even the improved
function f(x) = max{15,2z} does not seem to be the smallest y-binding function for such a class

of graphs.

Here, we prove that every (P, flag, K5)-free graph G that contains a K, satisfies x(G) < 8,
every (Ps,flag, Kg)-free graph G satisfies x(G) < 8, and that every (Ps,flag, K7)-free graph G
satisfies x(G) < 9. We also gave examples to show that the given bounds are tight. Moreover we
prove that every (Ps, flag)-free graph G with w(G) > 4 satisfies x(G) < max{8, 2w(G) — 3}, and
that the bound is tight for w(G) € {4,5,6}.



Chapter 2

Coloring (P> + P3, P> + Ps3)-free graphs

2.1 Introduction

In this chapter[]7 we are interested in some self-complementary classes of graphs which are y-
bounded. Let C be a hereditary class of graphs. A function ¢ : N — N such that ¢(1) = 1 and
¢(x) > x, for all x € N is called a 0-binding function for C if 0(G) < ¢(a(G)), for each G € C.
The class C is called 8-bounded if there exists a 6-binding function for C. The smallest/optimal
f-binding function ¢* for C is defined as ¢*(z) := max{f(G) | G € C and a(G) = z}. Clearly, a
self-complementary hereditary class of graphs C is y-bounded if and only if C is #-bounded. In
particular, if C is y-bounded, then the smallest x-binding function for C is the same as the smallest
6-binding function for C. For instance, by a result of Lovész [125], the class of perfect graphs
is a self-complementary class of y-bounded (#-bounded) graphs where ¢(x) = z is the smallest

x-binding function as well the smallest #-binding function.

Among other conjectures and problems (some of them are stated in [Chapter 1)), Gyérfas [81]
proposed the following.

Problem 2 ([81]) For a fized forest I, assuming that the class of (F, F )-free graphs F is x-bounded,
what is the smallest x-binding function for F ¢

is open and seems to be hard even when F'is a simple type of forest such as a long
path or a subdivided claw. Moreover, in general, for several known y-bounded classes of graphs,
it is often difficult to find smallest y-binding functions; see [153], 155, [156] for instances. So it is
interesting to look at for some special cases, in particular, when F' is a forest on at most

five vertices. (See for all five-vertex forests.)

Since each forest on at most five vertices is an induced subgraph of a Py or a 4-broom, and
since the class of Py-free graphs and the class of 4-broom-free graphs are x-bounded [81], 124] [157],

clearly the class of (F, F)-free graphs F is y-bounded when F is a forest on at most five vertices.

!The results of this chapter are appearing in “A. Char and T. Karthick. Optimal chromatic bound for (Pa+Ps, Py + D3 )-free
graphs. Journal of Graph Theory 105 (2024) 149—178. https://doi.org/10.1002/jgt.23009"”
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Figure 7: Forests on five vertices.

While smallest x-binding functions for the class of (F, F')-free graphs when F is a forest on at
most four vertices are known, except when F' = K, [81], only three classes of graphs were studied
for when F' is a five-vertex forest. We give below some non-trivial known results for
when F'is a forest on four or five vertices. In this regard, we recall the following known

results from [Chapter 1]

e Every Pj-free graph is perfect [I59]. The function f(x) = x + 1 is the smallest y-binding
function for the class of (2P, Cy)-free graphs [9, R1]. Gyéarfds [81] showed that if F €
{2K;, + Py, Ky + P3}, then f(z) = max{3,x} is the smallest x-binding function for the class
of (F, F)-free graphs. He also showed that f(z) = |2£] is the smallest x-binding function for
the class of (K73, K1 3)-free graphs.

e Every (Ps, Ps)-free graph G satisfies x(G) < (”(GQ)H), and there are (Ps, Ps)-free graphs G
with x(G) > w(G)k, where k = log, 5 — 1 [67]. Karthick and Maffray [I01] showed that every

(K1 + Py, Ki + Py)-free graph G satisfies x(G) < [3w(G)], and that the bound is tight.

Recently, Chudnovsky, Cook and Seymour [36] showed that every (chair, Co-chair)-free graph G
satisfies x(G) < 2w(@G), and that the bound is ‘asymptotically tight’. In 2023, Prashant and Raj
[137] showed that every (2K, + P3, 2K, + Ps)-free graph G with w(G) # 3 satisfies x(G) < w(G)+1
and that the bound is tight. Furthermore, they showed that every (2K, + P3, 2K, + P;)-free graph
G with w(G) = 3 is T-colorable. Thus is open and not even attempted for the remaining
six pairwise non-isomorphic forests on five vertices. In this chapter, we focus on when
F = P, + P;. Randerath, Schiermeyer and Tewes [145] studied the class of (P + P3, P, + P3)-free

graphs which are triangle-free, and showed the following.
Theorem C ([145]) Every (P, + Ps, Py + Ps)-free graph G with w(G) = 2 satisfies x(G) < 4.

The well-known Mycielski’s 4-chromatic triangle-free graph or Grotzsch Graph (see Obs. |§|

of [Table 1)) shows that the bound given in is tight. However, no smallest y-binding

function is known for the class of (P, + P3, Py + P;)-free graphs in general.
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In this chapter, we show that every (P, + Ps, Py + P3)-free graph G with w(G)
3 satisfies x(G) < max{w(G) + 3, [2w(G)| — 1}, and for any k € N and k
3, there is a (P, + P3, P+ Ps)-free graph G such that w(G) = k and x(G) =
max {k: + 3, L%J — 1}. More precisely, we show that the function g : N — N defined
by

>
>

(1) = 1,9(2) = 4, and g(z) = max {x L3 {%J _ 1} forz >3,

is the smallest x-binding (or #-binding) function for the class of (P2 + P, Py + Ps)-
free graphs.

A vertex v in a graph G is a nice vertez if dg(v) < w(G) 4 2. (We drop the subscript G when
the relevant graph is unambiguous.) Recall that a graph G is nice if it has three pairwise disjoint
stable sets, say S, Sy and Ss, such that w(G — (51 U Sy U S;)) < w(G) — 2.

We say that a graph G is good, if at least one of the following hold: (a) G has twins. (b) G has
a universal vertex. (¢) G has a nice vertex. (d) G is a nice graph. (e) x(G) < w(G) + 3.

Since P, + Pj3 is an induced subgraph of a FPs, we use the following result of Karthick and
Maffray [102] which solves the case whenever a (Ps + Ps, P> + Ps)-free graph does not contain a
041

Theorem D ([102]) Every (Ps, Cy)-free graph G satisfies x(G) < [2w(G)].

So to prove our smallest y-binding function for the class of (P, 4+ P3, P, + P3)-free graphs, it
is enough to consider (P, + P3, P, + Ps)-free graphs that contain a Cy. The proof of our result
follows from our structural result for the class of (P, + P, PQTP?,)—free graphs that contain a CY.
Indeed, we show that whenever a (P; + P;, P, + P3)-free graph contains a Cj, then it is a good
graph.

To prove our structural result, first we prove some structural properties of (Po+ Ps, P> + P3)-free

graphs that contain a Cj.

2.2 Properties of (P, + P5;, P> + P;)-free graphs that contain a Cj,

Let G be a (P, + P3, P>+ P3)-free graph. Suppose that G contains a Cy, say with vertex-
set C' := {wvy,v9,v3,v4} and edge-set {vjvq, vous, V34, v4v1}. For ¢ € {1,2,3,4}, i@ mod 4 and
g € {1,2}, we let:

~

A; = {veV(G)\C|Nw)NC ={v}},

B, = {veV(@)\C|Nw)NC={uv;,vis1}},
X; = {veV(G\C|Nw)NC={v;,vj42}},
D = {veV(G)\C|N@nNC=C}and

T = {veV(G\C|NwNC =0}

~

<
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We let A := Al U A2 U A3 U A4, B = Bl U B2 U B3 U B4, and X = X1 UX2 From now on and
throughout this chapter, our indices of A, B, X and v are taken arithmetic modulo 4 (unless

stated otherwise). Since G does not induce a P, + Pj, no vertex in V(G) \ C' is adjacent to exactly
three vertices in C, and hence V(G)\ C = AUBU DU X UT. Further, the graph G has more

properties which give in to

Lemma 2.1 Fori € {1,2,3,4}, the following hold:
(1) A;UT is a stable set.

(i1) Any vertex in A; U B; has at most one non-neighbor in A;1o U Biyq. Likewise, any vertex in
A;11 U B; has at most one non-neighbor in B; 1 U A;_1.

(111) For any vertex p € A; U B; UT, N(p) N (D U Byy2) is a clique. Likewise, for any p €
A;, N(p) N By is a clique. Moreover, for any p € A;, |N(p) N Biso| < 1. Likewise,
[N(p) N Bia] < 1.

(iv) For j € {1,2}, if there are adjacent vertices, say p € A; and q € A;41, then any vertex in X
is adjacent to exactly one of p and q.

(v) Further assume that G is Kys-free. Then any vertex in B; has at most one neighbor in

A; 1 U Biyo. Likewise, any vertex in B; has at most one neighbor in A; 1o U B;is.

Proof. (i): If there are adjacent vertices in A; U T, say p and ¢, then {p, q, v;11, V12, Vi1 3} induces
a Py + P3. So[Lemma 2.1:(7) holds. 1

(7i): Let p € A; U B;. If p has two non-neighbors in A; 5 U B;1, say ¢ and r, then since
{p,vi, ¢, vir2, 7} does not induce a P, + P3, we have gr € E(G), and then {q,, p, v;, v;13} induces

a P + P3. So[Lemma 2.1:(47)| holds, since p is arbitrary. i

(474): If there are non-adjacent vertices in N (p)N (DU B, ), say d; and dg, then {p, dy, vi12, da, vit3}

induces a P, + P5. So the first assertion of [Lemma 2.1:(477)| holds. Next if there are vertices, say

b,b/ € N(p) N By, then by the first assertion, {p, v;, v;y3,b,b'} induces a P, + P3. So the second

assertion [Lemma 2.1:(727)| holds. I

(1v): We prove for j = 1. For any x € Xy, if px,qx € E(G), then {q, z,v;, v;11, p} induces a Py + P,
and if px, qx ¢ E(G), then {p, q, x,v;12,v;13} induces a P, + P3. So x is adjacent to exactly one of
p and q. 1

(v): If there is a vertex, say p € B;, which has two neighbors in A;_; U B9, say ¢ and r, then
{p,vi,vi_1,q,7} induces a Ky3 or a P, + P5. So|[Lemma 2.1:(v)| holds. ]

Lemma 2.2 For j € {1,2}, the following hold:
(i) If there are adjacent vertices, say b € B; and b’ € Bjio, then N(b) N (Bj1 UB;_1UD) =
N{U)N(Bjt1UB;_1 UD,).
(11) X; is a stable set.

(111) Any vertexr in A; U Aj o has at most one neighbor in X;.
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Proof. (i):If there is a vertex, say v € N(b)N(B;+1UB,;_1UD) such that v ¢ N(b')N(B;11UB;_1UD),
then we may suppose (up to symmetry) that v € B;;; U D, and then {b, vj11,vj42,0, v} induces a
P, + P5. So|Lemma 2.2:(4)| holds. i

(27): If there are adjacent vertices in X, say p and ¢, then {v;,vj11,vj42,p, ¢} induces a P, + P;.
So |[Lemma 2.2:(77)| holds.

(249): If there is a vertex, say a € A; U A;;, which has two neighbors in X, say = and 2/, then
{vj, 2,vj49,7,a} induces a P, + P; (by [Lemma 2.2:(44)). So [Lemma 2.2:(iii)| holds. O

Lemma 2.3 The following hold:

(1) B is anticomplete to X.

(i) G[D] is (K1 + K )-free, and hence perfect. Moreover, x(G[D]) = w(G[D]) < w(G) — 2.
(111) X is complete to D.

Proof. (i): By symmetry, it is enough to show that By U By is anticomplete to X;. Now if there are
adjacent vertices, say b € By U By and x € X7, then {vy,ve, v3, 2, b} induces a Py + P3. So By U By

is anticomplete to X;. 11

(12): If there are vertices, say p, ¢ and r in D such that {p, ¢, 7} induces a K1+ K3, then {p, q,r, v, v4}
induces a P, + P3; so G[D] is (K, + Kj)-free. Hence G[D] is perfect. This proves the first assertion
of [Lemma 2.3:(77)l Since D is complete to {vy, v2}, clearly w(G[D]) < w(G) — 2, and hence from
the first assertion, we have x(G[D]) = w(G[D]) < w(G) — 2. This proves the second assertion of
ILemma 2.3:(42)} 1

(7i7): If there are non-adjacent vertices, say d € D and = € X, then we may suppose that = € X7,
and then {vy, vy, v, z,d} induces a P, + Ps. So |[Lemma 2.3: (444 )| holds. O

Lemma 2.4 Let j, k € {1,2} and j # k. Assume that there are adjacent vertices, say p € A; and
q € Ajio. Then:
(i) At most one vertex in Ajiq is anticomplete to {p,q}. Likewise, at most one vertex in A;_q is
anticomplete to {p, q}.
(i) At most one vertex in Xy is complete to {p,q}.

(111) Each vertex in D U Xy is adjacent to at least one of p, q.

Proof. We proof the lemma for j =1 and k = 2.
(1): If there are vertices, say r, s € As, such that {r, s} is anticomplete to {p, ¢}, then {p, q,r, va, s}

induces a P, + P3 (by [Lemma 2.1:(z)). So at most one vertex in A, is anticomplete to {p, ¢}.

Likewise, at most one vertex in Ay is anticomplete to {p,q}. 1

(17): If there are vertices, say x,z’ € Xy, such that {z, 2’} is complete to {p, ¢}, then {p, z,vs, 2, ¢}
induces a P, + P; (by [Lemma 2.2:(ii)). So [Lemma 2.4:(ii)| holds. W

(791): If there is a vertex, say r € D U Xs, such that pr,qr ¢ E(G), then {p, q,va, 7, v4} induces a
Py + P3. So|Lemma 2.4:(2i)| holds. O
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Lemma 2.5 Further if G is (Ko + K3)-free, then for i € {1,2,3,4}, the following hold:
(1) Any vertex in A; U B; has at most one non-neighbor in B; 1 U B;o. Likewise, any vertex in
A1 U B; has at most one non-neighbor in B;_1 U B, s.
(1) Any vertex in A; U B; UT has at most one neighbor in A;+1 U B;. Likewise, any vertez in

Air1 U B; has at most one neighbor in A; U B; UT.

Proof. (i): If there is a vertex, say p € A; U B;, which has two non-neighbors in B, U B; 9, say ¢
and r, then {p,v;, ¢, v;12,7} induces a Ky + K3 or a P, + P3. So [Lemma 2.5:(4)| holds. I

(79): If there is a vertex, say p € A; U B; UT, which has two neighbors in A;;; U B;, say ¢ and r,

then {v;12,vi13,p,q,7} induces a Ky + K3 or a Py + P5. So [Lemma 2.5:(74)| holds. O
V4 V4 U3 u* Uy
Ug 9 Us
U1 U3 un1
2w (0
Vg a* Uy ug us u

Figure 8: Labelled graphs I: A K>3, a banner, an Hy and an H3 (left to right).

Lemma 2.6 Further if G is Co-banner-free (see[Figure ), then for i € {1,2,3,4}, the following
hold:

(i) A; U B; and A;y1 U B; are stable sets.

(1) A; U B; U Ay is complete to Biyo. Moreover, if A; U By U Ay # 0, then |Bio| < 1.

Proof. (i): If there are adjacent vertices in A; U B;, say p and ¢, then {p, q,v;, v;13, 12} induces a
Co-banner. So A; U B; is a stable set. Likewise, A;,1 U B; is a stable set. So|Lemma 2.6:(4)| holds.

(79): If there are non-adjacent vertices, say p € A; U B; U A;11 and ¢ € B;,o, then {q,vii2,vi13,

v;, p} or {q, Viya, Virs, Vit1, p} induces a Co-banner; so A; U B; U A; 41 is complete to B, 2. This

proves the first assertion of [Lemma 2.6:(:7). Now since B, s is a clique (by [Lemma 2.1:(7i7))),
|Bito| <1 (by|Lemma 2.6:(7)). So the second assertion of [Lemma 2.6:(27)| holds. O

2.3 (P + Ps, P, 4+ P;)-free graphs that contain a Ks3

In this section, we show that if our graph contains a K 3, then it is a good graph. In particular,

we prove the following.
Theorem 2.7 If G is a (P, + Ps, Py + Ps)-free graph that contains a Ks 3, then x(G) < w(G) + 3.

Proof. Let G be a (P, + Ps, P, + P3)-free graph that contains a Kj3;. We may consider a Ky 3
with vertices and edges as shown in |[Figure 8 Let C' := {vy, v2,v3,v4}. We partition V(G) \ C as
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in [Section 2.2 and we use the lemmas in [Section 2.2] Note that by the definition of X, z* € Xy;
so X # (0. First suppose that w(G) = 2. Then since G is triangle-free, clearly we have BU D = (),

A, is anticomplete to X7, and A, is anticomplete to Xs. Now we let S; := A; U X; U {vy, vy},
Sy = Ay U Xo U {1, 05}, S5 := A;UT and Sy := A,. Then V(G) = ,@1 S,. Clearly Sy, S5, S5 and
Sy are stable sets (by [Lemma 2.1:(7)| and [Lemma 2.2:(:7)). Thus X(G)Z_S 4 < w(G) + 3, and we are
done. So suppose that w(G) > 3. Now we have the following claims:

2.7.1 Fori € {1,2,3,4}, B; is a stable set.

Proof of [2.7.1] 1f there are adjacent vertices in B;, say p and ¢, then {p, q, z*, v;12,v;y3} induces a
P; + P3 (by |[Lemma 2.3:(¢)]). So holds. i

2.7.2 Ay is anticomplete to By U By, and Ay is anticomplete to Bs U By.

Proof of [2.7.9 Using symmetry, we prove that A, is anticomplete to Bj in the first assertion.
Suppose there are adjacent vertices, say a € Ay and b € By. By |Lemma 2.3:(3), bz* ¢ E(G). Now

since {a,b, x*,v3,v4} does not induce a P, + P3, we have az* € E(G), and then {a, 2", vy, vy, b}

induces a P, + P3. So A, is anticomplete to By. I

First suppose that w(G[D]) < w(G) — 3. Now we let Sy := A UT U {vg,v4}, Sz := By U X7,
Sy := Ay U By, Sy := A3U{v1}, S5 := B3U X, and Sg := Ay U B, U{v3}. Then V(G)\ D = 'L_(_SJI S;.
Also from [Lemma 2.1:(7)} [Lemma 2.2:(4¢)} [Lemma 2.3:(¢), and from [2.7.1 and [2.7.2] we Conz:_lude
that S, Ss,...,Ss are stable sets. Hence x(G) < x(G[D]) +6 < (w(G) —3) + 6 = w(G) + 3 (by
ILemma 2.3:(27)]), and we are done. So assume that w(G[D]) = w(G) — 2 (by [Lemma 2.3:(4¢)|). Then
since w(G) >3, D # (). Let A} := {a € A; | a has a neighbor in X;}, and we claim the following.

2.7.3 Al is anticomplete to Xs.

Proof of Suppose to the contrary that there exist adjacent vertices, say a € A} and x € Xo.
By the definition of A!, there is a vertex 2’ € X; such that a2’ € E(G). Recall that D is complete
to X (by [Lemma 2.3:(i27)) and w(G[D]) = w(G) — 2. Also for any d € D, since {a, vy, vy, z,d}
does not induce a P, + P;, we observe that D is complete to {a}, and so D is a clique (by
ILemma 2.1:(277))). Then DU {a, vy, 2’} is a clique of size w(G) + 1, a contradiction. So holds. I

2.7.4 By 1s anticomplete to By. Likewise Bs is anticomplete to By.

Proof of Suppose to the contrary that there exist adjacent vertices, say by € By and by € Bs.
Note that for any d € D, since {by, by, x*,d,v4} does not induce a P» + P3 (by [Lemma 2.3:(z)| and
[Lemma 2.3:(427))), d is adjacent to one of by and by. Welet Dy :={d € D | db, € E(G),dby ¢ E(G)},
Dy :={d e D | dby € E(G),dby ¢ E(G)} and D3 := {d € D | db;,dby € E(G)} so that
D = D; U Dy U D3. Now if there are adjacent vertices, say d;y € Dy and dy € Dy, then

{by,dy,dy, by, v} induces a P, + Ps; so Dy is anticomplete to Dy. Moreover, by [Lemma 2.1:(444)} it
follows that Dy U D3 (= N(by) N D) and DyU D3 (= N(by) N D) are cliques. Thus we conclude that
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any maximum clique in G[D] is either D1 U D3 or Dy U Ds; so max{|D; U D3|, |DaUDs|} = w(G) —2.
Then since Dy U D3 U {by,v1,v2} and Dy U D3 U {by, v, v3} are cliques, at least one of them is a
clique of size (w(G) —2) + 3 = w(G) + 1, a contradiction. This proves |

Now we let S; := Ay U By U By U {uy}, Sy := Ay U B3 U By U {ws}, S5 := AL U Xy U {ws},
Sy = (A1 \A)UX; and S5 := A3 UT U{v1}. Then V(G)\ D = 1@1 S;. Also, from 2.7.1]
and 273 and from [Lemma 2.1:(¢)| and [Lemma 2.2:(27), we see that S;, Ss, ..., S5 are stable sets.
So x(G) < x(G[D]) + x(G[V(G) \ D]) < (w(G) —2) + 5 < w(G) + 3 (by [Lemma 2.3:(:7))). O

t*

b*

U1 (%)

Figure 9: Labelled graphs II: An Hy, Hy, Hy, and an H3 (left to right).

By [Theorem 2.7] it is enough to show that given a graph G which is (P, + P, Py + Ps, Ky 3)-free,
G is a good graph. We will show that G is a good graph based on a sequence of partial results
which depend on some special graphs; see and |§| More precisely, given a (P, + P,
P, + Py K 2,3)-free graph G, we will show that the following hold:

a) If G contains a banner, then G is a good graph (Theorem 2.13)).

(
(b) If G is banner-free and contains an Hs, then G is a good graph (Theorem 2.14]).

)
)
(c) If G is (banner, Hs)-free and contains an Hs, then G is a good graph (Theorem 2.26)).
(d) If G contains a Cy, then G is a good graph (Theorem 2.30)).

2.4 (P;+ P3, P, + P3, K 3)-free graphs that contain some special
graphs

2.4.1 (P, + P;, P, + Ps, K, 3)-free graphs that contain a banner

In this section, we prove that if G is a (P, + Ps, P, + P3, K 3)-free graph that contains a banner,
then G is a good graph. As an intermediate step, we prove that if our graph contains an H;, then
it is a good graph.

We start with the following. Let G be a (P, + Ps, P, + Py, Ko+ K3)-free graph that contains an
H,. We may consider an H; with vertices and edges as shown in . Let C := {vy, v9, v3,v4}.
We partition V(G) \ C as in [Section 2.2] and we use the lemmas in [Section 2.2] Clearly a; € Ay,

as € Ay and ag € As. To proceed further, we partition the vertex-set A, as follows:
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Ly = {a€ A,|aa € E(G) and N(a) N{ay,asz} # 0},
Ly = {a€ Ay|aaz € E(G) and N(a)N{as,as} = 0}, and
Ly = {a€Ay|aay ¢ E(G)}.

Then clearly Ay = L1 U Ly U Lg, |Lo| < 1 (by |[Lemma 2.4:(z)]), and |L3| < 1 (by |[Lemma 2.1:(7))).
So if Ly = (), then |A4| < 2. Moreover, the graph G has some more properties which we give in

Lemmas 2.8 to 2.11] below.

Lemma 2.8 The following hold:

(1) Ay \ {a1} is complete to {as}. Likewise, Az \ {as} is complete to {a;}.

(11) (A1 \ {a1}) U (As\{as}) is anticomplete to {as}, and is complete to (As \ {az}) U Lo.
(111) If (Ay\ {az}) U Ly # 0, then |A; \ {a1}| <1 and |As\ {as3}] < 1.

(iv) Xy is an empty set. Likewise, if L1 # 0, then X, is an empty set.

Proof. (i): For any a) € A; \ {a1}, by [Lemma 2.5:(17)| asa) ¢ E(G), and then since {as, as, a}, v,
vy} does not induce a P, + P3, we have djas € E(G); so Ay \ {a1} is complete to {as}. So
ILemma 2.8:(7)| holds.

(7i): Clearly the first assertion of [Lemma 2.8:(77)| follows from [Lemma 2.5:(77). If there are non-

adjacent vertices, say a) € Ay \ {a1} and a}, € As \ {az}, then {a}, vo, a1, as,a}} induces a Py + P
(by [Lemma 2.5:(27)| and [Lemma 2.8:(7)]); so A; \ {a1} is complete to Ay \ {as}. Likewise, A3\ {as}

is complete to Ay \ {az}. If there are non-adjacent vertices, say @’ € A; \ {a1} and a € Lo, then

{a,vy,a1,as,a)} induces a P, + P3 (by [Lemma 2.8:(7)); so Ay \ {a;} is complete to Lo. Likewise,
A3\ {as} is complete to Ly. So[Lemma 2.8:(¢2)| holds. i

(7i1): The proof of [Lemma 2.8:(i77)| follows from [Lemma 2.8:(77)| and [Lemma 2.5:(7¢)} 1

(iv): Suppose to the contrary that there is a vertex, say x € X,. By |[Lemma 2.4:(i77), we may
suppose that a;z € E(G). Then ayxr ¢ E(G) and azx € E(G) (by |Lemma 2.1:(iv)]), and then

{ay, ay,vy, 2, a3} induces a P, + Ps, a contradiction; so Xy = ). So |[Lemma 2.8:(iv)| holds. [

Lemma 2.9 The following hold:
(1) By is anticomplete to {ay,as}, and By is anticomplete to {as, asz}. Moreover, By is complete
to {as}, and By is complete to {a1}; so |Bi| <1 and |By| < 1.
(11) |Bs| <2 and |By| < 2. Further, if | B3| =2, then |By| < 1 and vice versa.

(111) D is complete to {ai,as,as}, and D is a clique.

Proof. (1): The first statement follows from [Lemma 2.5:(7¢)l Now for any b € By, since {as, as, b, vy,

vy} does not induce a P, + P3, By is complete to {as}; so |By| <1 (by |[Lemma 2.1:(ziz)]). Likewise,
By is complete to {a;}, and |Bz| < 1. So|Lemma 2.9:(z)| holds. I

(i1): Clearly ay has at most one non-neighbor in B3 U By (by [Lemma 2.1:(¢7)|), and has at most one

neighbor in By (by [Lemma 2.1:(227)]). Also as has at most one neighbor in B, (by [Lemma 2.1:(7i1)]).
So |Bs| <2 and |By| <2, and if | B3| = 2 then |B4| < 1 and vice versa. This proves|Lemma 2.9:(iz)} I
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(7i1): Let d € D be arbitrary. Then since {vy, ay, as, v9,d} does not induce a P, + P3, we have
day,das ¢ E(G) or day,day € E(G). If day, das ¢ E(G), then {ay, as,d, vs,v,} induces a Ky + K.
So we have day, day € E(G). Since {ag, as, vs, va, d} does not induce a P, + P3, we have das € E(G).

Hence D is complete to {aq,as, a3}, and so D is a clique (by [Lemma 2.1:(:¢7)). This proves

ILemma 2.9:(7i7)|, since d is arbitrary. O

Lemma 2.10 The following hold:
(1) 6(GIBUC]) < 3.
(ZZ) Q(G[Lg uBUCUDU {al,ag,ag}]) S 4.

Proof. (i): We restrict ourselves to the graph G[B U (], and we apply [Lemma 2.9, From

ILemma 2.9:(47), we have |By| < 1. First assume that there are non-adjacent vertices, say by € Bs
and by € By. Then {by} is complete to (B3 \ {b3})U By (by [Lemma 2.5:(z)[), and then By is complete
to (Bs \ {b3}) (by [Lemma 2.2:(3))). So {by} U (B3 \ {bs}) U By, {bs,v3,v4} and By U {vy,v9} are
cliques, and thus #(G[B U C]) < 3. Hence suppose that Bs is complete to By U By. Then clearly
0(G[By U B3 U By U {vs3,v4}]) < 2, and since By U {v1,v9} is a clique, we have (G|BUC]) < 3.1

(1): If Ly = 0, then since D U {ay, az,az} is a clique (by [Lemma 2.9:(:7i))), we see that 0(G[Ls U
BUCUDU/{ay,asas3}]) < O(GBUC])+1 <4 (by[Lemma 2.10:(7)), and we are done. So
Ls # 0, and let Lz := {a*}. Then since {ay, as, a*, vy, v3} does not induce a P, + P, a;a* € E(G).
Likewise, aza* € F(G). Since aga* € E(G), {a*} is anticomplete to Bz (by [Lemma 2.5:(47))). Then
since for any b € Bs, {ai,a*,b,vs,v2} does not induce a P, + Pj, {a;} is complete to Bs. Likewise,
{a*} is complete to By. Also since aga* ¢ E(G), {az} is complete to Bs U By (by [Lemma 2.1:(72))).
So |Bs| <1 and |By| <1 (by |Lemma 2.1:(¢77)). Also if there are non-adjacent vertices, say d € D
and b € Bs, then {b, a;,d, vy, v,} induces a P, + P (by [Lemma 2.9:(iii))); so D is complete to Bs.

Thus from [Lemma 2.9, {a*} U B; U {as}, B3 U D U{ay,as}, By U{vy,v3} and By U {vy,vs} are
cliques, and hence 0(G[Ls U BUC U D U{ay,as,a3}]) < 4. O

Lemma 2.11 If L # 0, then (G) < a(G) + 3.

Proof. Let ay € L. We may suppose that ajay € E(G). Then we have X; U Xy = ) (by
ILemma 2.8:(iv)]). So, by [Lemma 2.10:(z)} it is enough to show that 6(G[AUDUT]) < a(G). Recall
that D U {aq, as, as} is a clique. Since for any d € D, {ay, a4, v4,v1} does not induce a P, + P3, D

is complete to {a,s}. Also:
2.11.1 We may assume that (A \ {aa}) U (A4 \ {as}) # 0.

Proof of 2111} Tf (A3 \ {ao}) U (A4 \ {as}) = 0, then since A; U A3 UT induces a bipartite graph
(by [Lemma 2.1:(7))), and is anticomplete to {vg,v4}, we have O(G[A; U A3 UT]) < a(G) — 2, and
since D U {as, a4} is a clique, we conclude that 0(G[AU D UT]) < a(G), and we are done. i

Note that A; \ {a1} is anticomplete to {az, as} (by [Lemma 2.5:(i2))), and so |A; \ {a1}| <1 (by

ILemma 2.4:(7)]). Next we claim the following.
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2.11.2 |A;] < 2.

Proof of 2.11.2] If | A3| > 3, then from [2.11.1| and [Lemma 2.8:(7iz), it follows that A4\ {as} # 0, and
so for any a € Ay \ {a4}, by [Lemma 2.5:(i7), there are vertices p,q € Az such that ap,aq ¢ E(G),

and hence again by |[Lemma 2.5:(i¢)| and |[Lemma 2.8:(3), {a,vs,p,a1,q} induces a P, + P3, a
contradiction. So |Az| < 2.1

2.11.3 D is complete to Ay \ {a1}. Likewise, D is complete to Az \ {as}.

Proof of [2.11.3] If there exist non-adjacent vertices, say a)} € A; \ {a1} and d € D, then
{v1,a1,as,d,,d} induces a P, + Py (by |[Lemma 2.8:(4)| and [Lemma 2.1:()). So D is complete
to A1 \ {a1}. Likewise, D is complete to Az \ {as}. 1

Hence by [2.11.2] [2.11.3] [Lemma 2.8:(7)| and [Lemma 2.9:(27), 0(G[A; U A3 U D]) < 2. Also
since As U A4 UT induces a bipartite graph (by [Lemma 2.1:(7)|) which is anticomplete to {vq,v3},

0(G[A2 U Ay UT]) < a(G) — 2. Thus O(G[AU D UT)) < a(G). This proves O

Theorem 2.12 If G* is a (P, + P3, Py + Ps, Ky3)-free graph that contains an Hy, then x(G*) <
w(G*) + 3.

Proof. To prove the theorem, we start with the complement graph of G*, say G, and show that
0(G) < a(G) +3. Now G is a (P, + Ps, P, + P3, Ky + K3)-free graph that contains an H;. We
may consider an H; with vertices and edges as shown in . Let C := {vy,v9,v3,0v4}. We
partition V(G) \ C as in and we use the lemmas in [Section 2.2, We further partition
the set A4 as in the beginning of this section, and we use [Lemmas 2.8|to [2.11} Recall that X, = ()
(by [Lemma 2.8:(zv)). From [Lemma 2.4) and [Lemma 2.5:(z2)] we have |A5| < 2. By [Lemma 2.11] we

may suppose that L; = 0; so |A,4] < 2. Now we prove the theorem in two cases as follows:

Case 1 The set Ly U (Ay \ {az}) is non-empty.

First suppose that (A; \ {a1}) U (A3 \ {as3}) = 0. Let us define X| :={z € X; |z € E(G)}.
Then it follows from [Lemma 2.1:(iv)| that X7 is complete to {as}; so |X;| < 1 (by [Lemma 2.2:(417))).
Note that T'U (X \ X]) induces a bipartite graph (by [Lemma 2.1:(7)| and [Lemma 2.2:(47)|), and is
anticomplete to {ay, va,v4}; s0 O(G[T U (X \ X7)]) < a(G) — 3. Since |Az| < 2 and |Ay| < 2, we
have 0(G[Az U A4]) < 2 (by [Lemma 2.1:(42)). Also (G[A;UA;UDUX]]) <1 (by|Lemma 2.3:(¢:7)|
and [Lemma 2.9:(i27)). Hence by [Lemma 2.10:(7), 0(G) < a(G) + 3, and we are done.

Next suppose that (A; \ {a1}) U (A3 \ {as}) # 0. Then [A; \ {a1}]| <1 and |A3\ {as}]| <1 (by
[Lemma 2.8:(277))). Thus (A2\ {az})U(As\{as}) and (A;\ {a1})U L, are cliques (by [Lemma 2.8:(7))).
So §(GIAU BUC U D]) <6 (by |[Lemma 2.10:(47)|). Next we claim that:

2.12.1 X is anticomplete to {a,}.
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Proof of Suppose to the contrary that there is a vertex € X; such that za; € E(G).
By [Lemma 2.1:(iv)| asz ¢ E(G) and azx € E(G). Let @’ € (A \ {a1}) U (A3 \ {a3}). Then
since {ay,vy,d’, a3, x} or {ay,as, vs,a’,x} does not induce a P, + P5 (by [Lemma 2.8:(3))), we have
a'z € E(G). Then by |Lemma 2.8:(:¢)|and by [Lemma 2.1:(¢v)| {x} is anticomplete to (As\ {az})U L.
But then for any a* € (Ay\ {as})U Lg, one of {a*, vy, a1, a3, x}, {a*, v4, a1, as, z} induces a Ko+ K.

So X is anticomplete to {a;}. §

Since T'U X; induces a bipartite graph (by [Lemma 2.1:(z)| and [Lemma 2.2:(77)|), and is
anticomplete to {a,vs,v4} (by 2.12.1), clearly 6(G[T U Xi]) < o(G) — 3. Hence 0(G) <
§(GIAUBUCUD]) +6(G[TU X)) <6+ (a(G) — 3) = a(G) + 3. This complete the proof in
Case 1.

Case 2 The set Ly U (Ag \ {az2}) is empty.

If (A1 \{a1}) U (A3 \ {as}) is a stable set, then since A; \ {a1} U (A3 \ {as}) UT U X, induces
a bipartite graph (by [Lemma 2.1:(7)| and [Lemma 2.2:(i7)|), and is anticomplete to {vq, v4}, we see
that 0(G) < (G[A; \ {a1} U (A3 \ {as}) U X, UT]) < a(G) — 2, and the proof follows by using
ILemma 2.10:(72) So suppose that there are adjacent vertices, say a) € A;\{a1} and a} € A3\ {a3}
(by [Lemma 2.1:(2)). Next we claim that:

2.12.2 X, is complete to {as} U Ls. Moreover, | X;| < 2.

Proof of|2.12.2] Suppose that there is a vertex = € X; such that zas ¢ F(G). Then ayx, a3z € E(G)
(by [Lemma 2.1:(iv)). Then since {v1, a1, as, a}, z} does not induce a P, + P5 (by [Lemma 2.1:(i)|
and [Lemma 2.8:(7))), ajz € E(G). But then {ag, vs,a}, x, a4} induces a Ky + K3 or a P, + P (by

ILemma 2.8:(47)|); so X is complete to {as}. Hence if there are non-adjacent vertices, say € X;

and a € Ls, then {a, vy, x,as, v} induces a Py + Ps; so X; is complete to Ls. This proves the first

assertion of [2.12.2] Next if | X;| > 3, then there is a vertex € X such that za}, za ¢ E(G) (by
ILemma 2.2:(4i1)]), and then {a}, a}, x, as,vo} induces a P, + P (by [Lemma 2.8:(i7)]); so | X;] < 2.1

By using [2.12.2] [Lemma 2.3:(7i7)| and [Lemma 2.9:(zi7)} we have 0(G[Ay U Ly U DU X;]) < 2.
Also since A; U A3UT induces a bipartite graph (by [Lemma 2.1:(4))), and is anticomplete to {vq, v4},
clearly 0(G[A; U A3 UT]) < a(G) — 2, and hence the theorem follows from [Lemma 2.10:(¢)l O

Now we prove the main result of this section.

Theorem 2.13 If G is a (P, + P, P» + P3, Ky 3)-free graph that contains a banner, then G is a
good graph.

Proof. Let G be a (P, + Ps, P» + P35, K, 3)-free graph that contains a banner. We may consider
a banner with vertices and edges as shown in [Figure 8 Let C := {vy,vq,v3,v4}. We partition
V(G)\ C as in [Section 2.2| and we use the lemmas in [Section 2.2 Since G is K 3-free, clearly

X = 0. Recall that, by the definition of A;, we have a* € A, and so A # (). We may assume that
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G does not have twins. Moreover, by [Theorem 2.12| we may suppose that G is H;-free. Note that
if x(G[V(G)\ D]) <5, then x(G) < w(G) + 3 (by [Lemma 2.3:(i2)|). Now we have the following

claim.

2.13.1 If Ay # 0, then the set Ay UA,UByU{vs} can be partitioned into two stable sets. Likewise,
if Ay # 0, then the set A3 U Ay U By U {v1} can be partitioned into two stable sets.

Proof of [2.13.1) If A, is anticomplete to By, then from [Lemma 2.1:(4¢), |A4] = 1 and |B;| < 1,

and so A; U {v3} and A4 U By are stable sets, and we are done. So there are adjacent vertices,

say ag € Ay and by € By. Then from [Lemma 2.1:(4:7)| and [Lemma 2.1:(v)| {a4} is anticomplete to
By \ {b1}, and Ay )\ {a4} is anticomplete to {b1}. So (A4 \ {as}) U {b1} is a stable set, and from
ILemma 2.1:(27), |B; \ {b1}| < 1. Now we show that A; U (By \ {b1}) U {a4,v3} is a stable set.

First if there is a vertex, say a; € Aj, such that ajay € E(G), then {ay, a4, vy4,v1,b1} induces a

Py + Pjor a Ky3; 50 Ay U {as} is a stable set. Next if there are adjacent vertices, say a € A; and
be B\ {b1}, then {a4,vy,a,b,vo} induces a Py + P3. Thus A; U (B \ {b1}) U{a4,vs} is a stable
set. I

Now we split the proof into two cases based on the subsets of B.

Case 1 Suppose that B; and B;yo are non-empty, for some i € {1,2,3,4}.
We let ¢ = 1, and we claim the following:

2.13.2 By is complete to Bs, and By is complete to By.

Proof of[2.13.2, Suppose there are non-adjacent vertices, say b € By and b’ € Bs. Then since
{V/,v3,a*,v1,b} does not induce a P, + P, either ba* € E(G) or b'a* € E(G). If ba* € E(G), then
since {V',vy,a*,b,v3} does not induce a P, + P3, we have t/a* € E(G), and then {a*,0,0'} U C
induces an H,, a contradiction to our assumption that G is Hy-free; so ba* ¢ FE(G) and Va* € E(G).
But then {b, vy, a*, V', v4} induces a P, + P3. So By is complete to Bs. Likewise, By is complete to
By. So holds.

From [Lemma 2.1:(v)| and [2.13.2) we have |B;| = 1 = |Bs|, A; is anticomplete to Bz, and Aj is
anticomplete to By. Thus S; := A; U BgU {wy}, So := A3U By U {vs} and S3 := Ao UT U {v,v3}
are stable sets (by [Lemma 2.1:(¢))). Now, if By and B, are non-empty or if By U By = (), then as
in the previous argument, B, and A, U By are stable sets, and hence x(G[V(G) \ D]) < 5, we
are done. So By # () and By = ). If Ay # (), then from 2.13.1, A, U B, can be partitioned into
two stable sets, so x(G[V(G) \ D]) <5, and again we are done. So A, = (). Now note that, since
AgU By =0, we have V(G) \ (S1 U Sy U S3) = By U D. Then since {vg,v3} is complete to By U D,
we have w(G[By U D)) < w(G) — 2, and hence G is a nice graph. This proves the theorem in Case 1.
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Case 2 For each i € {1,2,3,4}, suppose that one of B;, Biio is empty.

We may assume that Bs U By, = (). Since N(vy) = Ay U By U By U D U {wvy,v3} and N(vy) =
A4 U D U{vy,v3}, and since G does not have twins, we have Ay # (), and let ay € A;. Now if
Ay = (), then since T'U{vq, v4} is a stable set (by [Lemma 2.1:(z))), from [2.13.1} x(G[V(G)\ D]) < 5,

and we are done. So Ay # (). First suppose that either {a4} is anticomplete to Ay or {as} is

anticomplete to Bj.

2.13.3 We may assume that there are vertices as € Ay and by € By such that asay, asby € E(G).

Proof of[2.13.8 If {a4} is anticomplete to A, then from [Lemma 2.1:(ii)| {as} is complete to By,
and so from |Lemma 2.1:(v)|, |B1| < 1. Also if {a4} is anticomplete to By, then from [Lemma 2.1:(z3)]
again we have |B;| < 1. In both cases, As U By U{v3} induces a bipartite graph (by [Lemma 2.1:(z))).
Since Ay UT U {wvy, v} is a stable set (by [Lemma 2.1:(¢)f), from X(G[V(G)\ D]) <5, and

we are done. So there are vertices ay € Ay and by € By such that asay, asby € E(G). 1

Then, by 2.13.3) B; \ {b1} is a stable set (by [Lemma 2.1:(i7)). Now, for any d € D, since
{ay, by, v1,v4,d} does not induce a P, + Py, {b;} is anticomplete to D\ N(ay), and {b;} is complete
to N(as) N D. By |[Lemma 2.4:(i73), D\ N(ay) is complete to {as}, and hence by [Lemma 2.1:(277)]
D\N(ay4) and N (aq)ND are cliques. So since N (ay)ND is complete to {by, v1,v2}, X(G[N(as)ND]) <
w(G) — 3. Also if there are vertices, say d,d’ € D\ N(ay), then {as, ay, vy, d, d'} induces a P, + Ps;
so |D\ N(aq)] <1. Thus (D \ N(aq))U{b1} is a stable set. Since Ay UT U {wva,v4}, By \ {b1} and
Ay U {v3} are stable sets (by |[Lemma 2.1:(7))), from X(G[V(G)\ (N(as) N D)]) <6, and we
conclude that x(G) <6+ (w(G) — 3) = w(G) + 3. So G is a good graph. O

2.4.2 (P, + Ps, P, + P5, K, 3, banner)-free graphs that contain an H,

Theorem 2.14 If G is a (Py + P3, Py + P, Ka3, banner)-free graph that contains an Hs, then G
s a good graph.

Proof. This follows from [I'heorem 2.15| given below. [

Theorem 2.15 If G is a (P, + P3, P, + P3, Ky + K3, Co-banner)-free graph that contains an Hs,
then G is a good graph.

Proof. Let G be a (P, + P, P+ P;, Ky + K, Co-banner)-free graph that contains an H,. We
may consider an H, with vertices and edges as shown in . Let C := {vy,vq9,v3,v4}. We
partition V(G) \ C as in [Section 2.2 and we use the lemmas in [Section 2.2] Then clearly b; € B,
and by € By. So from [Lemma 2.6:(27)| we have |Bs| < 1 and |By| < 1. Moreover, if there is a vertex,
say a; € Ay, then by [Lemma 2.6:(:)} a;b; ¢ E(G), and by [Lemma 2.6:(i1)} a;by € E(G), and then
{ay, vy, v, b9, b1} induces a P, + Ps; so A; = (). Likewise, A3 = (). Hence A = A, U A;. Next if

there are vertices, say x,z’ € Xy, then {by, bs, z, vy, 2’} induces a P, + P; (by [Lemma 2.2:(27)| and

ILemma 2.3:(7))); so | X2| < 1. Moreover, we have the following claim:
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2.15.1 )(GI[CU AU X, UT)) < a(G).

Proof of [2.15.1] If there are adjacent vertices, say a € Ay and ' € Ay, then {a,d’, b, v2, b2}
induces a P, + P5 (by [Lemma 2.6:(7)| and [Lemma 2.6:(44))); so A, is anticomplete to A;. Hence
AyUALUTU{wy, v3} is a stable set (by|Lemma 2.1:(2)[). Moreover, X;U{vq, v4} is also a stable set (by
ILemma 2.2:(47)]). So G[CUAUX;UT] is a bipartite graph, and hence 0(G[CUAUX; UT]) < o(G).
This proves 1

We may suppose that G does not have twins or a universal vertex. So, to prove the theorem, it
is enough to show that either v, is a nice vertex in G or §(G[BU D U X,]) < 3 (by . Note
that [Ng(v2)| = [{va}UALUTU X, |+ |Bs|+|Bs| < [{vs} UAL,UTUX | +2. If | X;| < 1, then since
{vy,v3}UA4UT is a stable set (by [Lemma 2.1:(7)]), we see that [N g (vs)]| < (a(G)—2)+4 = a(G)+2,
and hence v, is a nice vertex in G. So | X1| > 2, and say z1, 2] € X;. We consider two cases based
on the set Ajy.

Case 1 Suppose that the set Ay is non-empty.

Say a4 € Ag. Then by [Lemma 2.6:(i¢), |By1| = 1 and |Bs| = 1, and so By = {b;} and By = {bs}.

Next we claim that:

2.15.2 D s a clique.

Proof of |2.15.2. Suppose to the contrary that there exist non-adjacent vertices in D, say d; and
dy. Then by [Lemma 2.1:(i77), we may suppose that asd; ¢ E(G). If there is a vertex, say
r € X, such that ayr € E(G), then {ay4,v4,v1,7,d;} induces a P, + Ps (by [Lemma 2.3:(444))); so

{a4} is anticomplete to X;. Then {ay, by, z1,v3,2}} induces a P, + P; (by [Lemma 2.6:(77)| and
ILemma 2.3:(7))), a contradiction. So [2.15.2[ holds. i

Now since |X3| < 1, from [Lemma 2.3:(72)| and [2.15.2] D U X, is a clique. Also since |B;| < 1,
for each ¢, by [Lemma 2.6:(:2), B3 U {b1} and By U {by} are cliques. So 8(G[BU D U X5]) < 3, and

we are done.

Case 2 Suppose that the set Ay is empty.

If T is empty, then by [Lemma 2.2:(44), we have |[Ng(v2)| < a(G) + 2, and hence v, is a nice

vertex in G. So suppose that T is non-empty, and say ¢ € T. Then:
2.15.3 {t} is complete to B.

Proof of[2.15.5 Suppose to the contrary that there is a vertex, say b € B such that bt ¢ E(G). We
may assume that b € B;. Recall that, by [Lemma 2.3:(7)] B is anticomplete to X. Now, for any

x’ € X, since {b, v1,vs,t, 2"} does not induce a Co-banner, {t} is anticomplete to X;. Likewise, {t}
is anticomplete to Xs. Next if ¢ has a neighbor in some B;, say ¥/, then {0, t, v;12,vi13, 1} induces

a Py + P3; so {t} is anticomplete to B. Since {t} is anticomplete to C U AU B U X, and since G
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does not have a universal vertex, ¢ must have a neighbor in D, say d. Then by [Lemma 2.1: (42},
Ne¢(t) is a clique. Thus Ng(d) € V(G) \ (Ng(t) U {t}) = N¢(t); and so Nz(d) C Ng(t). Hence, d
and t are twins in G which is a contradiction. This proves [2.15.3 I

2.15.4 By = {b1}, By = {b2}, and B is complete to D.

Proof of|2.15.4 By [2.15.3 and [Lemma 2.5:(i¢)l we have By = {b;}. Likewise, By = {bs}. Next if
there are non-adjacent vertices, say b € B; and d € D, then by [Lemma 2.1:(i:7), dt ¢ E(G), and
then {b,t,d, v;yo,v;13} induces a Ky + K3, by [2.15.3l So B is complete to D. This proves [2.15.4] I

Now since |Bs| <1, |By| <1 and | X5| < 1, from [2.15.4] [Lemma 2.1:(zi2)| and [Lemma 2.6:(77)]
clearly By U B3 U D, By U By and X, are cliques. So §(G[BU D U X,]) < 3. O

2.4.3 (P, + Ps, P, + P3;, K3, banner, H,)-free graphs that contain an Hj

We start with the following. Let G be a (P, + Ps, Py + P3, Ko + K3, Co-banner, Hs)-free graph
contains an Hj such that G does not have twins or a universal vertex. Let us assume that G
contains an Hs with vertices and edges as shown in |[Figure 9. Let C := {vy, vy, v3,v4}. We partition

V(G)\ C as in[Section 2.2, and we use the lemmas in [Section 2.2/ Clearly b* € By and ¢t* € T'. Also

since b*t* € E(G), B is not anticomplete to 7. Moreover, the graph G has some more properties,

and they are given in [Lemmas 2.16| to [2.24] below.

Lemma 2.16 The following hold:
(i) Forie€ {1,2,3,4}, B; U By is a stable set.
(i) B is complete to T.
(i1i) Forie {1,2,3,4}, |B;| <1, and |T| = 1.
(iv) B is complete to D. Moreover, D is a clique.
(v) 0(GIBUDUT]) <2 and (GIBUCUDUT]) < 3.

Proof. (i): By |Lemma 2.6:(4), it is enough to show that B; is anticomplete to B; ;. Now if there are

adjacent vertices, say b € B; and b’ € B;,1, then C U {b,V'} induces an Hy. So B; is anticomplete
to Bi—&—l‘ |

(7i): Suppose to the contrary that there exist non-adjacent vertices, say b € B and t € T. We

may assume that b € B;. Now, if ¢ has a neighbor in X, say x, then {t,x,vy,v,b} induces

a Co-banner (by [Lemma 2.3:(7)|), and if ¢ has a neighbor in By U By, say b’ € By, then from
ILemma 2.16:(z)| bb' ¢ E(G), and then {V,t,b,v;,v4} induces a P, + P3. These contradictions
together with [Lemma 2.1:(i)| show that {t} is anticomplete to C U AU B, U By U X. Since G

has no universal vertices, ¢ must have a neighbor in By U B3 U D, say p. By |[Lemma 2.1:(zi)|
and [Lemma 2.6:(i1), Ng(t) is a clique. Thus Ng(p) € V(G) \ (Na(t) U {t}) = Ng(t), and so
Ng(p) € Ng(t). Hence, p and ¢ are twins in G which is a contradiction. So [Lemma 2.16:(i7)|
holds. i
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(73i): By [Lemma 2.5:(4¢)| and [Lemma 2.16:(42)} clearly |B;| < 1. Next if there are vertices, say
t,t" € T, then from [Lemma 2.16:(i7)| and [Lemma 2.1:(2) {vs,v4,t,b*, t'} induces a Py + Ps3; so
|T| < 1. Since T' # ), we have |T'| = 1. This proves [Lemma 2.16:(i:7)| 1

(iv): If there are non-adjacent vertices, say b € B; and d € D, then {b,t*,d, v;12,v;13} induces
a Ky + K3 (by |[Lemma 2.1:(717), [Lemma 2.16:(7z)| and [Lemma 2.16:(i27)|), a contradiction. So B
is complete to D. This proves the first assertion of [Lemma 2.16:(iv)l Since B # (), the second

assertion follows from the first assertion and from [Lemma 2.1:(4i7)] So [Lemma 2.16:(iv)| holds. I

(v): We use [Lemma 2.6:(77)}, [Lemma 2.16:(zi2)|, and [Lemma 2.16:(7v)l Since By U B3 UT and
By U By U D are cliques, clearly (G[BU D UT]) < 2. Also since By UBsUT, By U D U {vy,v3}
and By U {vy,v4} are cliques, we have §(G[BUC U D UT]) < 3. This proves [Lemma 2.16:(v)| O

Lemma 2.17 The following hold:
(1) X is complete to T.
(it) Let j,k € {1,2} and j # k. Then for any a € A; U Ajio, we have | X; \ Ne(a)| < 1, and for
any © € Xy, we have |A; \ Ng(x)| <1 and |Aj12 \ Ne(z)| < 1.

Proof. (i): If there are non-adjacent vertices, say € X and ¢t € T, then for any b € B, say b € B;,
from [Lemma 2.16:(:¢)| and [Lemma 2.3:(¢), {b,t, z,v; 19, vi+3} induces a Py + P3. So [Lemma 2.17:(2)|
holds. i

(73): We prove for j = 1. By symmetry, we may suppose that a € A;. If there are vertices, say
T,y € X3\ Ng(a), then from [Lemma 2.1:(7)} [Lemma 2.2:(¢¢)|and [Lemma 2.17:(2)| {a, vy, zo, t*, 245}
induces a P>+ Ps; s0 | X2\ Ng(a)| < 1. Next if there are vertices, say a,a) € A\ N(z), then again
from [Lemma 2.1:(7)| and [Lemma 2.17:(¢)}, {t*, z, a1, v1, a}} induces a P + Ps; so |A; \ Ng(z)| < 1.
Likewise, |A3 \ Ng(x)| < 1. This proves |Lemma 2.17:(i7)| O

Lemma 2.18 If one of A;, Ai o is empty, for each i € {1,2,3,4}, then G is a good graph.
Proof. We may assume that Az U Ay = (. Also:

2.18.1 We may assume that Ay U X7 and As U Xy are not stable sets.

Proof of2.18.1] If A; U X is a stable set, then since A; U B, U X is a stable set (by [Lemma 2.6:()|
and [Lemma 2.3:(4))), from [Lemma 2.16:(4i), |Ng(vs)| = |A1 U By U Xq| + |Bs| + |T| + [{vs}] <

(a(G) — 1) +3 = a(G) + 2; so vy is a nice vertex in G, and we are done. Hence we may assume

that A; U X7 is not a stable set. Likewise, we may assume that A, U X5 is not a stable set. I

2.18.2 We may assume that |A;| > 2 and |Ay| > 2.

Proof of2.18.2 If | A;| < 1, then since BsUB,UX] is a stable set (by|[Lemma 2.3:(¢)} [Lemma 2.16:(2))),
from [Lemma 2.16:(iii), [ Ng(va)| = |BsUByU X | 4| AL + [T |+ [{va}] < ((G) —=1)+3 = a(G) +2;

so vy is a nice vertex in G, and we are done. Hence we may assume that |A;| > 2. Likewise, we

may assume that |As| > 2.1
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2.18.3 We may assume that | X1| > 2 and | Xs| > 2.

Proof of 2.18.3 If | X;| < 1, then since A; UT U {v,} is a stable set (by [Lemma 2.1:(7)]), from
ILemma 2.16:(iii), [Ng(va)| = [A1 UT U {vs}| + |Bs U By| + | X1| < (a(G) — 1) + 3 = a(G) + 2; so

again vy is a nice vertex in G, and we are done. Hence we may assume that | X;| > 2. Likewise, we

may assume that | X5 > 2.1

By [2.18.1] there are adjacent vertices, say a; € A; and x; € X;. Moreover, we claim the

following;:

2.18.4 |A,] <3, and |As| < 3.

Proof of [2.18.4] Suppose that |A;| > 4. Then since | Xs| > 2, by [Lemma 2.17:(:7), there is a vertex
in Xy, say xs, such that ayzy € F(G). Again, by [Lemma 2.17:(77)| and by the pigeonhole principle,

there are vertices, say a/, a} € A;\{a1}, such that a)zy, a{zy € E(G). Now, since {x1, z2,v1,v2,a1}
does not induce a P, + Ps, we have x175 ¢ E(G). Then since {a}, 1, a1, 22, v, } does not induce a
Py + P, a\zy ¢ E(G). Likewise a/x; ¢ E(G). But now {vs, x1,a}, zs,a}} induces a P, + P3. So
|A;| < 3. Likewise, |As| < 3. This proves [2.18.4] I

2.18.5 | X;| < 3, and | X,| < 3.

Proof of 2.18.5l Suppose that |X3| > 4. Then since |A;| > 2 (by 2.18.2)), let a} € A; \ {a1}.
Then by [Lemma 2.17:(7i)| and by the pigeonhole principle, there are vertices, say z,x’ € X5 such

that {a;,a}} is complete to {z,2'}. Also since {ay,z,a),z1,v;} does not induce a P, + P (by
ILemma 2.1:(7)), we have a\z; ¢ E(G). If 2, € E(G), then {a;, vy, vy, 2,2} induces a P, + Ps;
so we have zz; ¢ E(G). Likewise, /21 ¢ E(G). Then {vs,z1,x,a},2'} induces a P, + P3. So
| X5| < 3. Likewise, | X;| < 3. This proves [2.18.5] I

Proof of[2.18.6l The proof follows from |[Lemma 2.1:(7)| |[Lemma 2.2:(4¢)| and [Lemma 2.17:(77), and
from and 2.18.5] I

Now from [2.18.6] and [Lemma 2.16:(v)|, we conclude that §(G) < 9. Also from and
ILemma 2.1:(7)| since Ay UT U {vy,v4} is a stable set, we have a(G) > 5. If a(G) > 6, then
0(G) < a(G) + 3, and we are done. So we may conclude that a(G) = 5. Since Ay UT U{vg,v4} is a
stable set (by [Lemma 2.1:(7)]), from [2.18.2] |A;| = 2. Likewise, |As| = 2. Now, if |X;| = 2, then by
ILemma 2.17:(27)], 0(G[A3 U X;]) < 2, and so by [2.18.6| and [Lemma 2.16:(v), 0(G) < 8 = a(G) + 3.
So we may suppose that |X;| = 3 and |Xs| = 3. Since X; U By U By U {vs} is a stable set
and since By # 0, clearly By = (. Then as in [2.18.6] we have 0(G[A> U (X; \ {z1})]) < 2, and
O(G[AL U Xa U {wve}]) < 3. Also DU {vs,x;} is a clique (by [Lemma 2.16:(:v)| and |[Lemma 2.3:(2:7))),
By U {vy,v4} is a clique (by [Lemma 2.16:(i77)), and B; U B3 UT is a clique (by [Lemma 2.6:(77)}
ILemma 2.16:(27)| and [Lemma 2.16:(7i7)). So we conclude that 0(G) < 8 = a(G) + 3. This proves
Lemma 2,18 O
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Lemma 2.19 If A; is anticomplete to A;is, for each i € {1,2,3,4}, then G is a good graph.
Proof. First we observe the following:

2.19.1 If there are vertices, say p € A;, ¢ € Ajy1, and r € Ao, then pq,qr € E(G) or
pq,qr & E(G).

Proof of 2.19.1] If pq € E(G) and qr ¢ E(G) (say), then {r,v;1o,v;, p, q} induces a P, + P5. So
2.19.1 holds. 1

By [Lemma 2.18| we may suppose that A;, A3 # (). Then by [Lemma 2.1:(:%), we let A; := {a;}
and Aj := {as}. First suppose that {a;} is complete to As U A4. Then by [Lemma 2.5:(i1)|, we

have |As] < 1 and |A4) < 1. Also {a3} is complete to A, (by 2.19.1)). So by [Lemma 2.6:(i7)]
ILemma 2.16:(¢7)| and [Lemma 2.16:(zi¢), Ay U BsU{a;}, AgUByU{as}, and By U B, UT are cliques.
Also from |[Lemma 2.2:(47)} [Lemma 2.3:(z4¢){ and [Lemma 2.16:(¢v)| it follows that G[X; U X,UC U D]
is a perfect graph, as it is the join of a bipartite graph and a complete graph. Thus §(G) < «(G)+3,

and we are done. So we may conclude that {a;} is not complete to Ay U Ay, and let as € Ay be
such that ajas ¢ E(G). So {a1,a2,a3} is a stable set (by [2.19.1)). We consider two cases based on
the set Ay.

Case 1 The set Ay is non-empty.

By [Lemma 2.1:(i2)| Ay \ {ao} = 0 and |A4] = 1. Let Ay := {as}. So A = {ay,a9,a3,a4} is a
stable set (by [2.19.1). Next we claim that:

2.19.2 | X| <3 and | X3| < 3. Hence 0(G[X3 U{ay,a3}]) <3 and 0(G[ X1 U {as,a4}]) < 3.

Proof 0f[2.19.2] Suppose that |X;| > 4. Then by [Lemma 2.17:(it)] there are vertices p,q,7 € X;
such that {as} is complete to {p,q,r}. By |[Lemma 2.2:(i7i), we may suppose that pas, gas ¢ E(G).
But then from |[Lemma 2.2:(7¢)} [Lemma 2.3:(2)} [Lemma 2.6:(z)| and [Lemma 2.6:(:2), {b*, a3, as,p, q}
induces P, + Ps; so | X1| < 3. Likewise, |X5| < 3. This proves the first assertion of 2.19.2] The

second assertion follows from the first assertion and from [Lemma 2.17:(i7)|. I

By [Lemma 2.16:(v)|and [2.19.2) we have 0(G) < 9. If o(G) > 6, then 0(G) < a(G) + 3. So we
may suppose that a(G) < 5. Since T'U {ay, as, ve,v4} is a stable set of size 5 (by [Lemma 2.1:(7))),
a(G@) = 5. Then we claim that:

2.19.3 0(G[X; U{ay,as,v1,v3}]) < 3. Likewise, O(G[Xo U {as, as, vy, v4}]) < 3.

Proof of[2.19.3] Since X U {vq,v4} is a stable set (by [Lemma 2.2:(i7)|), and since a(G) = 5, clearly
| X;| < 3. If | X;] <1, then since {ay, v1 }, {as, v3} and X are cliques, 0(G[X;U{aq, a3, vi,v3}]) < 3;

so we may suppose that |X;| > 2. Say z;,2] € X;. Since {ay,as,ve, vy, 11,2} is a stable set

of size 6, we may suppose that a;x; € E(G). Then since {ay, v, x1,v3,a3} does not induce a

Co-banner, azry € E(G). So by [Lemma 2.2:(ii1), {ai,as} is anticomplete to X; \ {z1}. Since
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(X1 \{z1})U{a1, as,ve,v4} is a stable set of size at most 5, | X\ {z1}| = 1, and so X; \ {z1} = {«}.
Then since {a,v1,z1}, {as,vs} and {x]} are cliques, 0(G[X; U {a1, a3, v1,v3}]) < 3. This proves
2.19.3

So by [2.19.3| and [Lemma 2.16:(v)|, we have §(G) < 8 = a(G) + 3.

Case 2 The set Ay is empty.

Let A, :={a € Ay | aa; € E(G)}; so ay € Ay \ A). By |Lemma 2.5:(i1)], |A}| < 1. Next we

claim the following:

2.19.4 We may assume that | X;| > 2.

Proof of 2.19.4] If | X;| < 1, then since T'U {ay, a3, vs4} is a stable set (by [Lemma 2.1:(7)[), by
ILemma 2.16:(i44), [Ng(va)| = |X1| + T U{ay, a3, v4}| + |BsU By| < a(G) +2; s0 vy is a nice vertex

in G, and we are done. Hence we may assume that |X;| > 2.1
2.19.5 |X1 U {al, (13,1}4}| S O_/(G)

Proof of 2.19.5] If X; U {ay,as,vs} is a stable set, then we are done. So we may assume that, by

ILemma 2.2:(4¢), there is a vertex, say = € X; such that ayz € E(G). Then since {ay, a3, v1,x,v3}

does not induce a Co-banner, azx € E(G). Also by [Lemma 2.2:(7i1), {ai, a3} is anticomplete
to X1\ {z}. So by |[Lemma 2.2:(:7), (X7 \ {z}) U {a1,a3,v4} is a stable set, and since {vy} is
anticomplete to (X7 \ {z}) U{a1,as,vs}, we have |(X; \ {z}) U{a1,a3,v4}| < a(G) — 1, and hence
| X1 U {ay,a3,v4}] < a(G). This proves [2.19.5( 1

2.19.6 We may assume that both B3 and By are non-empty.

Proof of2.19.6] If one of By and By is empty, then by [Lemma 2.16:(¢27), |Bs U B4| < 1, and then
by [2.19.5/ and [Lemma 2.16:(iii), [Na(ve)| = | X1 U {a1, as,vi}| + |Bs U By| + |T| < a(G) + 2; 50 vy

is a nice vertex in G, and we are done. So we may conclude that both Bs and B, are non-empty. i

2.19.7 0(G[(A; \ A,) U X,]) < a(G) — 3.

Proof of[2.19.7 First, since X is anticomplete to B (by [Lemma 2.3:(i)]), from [Lemma 2.16:()| and
ILemma 2.2:(2), X; U B3 U By U {vs} is a stable set, and so by | X1 < a(G) — 3. Now,
if Ay \ A, = {az}, then from [2.19.4] and [Lemma 2.17:(:7), {a2} is not anticomplete to X, and
hence 6(G[(Az \ A) U X4]) < |Xi| < a(G) — 3. So we may suppose that |As \ A5| > 2. For
integers r > 2 and k > 2, let Xy := {p1,p2,...p} and Ay \ A, := {q1,q2, ..., qr}. Ifr >k,
then by [Lemma 2.17:(4¢), we may suppose that p;q; € E(G), where j € {1,2,...,k}, and then
O(G[(Az\ Ay) U X)) < |Xy| < a(G) — 3; so suppose that r < k. Then again by [Lemma 2.17: ()|
we may suppose that p;q; € E(G), where j € {1,2,...,r}, and hence §(G[(Az \ A5) UX4]) <k =
| Ay \ Ay]. Now since {as} is anticomplete to As \ A (by [2.19.1)), (45 \ A5) U{a1, a3, v4} is a stable
set, and so |4y \ A} < a(G) — 3. Thus we conclude that 0(G[(Az \ A) U X4]) < a(G) — 3. This

proves [2.19.7] 1
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2.19.8 Q(G[AIQ U XQ U {al, ag}]) S 3.

Proof of [2.19.8. To prove the claim, we further partition X5 as follows:

X, = {re Xy|xay € E(G)},
Xy = {reXy|zay € E(G),zaz ¢ E(G)}, and
Xy = {re Xy | zay, zay ¢ E(G)}.

By [Lemma 2.2:(¢22), |X5| <1, and by [Lemma 2.17:(iz)| |X3'| < 1. By [Lemma 2.1:(¢v)| A U X7 is

a clique. Since for any = € X}, {z, as, v9, v3,az} does not induce a Co-banner, X} U {as} is a clique.

Also if there are vertices, say x,z’ € X/, then for any b € By, by [Lemma 2.2:(47)| [Lemma 2.3:(7)]
ILemma 2.6:(7)| and [Lemma 2.6:(i7), {aq,b,x,a1,2'} induces a P, + P3; so | X)| < 1, and hence
XY U{a1} is a clique. So we conclude that 0(G[A U X5 U {ay,as}]) < 3. This proves [2.19.8] i

Now, by [2.19.7] and [2.19.8, we have §(G[A U X]) < a(G), and so from [Lemma 2.16:(v), we
conclude that #(G) < a(G) + 3. This proves [Lemma 2.19] O

Lemma 2.20 If A; U Ao induces a Koo, for some i € {1,2,3,4}, then G is a good graph.

Proof. We may assume that ¢ = 1. By |Lemma 2.1:(7), we may suppose that there are vertices, say

p1,p2 € Ay and qq, ¢2 € A3z such that {p1, po} is complete to {q1, ¢2}. Then we claim the following.

2.20.1 Ay, U Ay is an empty set.

Proof of[2.20.1} Suppose, up to symmetry, there is a vertex, say a € Ay. By|Lemma 2.5:(i7), we may
suppose that apy,aq; ¢ E(G). Then since {a, vq, p1, q1,p2} does not induce a P, + Ps, apy € E(G).

Likewise, aqy € E(G). But then {a,ps, g2, v3,v4} induces a Co-banner. So Ay = (). This proves
2.20.1] &

2.20.2 X5 is an empty set.

Proof of 2.20.2] Suppose there is a vertex, say x € X,. By [Lemma 2.17:(i7), we may suppose
that zpy,xzq1 € E(G). Also by [Lemma 2.4:(:iz)], we may suppose that zp, € E(G). Then
{p1,v1,p2,q1, x} induces a P, + P3. So Xy = (). This proves [2.20.2| I

Now, by [2.20.1] and [2.20.2] |Ng(vi)| = |As U T U By U By U {w3}|. Since A3 UT U {vy, vy}
is a stable set (by [Lemma 2.1:(:))), |43 UT| < a(G) — 2. So by [Lemma 2.16:(44i), |[Na(v1)| =
|As UT| + |Ba U Bs| + [{v3}] < (a(G) —2) +3 < a(G) + 2. This implies that v; is a nice vertex in

G, and hence G is a good graph. This proves [Lemma 2.20} O]

Lemma 2.21 If A; U Ao induces a K 3, for some i € {1,2,3,4}, then G is a good graph.

Proof. We may assume that i« = 1. By |Lemma 2.1:(7), we may suppose that there are vertices,

say p1 € Ay and q1, ¢2, g3 € Az such that {p;} is complete to {q1, ¢2, ¢3}. By [Lemma 2.20] we may
suppose that G[A; U A3 is Ky o-free. Then we claim the following.
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2.21.1 Ay \ {p1} is an empty set.

Proof of 2.21.1] If there is a vertex, say ps € A; \ {p1}, then by |Lemma 2.1:(4¢)} we may suppose
that paqi, p2ge € E(G), and then {py, pa2, ¢1,¢2} induces a Ky in G[A; U A3), a contradiction. So
2.21.1{ holds. &

2.21.2 {p1} is complete to As. Likewise, {p1} is complete to Ay.

Proof of 2.21.2 If there is a vertex, say a € Ay such that ap; ¢ E(G), then by [Lemma 2.5:(z3), we
may suppose that aqi,aqs ¢ E(G), and then {a, vs, q1,p1, ¢2} induces a Py + P3. So[2.21.2/holds. I

2.21.3 |X,| < 1.

Proof of [2.21.3] If there are vertices, say xa, 25 € Xo, then by [Lemma 2.17:(47)| we may suppose
that p1xe € E(G) and ¢19, g2 € E(G), and then {p1, q1, v3, ¢2, x2} induces a P + P3. So[2.21.3
holds. 1

From [2.21.2| and [Lemma 2.5:(i7)|, |As| < 1 and |A4| < 1. So from [2.21.1] [2.21.2} [Lemma 2.6:(7)|
and [Lemma 2.16:(227), A; U Ay U By and Ay U B; are cliques. Also from |[Lemma 2.16:(zi1)|
and [Lemma 2.16:(:v), By U D U {vg,v3} and By U {v1,v4} are cliques. So we conclude that
0(G — (A3 UTU X)) <5, by [2.21.3] Moreover, by [Lemma 2.1:(¢)] and [Lemma 2.2:(i)|, A3 UT U X,
induces a bipartite graph, and is anticomplete to {va, v4}; so (G[A3 UT U X;]) < a(G) — 2. Hence

0(G) < 0(G[A; UT U X4]) +5 < a(G) + 3. This proves [Lemma 2.21] O

Lemma 2.22 Fori,j € {1,2} and i # j, if A; is not anticomplete to A; o and G[A; U A;o] is
K173—f7"€6, then H(G[AZ U AH_Q U Xj]) S 3.

Proof. We will show for ¢ = 1. Suppose there are adjacent vertices, say a; € A; and ag € A3. Now
we partition A; \ {a;} and A3\ {as} as follows:

Al = {a€e A\ {a1} | aaz € E(G)},
Af = {ae A\ {ar} |aas ¢ E(G)},
Ay = {a€ A3\ {as} | aas € E(G)},and
A3 = {a € As\{as} | aay ¢ E(G)}.

Since G[A; U A;49] is K 3-free, [A]| <1 and |A}| < 1. By [Lemma 2.1:(iz)| |Af] <1 and |A5| < 1.
By [Lemma 2.1:(27)], |AY| <1 and |A%| < 1. By [Lemma 2.4:(z32), we partition X, as follows:

X, = {r e Xy |aix,a3x € E(G)},
Xy = {rxeXy|amz € E(G),a3x ¢ E(G)},and
Xy = {xeXy|azx € E(G),a1x ¢ E(G)}.

Now if there are vertices, say x, 2’ € X}, then {ay, z, vy, 2', as} induces a P, + Ps (by|Lemma 2.2:(47)));
so | X3 <1, and hence X} U {ay, a3} is a clique. Also by [Lemma 2.17:(42), |XJ| <1 and | X}'| < 1.
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Moreover, for any x € XJ and a € Aj, since {a,vs, x,a1,v1} does not induce a P, + P3, Af is
complete to X7. So by |Lemma 2.1:(7i)| and [Lemma 2.4:(¢i7), A} U AT U X7 is a clique. Likewise,
AT U AL U XY is also a clique. Hence §(G[A; U A3 U X)) < 3. This proves [Lemma 2.22| O

Lemma 2.23 If o(G) <5 and for each i € {1,2,3,4}, G[A; U A;42] is Ky o-free, then 0(G) < 8.

Proof. For each i € {1,2}, since X; U {v;41,v;-1} is a stable set (by [Lemma 2.2:(i7)), we have
|X;| < 3. Also for each i € {1,2,3,4}, since A; U {v;y1,v;_1,t"} is a stable set (by [Lemma 2.1:(7)))
we have |A;| < 2. Now for each j € {1,2}, if O(G[A; U Aj 1o U X; U {v;,vj42}]) < 3, then by
ILemma 2.16:(v)| we have 0(G) < 8. So we assume that 0(G[A; U A3 U Xy U {vy,v3}]) > 4. Also:

2.23.1 We may assume that X1 and X5 are non-empty.
Proof of[2.23.1] Since |As| < 2 and |A4| < 2, we have 0(G[A, U A4]) < 2 (by Lemma 2.1:(47)). Then
by |Lemma 2.16:(v)|and [Lemma 2.22) 0(G) < 0(G[AsUA4])+0(G[A1UA3UX,])+0(G[BUCUX,)]) <
2 + 3 + 3 = 8. Hence we may assume that X; # (). Likewise, we may assume Xy # (. I

By 2.23.1} let 27 € X; and 23 € X5. Now we will show that §(G[Ay U A, U X;)] < 2 using a
sequence of claims given below.

2.23.2 A, and Az are non-empty.

Proof of . Suppose not. Since |X;| < 3, we may suppose A; # 0 and A3 = 0. Let
a € A;. Since 0(G[A; U A3 U X U {v1,v3}]) > 4, we have |X;| > 2. Let x € X; \ {z:1}.
First suppose that |X;| = 3. Let 2’ € X; \ {z1,2}. Then since X; U (A; \ {a}) U {a,ve,v4}
is not a stable set of size 6 (by [Lemma 2.1:(7)| and [Lemma 2.2:(47)|), we may suppose that
ax; € E(G) and Ay \{a} is complete to {z} (by|Lemma 2.2:(2:3)|). Hence (G[A; UX;U{vy,v3}]) <
0(G[{a,z1,v1}]) +0(G[{x,v3}]) +0(G[(A1\{a})U{z}]) = 3, a contradiction to our assumption that
O(G[A1UA3U X, U{vy,v3}]) > 4. So we assume that |X;| = 2 and thus |A;| = 2. Let o’ € A;\ {a}.
Now since {d’,a,z1,x,vs,v4} is not a stable set of size 6, we may suppose ax; € F(G). Since
O(G[(A1 \ {a}) U (X1 \ {z}) U{vi,v3}]) <2, we have 0(G[A; U X7 U {vy,v3}]) < 3, a contradiction
to our assumption that 0(G[A; U A3 U Xy U {vy,v3}]) > 4. So A; and Aj are non-empty. This

proves [2.23.2] i

2.23.3 Let a € Ay and a' € As be non-adjacent vertices. Then Ng(a) N X1 = Ng(a') N Xy and

| X1| < 2. Moreover, if | X5| = 2, there is a vertex in X, which is complete to {a,a'}.

Proof of2.23.3] Since for any = € Ng(a)N Xy, {a, v1,z,v3,d'} does not induce a Co-banner, we have
xr € Ng(a')NXy; 80 Ng(a)NX; C Ng(a')NXy. Also since for any 2’ € Ng(a')N Xy, {d,vs, 2", v1,a}
does not induce a Co-banner, we have ' € Ng(a) N Xy; so Ng(a') N Xy € Ng(a) N X;. Hence
Ng(a) N X1 = Ng(a') N X;. Now if | X;| = 3, then G[X; U {a, d’,vs,v3}] has a stable set of size
6 (by [Lemma 2.1:(7)} [Lemma 2.2:(i7)| and |Lemma 2.2:(7i7)]), a contradiction. So |X;| < 2. This
proves the first assertion of . Since X U {a,d’,v2,v3} is not a stable set of size 6, there is a
vertex in X7 which is complete to {a,a’}. This proves [2.23.3] §
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2.23.4 G[A; U Aj3] is Ps-free.

Proof of 2.23.41 Suppose not. Let p,q,r € A} U A3 be such that pq, qr € E(G) and pr ¢ E(G). By
ILemma 2.1:(7), we may suppose that p,r € A; and ¢ € As. Since for any = € X1, {p,q,r,z,t*}

does not induce a P, 4 P, every vertex of X; has a neighbor in {p, ¢,r}. Thus by |[Lemma 2.2:(i77)}
0(G[ X1 U{p,q,r v1,v3}]) < 3. So we assume that A3\ {q} # 0. Let s € A3\ {¢}. So A3 = {q, s}.
Since G[A; U Al is Ky o-free, we may suppose that rs € F(G) and ps ¢ E(G) (by [Lemma 2.1:(iz))).
So | X:| <2 (by[2.23.3). Suppose p has a neighbor in Xy, say 2/. Then by [2.23.3] sz’ € E(G). Also
X1\ {2’} is either complete to {q} or {r} (by |[Lemma 2.2:(7i7)]). If X;\ {2’} is complete to {¢}, then
{p, o', v}, (Xi\{2'})U{q, vs} and {r, s} are three cliques, otherwise {s,z’, v}, (X1 \{z'})U{r, v}
and {p, ¢} are three cliques; so (G[A; U A3 U X, U{vy,v3}]) < 3, a contradiction to our assumption
that 0(G[A; U A3 U X, U{v1,v3}]) > 4. So we assume that {p} is anticomplete to X;. So by
X1 = {x1} and {s} is anticomplete to X;. Now if gz, € E(G), then {p,v1}, {¢q,vs, 21} and {r, s}
are three cliques, otherwise {p, ¢}, {r,v1, 21} and {s,v3} are three cliques, a contradiction to our
assumption that 0(G[A; U A3 U X1 U {vy,v3}]) > 4. So G[A; U A3] is Ps-free. This proves [2.23.4] 1

2.23.5 G[A; U A3] induces a 2P;.

Proof of [2.23.5] Suppose not. Then by [2.23.2] and [2.23.4] [Lemma 2.1:(7)| and [Lemma 2.1:(77)]
we may suppose that G[A; U A;] is isomorphic to one of 2K, P, and K; + K,. Suppose that

Ay is not complete to As. Let p € A; and ¢ € A3 be non-adjacent vertices. We may assume
that A; \ {p} = 0. Since A3\ {q} is complete to {p} (by [Lemma 2.1:(77)), we may suppose that
| X1] =2 (by[2.23.3). Let 2’ € X1\ {z1}. By[2.23.3] we may suppose that pz’, gz’ € E(G). Now
{q,2',v3}, {x1,v1} and (A3 \ {¢}) U {p} are three cliques, a contradiction to our assumption that
0(G[A; U A3 U Xy U{v1,v3}]) > 4. So we assume that A; is complete to A3. Hence G[A; U A3 is
isomorphic to P,. So |X;| = 3. Since 0(G[A; UA3U X, U{vg,v4}]) > 4, either A; is anticomplete to
X or Ajz is anticomplete to X;. We may assume A; is anticomplete to X;. Then A; U X; U{vq, v4}

is a stable set of size 6 (by [Lemma 2.1:(7)| and [Lemma 2.2:(¢7)]), a contradiction. This proves

2.23.5 1

So by [2.23.5, we may suppose that there are vertices, say p1,ps € A1 and ¢, g2 € Az such that
P1q1,p2q2 € E(G) and p1go, p2g1 ¢ E(G). Next we claim the following:

2.23.6 | X | = 1. Moreover, Xy is anticomplete to A; U As.

Proof of [2.23.6 First we will show that |X;| = 1. Suppose not, by [2.23.3] we may suppose that
{z} = X7\ {z1}. Then by 2.23.3] we may suppose that pyz; € E(G). Since {b*,vq, p1,x1,p2} does
not induce a P, + P3 (by |[Lemma 2.1:(¢)| [Lemma 2.3:(¢)| and [Lemma 2.6:(2)|), we have poxy ¢ E(G).

Then by [2.23.3] we have pox, 1o € E(G). Then A; U A3 U X; U {vy,v3} can be partitioned into
three cliques, namely {py,z1,v1}, {q1,2,v3} and {ps, g2}, a contradiction to our assumption that
0(G]A1 U A3 U Xy U{vy,v3}]) > 4. So | X1| = 1. This proves the first assertion of [2.23.6{ Now if
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X is not anticomplete to A; U A3, then we may suppose that pjz; € E(G) and as in the first
assertion we partition A; U A3 U X U{v,v3} into three cliques, a contradiction to our assumption

that 0(G[A; U A3 U Xy U {vy,v3}]) > 4. This proves [2.23.6, I

Now if Ay U Ay is complete to X, then §(G[A; U Ay U X)) < 2 (by [Lemma 2.1:(42)| and
2.23.6). So we assume that there is a vertex in As, say ay such that aszy ¢ E(G). Then

asp1, AsPa, A2q1, a2q2 ¢ E(G) (by [Lemma 2.1:(:v)| and [2.23.6). Next we claim the following:

2.23.7 Ay \ {as} is an empty set. Moreover, {as} is complete to Ay.

Proof of[2.23.7 First we will show that As \ {as} = (). Suppose to the contrary there is a vertex in
Ay \ {as}, say a. By |Lemma 2.5:(i1), we may suppose that ap; ¢ E(G). Since {a, p1, g2, v3,v4} does

not induce a P, + P;, we have ags ¢ E(G). Then {a, as, p1, g, v4,t*} is a stable set of size 6 (by
ILemma 2.1:(z)]), a contradiction. So we have Ay \ {as} = (). This proves the first assertion of [2.23.7]
Now suppose to the contrary that as has a non-neighbor in Ay, say ay. Since {ag, v9, p1, aq,v4} does

not induce a P, + P3, we have ayp; ¢ E(G). Similarly, ayps ¢ E(G). Then {as, a4, p1, p2, vs, t*} is

a stable set of size 6 (by [Lemma 2.1:(7)|), a contradiction. So {as} is complete to A4. This proves

2237 u

So by [2.23.7| and [Lemma 2.4:(7i1), we have Ay is complete to X;. Thus 0(G[A; U A4 U X;]) < 2.
Now 0(G) < (G[A; U A3U X5)) + 0(G[As U AL U X))+ 0(GIBUCUDUT]) <24+3+3=28 (by
ILemma 2.22| and [Lemma 2.16:(v)|). This proves [Lemma 2.23| O

Lemma 2.24 If A; is not anticomplete to A; o, for some i € {1,2,3,4}, then G is a good graph.

Proof. We may assume that ¢ = 1, and there are adjacent vertices, say a; € A; and ag € Ajs.
By [Lemma 2.21} |A}| < 1 and |A}] < 1. By [Lemma 2.1:(i7), |A]| < 1 and |A4| < 1. Also

by [Lemma 2.20| and [Lemma 2.21 we may suppose that for each j € {1,2}, G[A; U A;49] is
(K13, Ka9)-free. So by [Lemma 2.23| if a(G) = 5, then §(G) < 8 = a(G) + 3; hence G is a good
graph. So we assume that either o(G) > 6 or a(G) < 4. Now we claim the following:

2.24.1 0(G[A2 U A, U X4]) < 3.

Proof of 2.24.1, We may assume that A, is anticomplete to A4 (by [Lemma 2.22). We partition X

as follows:

X = {reX;|ax e E(G)},
X! = {reX;|ax ¢ E(G),a3x € E(G)}, and
X" = {re Xy |az,a3x ¢ E(G)}.

By [Lemma 2.2:(zi2)) |X7| < 1 and |XY| < 1. If there are vertices, say x,2’ € X{’, then
{a1, a3, z,t*, 2’} induces a P, + P3 (by [Lemma 2.2:(77) and [Lemma 2.17:(2)); so | X{"| < 1. Hence
| X < 3. If Ay, Ay # 0, then by [Lemma 2.1:(i7), we have |Ay] < 1 and |A44| < 1, and so by
ILemma 2.17:(i7), (G[A2 U A, U X7]) < 3, and we are done. If Ay = () (up to symmetry), then from
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ILemma 2.4:(7)| and [Lemma 2.5:(i2)}, |As| < 3, and again by [Lemma 2.17:(:7), 0(G[A2UA,UX;]) < 3.
This proves |

Now from |[Lemma 2.16:(v)} [Lemma 2.22|and [2.24.1] 6(G) < 9. If a(G) > 6, then §(G) < a(G)+3.
So it is enough to prove the lemma for a(G) < 4 . Since T'U {a1,v9, v4} is a stable set of size 4 (by
[Lemma 2.1:(7) and since T # (), a(G) > 4. Recall that X; U {vy,v4} and X, U {vy,v3} are stable
sets (by [Lemma 2.2:(27))), and A; UT U {v;41,v;-1} is a stable set, for each i (by [Lemma 2.1:(%))).
So we may assume that «(G) = 4. Since a(G) = 4, clearly |X;| < 2, [X5] < 2, and |4;] < 1

for each i. For j € {1,2}, if there are non-adjacent vertices a € A; and o’ € Aj o, then since

T U{a,d,vj11,vj-1} is a stable set of size of at least 5 (by [Lemma 2.1:(7)), A; is complete to
Ajio. Then from [Lemma 2.4:(i17), 0(G[A; U A3 U X5]) < 2 and 0(G[A2 U A4 U X;]) < 2. So by
ILemma 2.16:(v)|, we conclude that §(G) < 7 = a(G) + 3. Hence G is a good graph. This proves
Lemma, 2.24] [

Lemma 2.25 If G is a (P, + Ps, P, + P3, Ky + K3, Co-banner, Hs)-free graph that contains an
Hs, then G is a good graph.

Proof. Let G be a (P, + P, P, + P;, Ky + K3, Co-banner, H,)-free graph that contains an Hs.
We may assume that G does not have twins or a universal vertex. Suppose that G contains an Hj
with vertices and edges as shown in [Figure 9 Let C':= {v1, vo,v3,v4} and we partition V(G) \ C
as in [Section 2.2l We split the proof into two cases depending on edges between A; and A; .,
where ¢ € {1,2,3,4}, and the lemma follows from [Lemma 2.19| and [Lemma 2.24] O

Theorem 2.26 If G is a (Po+ P3, Py + P3, Ks3, banner, Hy)-free graph that contains an Hs,
then G is a good graph.

Proof. The proof follows from |[Lemma 2.25| O

2.5 (P2+ Ps, P, + P;, Ks3)-free graphs that contain a C,

We start with the following. Let G be a (P, + P, P, + P, K5 3, banner, Hy, Hj)-free graph which
does not have twins or a universal vertex. Suppose that G contains a (4, say with vertex-set
C = {vy,v9,v3,v4} and edge-set {v1vq, Vovs, V3V4, v4v1 }. We partition V(G) \ C as in ,
and we use the lemmas in . Clearly since G is Ky 3-free, X = (), and since G is banner-
free, A = (). Moreover, the graph G has some more properties which we give in
to 2.29 below.

Lemma 2.27 Fori € {1,2,3,4}, the following hold:
(i) B; is complete to Biy1 U B;_4.
(it) If Biy1 # 0, then B; is a clique.

Proof. (i): If there are non-adjacent vertices, say b € B; and V' € B;y1 U B;_1, then C U {b,0'}
induces an Hs. So [Lemma 2.27:(7)[ holds. 1
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(17): If there are non-adjacent vertices in B;, say b and ¥, then for any 0" € B;4, by [Lemma 2.27:(1)|
{b,v;, 0, b",v;_1} induces a banner. So|Lemma 2.27:(:7)| holds. O

Lemma 2.28 If B; and By o are empty, for some i € {1,2,3,4}, then G is a good graph.

Proof. We may assume that BoU By = (). If By is anticomplete to Bs, then we define S; := {vy, v3},
Sy :={wy} and S5 := T U{vs}. Then by [Lemma 2.1:(7)|, clearly Si, Sy and S3 are stable sets such
that w(G — (S1US2 U S3)) <w(G) — 2, and G is a nice graph. So we may suppose that, there are

adjacent vertices, say b; € By and b3 € B3. Now we claim the following:
2.28.1 By is a clique. Likewise, B3z is a clique.

Proof of 2.28.1L Suppose to the contrary that there are non-adjacent vertices, say b, € Bj.
If b,0" # by, then by [Lemma 2.1:(v)l {bs,vy4,b,v2,b'} induces a P, + P3, and if b = by, then
{b1, b3, vq,v1,0'} induces a banner or a K, 3; so we conclude that By is a clique. Likewise, Bs is a

clique. This proves [2.28.1] 1

Now if D = (), then by [Lemma 2.1:(v)|, G[B; U B3 U C] is the complement of a bipartite graph,
and then by [Lemma 2.1:(7)|, we have x(G) < w(G) + 3 and we are done; so D # (). If there is a
vertex, say d € D such that {d} is complete to either B; or B, then we let S} := {d}, otherwise
let S be a maximum stable set in G[B; U B3 U D] such that DN Sy # () and (B; U Bs) NSy # 0.
Let Sy := T U {vy,v3} and S3 := {vy,v4}. Then Sp, 5, and S5 are stable sets. Next we claim the

following:
2.28.2 For any mazimum clique Q in G — (S; U S U S3), we have |Q| < w(G) — 2.

Proof of Suppose not, and let K be a maximum clique in G — (S; U Sy U S3) such that
|K| > w(G) — 1. Since {vy,v9} is complete to By U D, and {vs,v4} is complete to B3 U D, we may
assume that, KN By, KN Bs # (. By|[Lemma 2.1:(v)| we let KN By := {b;} and KN B3 := {V,}. If
DN Sy is not anticomplete to K, then for any d' € (DN.S;) NN (b)), clearly (K \ {b5})U{d’, v1, v}
is a clique of size at least w(G) + 1 (by [Lemma 2.2:(z)|), a contradiction; so D N S] is anticomplete
to K. Moreover, if By NS; = (), then by [Lemma 2.1:(v)|, S; U {}} is a stable set which contradicts
the choice of S;; so By NS, # (. Likewise, B3 N'S; # (). Then for any p € B1NS;, ¢ € B3NS,
and r € DN Sy, {q,b5,p,v1,r} induces a Py + P3 (by [Lemma 2.1:(v)]), a contradiction. This proves

2282 n

So by [2.28.2) w(G—(51US2US3)) < w(G)—2, and G is a nice graph. This proves|Lemma 2.28, [

Lemma 2.29 If B; is complete to B;ya, for each i € {1,2,3,4}, then G is a good graph.

Proof. Since N(v;) = B; U B;_1 U D U{v;41,v;_1}, and since v; and v; 1 are not twins, we may

suppose that B; and Bjs are non-empty. Then by [Lemma 2.1:(v), |B;| = 1 and |Bs| = 1. By
Lemma 2.28, we may suppose that By # (). So by [Lemma 2.27:(i7),, we may suppose that B; is a




CHAPTER 2. COLORING (P> + P3, P, + P;)-FREE GRAPHS 52

clique, for each i. First suppose that By # . So again by [Lemma 2.1:(v)| |B;| = 1, for each i. For
i€{1,2,3,4}, we define W; := B; U {v;12} and W5 := T. Then clearly W;’s are stable sets, and
hence x(G) < w(G) + 3 (by [Lemma 2.3:(i1)]), and we are done. So we may conclude that By = 0),
and we define S := By U {vs}, Sy := B3 U {v1} and S5 := T'U {vg,v4}. Then S, Sy and S; are
three stable sets. Now if there is a clique, say @ € G — (S; U S3 U S3) such that |Q| > w(G) — 2,
then Q N (By U D) # ), and then Q U {vg,v3} is a clique of size w(G) + 1, a contradiction. So

w(G — (S1US3US;)) <w(G) — 2, and hence G is a nice graph. This proves [Lemma 2.29| O

Now we prove the main result of this section, and is given below.

Theorem 2.30 If G is a (P + Ps, Py + P3, Ks3)-free graph that contains a Cy, then G is a good
graph.

Proof. Let G be a (P, + Ps, P, + Ps, Ky3)-free graph. Suppose that G contains a C, say with
vertex-set C' := {vy,v9,v3,v4} and edge-set {vivy, vovs, V304, v4v1}. We partition V(G) \ C as
in and we use the lemmas in [Section 2.2l By [Theorem 2.13| [Theorem 2.14] and
ITheorem 2.26| we may suppose that G is (banner, Hy, H3)-free. As earlier, since G is K 3-free,
X =), and since G is banner-free, A = (). Also T is a stable set (by [Lemma 2.1:(7)). We may
assume that G does not have twins or a universal vertex, and we use [Lemmas 2.27] to [2.29] Recall
that, by [Lemma 2.27:(7)|, for each ¢ € {1,2,3,4}, B; is complete to B;;;. By |Lemmas 2.28 and [2.29]
we may suppose that there are vertices by € By, by € By and bs € Bs such that byby, bobs € E(G)
and bibg ¢ E(G). Then by [Lemma 2.27:(:4)], for each i € {1,2,3,4}, B, is a clique. If D = (), then
since By U By U {vy} and B3 U By U {v,4} are cliques, B U {vq,v4} induces the complement of a
bipartite graph, and hence x(G) < x(G[B U {vq, v4}]) + x(G[T U{v1,v3}]) < w(G)+ 1. So we may
suppose that D # (), and we claim the following:

2.30.1 Any vertex in D which is complete to {by,bs}, is complete to By U By. Also any vertex in
D which is anticomplete to {by,bs}, is anticomplete to By U By.

Proof of [2.30.1] Let d € D. If dby,dbs € E(G), and there is a vertex b € B, (up to symmetry)
such that db ¢ E(G), then {b1,b,vs,d, b3} induces a P, + Ps. If db;,dbs ¢ E(G), and there is a
vertex V' € By (up to symmetry) such that di € E(G), then {by,V,d, vy, b3} induces a banner.
This proves |

Let B’ := {by, by, b3}. To proceed further, we let:
D, :={de D|N(d)NB = {h}}, D, :={de D|N(d)NB = {bs}},
Dy:={de D|N(d)NnB ={by,bs}}, Diy:={de D | N(d)NB = {by,b3}},
D3:={de D|N(d)nB =B}, and Di:={de D|N(d)nB =0}

Then by 2.30.1] D = j@l D; U D} and by [Lemma 2.1:(277), Dy, D7, Da, Dy and Dj are cliques.

Moreover:

2.30.2 D, U D), is a stable set. Likewise, Dy U D} is a stable set.
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Proof of. If there are vertices, say d,d’ € D, then {bi,by,v3,d,d'} induces a P, + Ps; so
|D1| < 1. By using a similar argument, we conclude that |Dj| < 1. If there are adjacent vertices,
say d € Dy and d' € D}, then {b;,d,d' by,v;} induces a P, + P;. So D; U D), is a stable set.
Likewise, Dy U D] is also a stable set. This proves [2.30.2] I

2.30.3 |Dj| < 1.

Proof of |2.30.5 1f there are vertices, say d,d’ € Dj, then since {d,d’, by, by, b3} does not induce
a Py + Ps, we have didy ¢ E(G), and then {b, be, d, vs,d'} induces a P, + P3; so |Dj| < 1. This

proves [2.30.3 . 1

Now we prove the theorem in three cases as follows:
Case 1 Suppose that the set Dy U D} is non-empty.

We may assume, up to symmetry, that there is a vertex, say d € Dy. Then:
2.30.4 |By| <2 and |By| < 2. Moreover, x(G[By U By]) < 2.

Proof of[2.30.4} If there are vertices, say b,V € By \ {b2}, then since {b, b3, v4,d, b’} does not induce
a P, + P3, we may suppose that bd ¢ E(G), and then {b1, by, vs, d, b} induces a P, + Ps; so | By| < 2.
If there are vertices, say p,q,r € By, then since {bs,vs,d, p,q} does not induce a P, + P, we may
suppose that pd ¢ F(G), and then we get a similar contradiction as in the proof for |By| < 2. So
| B4| < 2. This proves the first assertion. The second assertion follows from the first assertion and
from [Lemma 2.1:(v)l This proves [2.30.4] I

Case 1.1 Suppose that the set By \ {b1} is non-empty.

Then we have the following claim:

2.30.5 x(G[B, U B3 U D3 U D)) < w(G) — |Bs| — 1. Likewise, x(G[By U Bs U D3 U Dj]) <

Proof of [2.30.5 For any b € (By \ {b1}) U (Bs\ N(by)), since {by,bs,v3,d, b} does not induce a
Py + P, {d} is anticomplete to (B \ {b1}) U (B3 \ N(b;)). Now if there are non-adjacent vertices,
say ' € By \ {b1} and 0" € B3\ N(by), then {by,bs,v3,d, V', b"} induces an Hs; so By \ {b1} is
complete to Bs \ N(by). Then since by € B3 \ N(by), by [Lemma 2.1:(v)l |B; \ {b1}| = 1 (so
|B;| = 2), and B3 \ N(b;) = {bs}. Hence D3 is complete to By \ {b1} (by [Lemma 2.2:(7)),
and so D3 U By U By U {v} is a clique (by . By , D5 U {by, b3} is a stable set.
By [Lemma 2.1:(v)| (By \ {b1}) U (Bs \ {bs}) is a stable set. These conclusions imply that
X(G[B1U B3 U D3y U Dy]) < w(G[Ds]) + x(G[D5 U {by, b3}]) + x(G[(Br \ {b1}) U (Bs \ {bs})]) =
(W(G[D3UByUByU{ws}]) = |Bi| — |Ba] = 1) +2 < w(G) =2 — | Ba| + 1 = w(G) — | Bo| — 1. Likewise,
X(G[B1 U B3 U D3]) < w(G) — | B4| — 1. This proves |

By [£.30.2], x(G[Dy U D}, U Dy U D}]) < 2. So by2:30.5, x(G[B1 U By UD]) < w(G) — |Ba| + 1
and x(G[B1 U B3 U D]) < w(G) — |B4| + 1. Now if |By| =1 and |By| < 1, then since By U {v;},
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ByU {vs} and T'U {vs, v} are stable sets, we conclude that x(G) < w(G) + 3. So by [2.30.4] we
may suppose that either |By| = 2 or |By| = 2. In any case, x(G[B; U B3 U D]) < w(G) — 1. Then
since T'U {va,v4} and {v1,v3} are stable sets, and x(G[Bs U By]) < 2 (by [2.30.4), we see that
X(G) < w(G) + 3.

Case 1.2 Suppose that the set By \ {b1} is empty.

If B3\ {bs} = 0, then since {b1,vs}, {b3,v1} and T U {vg, vy} are stable sets, and since
X(G[Bs U By]) < 2 (by [2.30.4)), clearly x(G) < x(G — D)+ x(G[D]) <5+ (w(G) — 2) = w(G) + 3
(by [Lemma 2.3:(i7)l So we may suppose that Bs \ {b3} # (). Now if there is a vertex, say d; € D,
then bzd; € E(G), bidy,bed; ¢ E(G) and Bs \ {b3} # (), and thus this case (up to relabeling) is
similar to Case 1.1, and we proceed in Case 1.1 to complete the proof. So we may assume that
D} = 0. Also:

2.30.6 We may assume that |By| < 1.

Proof of . If there are vertices, say by, b € By, then by [Lemma 2.1:(v)| we may suppose that
boby ¢ E(G), and then since {by, bo, b3, by, d} does not induce a banner, byd € E(G). Now since
bsd, bad, boby ¢ E(G) and By \ {bs} # 0, this case (up to relabeling) is similar to Case 1.1, and we
proceed in Case 1.1 to complete the proof. So we may conclude that |By| < 1.1

By [2.30.6 and [Lemma 2.1:(3)|, {b1,v4}, By U {v2} and T U {vy, v3} are stable sets. By [2.30.2]
Dy U {by} is a stable set. By [2.30.1} [2.30.3 and [2.30.4} (B \ {b2}) U D} is a stable set. Hence
X(G[B1UBUB4UD,UDj]) < 5. Since D\ (D1UDY4) is complete to {by}, D\ (D;UD}) is a clique (by
ILemma 2.1:(¢27)). Thus G[B3U(D\ (D1UD}))] is the complement of a bipartite graph, and hence a
perfect graph. Since {vs, v4} is complete to BsU(D\(D,UD})), x(G[BsU(D\(D1UD}%))]) < w(G)—2.
Hence x(G) < w(G) + 3and so G is a good graph. This proves the theorem in Case 1.

Case 2 Suppose that the set Dy U D7 is empty and the set Dy U D) is non-empty.

We may assume, up to symmetry, that there is a vertex, say d € Dy. Then b1d, bed € E(G),
and bsd ¢ E(G). Also:

2.30.7 We may assume that By = {bs}.

Proof of|2.50.7 1f there is a vertex, say by € By \ {b2}, then since {bs, b3, v4, d, by} does not induce
a P+ Pj, byd ¢ E(G). Now, we see that there is a vertex d € D such that b;d € E(G) and
bhyd, bsd ¢ E(G), and this case (up to relabeling) is similar to Case 1, and we proceed as in Case 1
to complete the proof. So we may conclude that By = {by}. I

2.30.8 We may assume By is complete to {by}.

Proof of |2.30.8. Suppose there is a vertex, say by € B, such that byby ¢ E(G). Then since
{b1, b, b3, by, d} does not induce a P, + P3, byd ¢ E(G). Now, we see that there is a vertex d € D
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such that bed € E(G) and bsd, byd ¢ E(G), and this case (up to relabeling) is similar to Case 1,

and we proceed as in Case 1 to complete the proof. So we may assume By is complete to {by}. 1

2.30.9 We may assume that By U Bs is anticomplete to Dj.

Proof of Suppose there are adjacent vertices, say b € By and d’ € Dj. Then by |Lemma 2.2:(¢)]
bbs ¢ E(G). Now, we see that there is a vertex d’ € D such that bd’ € E(G) and bod', bsd ¢ E(G),

and this case (up to relabeling) is similar to Case 1, and we proceed as in Case 1 to complete the

proof. So we may conclude that B; is anticomplete to Dj. Likewise, we may assume that Bj is

anticomplete to Dj. So we may assume that By U Bj is anticomplete to Dj. I
2.30.10 {d} is complete to (By \ N(b3)) U (Bs\ {bs}) U (D \ {d}).

Proof of[2.30.1(} Suppose there is a vertex, say p € (By \ N(b3)) U (B3 \ {b3}) U (D \ {d}) such
that pd ¢ E(G). If p € By \ N(bs), then {p, ba, d,v1, b3} induces a banner. If p € B3\ {b3}, then
{by, b3, v4,d,p} induces a P, + Ps. Since {by} is complete to D\ Dj, by [Lemma 2.1:(iii), D\ Dj
is a clique; so {d} is complete to D \ Dj. So we conclude that p € Dj5. But then {d, vy, p, vs, b3}
induces a banner. So holds. i

2.30.11 We may assume that By is empty.

Proof of [2.530.11 By Lemma 2.1:(v)] and [2.30.8| |Bs| = 1. By [Lemma 2.2:(7)| and [2.30.8] B
is complete to D \ Dj. Now we define three stable sets, say Wy := {by,v4}, W := By U {vy}
and Wy := T'U {vy,v3}. We claim that for any maximum clique @ in G — (W, U Wy U Ws),
|Q| < w(G) — 2. Suppose not, and let K be a maximum clique in G — (W, U Wy U W) such
that |K| > w(G) — 1. Since for j € {1,3}, {vj,vj41} is complete to B; U D, we may suppose
that K N By # 0 and K N B; # (. Then by [2.30.9) K N D} = 0. Since B, U {by} is complete to
By U B3 U (D \ Dj), we see that K U By U {by} is a clique of size w(G) + 1, a contradiction. So
w(G— (W1 UWeUW;) < w(G) —2, and hence G is a nice graph. So we may assume that By = (). i

Now we define three stable sets, say Sy := {bs3,d}, Sy := {ba,v1}, and S5 := T U {vg,v4}, and

we claim the following:
2.30.12 For any maximum clique Q in G — (S3 U Sy U S3), we have |Q| < w(G) — 2.

Proof of Suppose not, and let K be a maximum clique in G — (S; U Ss U S3) such that
|K| > w(G) — 1. If KN By =0, then by [2.30.10] K U {vy,d} is a clique of size at least w(G) + 1, a
contradiction; so K N By # 0. If KN Bs # 0, then K N B is complete to {d} (by[2.30.10), K N B,
is complete to {d} (by [Lemma 2.2:(7)|), and then K U {bs,d} is a clique of size at least w(G) + 1,
a contradiction; so K N By = (). Then |K U {vy,v2}| > w(G) + 1, a contradiction. This proves
23012 n

Hence by [2.30.12 G is a good graph.
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Case 3 Suppose that the set D1 U D7 U Dy U DY is empty.

Suppose that there are non-adjacent vertices, say b € By and d € D3, then by |[Lemma 2.1:(v)}|
bbs ¢ E(G). Now, we see that there is a vertex d € D such that byd, bsd € E(G) and bd ¢ E(G),

and this case (up to relabeling) is similar to Case 2, so we proceed as in Case 2 to complete the

proof. So we may assume that By is complete to Ds. Likewise, we may assume that Bs is complete

to D3. Since By U By and B3 U By are cliques, G[B] induces the complement of a bipartite graph.

Also by [2.30.1], D3 is complete to B. So G[B U Ds] induces a perfect graph. By [2.30.3, since
D5, {va,v4} and T'U {wvy, v3} are stable sets, we conclude that x(G) < w(G) + 3. So G is a good

graph. [

2.6 (P> + P3, P, + P3)-free graphs that contain a Cy
Theorem 2.31 If G is a (P + Ps, Py + Ps)-free graph that contains a Cy, then G is a good graph.

Proof. If G contains a Ks 3 then the theorem follows from So we assume that G is
K, 5-free, and then the theorem follows from [Theorem 2.30] m

2.7 Chromatic bound for (P, + P;, P> + P;)-free graphs

In this section, we prove the smallest y-binding function for the class of (P, + Ps, P, + Ps)-free

graphs. We first prove few lemmas.
Lemma 2.32 If G is a nice graph with w(G) > 3, then x(G) < [3w(G)| — 1.

Proof. Let G be a nice graph. Then G has three pairwise disjoint stable sets, say Si,S> and
Sy, such that w(G — (S1US2 U S;)) < w(G) —2. Let S := 51U S, U S;. We prove the lemma
by induction on |V(G)|. Since x(G) < x(G — S) + x(G[S]), by induction hypothesis, x(G) <

(Bw(G-9)] -1 +3<(|3(w(G)—2)] —1)+3 < |3w(G)| — 1. This proves . O

Lemma 2.33 If a graph G has a nice vertex with w(G) > 3, then x(G) < w(G) + 3.

Proof. Suppose that the graph G has a nice vertex, say u. We prove the lemma by induction
on |V(G)|. Now since dg(u) < w(G) + 2, we can take any x(G)-coloring of G — u and extend it
to a x(G)-coloring of G, using for u a color (possibly new) that does not appear in Ng(u). So

X(G) < w(G) + 3. This proves |Lemma 2.33] O
Lemma 2.34 If G is a good graph with w(G) > 3, then x(G) < max{w(G) + 3, | 3w(G)| — 1}.

Proof. Let G be a good graph. If x(G) < w(G) + 3 or if G is a nice graph or if G has a nice

vertex, then the lemma follows from [Lemmas 2.32| and [2.33] So we may suppose that either

GG has twins or a universal vertex. Now we prove the lemma by induction on |V(G)|. If G

has a universal vertex, say u, then w(G — u) = w(G) — 1, and then x(G) = x(G —u) +1 <
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max{w(G —u) + 3, [2w(G — u)| — 1} + 1 < max{w(G) + 3, | 3w(G)| — 1}, we are done. Finally,
suppose that G has twins, say v and v. Then we may suppose that Ng(u) C Ng(v), and so
X(G) = x(G —u) and w(G) = w(G — u). Now we can take any x(G)-coloring of G — u and extend

it to a x(G)-coloring of G, using for u the color of v. This proves [Lemma 2.34! O
Theorem 2.35 Every (Po+ Ps, Py + P )-free graph G with w(G) > 3 satisfies x(G) < max{w(G)+
3, [3w(G)] — 1}

Proof. Let G be a (P, + P3, P, + Ps)-free graph. By [Theorem D| if G is Oy-free, then y(G) <
[2w(@)] < max{w(G) + 3, |2w(G)| — 1}. So we may suppose that G contains a Cy. Then G is a
good graph (by [Theorem 2.31)), and then the proof follows from [Lemma 2.34 O

To prove that the bound given in[Theorem 2.35|is tight, we first consider the following (P, + P,
Py + P3)-free graphs, where t € N:

(A) Let L be the 16-regular Schlifli graph on 27 vertices (see [Figure 5)). Then:

e (L) =9 and w(L) = 6.
L) =6 and w(L) = 3 (see |Figure 6.
L

(
e X(LVK;)=t+6and w(LV K;) =1+ 3.

X
X
X

(B) Let H be the complement of the Clebsch graph on 16 vertices (see [Figure 4)). Then:

e x(H)=8and w(H) =5 (see [Figure 4)).

o If H* = H — v, for any v € V(H), then x(H*) = 8 and w(H*) = 5 (see [Figure 4).
o X(HVEK;)=t+8and w(HV K;) =t+5.

o Y(H*VEK;)=t+8and w(H*"V K;) =t +5.

We refer to Chudnovsky and Seymour [45] for a precise definition of the Schlafli graph and its
properties. It is interesting to note that the set of neighbors of any vertex in the 16-regular Schlafli

graph on 27 vertices induces the complement of the Clebsch graph on 16 vertices. The following

theorem shows that the bound given in [T'heorem 2.35|is tight.

Theorem 2.36 For every { € N and £ > 3, there is a (Py+ Ps, Py + Ps)-free graph G with w(G) = ¢
and x(G) = max{( + 3, |2¢] — 1}.

Proof. Let L be the 16-regular Schldifli graph on 27 vertices, H be the complement of the Clebsch
graph on 16 vertices, and H* be the complement of the Clebsch graph on 16 vertices after
deleting a vertex. For ¢ € {3,4,...9}, consider the graphs G given in . Clearly each G is
(Py + P3, P, + P3)-free with w(G) = £ and x(G) = £ + 3.
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Figure 10: Schematic representation of the graph Gy. (The vertices in a box form a clique.)

w(G) =1 G X(G)
3 L 6
4 LV K, 7
5 LV Pyor Hor H* 8
6 LorLVKsor HVK, or H*V K; 9

0€{7,89} | LVK; gor LVK; 30r HV Ky 50r H*V Ky 5 | {+3

Table 2: Extremal (P2 + Ps, P» + P3)-free graphs G for w(G) € {3,4,...9}.

So we may suppose that ¢ > 10. Consider the graph Gy [92] defined as follows (see [Figure 10)):

o V(Gy) := Q1 UQy U S, where Q1 := {ai,as,...,a01}, Q2 := {b1,b2,...,by_1}, and S :=
{s1, 82, ..., 81} are cliques.

o For each i € {1,2,...,¢ —1}, a; is adjacent to b;, and {a;} is anticomplete to Q2 \ {b;}.

o For each i € {1,2,...,0 — 1}, {s;} is anticomplete to {a;, b;}, and complete to (@1 U Q2) \
{ai,bi}.

o No other edges in Gy.

It is easy to verify that the graph Gy is (P, + Ps, Py + Ps)-free, |V(G,)| = 3¢ — 3, w(Gy) = ¢,
and a(Gy) = 2; see also [92]. Also by Lemma 4 of [92], we have x(G;) < [3(¢ —1)|. Moreover,
since x(Gy) > |V((G" and x(Gy) < [3(¢ —1)], we conclude that x(G,) = |3¢] — 1. Since for ¢ > 10,
max{/ + 3, b J 1} = b J — 1, the graph Gy is our desired graph G. H

Theorem 2.37 The function g : N — N defined by g(1) = 1, ¢g(2) = 4, and g(z) = max{zx +
3, |3x] — 1}, for x > 3, is the smallest x-binding (or 6-binding) function for the class of (P + Ps,
Py + Ps)-free graphs.

Proof. The proof follows from [I'heorem C} [Theorem 2.35| and [I'heorem 2.36]| [
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2.8 Conclusion

In this chapter, we have obtained the smallest y-binding function for the class of (P + P3, Py + P3)-
free graphs via structure theorems by using some intermediate results which rely on certain special
graphs. This partially answers a long-standing open problem of Gydrfds, namely when

F = P, + P;. Also, we note that our result generalizes/improves several previously mentioned

known results in literature which are given in [Table 3|

Graph Class G x-bound for G € G | References
(2P, Cy)-free graphs w(G)+1 [9, 81, [129]
(2P», paw)-free graphs max{3,w(G)} [63, [136]
(2P, K4 — e)-free graphs max{3,w(G)} [74]
(2P, P, + P3)-free graphs w(G) +1 [T04]
(3K, Cy)-free graphs [2w(@)] [34]
(3K, paw)-free graphs max{3,w(G)} [63, [136]
(3K4, K4 — e)-free graphs max{3,w(G)} [74]
(3K1, P, + P3)-free graphs 2w(G) [33]
(P2 + Ps3,Cy)-free graphs [2w(@)] [31]
(P2 + Ps3, paw)-free graphs max{4,w(G)} [136] 145]
(P + P3, K4 — e)-free graphs max{6,w(G)} [76], 105]

Table 3: Known chromatic bounds for some subclasses of (P, + P, P, + P3)-free graphs.




Chapter 3

Coloring (P5, 4-wheel)-free graphs

3.1 Introduction

In this chaptelﬂ, we are interested in finding the tight chromatic bound for the class of (Ps, 4-wheel)-
free graphs. The class of (Ps, 4-wheel)-free graphs generalizes the class of: (2P, 4-wheel)-free
graphs, (3K, 4-wheel)-free graphs, (Ps, Cy)-free graphs, and (Ps, K; — e)-free graphs. Recall that
every (Ps, Cy)-free graph [32] H satisfies x(H) < [3w(H)]. Choudum, Karthick and Shalu [32]
studied the class of (Ps, 4-wheel)-free graphs, and showed a decomposition theorem for such a class
of graphs. As a corollary of that result they proved a linear y-binding function for the class of

(Ps, 4-wheel)-free graphs. Indeed, they showed the following:

Theorem E ([32]) Let G be a connected (Ps,4-wheel)-free graph. Then the vertez-set of G can be
partitioned into two sets, say Vi and Vs, such that

(i) G[V1] contains a dominating-Cj.

(i) G[Va] is (Ps, Cy)-free.

Corollary F ([32]) If G is a (Ps, 4-wheel)-free graph, then x(G) <5 [2w(G)].

The bound given in is clearly not tight. Recall that a graph G is nice if it has three
pairwise disjoint stable sets, say S, Se and S3, such that w(G — (S; U S3 U S;)) < w(G) — 2. Here,
we explore the structure of (Ps, 4-wheel)-free graphs in detail and prove that if G is a connected
(Ps, 4-wheel)-free graph which has no clique cut-set, then either G is a perfect graph, or G is a
quasi-line graph, or G is a nice graph. As a consequence of this result, we prove that every (Ps,
4-wheel)-free graph G satisfies x(G) < %w(G). We also provide infinitely many (Ps, 4-wheel)-free
graphs H with x(H) > 2w(H).

The remainder of this chapter is organized as follows. In [Section 3.2 we give some preliminaries.
In [Section 3.3, we present some useful structural properties of (Ps,4-wheel)-free graphs that
contain a (5, and in [Section 3.4] we prove our main structural decomposition theorem. Finally, in

we prove our chromatic bound for the class of (Ps, 4-wheel)-free graphs.

'The results of this chapter are appearing in “A. Char and T. Karthick. Coloring of (Ps, 4-wheel)-free graphs. Discrete
Mathematics (345) 2022. Article no.: 112795. https://doi.org/10.1016/j.disc.2022.112795"
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3.2 Some preliminaries

We say an index ¢ € [k], if i € {1,2,...,k}, ¢ modulo k.

For a vertex subset U of G, let Ry denote a maximum stable set of U, if U # (), otherwise let
Ry = 0.

Let G be any graph. Suppose X is a subset of V(G) that induces a Ps-free graph in G. Then:

o Each component of G[X] is a complete subgraph of G, and so the set X can be written as a
disjoint union of (non-empty) cliques; each such clique is a maximal clique of G[X] and we
refer to ‘X -clique’.

o We say that a set S C V(G) \ X is complete to exactly one X -clique, if there is an X-clique,
say K, such that S is complete to K, and S is anticomplete to X \ K.

o Let v € V(G) \ X be any vertex. We say that the vertex v is good with respect to X if it
satisfy the following two conditions: (a) If v has a neighbor in an X-clique, say K, then {v}
is complete to K, and (b) {v} is complete to at least one X-clique.

We use the following simple observations often.

Observation 1 Let G be any Ps-free graph. Let A, By and By be three non-empty, pairwise
disjoint and mutually anticomplete subsets of V(G). Let x and y be two non-adjacent vertices in
V(G)\ (AU By U By) such that © and y have a common neighbor in A, x has a neighbor in By,

and y has a neighbor in By. Then x and y must have a common neighbor either in By or in Bs.

Observation 2 Let G be any 4-wheel-free graph, and let S be a subset of V(G). If there are
non-adjacent vertices, say u and v in V(G)\ S such that {u,v} is complete to S, then S induces a

Ps-free graph.

Observation 3 Let G be any graph. Let Dy, Dy and D3 be three disjoint non-empty subsets
of V(G) such that each induces a Ps-free graph. Suppose that each D;-clique is either complete
or anticomplete to a D;-clique, where i,5 € {1,2,3} and i # j. If M is a mazimal clique in G

containing vertices from both Dy and D, then Rp, U Rp, meets M twice.

Proof. If M N D3 = (), then clearly the assertion holds. So we may assume that M N D3 # (). Then

3
by our assumption, M is of the form 4U1 Dy, where D} is a D;-clique. Since Rp, contains a vertex

1=

from Dj, and Rp, contains a vertex from D3, we conclude that Rp, U Rp, meets M twice. This

proves [Observation 3| [

Next we prove a structure theorem for a subclass of (Ps, 4-wheel)-free graphs, namely the class

of (3K7,4-wheel)-free graphs, and use it later.
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Lemma 3.1 If G is a (3K, 4-wheel)-free graph, then G is either a quasi-line graph or a nice
graph.

Proof. Let G be a (3K, 4-wheel)-free graph, and let v € V(G) be arbitrary. First suppose that
G[N(v)] is chordal. Since the complement graph of a 3K;-free chordal graph is a (K3, 2P,, Cs)-free
graph (which is a bipartite graph), we see that N(v) can be expressed as a union of two cliques.
Hence G is a quasi-line graph, since v is arbitrary. So we may assume that G[N(v)] is not chordal.
Then since G does not contain a 4-wheel, G[N(v)| contains a Cy, for some k > 5. Since, for k > 6,
Cy contains a 3K, G[N(v)] contains a Cj, say C. Hence G contains a 5-wheel, induced by the
vertices V(C') U {v}. Then it is shown in [33] that G is a clique expansion of a 5-wheel. More
precisely, V(G) can be partitioned into six non-empty cliques, say A, As, ..., As and B such
that for each ¢ € {1,2,...5}, 7 mod 5, A; is complete to A;;1 U A;_1 U B and is anticomplete to
AitoaUA; 5. Now we define S7 := Ra, U Ry, So:= R, U Ry, and S5 := R4,. Then clearly Sy, Sy
and S; are three stable sets in G such that w(G — (S; U S2 U S3)) < w(G) — 2, and so G is nice.
This proves Lemma 3.1} O

We will also use the following lemma proved by Karthick and Maffray [102].

Lemma 3.2 ([102]) Let G be any graph. Let A and B be two disjoint cliques such that G|A U B]

1s Cy-free. If every vertex in A has a neighbor in B, then some vertex in B is complete to A.

Recall that a graph G is a quasi-line graph if for any vertex v, N(v) can be expressed as a
union of two cliques. Chudnovsky and Seymour [45] proved a structure theorem for the class of

quasi-line graphs. Using this structural result, Chudnovsky and Ovetsky [40] showed the following.
Theorem G ([40]) Every quasi-line graph G satisfies x(G) < 3w(G).

While proving our structural decomposition theorem, we have several intermediate graphs;
we give sketches of them (in most cases) for reader’s convenience, and we use the following
representations: The shapes (circles or ovals) represent a collection of sets into which the vertex-set
of the graph is partitioned. The sets inside an oval form a partition of that set. Each shaded
shape represents a non-empty clique, and other shapes induce a Ps-free subgraph. A solid line
between any two shapes represents that the respective sets are complete to each other. A dashed
line between any two shapes represents that the adjacency between these sets are arbitrary, but
are restricted with some conditions. The absence of a line between any two shapes represents that

the respective sets are anticomplete to each other.

3.3 Structural properties of (Ps, 4-wheel)-free atoms that contain a Cj

In this section, we present some important and useful structural properties of (Ps, 4-wheel)-free
atoms which contain a C5, and use them in [Section 3.4 Let G be a connected (Ps, 4-wheel)-

free atom. Suppose that G contains a C5 with vertex-set {vi,ve,vs,v4,v5} and the edge-set
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{109, Vov3, V304, V45, Usv1 }. Then we may assume that there are five non-empty and pairwise
disjoint sets Ay, As, ..., As such that for each i modulo 5 the set A; is complete to A;_1 U A;14
and anticomplete to A; o U A;15 and let v; € A;. Let A:= A; U---U As. We choose these sets
such that A is maximal. From now on, in [Section 3.3, every subscript is understood modulo 5. For

i € [5] we let:
X, = {zeV(G)\A|Vje{i,i+2,i—2},N(x)NA;#0and N(z) N (A1 U A1) =0},
Y; = {z€eV(G)\A|Vje5and j#i,N(z)NA; #0and N(z)N A; = 0},
Z = {xeV(G)\A|Vje[5,Nx)nA; #0}, and
T = {zeV(G)\A|N(z)nA=0}

Let X = X;U---UXsand Y :=Y; U---UY;5. Then we immediately have the following:
Lemma 3.3 V(G) = AUXUYUZUT.

Proof. Suppose to the contrary that there is a vertex, say p € V(G)\ (AUX UY UZUT). Since
p ¢ T, p has a neighbor in A. Then since p ¢ X UY U Z, up to symmetry, we have two cases.

(1) Suppose p has a neighbor a; € A;, and anticomplete to A;_1UA; _sUA; 5. Then {p,a;,v;_1,0;_2,0;12}

induces a Ps, a contradiction.

(2) Suppose p has neighbors a; 1 € A; 1 and a;11 € A;y1, and anticomplete to A; o U A;s.
Then {p} is complete to A; ; for otherwise for any non-neighbor of p in A; 1, say b;_1,
{bi—1,vi—2,0i42,a;41,p} induces a Ps, a contradiction. Likewise, {p} is complete to A;;;. But

then p can be added to A; contradicting the maximality of A.
The above contradictions show that [Lemma 3.3 holds. O

Moreover, we observe that our graph G has several interesting properties which we give in

LCemmas 3.4 to B.11] below:

Lemma 3.4 The following hold, for each i:
(i) G[A;] is Ps-free. So G[A] is a P3-free expansion of a Cs.
(11) X; is complete to A;.
(111) If K is an A;io-clique (or an A;_s-clique), then any x € X; which has a neighbor in K is
complete to K. In particular, if A;io is a clique, then X; is complete to A;,o. Likewise, if
A;_5 is a clique, then X; is complete to A;_5.
(iv) Each vertex in X; is good with respect to A;i2, and A;_s.

(v) Each vertex in X; is complete to either A;io or A;_s.

Proof. (i): If G[A;] contains a P; with the vertex-set, say {uy, us, us}, then {uy, vii1, us, v;_1, us}

induces a 4-wheel, a contradiction. So [Lemma 3.4:(7)| holds. 1

(73): If there are non-adjacent vertices, say x € X; and p € A;, then for any neighbor of z in A; .,

say aire2, we see that {v;_1,p, viy1, @40, x} induces a Ps So |[Lemma 3.4:(z3)| holds. I
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(7i1): By symmetry, it is enough to prove the assertion for A, o. If there is a vertex in X;, say x
such that {z} is not complete to K, then by our assumption, there are vertices, say a,b in K such
that ab,ax € E(G) and bz ¢ E(G). But then by [Lemma 3.4:(i2)}, {b, a,z,v;,v;_1} induces a Ps, a

contradiction. So {z} is complete to K. This proves |Lemma 3.4:(zii)} I

(iv): The proof of|[Lemma 3.4:(:v)|follows from the definition of X;, [Lemma 3.4:(¢)|and [Lemma 3.4:(¢27)| 1

(v): Let x € X;, and suppose that the assertion is not true. Then there are vertices, say p € A; 1o
and ¢ € A;_o such that {z} isanticomplete to {p, ¢}. By the definition of X;,  has a neighbor in
A; o, say r. Then by [Lemma 3.4:(¢)[ and [Lemma 3.4:(¢:7), pr ¢ E(G). But then by [Lemma 3.4:(z7)]

{p,q,r,z,v;} induces a Ps, a contradiction. So [Lemma 3.4:(v)| holds. m

Lemma 3.5 The following hold, for each i:
(1) Any two non-adjacent vertices in X; have a common neighbor in both A;io and A;_s.

(11) If X; has two non-adjacent vertices which are complete to A;io U A;_o, then Ajpo U A;_o is a
clique.

(i1i) If some x € X; has a neighbor in T, then {z} is complete to A;—o U A;a.

(iv) G[X;] is Ps-free.

(v) X; is complete to X; 11 U X;_1.

Proof. (i): The proof of [Lemma 3.5:(¢)| follows from the definition of X;, [Lemma 3.4:(z)| to
ILemma 3.4:(7i7)|, and by [Observation 1| i

(74): Suppose there are non-adjacent vertices in A, 5, say a and o’. Let x and 2z’ be two non-
adjacent vertices in X; which are complete to A;;o U A; 5. Then for any a” € A; 5, {z,a,2',d’,a"}
induces a 4-wheel, a contradiction. So A;,s is a clique. Likewise, A; 5 is a clique. This proves
ILemma 3.5:(72)l 1

(7i1): Let t € T be a neighbor of z. By [Lemma 3.4:(77)| and [Lemma 3.4:(v)} we may assume that

{z} is complete to A; U A, 5. If z has a non-neighbor in A;,5, say p, then {p,v;;1,v;,x,t} induces a

Ps, a contradiction. So {z} is complete to A; 5. This proves [Lemma 3.5:(z:2)| I

(1v): Suppose to the contrary that G[X;] induces a P; with vertex-set, say {ai,as,as}. Then

by [Lemma 3.4:(v)| and by the pigeonhole principle, we may assume that {a;, as} is complete to

A;_5. Also by the definition of X;, as has a neighbor in A; 5, say p. Then by [Lemma 3.4:(s2)|

{vi, a1, as,as,p} induces a 4-wheel, a contradiction. This proves [Lemma 3.5:(iv) I

(v): Let © € X; and 2’ € X1, and suppose that = and 2’ are non-adjacent. Using the definition of

X;, pick a neighbor of 2’ in A;_;, say p, and a neighbor of x in A;, 2, say ¢. Then by [Lemma 3.4:(i7)|

{p, ', vi11, ¢, x} induces a Ps, a contradiction. So X; is complete to X; ;. Likewise, X; is complete
to X;_1. This proves [Lemma 3.5:(v)| O

Lemma 3.6 Let K be an X;-clique.
(1) Suppose that there is a vertex, say x € X;io which is anticomplete to K, and @Q is an
A;_o-clique such that N(K)NQ # 0. Then K is complete to Q.
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(i1) Suppose that there is a vertex, say x € X;_o which is anticomplete to K, and Q' is an
A; i o-clique such that N(K)N Q' # 0. Then K is complete to Q'

Proof. We prove [Lemma 3.6:(7)|, and the proof of |[Lemma 3.6:(¢7)| is similar. Suppose that the

assertion is not true. Then there are vertices, say p € K and r € @ such that pr ¢ E(G).
By assumption, there is a vertex, say ¢ € K such that ¢ has a neighbor in @), and hence by

ILemma 3.4:(i17), gr € E(G). Then for any neighbor of z in A; 1, say a, we see that {p,q,r,a,z}

induces a Ps, a contradiction. So |[Lemma 3.6:(7)| holds. O

Lemma 3.7 Suppose K is an X;-clique and K' is an X, o-clique such that K is complete to K'.
Then the following hold:
(i) K is anticomplete to X1 o \ K' (likewise, K' is anticomplete to X; \ K), and X; \ K is
anticomplete to X; 1o \ K.
(1) K is complete to exactly one A;yo-clique. Likewise, K' is complete to exactly one A;-clique.

(111) K is anticomplete to X; . Likewise, K' is anticomplete to X; 4.

Proof. (i): Suppose to the contrary that K is not anticomplete to X5 \ K’. Then there are
vertices, say u € K, v € K’ and w € X, \ K’ such that uwv,uw € E(G) and vw ¢ E(G). Then

by [Lemma 3.5:(z)|, v and w have a common neighbor in A;, say p. But then for any neighbor of

w in A;y9, say ¢, by [Lemma 3.4:(:7), {p,v,q, w,u} induces a 4-wheel, a contradiction. So K is

anticomplete to X; o \ K’. Likewise, K’ is anticomplete to X; \ K. This proves the first assertion
of [Lemma 3.7:(¢)|

To prove the second assertion of [Lemma 3.7:(i), suppose there are adjacent vertices, say
v € X;\ K and v' € X9\ K’. Then for any v € K’, since vv’ ¢ E(G), by |Lemma 3.5:(¢), v and

v" have a common neighbor in A;_;, say p. But then for any u € K, by using the first assertion of

ILemma 3.7:(7), we see that {u,v,p,v',u'} induces a Ps, a contradiction. This proves the second

assertion of [Lemma 3.7:(i)

(17): First we show that each vertex in K is complete to exactly one A;;o-clique. Suppose not. Then

by [Lemma 3.4:(iv)|, there are vertices, say p € K and a,a’ € A;5 such that pa,pa’ € E(G) and

aa’ ¢ FE(G). But then for any ¢ € K’, and for any neighbor of p in A; 5, say r, by [Lemma 3.4:(z3)]

{r,a,q,d’,p} induces a 4-wheel, a contradiction. So each vertex in K is complete to exactly one

Aio-clique. Now we show that K is complete to exactly one A, o-clique. Suppose not. Then by

ILemma 3.4:(7:7)| and by the earlier argument, there are vertices, say u,v € K and p € A;,» such
that up € E(G) and vp ¢ E(G). Then by [Lemma 3.4:(v)l {v} is complete to A;_5. But then for
any neighbor of u in A; 5, say a, and for any ¢ € K’, by |Lemma 3.4:(17), {a, v, ¢, p,u} induces a
4-wheel, contradiction. So |Lemma 3.7:(27)| holds.

(7i1): Let u € K and v € X;_5, and suppose u and v are adjacent. Let r € K’. By [Lemma 3.5:(v)},

v and r are adjacent. Now pick any neighbor of u in A; 4, say p, and in A; 5, say ¢. Then by

ILemma 3.4:(7i), {p,q,v,r,u} induces a 4-wheel, a contradiction. So [Lemma 3.7:(ziz)| holds. O
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Lemma 3.8 Let K be an X;-clique and K’ be an X;_i-clique. If Q is an A; o-clique such that
NK)NQ #0 and N(K')NQ # 0, then KU K’ is complete to Q.

Proof. We prove the assertion for ¢ = 1. Suppose that K is not complete to ). Then there are
vertices p € K and r € @) such that pr ¢ E(G). By assumption, there is a vertex, say ¢ € K such

that ¢ has a neighbor in @, and so by [Lemma 3.4:(ii7), gr € E(G). Also by our assumption, there

is a vertex, say w € K’ such that w has a neighbor in @), and again by [Lemma 3.4:(¢i7)} wr € E(G).

Since {p} is not complete to As, {p} is complete to A4, and so p and ¢ share a common neighbor in

Ay, say x. Then since X is complete to X5 (by [Lemma 3.5:(v)), we see that {w,r, x,p, ¢} induces

a 4-wheel, a contradiction. So K is complete to (). Likewise, K’ is complete to . This proves
Lemma 3.8 O]

For each ¢ € [5], if X; # 0, let W; be the set {X* U A* | X* is an X;-clique and A* is an
A;-clique such that | X* U A*| = w(G)}, otherwise let W, := (). Next we have the following:

Lemma 3.9 Let K be an X;-clique and K' be an X, 1-clique, and let A} be an A;-clique and A,
be an Aii-clique. Suppose that KU A7 € W; and K'U A7, € W;y. Then for any A o-clique
D, o, KUK'"UD,;_5 is not a clique.

Proof. By [Lemma 3.5:(v), K U K’ is a clique. Suppose there is an A; o-clique, say D, such
that K U K’ U D is a clique. Let ¢ := w(G). Then |K U K'| < ¢ (since D # @). Then since
|K U A7+ |K'U A7 | = 2q, we have 2q = |A7 U A7 || + |[K U K'| < |Af U A7, || + ¢, and hence

|A¥ U A7 | > ¢, which is a contradiction to the fact that A; U A}, is a clique. This proves
Lemma 3.9 [

Lemma 3.10 The following hold, for each i:
(1) Let Q) be the vertex-set of a component of G[T|. Then each vertex in X; is either complete or
anticomplete to ().
(it) Forj e {i—1,i4+ 1}, if A; is not a clique, then Y; is complete to A;.
(i1i) Each vertex in'Y; is complete to either A;—1 or Aiq.
(iv) Let Q be the vertex-set of a component of G[T|. Then each vertex in Y; is either complete or

anticomplete to ().

(v) If Z =0, then G[T) is Ps-free.

Proof. (i): Otherwise, there are adjacent vertices, say ¢,¢ in @, and a vertex = € X; such
that zq € E(G) and ¢’ ¢ E(G); but then by [Lemma 3.4:(i7), {¢, ¢, ,v;,v;_1} induces a Ps, a
contradiction. So [Lemma 3.10:(¢)| holds. I

(77): We may assume, up to symmetry, that j =i + 1. Let y € Y;. Then by the definition of Y;, y
has a neighbor in A;,, say p. Let K be the A;, -clique containing p. Since A;,; is not a clique,
A1 \ K # (0. Now if y is non-adjacent to some q € A;1; \ K (say), then for any neighbor of

y in A;_o, say 7, we see that {q,v;,p,y, 7} induces a Ps, a contradiction; so {y} is complete to
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A;11 \ K. By the same argument, since A;,1 \ K is non-empty, {y} is complete to K. This proves

ILemma 3.10:(4¢)} since y is arbitrary. i

(7i1): Let y € Y; . Suppose y has a non-neighbor in each A; ; and A;,1, say a and o’ respectively.

So by [Lemma 3.10:(#7), A;_1 and A;;; are cliques. Now by the definition of Y;, pick any neighbor of

y in each A; 1 and A;y1, say b and V' respectively. Then {a,b,y,b’,a'} induces a Ps, a contradiction.
So |[Lemma 3.10:(z4z)[ holds. B

(iv): Otherwise, there are adjacent vertices, say ¢ and ¢’ in @), and a vertex, say y € Y; such that

yq € E(G) and yq¢' ¢ E(G); but then for any neighbor of y in A; 1, say a, we see that {¢, ¢, y, a,v;}

induces a Ps, a contradiction. So [Lemma 3.10:(zv)| holds. I

(v): Suppose that there is a component of G[T'] which has an induced P; with the vertex-set,
say {t1,t2,t3}, and let @ be the vertex-set of that component. Since G is connected and since
N(Q)N(XUY) is not a clique cut-set, there are non-adjacent vertices in N(Q)N(XUY'), say u and
v. Then by [Lemma 3.10:(7)| and [Lemma 3.10:(iv)|, {u,v} is complete to @Q; but then {u,t;,v,ts,t2}

induces a 4-wheel, a contradiction. So [Lemma 3.10:(v)| holds. O

So if Z = (), then, by [Lemma 3.10:(7)| [Lemma 3.10:(¢v)| and [Lemma 3.10:(v)|, each vertex in
X UY is either anticomplete to T" or good with respect to 7.

Lemma 3.11 Suppose there are vertices, sayt € T', u € X; andv € X; _2UX,; 1 ,UY;UY; 1UY;, jUZ
such that ut € E(G) and uv ¢ E(G). Let K be the X;-clique containing w. Then the following
hold:
(1) t is adjacent to v.
(11) If {v} is anticomplete to K, then {t} is complete to K. Moreover, if T* is the component of
T containing t, then T* is complete to K.

Proof. First note that v has a neighbor in one of A;_1, A;11. We may assume, up to symmetry,
that v has a neighbor in A; 1, say p. Sov ¢ X; ,UY; ;.

(7): Suppose t is non-adjacent to v. If v is non-adjacent to some vertex in A;, say ¢, then, by

ILemma 3.4:(22)}, {v,p,q,u,t} induces a Ps, a contradiction; so {v} is complete to A;. Thus v ¢ Y},
and so v € X; 42 UY;41 UZ. Then since ut € E(G), by [Lemma 3.5:(zi2), {u} is complete to A;a,

and so v and v have a common neighbor in A; 5, say r. But then {¢,u,r, v,p} induces a P, a

contradiction. So [Lemma 3.11:(¢)| holds. i

(73): If there is a vertex, say v’ € K such that «'t ¢ E(G), then by [Lemma 3.11:(2), {v,u,t,v,p}

induces a Ps, a contradiction. So the first assertion of [Lemma 3.11:(47) holds. The second assertion
of [Lemma 3.11:(¢)| follows from [Lemma 3.10:(z)| O
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3.4 Structure of (Ps5,4-wheel)-free atoms

While proving our structure decomposition theorem, in most cases we show that our graph G is
nice, and to do the same it is enough to find three stable sets Si, Ss, and S3 such that S; U Sy U S5

meets each maximum clique of GG at least twice, and meet other maximal cliques of G at least once.

3.4.1 Structure of (Ps,4-wheel)-free atoms that contain a 5-wheel

Let G be a connected (Ps,4-wheel)-free atom which contains a 5-wheel, say with the 5-cycle with
vertex-set {vy, vg, v3, V4, v5} and the edge-set {vivg, vVov3, V304, V4Us, V51 } plus a vertex z* that is
adjacent to v;, for all ¢ € [5]. Then we define the sets A, X, Y, Z and T as in with
v; € A; for each i € [5], and we use the lemmas in [Section 3.3] Note that z* € Z. Moreover, the

graph G has some more structural properties, and are given in [Lemmas 3.12| to [3.14] below.

Lemma 3.12 The following hold, for each i:
(i) Let K be an A;-clique. If a vertex in Z has a neighbor in K, then it is complete to K and
anticomplete to A; \ K. More precisely, each vertex in Z is complete to exactly one A;-clique.
(it) There is an index j € [5] such that A;, A;_5 and Ao are cliques.
(i11) Z is a clique.
(iv) There is an A;-clique, say Af, such that Z is complete to AX and anticomplete to A; \ Af.
(v) Ra,., URa,_, meets each maximal clique of G in G[Z U A;12 U A;_] twice.

Proof. (1): Let z € Z, and suppose z has a neighbor in K, say p. Pick a neighbor of z in each A;;4
and A;_1, say a and a’ respectively. If there is a vertex, say ¢ € K which is non-adjacent to z, then
since K is a clique, pqg € E(G), and then {a, z,d’, q,p} induces a 4-wheel, a contradiction; so {z}
is complete to K. Next if there is a vertex, say r € A; \ K which is adjacent to z, then clearly
pr ¢ E(G), and then {p,a,r,d,z} induces a 4-wheel, a contradiction; so {z} is anticomplete to
A; \ K. This proves [Lemma 3.12:(i). I

(17): We first show that, for ¢ € [5], each vertex in Z is complete to either A; or A;,1. Suppose not.
Then there are vertices, say b € A; and V' € A, such that zb, 26’ ¢ E(G). Now pick a neighbor of
z in each A; and A; o, say a and a', respectively. Then by [Lemma 3.12:(7)| ab ¢ E(G); but then

{b,V,a,z,a'} induces a Ps, a contradiction. So each vertex in Z is complete to either A; or A;;;.

Then for i € [5], since z* € Z is complete to exactly one A;-clique (by [Lemma 3.12:(7))), we see

that either A; or A;;; is a clique, and so [Lemma 3.12:(27)| holds.

(77i): Suppose there are non-adjacent vertices, say z; and zo in Z. Then by [Lemma 3.12:(:7), we

may assume that A; and Aj are cliques. So by [Lemma 3.12:(7), {21, 22} is complete to A; U As.
Also, by the definition of Z,|Observation 1| and by [Lemma 3.12:(7)], it follows that z; and 2, have

a common neighbor in Ay, say p. Then {vy, 21, v3, 29, p} induces a 4-wheel, a contradiction. So
ILemma 3.12:(427)| holds.
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(iv): By [Lemma 3.12:(i7)| we may assume that A;, A3 and A4 are cliques. So by [Lemma 3.12:(¢)}
for j € {1,3,4}, A; is our required Aj. This implies that Z is complete to A;, for j € {1,3,4}.

Next we prove that A and A} exist. Suppose, up to symmetry, A5 does not exist. Then by

[Lemma 3.12:(), there are vertices, say 21,20 € Z, and a vertex, say p € Ay such that z;p € E(G)
and zop ¢ F(G). By [Lemma 3.12:(i17), 2120 € E(G). Then {vy, p,vs, 29, 21 } induces a 4-wheel, a
contradiction. So Aj exists. So |[Lemma 3.12:(iv)| holds. i

(v): The proof follows from |[Lemma 3.4:(7)} [Lemma 3.12:(7i7)| and [Lemma 3.12:(:v)| O

Throughout this subsection, for i € [5], A} is an A;-clique as in [Lemma 3.12:(sv). Note that by

[Lemma 3.12:(v)| since z* € Z and v; € A}, we see that Z is complete to {vy, va,...,vs}, and if A;

is a clique, then A; = A7 and Z is complete to A;.

Lemma 3.13 The following hold, for each i:

(i) X; is anticomplete to Z.

(i4) For j € {i —2,i+ 2}, X; is complete to A}, and anticomplete to A; \ Aj.
(iii) Ra,,, U Ra, , meets each mazimum clique of G in G[X; U A; 9 U A;_s] twice.
(iv) X; is anticomplete to X; 1o U X;_o.

(v) Y is empty.

(vi) If a vertex in X; has a neighbor in T, then A;_5 and A; o are cliques.

Proof. (i): Let x € X; and z € Z, and suppose = and z are adjacent. By [Lemma 3.4:(i7)| and

[Lemma 3.4:(v), we may assume that {z} is complete to A; U A;12. Then {v;, vi11, V49, x, 2} induces

a 4-wheel, a contradiction. So [Lemma 3.13:(¢)| holds. I

(i1): By |[Lemma 3.12:(i¢), we may assume that A, , is a clique; so A;_y = A} ,. Then by

[Lemma 3.4:(i:2)} X; is complete to A;_5. Next we prove for j =i + 2. Pick any x € X;. Then by
[Lemma 3.13:(2)|, z*z ¢ F(G). Also by [Lemma 3.4:(41)| x and z* have a common neighbor in A;.
Then by our definitions of X; and Z, [Lemma 3.12:(:v)| and by [Observation 1, z and z* must have

a common neighbor in Af,,, say p. So by [Lemma 3.4:(:14), {} is complete to A}, ,. Next, if x is

adjacent to some vertex in A; o \ Af 5, say ¢, then {q,z,p, 2*,v;,_1} induces a P, a contradiction.

So {x} isanticomplete to A;ys \ A} 5. This proves [Lemma 3.13:(7)], since x € X; is arbitrary. I

(i17): Since Ry,,, contains a vertex of A} ,, and R4, , contains a vertex of A7 ,, the proof follows

from [Lemma 3.4:(¢), [Lemma 3.5:(¢v), and from [Lemma 3.13:(z7)} I

(iv): Let € X; and 2’ € X;,9, and suppose z and 2’ are adjacent. By [Lemma 3.13:(7), z* is

non-adjacent to both z and ', and by [Lemma 3.12:(iv)| and [Lemma 3.13:(i2)} {v;_2} is complete to

{z,z*}. But now {v;11, 2%, v;_9, x, 2’} induces a Ps, a contradiction. This proves|Lemma 3.13:(iv). I

(v): Suppose not, and let y € Y;. Then by [Lemma 3.10:(¢7) and [Lemma 3.12:(iv), y and z*

have a common neighbor in both A;,; and A; 4, say p and ¢, respectively. If z*y € E(G), then
{y, q,v;, p, z*} induces a 4-wheel, a contradiction; so we may assume that z*y ¢ E(G). Then by



CHAPTER 3. COLORING (Ps, &-WHEEL)-FREE GRAPHS 70

Figure 11: Sketch of the graph G in|[Theorem 3.15t (a) When T'= (). (b) Case 1. (c) Case 2.

our definitions of Y¥; and Z, [Lemma 3.10:(27), [Lemma 3.12:(iv)| and by |[Observation 1 z* and y

must have a common neighbor in A, ,, say b, and in A; 5, say a. Then {p,y,a, 2*,b} induces a

4-wheel, a contradiction. So|Lemma 3.13:(v)| holds.

(vi): Let x € X; be a vertex such that x has a neighbor in 7. Then by [Lemma 3.5:(¢:7), {z} is

complete to A;_5 U A;1». Now the conclusion follows from [Lemma 3.13:(i7)| O

Lemma 3.14 The following hold:
(1) Let Q be the vertex-set of a component of G|T]. Then there is an index j € [5] such that
N(Q)NX; is non-empty, and is complete to Q). In particular, every vertex in T has a neighbor
in X.
(i1) Z is complete to T
(111) G[T] is Ps-free.

Proof. (i): We know, by [Lemma 3.13:(v)], that Y = (. Since Z is a clique (by [Lemma 3.12:(4it))),
and since N(Q) N Z is not a clique cut-set, we see that N(Q) N X # 0. So there is an index j € [5]
such that N(Q) N X; # 0. Pick any x € N(Q) N X;. Then, by [Lemma 3.10:(¢), {z} is complete to
Q. This proves [Lemma 3.14:(4)| I

(i7): Since X is anticomplete to Z (by [Lemma 3.13:(7)|), the proof follows from [Lemma 3.14:(7)| and
ILemma 3.11:(7)| W

(797): Suppose not. Let @) be the vertex-set of a component of G[T]. Suppose to the contrary that

G[Q)] contains a P3 with the vertex-set, say {p,q,7}. Then by [Lemma 3.14:(3), for some j € [5],

there is a vertex, say € X, such that {z} is complete to (). But then by [Lemma 3.13:(7)| and

ILemma 3.14:(42), {p, 2*, 7, z, q} induces a 4-wheel, a contradiction. So [Lemma 3.14:(¢77) holds. [
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Now we give our main result of this subsection.
Theorem 3.15 If a connected (Ps,4-wheel)-free atom G contains a 5-wheel, then G is nice.

Proof. Let G be a connected (Ps, 4-wheel)-free atom that contains a 5-wheel, say with the 5-cycle
with vertex-set {v1, va, v, vg, v5} and the edge-set {v1vs, vVov3, V304, V4Us, V51 } Plus a vertex z* that
is adjacent to v;, for all 7 € [5]. Then we define the sets A, X, Y, Z and T as in with
v; € A; for each i € [5]. We use the lemmas in [Section 3.3 and the properties in
to Let M denote the set of maximum cliques in GG. To prove the theorem, it is enough to find
three stable sets 57, Sy, and S3 such that S; U Sy U .S3 meets each maximum clique of G at least
twice, and meet other maximal cliques of GG at least once. Recall that X; is complete to X;.1UX; 1
(by [Lemma 3.5:(v)|) and anticomplete to X;,o U X;_; (by [Lemma 3.13:(iv)|). First suppose that
T = 0. (See[Figure 11}(a) for a sketch of G.) By [Lemma 3.12:(ii)| and up to relabeling, we may
assume that Ajz is a clique. Then, by [Lemma 3.9 one of Wy, W5 is empty. We may assume that
W5 = 0, and so either X5 = () or no maximum clique of G is in G[X5 U Aj5].

Now we let S7 := R4, URa, U Rx,, So := R4, UR4, URx, and S5 := Ra, U Rx, U Ry,, and let
S =51 US,US;. Clearly Sp, S, and S5 are stable sets. By [Lemma 3.13:(42)| and |Lemma 3.13:(447)|
S meets each maximal clique of G in G[A U X] twice. Also, by [Lemma 3.12:(v)| S meets each
maximal clique of G in G[A U Z] twice. So, by [Lemma 3.13:(z), we see that S;, S and Sy are the

required stable sets. Hence we may assume that 7 # (). By [Lemma 3.14:(i7), we know that G|[T]

is Ps-free. Let L be the set that consists of one vertex from each T-clique. Let L' be the set that
consists of one vertex (which is not in L) from each non-trivial T-clique; otherwise we let L' := ().

Moreover:

3.15.1 Let Q) be a T-clique and let K be an X;-clique. Then Q) is either complete or anticomplete
to K.

Proof of|3.15.1, Since Z # (), the proof follows from [Lemma 3.13:(¢)| and from [Lemma 3.11:(4¢)} i

So any maximal clique of G containing vertices from both an X;-clique X and a T-clique 7™
is X;uT*.

3.15.2 If T* is a T-clique such that Z UT* € M or X; UT* € M, where X} is an X;-clique,
then |T*| > 2.

Proof of [3.15.4 If ZUT* € M, then since Z U A} U Aj is a clique (by [Lemma 3.12:(4)| and
ILemma 3.12:(iv)|), we have |Z UT*| > |Z U A} U Aj|, and thus |T%| > 2. Now if X; UT* € M,
then since XU A;12 U A; 5 is a clique (by |[Lemma 3.13:(4¢)| and [Lemma 3.13:(vi)|), we have
| X UT*| > | XFUA 0 UA; 5|, and so |[T*| > 2. This proves [3.15.2 I

Now we prove the theorem in two cases based on the set X.
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Case 1 Suppose there is an index j € [5] such that X;, Xjio and X;_o are non-empty.

Then by [Lemma 3.11} [Lemma 3.13:(4v)| and [Lemma 3.14:(¢), we see that 7" is complete to X. So
by [Lemma 3.13:(vi)}, for each ¢ € [5], A; is a clique (so A; = AY), and so by [Lemma 3.4:(i27), X; is
complete to A; o U A;, 5. See (b) for a sketch of GG. First suppose that for any T-clique
T*, ZUT* ¢ M. Now if W, = (), then we let k = i, otherwise we let k = j. Then since for each
i € [5], A; is a clique, by Wi, and Wy are empty. So we let S1 := Ra, UR4, ., U Ry,
Sy = Ra,,,UR4, ,URx,,, and S := R4, URx, URx, ,. Then, since RrURx, URx,,,URx, ,
meets each maximum clique of G in G[X U Z U T] twice, and meets the other maximal cliques
in G[X UZ UT] once, by [Lemma 3.12:(v)| and [Lemma 3.13:(4i1)|, we see that Si, Sy and S3 are
the desired stable sets. So suppose that there is a T-clique 7™ such that Z UT* € M. Then,
by 7| > 2. Now for any X;-clique X, and for any X, -clique X/, ,, by [Lemma 3.5:(v)|

(2

|ZuT* > |X;UX!,UT*, and thus |Z| > | X U X/, ,|. So the following hold:

(a) For each i € [5], since Z U A; U A;41 is a larger clique than X U A;, we have W; = ().
(b) For each i € [5], since Z U A; 12U A;_, is a larger clique than X U X/, U A, 5, we have
XFUXF UA 5 ¢ M.
(c) If there is a T-clique T} such that XU X, UT, € M, then since |Z| > | X7 U X} |, we
have ZU T, € M; so |Ty| > 2 (by [3.15.2).
Now, by and (c), LU L' meets each maximum clique of G in G[X U Z UT] twice, and meets
the other maximal cliques in G[X U Z UT] once. So we let S} := Ra, U Ra,, So := Ra, U Ry, UL,
and S3 := Ry, U L. Then, by (a), (b), [Lemma 3.12:(v)| and [Lemma 3.13:(ziz)|, we see that 57, Sy

and S3 are the required stable sets.

Case 2 For each j € [5], at least one of X;, Xji0, X;j_o is empty.

Then there is an index i € [5] such that X; # () and X \ X; = 0 or X; 1, X; U X;,1 # 0 and
X\ (X;.1UX; U X)) =0, say i = 1. By |Lemma 3.11] [Lemma 3.13:(vi)| and [Lemma 3.14:(7)}
we may assume that Aj is a clique. By [3.15.1] any T-clique T* that is anticomplete to X3, is
complete to an X,-clique or an Xjs-clique (or to both, if Xy U X5 # 0, by ; so by
[Lemma 3.13:(vi)| A4 is a clique (if X5 # 0), and |T7| > 2 (by B.15.2)). See [Figure 11}(c). Now if
W, # 0, then by WyoUW; =0, and we let Sy := Ra, UR4,URx,, So := Ra, URs, UL
and S3 := Ra, UL, and if W; = (), then we let S} := Ra, URx, U Rx,, So := R4, U R4, UL and
S3 := Ra, U R, UL'. Then, as earlier by using [Lemma 3.13:(i77)| it is not hard to verify that
S1, S and S5 are the desired stable sets.

This completes the proof of [I'heorem 3.15| O

3.4.2 (Ps,wheel)-free atoms that contain a Cj

Since each k-wheel, for £ > 6 has a Ps, by [Theorem 3.15[ we consider only (Ps, wheel)-free atoms.

Let G be a connected (Ps, wheel)-free atom that contains a Cs, say with vertex-set {vy, ve, v3, vy, U5}
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and the edge-set {vyvq, Vov3, U3V4, V405, Usv1 }. Then we define the sets A, X, Y, Z and T as in
with v; € A;, for each i, and we use the lemmas in Let M be the set
of maximum cliques of G. Since G is 5-wheel-free, clearly Z = (). Thus, if T # 0, then G[T] is
Ps-free (by [Lemma 3.10:(v))), and recall that by [Lemma 3.10:(7)| and [Lemma 3.10:(7v)| each vertex
in X UY is either anticomplete to T" or good with respect to 1. Let L be the set that consists

of one vertex from each T-clique; otherwise let L := (), and let L’ be the set that consists of one
vertex (which is not in L) from each non-trivial T-clique; otherwise let L' := (). Moreover, the
graph G has some more structural properties, and are given in [Lemmas 3.16| to [3.24] below.

Lemma 3.16 The following hold, for each i:
(1) Suppose that X; and X1 are non-empty. If there is a vertex, say p € A;_o such that {p} is

complete to X; U X1, then X; U X;11 15 a clique.

(11) Suppose K is an X;-clique and K’ is an X o-clique. Then K is complete to K’ or K s
anticomplete to K'.

(11i) Let K be an X;-clique and let K’ be an X o-clique such that K is anticomplete to K'. Then
either K is complete to A; 1o or K' is complete to A;.

() If X;11 # 0, then X; is anticomplete to X, o.

(v) No vertex in T has neighbors in three consecutive X;’s.

Proof. (i): If X; and X, are cliques, then by [Lemma 3.5:(v), the assertion holds. So, up to

symmetry, suppose that there are non-adjacent vertices in X;, say =z and z’. Let 2" € X;,;.

Then by [Lemma 3.5:(v)| {”} is complete to {x,z'}. Also, by our assumption, {p} is complete

to {z,2’,2"}. Moreover, by [Lemma 3.5:(¢), x and 2’ have a common neighbor in A;,s, say q.

Now {z,q,2’, 2", p} induces a 4-wheel, a contradiction. So X; is a clique, and by [Lemma 3.5:(v)),

X; U X1 is a clique. This proves |[Lemma 3.16:(¢)l 1

(7i): It is enough to show that if a vertex in K has a neighbor in K’ then it is complete to K’.
Suppose not. Then there are vertices, say u € K and v,w € K’ such that uv,vw € E(G) and

ww ¢ E(G). If v and w have a common neighbor in A;, say p, then for any neighbor of u in A;,,

say ¢, by [Lemma 3.4:(i2), {p,u,q, w,v} induces a 4-wheel, a contradiction. So we may assume that

v and w do not share a common neighbor in A;. So by the definition of X;,, and [Lemma 3.4:(v)}|,

both v and w are complete to A;_;. Also there is a vertex, say r € A; such that rv € E(G) and

rw ¢ E(G). But then for any neighbor of u in A; 9, say a, by [Lemma 3.4:(0), {u,r,v;—1,w,a,v}

induces a 5-wheel, a contradiction. So [Lemma 3.16:(7)| holds. I

(7i1): Suppose there are vertices, say * € K, a € A;19, d’ € A; and 2’ € K’ such that xa,2'a’ ¢
E(G). Let a” € A;19 be a neighbor of . Then by |Lemma 3.4:(i17), aa” ¢ E(G). But then by

ILemma 3.4:(42)}, {a,2’,a”,x,a’} induces a Ps, a contradiction. This proves [Lemma 3.16:(7i7)| I

(iw): Let x € X; and 2’ € X; o, and suppose x and 2z’ are adjacent. Let u € X;,1. By|Lemma 3.4:(v)}|,

we may assume that {u} is complete to A; 5. Now pick a neighbor of z in A, say p, and a
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neighbor of  in A; s, say ¢. Then by [Lemma 3.4:(77) and [Lemma 3.5:(v), {q, u,2’,p,z} induces a
4-wheel, a contradiction. So |[Lemma 3.16:(iv)| holds. I

(v): Suppose there is a vertex, say ¢ € T which has neighbors, say ©; € Xj, xo € X, and
r3 € Xs. By |Lemma 3.16:(iv), z123 ¢ E(G). Pick any a € Ay and ¢’ € As. Then by
ILemma 3.5:(i27), z1a,x2a',23¢" € E(G), and then {t,zy,a,d,x3, 22} induce a 5-wheel, a con-
tradiction. So |[Lemma 3.16:(v)| holds. O

Lemma 3.17 Fori € [5], let j,k € {i +2,i — 2} and j # k, and let H be the subgraph induced by
X;UAi o UA; 5. Then the following hold.
(i) If M is a mazimum clique in H such that MNA; o # 0 and MNA;_5 # 0, then Ra

meets M twice.

i URA,

(11) Let X* C X; be a non-empty clique. If every vertex in A; has a non-neighbor in X*, then Ay
1 a clique.

(iii) If M is a mazimum clique in H with M N A; = 0, then M N X; # 0, Ay, is a clique, and
M N Ay = Ag. Moreover, Rx, U Rx
Rags

(i) If Y =0 and if there is a mazimum clique M in H with |M| = w(G) and M N A;_2 =0 (or
MNA,2=0), then G is a nice graph.

o U Ra,_, meets each mazimum clique i H twice, and

U Ry, , meets each mazimal clique in H at least once.

Proof. (i): If M N X; = (0, then, by [Lemma 3.4:(7)| clearly the assertion holds; so assume that
M N X; # 0. Let K be an A;,»-clique such that M N A;,» € K. We claim that M N A; 1, = K.
Suppose not, and let b € K \ (M N A;2). Since K is a clique, {b} is complete to M N A;12. By
ILemma 3.4:(777), M NX; is complete to {b}. By the definition of A, {b} is complete to M N A;_2. So
{b} is complete to M, and hence M U {b} is a larger clique in G[X; U A;,2 U A;_ 5], a contradiction;

so M N Ajp is an A o-clique. By |Lemma 3.4:(7), R4,,, contains a vertex from each A; , clique,
U R4, , meets M twice. This

and Ry, , contains a vertex from each A;_ 5 clique, we see that R4, o

proves [Lemma 3.17:()| I

(73): Suppose that i = 1, 7 = 4, and there are non-adjacent vertices in As, say a,a’. Since vg € Ay,

v4 has a non-neighbor in X*, say x. Let p be a neighbor of x in A4, and let 2’ be a non-neighbor of

p in X*. Then, by [Lemma 3.4:(v), {z, 2} is complete to {a,a’}, and then {p,a,z’,a’, z} induces a
4-wheel, a contradiction. So |[Lemma 3.17:(i¢)| holds. I

(7i1): To prove the first assertion, we let j = i — 2. Since A; 5 is complete to Ao, clearly
M N X; # 0. Since M N A;_o = 0, every vertex in A;_, has a non-neighbor in M N X;, and
hence, by [Lemma 3.17:(47)| A;2 is a clique. Then, by [Lemma 3.4:(4i7), M N X; is complete to

Aiio; 80 M N Ajyo = Aiye. To prove the second assertion, let M’ be a maximum clique in H. By
[Lemma 3.17:(7), we may assume that one of M' N Ao =0, MNA; 5 =0. f MNA;_5 =0,
then by the first assertion, since A;,5 is a clique, M’ = X* U A; o, where X* is an X;-clique. Thus
Rx, U Ry,,, meets M’ twice, and Ry,,, meets M’ at least once. Likewise, if M’ N A; > =0, then

Rx, U Ry, , meets M’ twice, and R4, , meets M’ at least once. This proves [Lemma 3.17:(4iz)| I
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(iv): To prove the assertion, we let ¢ = 1, and suppose that M N Ay = (). As shown in the proof of
second assertion of [Lemma 3.17:(i21)}, M = X* U A3, where X* is an X;-clique. Let z € X*, and

let a € A4 be a neighbor of . Then a has a non-neighbor in X*, say z’. Then:

(a) For any p € X5, by [Lemma 3.4:(4i7)| and [Lemma 3.5:(v), M U {p} is a clique, a contradiction;
so X5 = 0.

(b) If there is a vertex, say p € X3, for any neighbor of p in As, say ¢, since {p,q,a,z,2'} does not

induce a Ps, p is adjacent to one of z,2’, then, by |Lemma 3.16:(:7), {p} is complete to X*,

and then, by [Lemma 3.4:(i7)l M U {p} is a clique, a contradiction; so X5 = 0.

(c) Suppose there is a vertex, say p € X4. Then for any neighbor of p in A, say ¢, {¢,p,a,z,z"}
does not induce a Ps, p is adjacent to one of x,2’. Let K be the X,-clique containing p.
Then, by [Lemma 3.16:(42), K is complete to X*, and then, by X* is complete to

exactly one Ay-clique, say K’. Then since M U K’ is a clique, a contradiction. So X, = (.

(d) If there are adjacent vertices, say t € T and z5 € X,, and if K is the Xs-clique containing

T2, and @ is the Ay-clique containing a, then by [Lemma 3.5:(442), {z} is complete to A4, and
then since N(K)NQ # 0 and N(X*) N Q # 0, by [Lemma 3.8, ax’ € E(G), a contradiction;

so X5 is anticomplete to T'.

(e) If M" is a maximal clique in G such that M’ N'T # (), then since G is an atom, by
(d), M' N X7 # (), then, by [Lemma 3.5:(i7i)| for any As-clique D, and any As-clique D,
(M'N X)) UDUD'| <M. Hence |M'NT| > 2.

Now by [Lemma 3.4:(77), [Lemma 3.10:(z)| and [Lemma 3.17:(427), the sets Sy := Ra, U Ra, U Rx,,
Sy = Ra, UR4, URx, UL and S3 := R4, UL’ are the required stable sets. So G is nice. This
proves [Lemma 3.17:(iv)| O

Lemma 3.18 If Y is empty, and if there is an i € [5] such that X; is not anticomplete to X, o,

then G 1is nice.

Proof. We may assume that ¢ = 1. Then there are vertices, say x; € X; and x3 € X3 such that
r123 € E(G). Then by [Lemma 3.16:(iv)|, Xo = 0; so X = X; U X3U X4 U X5. Let Q; be the
X,-clique containing z;, and let Q3 be the Xs-clique containing x3. Then by and
ILemma 3.16:(77), (1 is complete to ()3, and anticomplete to (X3 \ @3) U Xy, @3 is anticomplete to
(X1\ Q1) U X5, and X; \ @ is anticomplete to X3\ Q3. By [Lemma 3.7} let A} be the A;-clique
such that Q)3 is complete to A}, and anticomplete to A; \ A}, and let A} be the As-clique such
that @1 is complete to A%, and anticomplete to A; \ Aj. By [Lemma 3.4:(iv)| and |[Lemma 3.5:(7)}

X, is complete to A3, and X3 is complete to Aj.

Note that any maximal clique containing at least one vertex from each X; and X3 is either

ATUQ1 UQ3 or ALU Q1 UQs. By [Lemma 3.7, any maximal clique containing at least one vertex
from each X; and X} is of the form D; U X7 U X} or Dy U X7 U X, where Dy, Dy, X7 and X

are Ay, Ay, X; and Xy-cliques respectively, and X7 # (). Also, any maximal clique containing at



CHAPTER 3. COLORING (Ps, &-WHEEL)-FREE GRAPHS 76

least one vertex from each X3 and Xj is of the form D3 U X3 U X! or Ds U X3 U XZ, where Ds,
D5, X3, XZ are Az, A5, X3 and X5-cliques respectively, and X3 # Qs.
By [Lemma 3.17:(iv)| we may assume that each maximal clique of G in G[X; U A; 15U A;42] has

non-empty intersection with both A5 and A;_,; and by [Lemma 3.17:(2i4)|, R4, , U Ra, , meet

rest of the maximal cliques in G[X; U A; 15 U A; 5] at least once.

First suppose that T = (). Also assume that @Q; is either complete or anticomplete to every
Ay-clique, and )3 is either complete or anticomplete to every As-clique. Now suppose there is
an As-clique, say Dy, such that either A7 U Dy € M or A5 U Dy € M. Up to relabeling, we may
assume that A} U Dy € M. Then since |A] U Dy| > |A] U Q1 U @3], we have |Dy| > |@1]. Further,
we have the following;:

(a) Any maximal clique that contain at least one vertex from each A4 and @ is of the form
A5 U QU Dy, where Dy is an Ay-clique.
(b) For any A;-clique Dy, since |Dy| > |Q], we have Dy U @ ¢ M.

(c) If X5 # (), since X5 is anticomplete to @3, by [Lemma 3.6, each X;5-clique is either complete
or anticomplete to an As-clique. So for any Xs-clique X7 which is anticomplete to Aj,

by [Lemma 3.4:(v)l X7 is complete to Do, and |Q; U XZ| < |Dy U XZ| which implies that

Q1 U XZ ¢ M. Moreover, for any Xs-clique X* which is complete to A}, any maximal clique
that contain at least one vertex from each X* and @); is of the form A5 U @y U X7*.
By (a), (b) and (c), it is not hard to verify that Sy := Ra, U Rx,\@, U Rx,, S2 := Ra, U Ra; U Ry,
and S3 := R4, U R4, U Rx, are the required stable sets. So we assume that for any As-clique Dy,
AU Dy, A5 U Dy ¢ M. Next we claim the following:

3.18.1 FEither for each W € Wy, W N A} =0 or for each W' € W3, W' N A = 0.

Proof of Suppose there is an X;-clique K such that K U A} € W, and there is an X3-clique
K’ such that K’ U A5 € W3. Note that K # ()1 and K’ # (3. Then K is anticomplete to K'. Let
D5 be an As-clique such that N(K’) N D5 # (. Then, by , K’ is complete to Ds. Now
|AT U K| > |A] U D5 U K'|, and so |K| > |K'|. Then AU K is a clique, and |Af U K| > |A5 U K|
which is a contradiction. So holds. 1

By , we may assume, up to symmetry, that for each W € W, we have W N A} = (.
Now if for each As-clique D5, Ds U A} ¢ M, then clearly S; := Ra\a; U Ra, U R, U Ry,
Sy = Ry, URx, URx,\q, and S5 := R4, U R4, U Rx, are the required stable sets. So suppose that
there is an Aj-clique, say Djs, such that D5 U A7 € M. Then since Q3 U D5 U A7 is not a clique,

()3 is anticomplete to Ds. Then, by [Lemma 3.4:(v)|, Q3 is complete to Aj; so A; = Af, and hence
W, = (. Also, if X5 # (), then since Q)3 is anticomplete to X5, by [Lemma 3.16:(4i7)|, X5 is complete
to Az. Thus, by [Lemma 3.8] any maximum clique containing at least one vertex from each X
and X is of the form D3 U X7 U X, where X7, X and Dj are X;-clique, X;5-clique and As-clique
respectively. Now we let Sy := R4, U R4, U Rx,, S9 := Ra, U Ry, U Rx, and S5 := R4, U Rx,,

and we conclude that S, Sy and S3 are the required stable sets. So suppose that, up to relabeling,
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there is an As-clique, say Ds, such that (J3 is neither complete nor anticomplete to Ds. Then since

(X7 \ Q1) U X5 is anticomplete to @3, by [Lemma 3.6, (X; \ Q1) U X5 =0. So X; = @, and X is
anticomplete to Xy (by [Lemma 3.7). Now we let S} := R4, U Rx, U Rx,, S2 := Ra, U Ra, U Rx,
and S5 := R4, U Ra,. Then clearly 57,5, and S35 are the required stable sets.

Figure 12: Sketch of the graph G in [Lemma 3.18] when 7" # (), and: (a) X4, X5 # 0. (b) X is not

anticomplete to Xy4. (¢) X; is anticomplete to Xy.

So we may assume that T # (). (We refer to [Figure 12| for a sketch of the graph G.) Recall that
each vertex in X is either anticomplete to T or good with respect to T'. First suppose Xy, X5 # 0.

So, by [Lemma 3.16:(7v)| X; is anticomplete to X, and X3 is anticomplete to X5. Let T} denote

the union of T-cliques which are complete to X; U X, and anticomplete to X3 U X5, and let T5
denote the union of T-cliques which are complete to X3U X5, and anticomplete to X; U Xy. Clearly
T, N Ty = (). Moreover:

3.182 T =T, UT5.

Proof of |53.18.2. Let t € T, and let T be the T-clique containing ¢. Since every vertex in T has
a neighbor in X, first assume that ¢ has a neighbor in X; U X,. Since X; is anticomplete to
Xy, by [Lemma 3.11} {t} is complete to X; U X4. So by |Lemma 3.16:(v), {t} is anticomplete to

X5, and since X3 is anticomplete to X5, by [Lemma 3.11} {¢} is anticomplete to X3. Thus, by
ILemma 3.10:(z) 7" is complete to X; U Xy, and anticomplete to X3 U X5, and so 7" € T}. Similarly,

if ¢ has a neighbor in X3 U X5, then 7" is complete to X3 U X5, and anticomplete to X; U X, and
so T" € Ty. This proves |3.18.2] 1

Since T' # (), by [Lemma 3.5:(z47), for j € {3,4,5}, either X; is complete to A;_o or Xy is

complete to A;_5; so any maximal clique containing at least one vertex from each X; and X
must be complete to A;_» (by . Since at least one of X, and Xj; is complete to
As, by [Lemma 3.8 and [Lemma 3.9, one of W, and Wy is empty. Moreover, if T* U X* € M
for a T-clique T*, and an X;-clique X*, where i € {1, 3,4,5}, then by [Lemma 3.5:(i:7), for any
p€ Aioand g€ A; o, |[T*UX*| > |X*U{p,q}|, and thus |T*| > 2. Now, if W5 = (), then we let
S1:=Ra,URx,URx,U(LNT,), Sy := Ra,URs, URx,N(LNTy) and S3 := R4, UR4, U(L'NT3),
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and if W, = (), then we let S} := Ry, U Ry, URx, U(LNTy), Sy := Rs, URs. URy, U(LNT)
and S3 := R, U Ra, U (L' NTy). Then we observe that Sy, Sa, and S3 are the required stable sets.

Next we assume that one of X, and X5 is empty, say X5 = (). First suppose that X; is not
anticomplete to Xy. So there are vertices, say z} € X;, x4 € X4 such that 2jzy € E(G). So
X = X1 UX3U Xy, Let Q) be the X;-clique containing x/, and let Q4 be the Xy -clique containing
x4. Then by [Lemma 3.7 and [Lemma 3.16:(42), Q1 # @), @} is complete to Q4, @} is anticomplete
to Xy \ Qu, Q4 is anticomplete to X; \ @, X1 \ @] is anticomplete to X4 \ Q4. By let
A3* be the A;-clique such that @4 is complete to Aj* and anticomplete to A; \ A}*, and let A} be
the Ay-clique such that @) is complete to A}, and anticomplete to A4 \ A}. By |[Lemma 3.4:(iv)|
and [Lemma 3.5:(2)} X is complete to A}*. By [Lemma 3.11] each vertex in 7" has a neighbor in Xj.

Further we claim the following:

3.18.3 Ay, X3 and X, are cliques. Moreover, T is complete to exactly one of X3 and X4.

Proof of|3.18.5 We first show that, if {z3} is not anticomplete to 7', then {x,} is anticomplete
to T, and vice versa. Suppose not, and let ¢,#' € T be such that zst, z4t' € F(G). If 24t € E(G),

then, by [Lemma 3.11} 21t € F(G), and then by [Lemma 3.5:(i27), for any a € Ay, {a,z1,t, 24,23}
induces a 4-wheel, a contradiction; so x4t ¢ E(G). Likewise, x3t’ ¢ FE(G). Also, by |Lemma 3.10:(7)}

tt' ¢ E(G), and by |[Lemma 3.11} z1t', 2/t € E(G) and xt, 2t ¢ E(G). But then {t, 2], z4,t', x1}

induces a P, a contradiction. By symmetry, we may assume that {x3} is not anticomplete to T

Then {z,} is anticomplete to T'. Then, by [Lemma 3.11} 7" is anticomplete to X; \ @). Since each
vertex in T has a neighbor in X, each vertex in 7" has a neighbor in Q}. So by |Lemma 3.10:(7)|

and [Lemma 3.11 7" is complete to @} U Q3. By [Lemma 3.5:(i77), A; = A} = A} is a clique. So
by [Lemma 3.16:(7), X3 U X4 is a clique, and hence X3 = Q3 and X, = ()4 are cliques. Since T is

anticomplete to X; \ @), by [Lemma 3.11} 7" is anticomplete to Q4 = X4. This proves |3.18.3 I
By [3.18.3 we may assume that 7" is complete to X3 (= ()3), and anticomplete to Xy (= Q).

Then by [Lemma 3.11} it follows that, 7" is complete to @)} (and anticomplete to X; \ Q7). Then by
ILemma 3.5:(i22), ()} is complete to Ay, and hence Ay = Aj is a clique. Since Q] U Q4 U Ay is a

larger clique than Q4 U A4, we conclude that Wy = (), and R+ U Ry, U Rqr meets each maximal
clique of G in G[X UT] twice. Now we see that S; := Ra, U Ra, U Ry,, So := Ra, U Rx, and
S3 := Ra, U R4, U Ry are the required stable sets.

Finally we assume that either X is anticomplete to X, or X, = (). We claim the following:
3.18.4 Fach T-clique is complete to either Q1 or Q)s.

Proof of[3.18.4} Suppose not. Then there is a T-clique, say T, and vertices x € Q1, 2’ € Q3, and
t,t" € T* such that «t,zt’ ¢ E(G). Then by [Lemma 3.10:(z)| 7™ is anticomplete to {z,z'}. So by
ILemma 3.7| and [Lemma 3.11 7™ is anticomplete to (X \ Q1) U (X3 \ Q3) U X4. Since each vertex
of T has a neighbor in X, N(T*) N X C @, U Q3 which is a clique cut-set of G, a contradiction.
So holds. 1
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Moreover, if there is a T-clique T* such that N(7*)N (X, U(X3\Q3)) # 0, then by [Lemma 3.11
T* is complete to @1, and hence 7™ is complete to X, U(X5\@3). Now we let S} := Ra,URx, URY,,

Sy :=Ra, URy, URx, and S5 := R4, URa, URp. Then by [3.18.4] we conclude that 57, S; and
S5 are the desired stable sets. This completes the proof of [Lemma 3.18| m

Lemma 3.19 If X is non-empty and Y is empty, then G is a nice graph.

Proof. By [Lemma 3.17:(iv)l we may assume that each maximal clique of G in G[X; U A;42 U A;49]

has non-empty intersection with both A;;» and A;_»; and by [Lemma 3.17:(i17)] Ra,,, U Ra,_,

meets rest of the maximal cliques in G[X; U A; 5 U A; 5] at least once. Recall that each vertex in
X is either anticomplete to T" or good with respect to T'. First suppose that X \ X; = 0. If T* is a
T-clique such that T C M € M, then since each vertex in X; is either anticomplete to T" or good
with respect to 7', M = T* U X} where X7 is a subset of some Xj-clique. Since N(7™) N X; is not

a clique cut-set of G, there are non-adjacent vertices in N(7™) N X;. Then by [Lemma 3.5:(4¢) and
ILemma 3.5:(#77), A3U Ay is clique, and so A3UA,U X7 is a clique. Hence [T*UX7]| > |AsUALUXT|,
and thus [T*] > 2. Then clearly S; := Rx, URa, U Ra,, So := R4, UR4, UL and S3 := Ry, U L’
are the desired stable sets. Let J denote the set {i € [5] | X; # 0}, and we may assume that
|J| > 2. By we may assume that for each ¢ € [5], X; is anticomplete to X; ;2. See
[Figure 13}(a) and [Figure 13}(b). First we claim the following.

Figure 13: Sketch of the graph G in: (a) [Lemma 3.19| when T" = ). (b) [Lemma 3.19| when T # ) and
¢ =5. (c) |Lemma 3.24) when Y; is anticomplete to Y49 UY;_o, for each i € [5].

3.19.1 There is an index ¢ € [5] such that W, = 0, and forp € {{+1,{—1}, Rx, URA, U---URuy,

meets each mazimum clique of G in G[AU X, U X,)| at least twice.

Proof of|3.19.1} If there is an index i € [5] such that X; = ), we choose £ = i, and by [Lemma 3.17:(4)}
we are done; so for each ¢ € [5], X; # (). First suppose there is an index i € [5], X; and X, is

not complete to A;_o, say ¢ = 1. Then by |[Lemma 3.16:(ziz)|, X, is complete to A; U Ay, and, up
to relabeling, X3 is complete to As. Since X, is complete to Ay, by Lemma 3.9 one of W5 and
W, is empty. Now if W3 = (), then we choose ¢ = 3, otherwise we choose ¢ = 4. Note that, by
[Lemma 3.8 for k € {2,3,4}, any maximal clique containing at least one vertex from each X and
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Xj4+1 must contain a vertex from Ry, ,. Thus, by [Lemma 3.17:(z), we conclude the proof. So we
may assume that for each i € [5], one of X; or X;,; is complete to A;_5. Then by and

Lemma 3.9 there is an index k € [5] such that W, = ). Since by for i € [5], any

maximal clique containing at least one vertex from each X; and X,;,;; must contain a vertex from
Ry, ,, by |Lemma 3.17:(7)| we conclude that ¢ = k is our desired index. This proves|3.19.1] 1

i—27

3.19.2 If T # 0, then there is an index j € [5] such that X;—1 =0 (so W;_y = 0), and each
T'-clique is complete to X; U X0 U X;_o, and anticomplete to X ;.

Proof of[3.19.3 Let t € T. Let T* be the T-clique containing ¢. By [Lemma 3.20:(vi)| there is
an i € [5] such that N(T*) N X; # 0. Suppose N(T*) N X;;1 # 0. Then by [Lemma 3.10:(s)|
ILemma 3.11| and [Lemma 3.16:(v)|, we may assume that X;,» and X;_; are empty. If X; o =0,
then by [Lemma 3.5:(zi¢)| and [Lemma 3.16:(2), X; U X, is a clique, and so N(T%) N (X; U X;41)
is a clique cut-set, a contradiction; so X;_s # (). Then by , T* is complete to
X; UX;1 UX; 9. So we take j = i — 2 and we are done. Thus, by [Lemma 3.10:(7), we may
assume that N(T%) N (X;_1 U X;11) = 0. We claim that X; o U X;15 # 0. Suppose not. Since
|J| > 2, we may assume that X;;; # 0. Then since N(T*) N X; is not a clique cut-set of G,

there are non-adjacent vertices, say u,v € X; such that u,v € N(7*). Then by [Lemma 3.5:(i7)|

and [Lemma 3.5:(i27), A;—» is a clique, and so X; U X; 1 is complete to A; o (by |[Lemma 3.4:(zi1)]).
But then, by [Lemma 3.16:(¢)] X; is a clique, a contradiction. Thus X; o U X;,5 # (. Then by
Lemma 3.11} 7* is complete to X; U X; 5 U X; 5. Also, by [Lemma 3.16:(v)| T™* is anticomplete to
Xit1. So we take j =i. This proves[3.19.2 i

By [3.19.1] let £ € [5] be the index such that W, = 0, and for p € {{+1,/—1}, Rx,UR4,U---UR4,
meets each maximum clique of G in G[A U X, U X,] at least twice. If T # ), then we choose
(=j—1(byB.19.2). Now we let Sy := Rx, , URy, URx,,,, S2 := Ra,,, URx,,,URa,_,URyp
and S5 := Ry,,, URx, ,URy, ,. Clearly Si, 5, and S3 are stable sets. By Rx, ,URx, U
Rx. . URx

j+1 j+2

U Ry meets each maximum clique of G in G[X U T] at least twice. Also, using

5
Lemma 3.8 and [Lemma 3.17:(7), we see that (kL_J1 Ra,)URx, ,URx,  URx, , URx,,, meets each
maximum clique of G in G[AU (X \ X;)| twice. So, by [3.19.1] we conclude that S; U Sy U S5 meets

each maximum clique of G at least twice, and meets other maximal cliques of G at least once. So

(G is nice. This completes the proof of |[Lemma 3.19, O

Lemma 3.20 The following hold, for each i:
(1) If K is an Aio-clique (or an A;_o-clique), then any vertex in'Y; which has a neighbor in K

is complete to K.

(ii) For j € {i —2,i4 2}, each vertex in Y; is complete to exactly one A;-clique.

(111) If a vertex in Y; is not complete to A;_1 (or A;1), then it is complete to Ao U A;_o, and so
Ao UA; 5 is a clique.

(iv) Y; is a clique.

(v) Y; is complete to Yi 1 UY;_q.
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(vi) Every vertex in T has a neighbor in X.

Proof. (i): By symmetry, it is enough to prove the assertion for A; . If there is a vertex in Y;, say
y such that {y} is not complete to K, then by assumption, there are vertices, say a,b in K such
that ab,ay € E(G) and by ¢ E(G). But then for any neighbor of y in A;_1, say ¢, {b,a,y,c,v;}

induces a Ps, a contradiction. So [Lemma 3.20:(z)| holds. I

(74): We may assume, up to symmetry, that j = i + 2. Let y € Y;. By |[Lemma 3.20:(z)] it is

enough to show that y has a neighbor in exactly one A;,»-clique. Suppose not. Then there are
non-adjacent vertices, say a and b in A; 5 such that y is adjacent to both a and b. Then pick a
neighbor of y in each A; 5 and A;;1, say p and ¢ respectively; but then {p,a,q,b,y} induces a

4-wheel which is a contradiction. So [Lemma 3.20:(27)| holds. I

(7i1): Let y € Y;. We may assume, up to symmetry, that {y} is not complete to A; 1, and let p

be a non-neighbor of y in A;_;. So by [Lemma 3.10:(iz)| A;_; is a clique. Suppose to the contrary

that y has a non-neighbor in A; o U A, 5, say ¢q. If ¢ € A;_5, then for any neighbor of y in A;.1,
say 7, we see that {q,p,v;,r,y} induces a Ps, a contradiction; so ¢ € A;,2. Pick a neighbor of y in

each A; 1 and A; 1, say a and b respectively. Since A; ; is a clique, pa € E(G). Now we see that

{p,a,y,b,q} induces a Ps, a contradiction. So the first assertion of [Lemma 3.20:(7iz)| holds, and

the second assertion follows from [Lemma 3.20:(2)| B

(1v): Let y,y" € Y;, and suppose y and y' are non-adjacent. By |[Lemma 3.10:(zi2), we may assume

that {y} is complete to A;_;. Then by the definition of Y;, clearly y and 3’ have a common neighbor

in A; 1, say p. So by the definition of Y; and by [Observation 1 ¥ and 3’ have a common neighbor

in A; 9, say q. By the same argument, if y and 3’ have a common neighbor in A;,, then they

have a common neighbor in A; 5. If y and ¥’ do not share a common neighbor in A;,, then by

ILemma 3.20:(721)|, A;_» is a clique, and so by [Lemma 3.20:(z), y and 3’ have a common neighbor in

A;_5. In either case, y and 3’ have a common neighbor in A; o, say r. Then {p,y,q,y’,r} induces

a 4-wheel, a contradiction. So |[Lemma 3.20:(zv)| holds. I

(v): Let y € Y; and ' € Y;11, and suppose y and y' are non-adjacent. Let p be a neighbor of y in
A;i_o. If py ¢ E(G), then for any neighbor of 3 in A;, say a, and for any neighbor of y in A;1,
say b, {p,y,b,a,y'} induces a Ps, a contradiction; so we may assume that py’ € E(G). Also it
follows from the definition of Y;;;, and by [Lemma 3.10:(i7)[ and |Lemma 3.20:(¢), that y and y" have

a common neighbor in A;_1, say ¢, and by the same argument, y and vy’ have a common neighbor
in A;,o, say 7. But then {¢/, q,y,r, p} induces a 4-wheel, a contradiction. So Y; is complete to Y; ;.
Likewise, Y; is complete to Y;_1. So|Lemma 3.20:(v)| holds. i

(vi): Suppose there is a vertex, say ¢t € T which has no neighbor in X. Let @) be the vertex-set of

the component of G[T] containing t. Then by [Lemma 3.10:(7), @ is anticomplete to X. Then since
G is connected, N(Q)NY # (. Since N(Q)NY is not a clique cut-set between A and @, there are
non-adjacent vertices, say v,y € N(Q)NY. Then by [Lemma 3.20:(iv)| and [Lemma 3.20:(v)| we
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may assume that y € Y5 and 3’ € Y5. Now pick a neighbor of y in Aj, say a, and a neighbor of ¢/

in Ay, say a/. But then {a,y,t,vy,a'} induces a Ps, a contradiction. So |[Lemma 3.20:(v¢) holds. [

Lemma 3.21 For each i € [5], Y; U Y,y is complete to exactly one A;_s-clique.

Proof. First we show that for each i, Y; is complete to exactly one A; s-clique. Suppose not.

Then by [Lemma 3.20:(7)| [Lemma 3.20:(é¢)[ and [Lemma 3.20:(iv)}, there are adjacent vertices, say

y and ¥’ in Y;, and non-adjacent vertices, say a and b in A; 5 such that ya,y'db € E(G) and
yb,v'a ¢ E(G). Then by [Lemma 3.20:(2i¢), {y,y'} is complete to A;1; and A; ;. Now if y and ¢/

have a common neighbor in A; 5, say p, then {p,y,v;_1,b,9y'} induces a 4-wheel, a contradiction;
so we may assume that there is a vertex, say ¢ € A; o such that yq € E(G) and v/'q ¢ E(G).
But then {v;11,q,a,v;_1,vy,y} induces a 5-wheel, a contradiction. So for each i, Y; is complete to
exactly one A; o-clique.

Now suppose that the lemma is not true. Then by our preceding argument, there are A; o-
cliques, say B and D, such that BN D = (), Y; is complete to B, and anticomplete to A; 5\ B, and
Yii1 is complete to D, and anticomplete to A;_o \ D. Then clearly A; 5 is not a clique, and so by

ILemma 3.20:(7i7), Y; is complete to A;_1, and Y;, is complete to A; 5. Now pick a vertex y € Y},

and a neighbor of y in A; 5, say a. Also, pick a vertex ¥’ € Y;,1, and neighbor of ¢/ in A;_1, say a'.

But now for any b € B, by |Lemma 3.20:(v)|, {¢/,a,b,d’,y} induces a 4-wheel, a contradiction. So
[Lemma 3.2 holds. O

If Y # 0, by [Lemma 3.21], for i € [5], let B;_5 be the A; o-clique such that Y; UY;,; is complete
to B;_s, and anticomplete to A;_5 \ B;_2, and let B; o be the A; s-clique such that Y; UY; 4 is

complete to B, 9, and anticomplete to A; 4o \ Bita.

Lemma 3.22 The following hold, for each i:
(i) For j € {i—1,i+ 1}, each A;-clique has a vertex which is complete to Y;.
(11) Yii1 is anticomplete to X; U X; .
(111) At least one of X;, Yiio UY,; o is empty.
(iv) Fach y € Yiy1 and x € X; have a common neighbor in each A;, A; o and A;_5, and each
y € Yiy1 and x € X;1o have a common neighbor in each A;, A;yo and A;_1.
(v) If X; # 0, then Y11 UY; 1 is complete to A;.
(vi) If X # 0, then Y; is anticomplete to Yo UY; ».
(vii) If X # (), then no vertex in T has neighbors in both Y;_1 and Yi, 1.

Proof. (i): We prove the statement for j = i+ 1. If A;1; is not a clique, then by [Lemma 3.10:(7)}, Y;

is complete to A; 1, and [Lemma 3.22:(7)| holds; so assume that A;;; is a clique. Now if G[Y; U A; 4]

contains a C}, say with vertex-set {p, ¢, r, s}, then for any a € B2, {p,q,r,s,a} induces a 4-wheel,

a contradiction; so G[Y; U A;41] is Cy-free. Since Y] is a clique (by [Lemma 3.20:(iv)|) and since each
vertex in Y; has a neighbor in A;;; (which is a clique), by [Lemma 3.2} A;; has a vertex which is
complete to Y;. This proves [Lemma 3.22:(i)| I
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(11): Suppose, up to symmetry, there are adjacent vertices, say y € Y;y; and = € X;. Pick a neighbor

of y in each A;_; and A;, say p and ¢ respectively. If x and y have a common neighbor in A;_s, say

r, then, by |[Lemma 3.4:(27), {q,z,7,p,y} induces a 4-wheel, a contradiction; so there is a vertex,
say w € A;_5 such that yw € F(G) and zw ¢ E(G). Then by [Lemma 3.4:(v)|, {x} is complete to

A;io. Now pick any neighbor of y in A; o, say s. Then, by [Lemma 3.4:(i0), {p, q,x, s, w,y} induces

a 5-wheel, a contradiction. So Y;,; is anticomplete to X;. Likewise, Y;,; is anticomplete to X .

This proves [Lemma 3.22:(i7)| I

(7i1): Suppose not. Let x € X; and, up to symmetry, let y € Y; 5. Pick any neighbor of y in A; 4,

say p. It follows from [Lemma 3.4:(7i7)| and [Lemma 3.10:(7)[ that « and y have a common neighbor

in A; o, say a. Now if zy € E(G), then for any neighbor of y in A;, say @/, by [Lemma 3.4:(i1)]

{p,a,x,d',y} induces a 4-wheel, a contradiction; so we may assume that xy ¢ F(G). Then pick a

neighbor of y in A; 1, say b, and a neighbor of = in A;,o, say 0; but then {p,y,b,t',x} induces a Ps

which is a contradiction. So [Lemma 3.22:(427)| holds.

(iv): We prove the first assertion, and the proof of the other is similar. Suppose y € Y;,; and

r € X;. By |Lemma 3.4:(27), {x} is complete to A;, and so by the definition of Y;;;, x and y have

a common neighbor in A;. By [Lemma 3.22:(22), we know that yz ¢ E(G). Now z and y have a

common neighbor in each A;,» and A; 5, by [Observation 1| This proves |[Lemma 3.22:(zv)l I

(v): Let x € X;. Lety € Yi11 and a € A;, and suppose y and a are non-adjacent. By|Lemma 3.22:(i1)|

xy ¢ E(G), and by [Lemma 3.22:(¢v)| « and y have a common neighbor in A;_, say a’. Then by

ILemma 3.4:(¢2)|, {y,a’,z,a,v;+1} induces a Ps, a contradiction. So Y;1 is complete to A;. Likewise,

Y; 1 is complete to A;. This proves [Lemma 3.22:(v)l 1

(vi): Suppose not. We may assume that there are adjacent vertices, say y € Y; and ¢’ € Y, 2. Since
Y;, Yiio # 0, by [Lemma 3.22:(ii1), X; = 0, for j # i+ 1. Now we claim that X;,; = (). Suppose not.
Let z € X;11. Then by [Lemma 3.22:(i7), {y,%'} is anticomplete to {z}, and by [Lemma 3.22:(v)}|

{y,y'} is complete to {v;y1}. If y and ¢’ have a common neighbor in A; 5, say a, then for any

neighbor of y in A;.9, say o', {a,d’,v;41,vy,y} induces a 4-wheel, a contradiction. So we may

assume that y and ¢’ do not share a common neighbor in A; 5. Now by |Lemma 3.22:(iv)| = and

y have a common neighbor in A;_s, say p. But then for any neighbor of 4/ in A;, say ¢, we see

that {z,p,y,¥',q} induces a Ps, a contradiction; so X;;; = (). Thus we conclude that X = (), a

contradiction to our assumption that X # (. So[Lemma 3.22:(v7)| holds. i

(vii): We prove the assertion for ¢ = 1. If some vertex in T, say t, has neighbors in both Y3 and Y5,

say y and ¢/, respectively. Then by [Lemma 3.22:(v1)|, yy’ ¢ E(G). Now pick a neighbor of y in As,

say a, and a neighbor of 3/ in A,, say a/, and then {a,y,t,y/,a’} induces a Ps, a contradiction. So
ILemma 3.22:(wviz)| holds. O

For i € [5], if Y; UY; 2 # 0 and if there is a vertex in each A; ;-clique which is complete to

Y; UY, s, then we pick one such vertex, and let A;,; be the union of those vertices; otherwise, we
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let Aj1q := Ry (In any case, A;;; is a maximum independent set of A;,;.)

i+l

Lemma 3.23 The set A; 1 UA; 5 meets each mazximal clique of G in G[A;_1 U A; 5 UY; UY,;4]
twice. Likewise, A1 U A; 1o meets each mazimal clique of G in G[A;11 U Ajro UY; UY; 1] twice.

Proof. By|Lemma 3.20:(:v)|and [Lemma 3.20:(v)| Y;UY; 1 is a clique. Also, we know that Y;UY; 4 is

complete to B;_o, and anticomplete to A; 5\ B;_2. Also, Y; is complete to B;_1, and anticomplete
to A;—1 \ Bi—1. Let M be a maximal clique in G[4;_o U A;_1 UY; UY;4]. If M has no vertex from
Y;, clearly the assertion holds. So M NY; # (). If M has no vertex from Y;,;, then M is of the form

Y; U B;_»o U D,;_1, where D;_; is a subset of some A;_;-clique A*, and is the set of vertices in A*

which are complete to Y; (by [Lemma 3.22:(7)|). Since A; o U A;_; contains vertices from both B; -
and D;_1, the claim holds. Finally, if M NY;,; # 0, then by [Lemma 3.20:(v), M is of the form
Y, UY; 1 UB; _oUD; 1, where D, ; is a subset of B;_ 1, and is the set of vertices in B;_; which are

complete to Y; (by |[Lemma 3.22:(z)). So again, as earlier, A; o U A;_; meets M twice. This proves
[Lemma 3.23] O

Lemma 3.24 If Y is non-emptly, and X is empty, then G is either a nice graph or a quasi-line

graph.

Proof. Since X is empty, by [Lemma 3.20:(vi)| 7= (. Now:

3.24.1 If there is an i € [5] such that Y; and Y; o are not complete to A;,1, then A; is a clique,
for alli € [5].

Proof of [3.24.1. Since Y; is not complete to A;yq, by [Lemma 3.10:(i2)] A;41 is a clique, and

by [Lemma 3.20:(727), A0 U A;_» is a clique. Likewise, since Y. is not complete to A;;1, by

ILemma 3.20:(727), A;_1 U A; is a clique. Thus we conclude that A; is a clique, for all 7. This proves

B.24.1T u

3.24.2 If A; is a clique, for alli € [5], then G is 3K;-free.

Proof of |3.24.2. Suppose that G contains a 3K; with vertex-set, say {u,v,w}. Since G[A] is
3K -free, we may assume that u € Y, for some j. Then by [Lemma 3.10:(74¢)| and [Lemma 3.20:(4)}

{u} is complete to either A; 11 UAj o UA; o or AjioUA; 1 UA,_»; we may assume, without loss

of generality, that {u} is complete to A;1; U A;10 U A, 5. Since A; U A;_; UYjy, is a clique (by

emma 3.20:(2)[), and since Y; is complete to Y, 1 UY, 1 (by [Lemma 3.20:(v)|), one of v, w belongs
L 3.20:(2 d si Y;i 1 Y; Y;_1 (by[L 3.20 f bel

to Y;_o; and we may assume that v € Yj_5. Then by [Lemma 3.20:(2)| {v} is complete to A; U A; .

So w € A,_y. But then for any neighbor of w in A,_,, say a, and for any neighbor of v in A;, say
b, we see that {u,a,w,b,v} induces a Ps, a contradiction. So [3.24.2| holds. I

First suppose that there is an i € [5] such that Y; is not anticomplete to Y; ;5. Let y € ¥; and

y' € Y;.1o be adjacent. Suppose y and 3 share a common neighbor in A;, 1, say a. We know, by

ILemma 3.10:(27)| and [Lemma 3.20:(¢)} that y and 3’ share a common neighbor in A, 4, say a’. Then
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for a neighbor of ¢/ in A;, say a”, {a,y,d’,a”,y'} induces a 4-wheel, a contradiction; so suppose
that y and 3’ do not share a common neighbor in A;,;. Thus y and ¢’ are not complete to A;,1,
hence Y; and Y; o are not complete to A;;1. Then by [3.24.1] A; is a clique for all ¢ € [5], and then,

by [3.24.2] G is 3K;-free. So, by [Lemma 3.1 G is either a quasi-line graph or a nice graph, and we

are done.

Next we may assume that for each ¢ € [5], Y; is anticomplete to Y; 1o UY; 5. By [Lemma 3.20:(v)}
Y; is complete to Y;.; UY; 1. See :(c) for a sketch of GG. Also, we may assume that if
Y; and Y; 5 are non-empty, then at least one of Y;, Y; o is complete to A;,; (for, otherwise, by
B.24.1 and [3.24.2] G is 3K;-free, and we conclude using [Lemma 3.1)). Now we define three sets
S1:=A UA;3, Sy = Ay U A, and S3 := As. Then 57,55 and S3 are stable sets. Clearly, for
i € [5], by [Lemma 3.20:(¢v)| and [Lemma 3.21} A;;5 U A, 5 meets each maximal clique of G in
G[Y; U A;12 U A, ] twice, and by A; 1 UA; 5 meets each maximal clique of G in
GlY;UY; 1 UA; 11 UA; ] twice. So we conclude that S; U Sy U S5 meets each maximum clique of

G at least twice, and meets other maximal cliques of G at least once, and hence G is nice. This

completes the proof of n

Now we prove our main result of this subsection, and is given below.

Theorem 3.25 If a connected (Ps, wheel)-free atom G contains a Cs, then G is either a nice graph

or a quasi-line graph.

Proof. Let G be a connected (Ps,wheel)-free atom that contains a Cj, say with vertex-set
{v1,v9,v3,v4,v5} and the edge-set {v1vq, Vov3, V3v4, V4U5, V501 }. Then we define the sets A, X,
Y, Z and T as in with v; € A;, for each i, and we use the lemmas in [Section 3.3 and
properties in [Lemmas 3.16| and [3.17| and [Lemmas 3.20] to [3.23] Since Z =0, if T' # 0, then G|[T]
is Ps-free (by [Lemma 3.10:(v)|). Let M be the set of maximum cliques of G. Let L be the set

that consist of one vertex from each T-clique, otherwise let L := (), and let L’ be the set that

consist of one vertex (which is not in L) from each non-trivial T-clique, otherwise let L' := ().
By for j € [5], if X;,X;11 # 0, Rx, U Rx,,, U R4, , meets each maximal clique
of G in G[X; U X, UA; 5] at least twice. Now if X UY = (), then since G is connected, by
ILemma 3.20:(vi)|, T'= (), and then the sets S; := R4, U Ra,, So := Ra, U R4, and S3 := Ry, are

the desired stable sets, and we are done. If one of X, Y is empty, then the theorem follows from

ILemmas 3.19| and [3.24] So we may assume that both X and Y are non-empty. Now if Y;,; # (),

then by |Lemma 3.4:(7i7)| and [Lemma 3.22:(:v)|, X; is complete to B;_o, and X2 is complete to
B;_1. Recall that since X # (), by [Lemma 3.22:(vi)| Y; is anticomplete to Vi, UY; 5. Now we split

the proof into two cases.

Case 1 For each i € [5], one of X;, Y; is empty.

Since Y # (), let Yo # 0; so Xo = (). By [Lemma 3.22:(si2), X, U X5 = (). Since X # 0,
X1 U X3 # 0; we may assume that X; # (); so Y1 = (. Again by [Lemma 3.22:(di7), Y3 U Y, = 0.
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By [Lemma 3.22:(v)|, Y2 U Y5 is complete to A;. By |Lemma 3.22:(i7), Y5 U Y; is anticomplete to
X1 U Xj3. Recall that Y5 is complete to By U Bs, and anticomplete to (A4 \ By) U (45 \ Bs), and

since Y3 # (), X is complete to By. Moreover, we have the following;:

3.25.1 If T # 0, then the following hold: (a) T is complete to Y. (b) For j € {1,3}, given an
Xj-clique, say X7, each T-clique is either complete or anticomplete to X . (c) Ys =10.

Proof of [3.25.1, (a): Let T” be a T-clique in G. Then by [Lemma 3.20:(vi)l N(T") N (X; U X3) # 0.
Since Y5 is anticomplete to X; U X3 (by [Lemma 3.22:(i7)]), it follows from [Lemma 3.11:(¢)| that 7"

is complete to Y. This proves (a), since T” is arbitrary.

(b): Since Y5 is anticomplete to X; U X3, (b) follows from (a), [Lemma 3.11:(77)| and [Lemma 3.20:(vi)|

(¢): Suppose that Y5 # (). Then, by [Lemma 3.22:(i17), X3 = (). Let ¢t € T. Then by [Lemma 3.20:(vz)}
t has a neighbor in X7. Since Y, U Yj is anticomplete to X; (by [Lemma 3.22:(27))), it follows from
that ¢ has neighbors in both Y2 and Y; which is a contradiction to |Lemma 3.22:(vii)|
This proves (c). 1

3.25.2 If T # 0, then Yy is complete to either Ay or As. So, if T # 0, either Ay or As is a clique.

Proof of[3.25.2 Suppose not. Then there are vertices, say y € Y2, p € Ay and ¢ € A5 such that
yp,yq ¢ E(G). Let t € T. Then by B.25.1}(a), yt € E(G). But then since Y5 is complete to A;, for
any neighbor of y in Ay, say r, we see that {p,q,r,y,t} induces a Ps, a contradiction. So the first
assertion of [3.25.2 holds. The second assertion of [3.25.2] follows from the first assertion of [3.25.2]
and [Cemma 3.21] 1

3.25.3 If K is an X;-clique and D 1is an As-clique, then either K is complete to D or K is
anticomplete to D. Likewise, if K' is an Xs-clique and D' is an A;-clique, then either K’ is

complete to D' or K’ is anticomplete to D’.

Proof of[3.25.3 Suppose that K is not anticomplete to D. Then, there is an z € K which has a
neighbor in D. Let a € D be such that a € Az (such a vertex exists, by [Lemma 3.22:(z)|). Then by
ILemma 3.4:(7i1), {z} is complete to D; so za € E(G). Let o’ (# x) € K be arbitrary. We claim
that {2’} is complete to D. Suppose not. Then again by [Lemma 3.4:(i:7), {2’} is anticomplete to
D; so 2’a ¢ E(G). But then, for any y € Y5 and b € Bs, {2/,z,a,y,b} induces a Ps, a contradiction.

So {z'} is complete to D. Since z’ is arbitrary, K is complete to D. This proves [3.25.3| I

3.25.4 If K is an Xi-clique and D is an Ay-clique, then either K is complete to D or K is
anticomplete to D. Likewise, if K' is an Xs3-clique and D’ is an As-clique, then either K’ is

complete to D' or K' is anticomplete to D’.

Proof of |3.25.4. Suppose that K is not anticomplete to D. We may assume that D # B,. Then,
there is an z € K which has a neighbor in D, say a. Let 2’ (# z) € K be arbitrary. We claim
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that {2’} is complete to D. Suppose not. Then, by [Lemma 3.4:(¢77), {2’} is anticomplete to D; so

r’a ¢ E(G). But then, for any y € Y3 and b € Bs, {2/,2,a,b,y} induces a Ps, a contradiction. So
{2’} is complete to D. Since 2’ is arbitrary, K is complete to D. This proves [3.25.4] I

Now consider any maximum clique of G in G[X; U A; 15 U A; 5], say M. Then by and
B25.4 M N Aig, MNA;_5#0, MN Ay is an A;yo-clique and M N A;_5 is an A;_o-clique.

Figure 14: Sketch of the graph G in [Theorem 3.25; (a) Case 1 when T' = (. (b) Case 1 when T # (.
(¢) Case 2 when X5 U X5 = (). (d) Case 2 when X5 # ().

See |[Figure 14;(a) and [Figure 14;(b). By [Lemma 3.16:(¢7)| and [3.25.3, we conclude that each

X;i-clique is either complete or anticomplete to K, where is K is an As-clique or an Xjs-clique.

Likewise, each X3-clique is either complete or anticomplete to K’, where K’ is an A;-clique or an
Xj-clique. Thus, by [Lemma 3.4:(i7)| and [Observation 3, for j € {1,3}, Rx, U Rx, U R4, meets
each maximal clique of G in G[X; U X35 U A;] at least twice. Also, by [Lemma 3.16:(2)} [3.25.1k(b),
and by [Observation 3| Rx, U Ry, U Ry meets each maximal clique of G in G[X; U X3 UT] at least
twice. Clearly R4, U R4, meets each maximal clique of G in G[Yo U A; U As] twice. Likewise,
R4, U R4, meets each maximal clique of G in G[Y; U A; U Ay twice.

Now if 7' = (), then using [Lemma 3.17:(7)| and by [Lemma 3.23 we see that the sets S; :=
Ry,URs, URx,, Sy := R, UAs and S3 := A, U Ry, are the desired stable sets. So we may assume
that T # (). By Ys = 0. By [3.25.2] up to relabeling, we may assume that As is a clique.
Now we let S := Ry, U Ry, U Ry, Sy := Ry, UA3 U Ry and S3 := R\, U Rx, U Ry,. Clearly,
S1, 5 and S5 are stable sets. Let S := 57 U S5 U S3. To justify that S meets each maximum clique

of G that has vertices from A3 U By, at least twice, we need the following.

3.25.5 If M € M has vertices from both By and an As-clique A5, and no vertex from Ys, then M
is of the form X{ U By U A}, where X is an X;-clique, and By U A} ¢ M.

Proof of [3.25.5 If X7 is complete to A%, then M is of the form X} U B, U A}, and we are done. So,
we may assume, by [3.25.3] that X7 is anticomplete to A%. Then, by [Lemma 3.4:(ziz)| Az is not a
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clique, and then by [Lemma 3.10:(i¢), As is complete to Ys. But now since Yo U By U A is a larger
clique than By U Aj, we have By U Af ¢ M. This proves |

Now by [Lemma 3.17:(7)[ and [3.25.5] Rx, U Ra,\B, U R4, meets each maximum clique of G in
G[X7 U A3 U Ay] twice. Clearly, R4, U Ry, meets each maximum clique of G in G[Ys U By U Aj5]

twice, Az U Ry, meets each maximum clique of G in G[Yy U A3 U A4] twice (by [Lemma 3.23)),
R, U Ra,\ B, meets each maximum clique of G in G[(A4 \ By) U As], and Ry, U Ry meets each

maximum clique of G in G[Y, U T twice. Thus, we conclude that S meets each maximum clique

of GG at least twice, and meets other maximal cliques of G at least once, and that G is nice.

Case 2 There is an indez i € [5] such that X; and Y; are non-empty.

Let ¢ = 1. Then by [Lemma 3.22:(zii), X3 U X, UY3UY,; = (). Recall that Y; is anticomplete to
X, U X5 (by [Lemma 3.22:(23))), and complete to Yo U Y5 (by [Lemma 3.20:(v)). Also X; is complete
to X, U X5 (by [Lemma 3.5:(v)). By [Lemma 3.21] Y; U Y; is complete to B,, and anticomplete
to Ay \ By; Y1 U Y5 is complete to Bs, and anticomplete to Az \ Bs. Also, by [Lemma 3.4:(zi1)|
and [Lemma 3.22:(iv)|, X, is complete to By, and X5 is complete to Bz. Note that since Y; # (),
Bs, By # 0. Since X; # 0, by [Lemma 3.22:(v)| Y5 U Y} is complete to A;. Recall that since Z = 0,
each vertex in X UY is either anticomplete to 7" or good with respect to 7. By |Lemma 3.17:(i77)]
Rx, UR4

other maximal cliques in G[X; U A;12 U A;_5] once. To proceed further we claim following:

e U Ra,_, meets each maximum clique of G in G[X; U A; o U A;_5] twice, and meets

3.25.6 Suppose x € X has a neighbor in (Az \ Bs) U (A4 \ By). Then {x} is complete to Y;.

Proof of|3.25.0. We may assume, up to symmetry, that x has a neighbor in A3\ Bs, say p. Let
y € Y7, and suppose x and y are non-adjacent. Now pick a neighbor of y in As, say a. Then for
any a’ € Ay, by [Lemma 3.4:(i1), {p,z,a’,a,y} induces a Ps, a contradiction. So [3.25.6 holds. I

3.25.7 Let M be a mazximal clique of G containing at least one vertex from each of X1 and Yy,

and no vertex from T'. Then Rp, U Rp, U Rx, meets M at least twice.

Proof of [3.25.7 Let M N X; = X7 and let D be the X;-clique such that X C D. Recall that
Y] is complete to B3 U B;. Now we claim that D is complete to either Bs or By. Suppose not.

Then by [Lemma 3.4:(iv)| and [Lemma 3.4:(v)| there are vertices, say =,z € D such that {z} is

anticomplete to Bs, and {2’} is anticomplete to By. Then by the definition of X7, x has a neighbor
in Az \ B3, and 2’ has a neighbor in Ay \ By. So, by 3.25.6] {z,2'} is complete to Y;. Then by
13.25.6| and [Lemma 3.4:(v)| for any y € Y1, b € By and I/ € By then {z,V',b,2', y} induces a 4-wheel,
a contradiction; so D is complete to either Bs or By. Now since M is a maximal clique and X7 is

either complete to Bz or By, we conclude that M N (Bs U By) # 0. If X} is complete to B3 U By,

then clearly the assertion holds. So we assume that X7 is not complete to By, then there is an

x € X7 such that {z} is anticomplete to By (by [Lemma 3.4:(7iz)). So by a previous argument, D

is complete to Bz. Next we claim that D is complete Y;. Suppose there are vertices, say =’ € D
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and y € Y such that 2’y ¢ F(G). By |[3.25.6]  # 2/, and {2’} is anticomplete to A4 \ By, so by
the definition of X3, 2’ must have a neighbor in B,. Then by [3.25.6| and [Lemma 3.4:(iv)| for any

a € By and a' € By, {d’,2,z,y,a} induces a 4-wheel, a contradiction. So D is complete Y;. Since
B; U DUY is a clique and M is a maximal clique, we have X] = D and hence M = B3 U D UY].
Then clearly Rp, U Rp, U Rx, meets M at least twice. This proves|3.25.7] 11

3.25.8 Suppose that Xo U X5 = 0, and let Q be a T-clique. If there is an M € M such that
Q C M, then |Q| > 2.

Proof of Recall that each vertex in X UY is either complete or anticomplete to ). For
J €{1,2,5}, let Y := N(Q)NYj. First suppose that (M \ Q)NX =0. If M\ Q = YUYy, then
YUY, UQ| > |ByUYLUY,U{bs}|, where by € B is the vertex such that {b3} is complete to Y
(by [Lemma 3.22:(7)]), hence |@Q| > 2. Likewise, if M \ @Q = Y* UY., then |Q| > 2. So we assume
that (M \ Q)N X # 0. Then M \ Q = X; UY;* where X7 is a subset of some X;-clique such that
N(Q)N X7 # 0. Then by [Lemma 3.5:(zi2), X is complete to A3 U Ag; in particular X7 is complete
to B3 U By. So | X7 UYFUQ| > |BsU By U X7 UYY, thus |Q| > 2. This proves|3.25.8 1

First suppose that Xy U X5 = (), and we apply [3.25.8] We refer to [Figure 14 (c) for a sketch of
the graph G. Then, by [Lemma 3.23| U?_; A; meets each maximum clique of G in G[A U Y] twice.

Since X is anticomplete to Yo U Y;, by [3.25.7] and by |Lemma 3.23] A3 U A, U Ry, meets each
maximum clique of G in G[X UY U A3 U Ay4| twice, and clearly, by [Lemma 3.4:(¢7), A; U Ry, meets

each maximum clique of G in G[X; U A;] twice. Then since each vertex in X UY is either complete
or anticomplete to a T-clique, by [3.25.8 we conclude that Sy := Ay UA5 U Rx,, S2 := AyUA,UL
and S3 := Az U L' are the required stable sets.

Next suppose that X, U X5 # (). We may assume, up to symmetry, that X5 # (). Then, by

ILemma 3.22:(2i), Yo = (). Next we claim that X; is complete to Y;. Suppose to the contrary
that there are non-adjacent vertices, say z € X; and y € Y;. Then, by [3.25.6] {z} is complete
to B3 U By. Now pick any 2’ € X5, a € Bs, a’ € By, and pick a common neighbor of 2’ and y in

Ay, say a” (by [Lemma 3.22:(7v))). Then since X3 is complete to Bs, we see that {y,d’, z,2’,a",a}

induces a 5-wheel, a contradiction; so X; is complete to Y;. Further, if there are adjacent vertices,

say © € X; and b € Bs, then for any 2’ € X5, y € Y}, by [Lemma 3.22:(1v), 2’ and y have a

common neighbor in Ay, say a, and then, by [Lemma 3.5:(v)|, {z,y,a,2’, b} induces a 4-wheel, a

contradiction; so X is anticomplete to Bs. Likewise, if Xy # (), then X is anticomplete to By, a

contradiction to [Lemma 3.4:(v)} so Xo = (). Since X, is anticomplete to Bs, by [Lemma 3.22:(iv)),

Ys = 0, and by [Lemma 3.5:(i2), X; is anticomplete to T'. By [Lemma 3.20:(v7)|, each vertex in T
has a neighbor in Xj, and so by T is complete to Y;. Hence again by [Lemma 3.11]
each T-clique is either complete or anticomplete to an Xs5-clique. See (d) for a sketch
of the graph G. Moreover, if there is a M € M which has vertices from a T-clique 7™ and from
Y1, then |Yy UT*| > |Y1 U B3 U By|, and so |T*| > 2. Now we let S} := Ay UA; URx, UL,
Sy = Ra, UR4, URx, and S5 := Ry, UL'. Then Rx, U LU L' meets each maximum clique of G in
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G[XUY UT] at least twice, and meets other maximal cliques once. Also, by , Ra,UR4,URX,
meets each maximum clique of G in G[X; UY; U A3 U Ay] twice, and meets other maximal cliques
once. By Rx, U Rx, U R4, meets each maximal clique of G in G[X; U X5 U A;3] at
least twice. Now by using we observe that S; U .Sy U S3 meets each maximum clique

of G at least twice, and meets other maximal cliques at least once. So G is nice. This completes

the proof of [I'heorem 3.25| O

3.4.3 Structure of (Ps, Cs,4-wheel)-free graphs that contain a C;

Let C* be the C;7 with vertices vy, va, . . ., v7 and edges v;v;,1 and v;v; 9 for each ¢ modulo 7. Let H*
be the graph obtained from C* by adding two vertices vg and vy and edges vgvy, Ugvs, UgUs, VgUs, UgUg

and vgvy.

Theorem 3.26 If a connected (Ps, Cs, 4-wheel)-free graph G contains a Cy, then G is a Ps-free

expansion of H*, and hence G 1is nice.

Proof. For convenience, we consider the complement graph of G, say H. So H is a (Ps, Cs, 2Ky + K )-
free graph such that H (= G) is connected, and contains a Cy, say with vertex-set {uy,uy,...,ur}
and the edge-set {ujug, ugug, ..., ugur, u7us }. So we may assume that there are seven non-empty
and pairwise disjoint sets Ay, ..., A7 such that for each ¢ modulo 7 the set A; is complete to A;_1UA; 1,
and anticomplete to A; s UA; 3UA; 1o UA; 3 and let u; € A;. Let A:= A;U---U A;. We choose
these sets such that A is maximal. For each ¢ € [7], let B; denote the set {x € V(H)\ A |  has a
neighbor in each A;, j € {i,i+ 1,14 2,7+ 3}, and {z} is anticomplete to A;_ 1 UA,_oUA;_3}. Let
B := ByU---UB;z. Let D denote the set {x € V(H)\ A | x has a neighbor in A;, for each i € [7]}.
Moreover, the following hold, for each i € [7]:

3.26.1 Let P be a Py in H, say with vertez-set {ay,as, as, as} and the edge-set {ajas, asas, azay}.

Then any vertex in V(H) \ V(P) which is adjacent to both a; and a4, is adjacent to both as and as.

Proof of3.26.1] If there is a vertex, say p € V(H) \ V(P) such that a1p,asp € E(G) and {p} is

not adjacent to both ay and ag, then {ai, as, as, aq, p} induces a C; or P, a contradiction. So any
vertex in V(H) \ V(P) which is adjacent to both a; and a4, is adjacent to both as and a3. This

proves [3.26.1] i

3.26.2 Each vertez in V(H) \ A has a neighbor in A.

Proof of 3.26.2] If some x € V(H) \ A has no neighbor in A, then {uy,us, u4,us,x} induces a
2K5 + K4, a contradiction. So[3.26.2 holds.

3.26.3 Let x € V(H)\ (AUD). Suppose x has a neighbor in A;. Then exactly one of N(z)NA; 2,
N(z) N Airo is non-empty.
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Proof 0f[3.26.3] Suppose not, and let i = 1. Let a be a neighbor of z in A;. If N(z) N A3 =0 and
N(z) N Ag = 0, then by [3.26.1] N(x) N A5 = 0, and then {a, z, us, ug, us} induces a 2K, + Kj, a
contradiction; so we may assume that N(z) N Az # 0 and N(z) N Ag # 0. Then by 3.26.1] {z} is
complete to A4 U As. Then, again by using , we see that {z} is complete to Ay U A7. But
then x € D, a contradiction. So holds. &

3.26.4 V(H)=AUBUD.

Proof of[3.26.4] Let z € V(H) \ (AU D). Then, by [3.26.2] we may assume that = has a neighbor
in A;, say a;. By we may assume that N(z) N A2 # 0 and {z} is anticomplete to A;_».
Then, by , {z} is anticomplete A; 3. Let a;,o be a neighbor of x in A; 5. We claim that x
has a neighbor in A;,1. Suppose {z} is anticomplete to A;,1. Then, by , {z} is anticomplete
to A;y3 U A;_1. Also, if z has a non-neighbor, say a, in A;, then {a}, u; 1,2, a;12,u;_3} induces
a 2K, + K7, a contradiction; so {x} is complete to A;. Likewise, {x} is complete to A;, 5. But
then x can be added to A;, contradicting the maximality of A. So we may assume that = has a
neighbor in A;41, say a;+1. Then by [3.26.1]  has no neighbors in both A4;,3 and 4; ;. But since
{,a;41,ui13,u;—3,u;_1} does not induce a 2K, + K7, x has a neighbor in exactly one of A;,3 and
A;_1, say x has a neighbor in A;;3. So x € B;. This proves [3.26.4] 1

3.26.5 A; is a stable set.

Proof of[3.26.5] If there are adjacent vertices in A;, say p and g, then {p, q, u;12, u;13, u;_2} induces
a 2K + K;, a contradiction. So|3.26.5| holds. I

3.26.6 H|[B;] is (K + Kj)-free.

Proof of [3.26.6] If there is a K; + K, induced by the vertex-set, say {p,q,r}, in B;, then
{uw;—1,u;_2,p,q,r} induces a 2K + K7, a contradiction. So|3.26.6 holds. I

3.26.7 Bz 18 complete to Az U Ai—i—l U AZ'J,_Q U Ai+3.

Proof of[3.26.7} Let x € B; and y € A; U A;11 U A;12U A3, and suppose x and y are non-adjacent.
Let a;11 and a;12 be neighbors of x in A; 1 and A, respectively. By symmetry, we may assume
that y € A; U A;q. Now if y € A;, then {u;_1,y,x, a;12,u;_3} induces a 2K, + K, a contradiction,
and if y € A;,1, then, by , ya;1 ¢ E(G), and then {w;_1,u;—2, x,a;11,y} induces a 2K + K,
a contradiction. So holds. 1

3.26.8 B; is complete to B;y1 U B;_.

Proof of|3.26.8. Let x € B; and y € B;y; U B;_1, and suppose z and y are non-adjacent. By
symmetry, we may assume that y € B;,1. Then by [3.26.7, {x, wi 1, ¥, Uits, uis3} induces a Ps, a
contradiction. So [3.26.8 holds. 1

3.26.9 If BZ 7& @, then B,;_g U Bi_g U Bi+2 U BH_g 18 empty
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Proof of[3.26.9] Let x € B;. Suppose that there is a vertex, say @’ € B;ys. If 22’ € E(G), then
by , {z,u;u;_1,u;_2,2’ 2} induces a Cj, a contradiction; so xz’ ¢ F(G), and then, by ,
{x, w41, 2", u;_3,u;_1} induces a 2K, + K7, a contradiction. So B;,o = (). Likewise, B;_o = 0.
Also, if there is a vertex, say y € B;,3, then, by , {u;_1,us, 7, u;y3,y} induces a Cs or a P, a
contradiction. So B;;3 = (). Likewise, B;_3 = (). This proves . |

3.26.10 D is complete to AU B.

Proof of Suppose there are non-adjacent vertices, say x € D and a € A;. Pick neighbors
of x in each A; 1, Ajy2 and A;_y, say p,q, and 7 respectively. Then {a,p,q,r, 2} induces a Ps,
a contradiction. So D is complete to A. Next, if there are non-adjacent vertices, say x € D
and 2’ € B;, then, by , and by the earlier argument, {’, u;, u;_1, 2, u;43} induces a Ps, a
contradiction. This proves [3.26.10] 1

Now since H is connected, we have D = (). So by above properties, if B = ), then G is a clique
expansion of C7. So we may assume that By # (. Then by , B3 U B, U B; U Bg is empty,
and one of By, By is empty. Thus we conclude that G is a Ps-free expansion of H*. Let H* be
defined as earlier. By the definition of a expansion, V' (G) is partitioned into Q,,, v; € V(H*), such
that each @),, induces a P3-free graph. Now we let 51 := Rq, U Rq,, U Rq,,, S2 :== Rq,, U Rq,,
and S5 := RQvg U RQv7 U RQUS- Clearly S7, 55 and S3 are stable sets such that S7 U .S, U S5 meets
each maximal clique of G twice. So G is nice. This completes the proof of [Theorem 3.26] O

3.4.4 Main structural results

In this section, we state and prove our main structural decomposition theorem which is useful in

proving a near tight chromatic bound for the class of (Ps, 4-wheel)-free graphs.

Theorem 3.27 Let G be a connected (Ps,4-wheel)-free atom. If G is imperfect, then one of the
following holds:
(1) If G contains a 5-wheel, then G is a nice graph.
(2) If G is 5-wheel-free and contains a Cs, then G is either a nice graph or a quasi-line graph.
(3) If G is Cs-free and contains a Cy, then G is a nice graph.

Proof. Since each k-wheel, for £ > 6 has an induced Ps, the proof of each of the item in{T'heorem 3.27]
follows from [I'heorem 3.15| [I'heorem 3.25| and [T'heorem 3.26| respectively. O

Theorem 3.28 If G is a connected (Ps,4-wheel)-free atom, then G is either a perfect graph, or a

nice graph, or a quasi-line graph.

Proof. Let G be a connected (Ps, 4-wheel)-free atom. We may assume that G is imperfect. Then
since Cogyq for £ > 3 contains a Ps, and since Cy,4q for £ > 4 contains a 4-wheel, from [Theorem 1.2
G contains a Cy (& @) or a C7. So it satisfies the hypothesis of one of the items of [Theorem 3.27

and subsequently it satisfies the conclusion of that item. This proves|['heorem 3.28| O]
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Figure 15: Example of a (Ps,4-wheel)-free graph G* with chromatic number 10 and clique number 7
(see also [33]). Here, a bold (or thick) line between two rectangles represents that every vertex inside a
rectangle is adjacent to every vertex in the other. For example, the vertex ds is adjacent to both a; and
b1. Likewise, ug is adjacent to both ds and uy4.

3.5 Chromatic bound for (Ps, 4-wheel)-free graphs

In this section, we prove a nearly tight chromatic bound for the class of (Ps,4-wheel)-free graphs.

Indeed, we prove the following.

Theorem 3.29 If G is a (Ps, 4-wheel)-free graph, then x(G) < gw(G). Moreover, there is a class
of (Ps,4-wheel)-free graphs L such that every graph H € L satisfies x(H) > 2w (H).

Proof. Let G be a (Ps, 4-wheel)-free graph. We prove the first assertion by induction on |V(G)|. We
may assume that G is connected and imperfect. First suppose that G has a clique cut-set, say (). Let
V1 and V5 be a partition of V' (G)\ @ such that V; and V5 are non-empty, and V] is anticomplete to V5.
Then x(G) = max{x(G[Q UVA)), x(G[Q UVA)} < max{3(GIQ U A]), 2(GIQ UVA} < 4w(G),
and we are done. So we suppose that GG is an atom, and we apply [lheorem 3.28 Now if G

is a quasi-line graph, then by , we have y(G) < %w(G). So suppose that G is nice.
Then G has three stable sets S1, .Sy and S3 such that w(G — (S; U S, U S3)) < w(G) — 2. Hence
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2
(w(G) —2) + 3 = 3w(G). This proves the first assertion of [Theorem 3.29]

x(G) < x(G—(5,US,US3))+3 and so by induction hypothesis, x(G) < 2 (w(G—(S1US,US3)))+3 <
3
2

To prove the second assertion of [Theorem 3.29, we consider the graph H = G*[K}]; see|Figure 15
for the graph G*. Then it is shown in [33] that H is (3K, 4-wheel)-free (and hence (Ps,4-wheel)-

free), and that w(H) = 7t. Moreover, since H has no stable set of size 3, x(H) > @ = 2 = 10t.
This completes the proof of [[heorem 3.29, [

3.6 Concluding remarks

In this chapter, we studied the structure and coloring of the class of (Ps, 4-wheel)-free graphs. In
particular, we showed that if G is a (P5, 4-wheel)-free, then x(G) < 3w(G). The bound is tight for
w = 2. For instance, if G is a K-free expansion of a C5, then G is (Ps, 4-wheel)-free, x(G) = 3
and w(G) = 2. Though we do not have a graph G with x(G) = 3w(G), where w(G) > 3, the clique

expansion of G* makes us to believe that the bound given in [['heorem 3.29| can be improved. So

we propose the following:

Conjecture 8 Every (Ps, 4-wheel)-free graph G satisfies x(G) < [2w(G)]. Moreover, the bound
18 tight.

Also we note that our result generalizes/improves several previously mentioned known results
in the literature which are given in [Table 4]

Graph Class G x-bound for G € G | References
(2P», Cy)-free graphs w(G) +1 [9, 81, [129]
(2P, K4 — e)-free graphs max{3,w(G)} [74]
(2P», 4-wheel)-free graphs w(G) +5 [104]
(3K, Cy)-free graphs [2w(@)] [34]
(3K, K4 — e)-free graphs max{3,w(G)} [74]
(3K, 4-wheel)-free graphs 2w(@G) [33]
(Ps, Cy)-free graphs [2w(@)] [32]
(Ps, K4 — e)-free graphs max{3,w(G)} [74]

Table 4: Known chromatic bounds for some subclasses of (P, 4-wheel)-free graphs.



Chapter 4
Coloring (P5, K5 — e)-free graphs

4.1 Introduction

A class of graphs G is said to be near optimal colorable [95] if there is a constant positive integer ¢
such that every graph G € G satisfies y(G) < max{c,w(G)}. In this chapterl] we are interested in
near optimal colorability for some classes of graphs.

Using Lovasz theta function [127], Ju and Huang [95] observed that if G is a given hereditary
class of graphs such that every G € G satisfies x(G) < max{c,w(G)} for some constant ¢, and if
k-COLORING for G is polynomial time solvable for every fixed positive integer £ < ¢ — 1, then
CHROMATIC NUMBER for G can be solved in polynomial time.

For instance, since every (2P, K; V Pj)-free graph satisfies x(G) < max{3,w(G)} [22] and
since every (P, paw)-free graph satisfies x(G) < max{4,w(G)} [1306] [145], clearly the class of (2P,
K; V Py)-free graphs and the class of (P, paw)-free graphs are near optimal colorable. Moreover,
since k-COLORING can be solved in polynomial time for the class of 2P,-free graphs [86] and
4-COLORING can be solved in polynomial time for Ps-free graphs [50], hence CHROMATIC NUMBER
can be solved in polynomial time for such classes of graphs. Hence the study on near optimal
colorability for the class of (Hy, Hy)-free graphs, for various H; and H,, is of interest.

For any two graphs H; and Hs, Ju and Huang [95] gave a characterization for the near optimal
colorability of (Hy, Hy)-free graphs with three exceptional cases. The three exceptional cases are

that when H; is a forest and Hy € { K}, K; — e, paw}, and we are interested in the following:

Problem 3 ([95]) Decide whether the class of (F, K; — e)-free graphs is near optimal colorable
when F' is a forest and t > 4.

Problem 3| seems to be difficult in general even when F' = P,, ¢ > 5. Recall that every
(Ps, K4 — e)-graph G satisfies x(G) < max{3,w(G)} [74], and that every (Fs, K4 — e)-graph G
satisfies x(G) < max{6,w(G)} [76]. Thus the class of (P5, K4 — e)-free graphs and the class of

!The results of this chapter are appearing in “A.Char and T.Karthick. On graphs with no induced Ps or Ks — e.
Submitted for publication. Available on: arXiv:2308.08166[math.CO] (2023).”
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(Ps, K4 — e)-free graphs are near optimal colorable. However, it is unknown that whether the class

of (P;, Ky — e)-free graphs (where ¢t > 5) is near optimal colorable or not.

Here we focus on the class of (Ps, K5 — e)-free graphs. This class generalizes the class of
(Ps, Ky)-free graphs and the class of (P5, K4 — e)-free graphs. Recall that if G is a (Ps, K5 — e)-free
graph with w(G) < 3, then x(G) < 5, and that the bound is tight [63]. Recently, Yian Xu [172]
claimed that every (Ps, K5 — e)-free graph G satisfies x(G) < max{13,w(G) + 1}, and the bound is
tight when w(G) > 12. However, the proof of the same seems to have some error as it is based on
the result which states that if a graph G is (Ps, Cs, K5 — e)-free and is not a complete graph, then
G is 10-colorable (which is obviously not true). For instance, the graph obtained from K, ¢t > 11,
by attaching a pendant vertex satisfies all assumptions of the said result, but is not 10-colorable.
Moreover, the tight examples given by Xu [I172] for w > 12 are clearly not (K5 — e)-free. Later in
2024, Yian Xu [173] showed that if G is a (Ps, K5 — e)-free graph containing a C5 and having no
clique cut-set, then x(G) < max{13,w(G)}.

Moreover, Malyshev and Lobanova [132] showed the following;:

Theorem H ([132]) Let G be a connected (Ps, K5 — e)-free graph. If G has no clique cut-set, if
w(G) >3 x 67 = 839808, then G is 3K,-free graph.

Since every (3K;, K5 — e)-free graph H satisfies x(G) < w(H) + 1 [108| 111], it follows from
that if G is a connected (Ps, K5 — e)-free graph with w(G) > 839808, then either
X(G) <w(G) + 1 or G has a clique cut-set. In this chapter, we show the following:

(a) If G is a connected (Ps, K5 — e)-free graph with w(G) > 7, then either G is the complement
of a bipartite graph or G has a clique cut-set. Moreover, there is a connected (Ps, K5 — e)-free
imperfect graph H with w(H) = 6 and has no clique cut-set. This strengthens [Theorem H|

(b) If G is a (Ps, K5 — e)-free graph with w(G) > 4, then x(G) < max{7,w(G)}. Moreover, the
bound is tight when w(G) ¢ {4,5,6}. This together with a result of Esperet et al. [63] imply
that the class of (Ps, K5 — e)-free graphs is near optimal colorable which partially answers
improves a result of Xu [I72], and also generalizes/improves the result of [173].

While CHROMATIC NUMBER is known to be NP-hard for the class of Ps-free graphs, our results
together with some known results imply that CHROMATIC NUMBER can be solved in polynomial

time for the class of (Ps, K5 — e)-free graphs.

The above results follow from our structural results for such a class of graphs. Indeed, we study
the structure of a (Ps, K5 — e)-free graph G with w(G) > 5 in detail and prove that either G is the
complement of a bipartite graph or G has a clique cut-set or x(G) < 7. Our proof is based on
some intermediate results using certain special graphs Fy, F» and F3 (see .
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M B b

V3 Y2 V3 Y2 U3 Y2
Figure 16: Labelled graphs III: Graphs Fy, Fy, F3, Fy and F5 (left to right). In Fy and F5, the dotted
lines between two vertices mean that such vertices may or may not be adjacent.

4.2 Some preliminaries

In this section, we present some terminology and observations used in this chapter. For a positive

integer t, let H; be the graph obtained from K;,3 by adding a new vertex and joining it to exactly
two vertices of K;.3. Note that the graph Hj is isomorphic to HVN (see [Figure 2)). We will often

use the following simple observations for a (K5 — e)-free graph G.
Observation 4 For any two adjacent vertices in G, say u and v, GIN(u) N N(v)] is Ps-free.

Proof. If there is a Py in G[N(u) N N(v)] with vertices, say p, ¢ and r, then {p, ¢, 7, u,v} induces a
K5 — e. So|Observation 4] holds. O

Observation 5 For any two non-adjacent vertices in G, say u and v, G[N(u) N N(v)] is Ks-free.

Proof. If there is a K3 in G[N(u) N N(v)] with vertices, say p,q and r, then {p, ¢, r,u,v} induces
a K5 — e. So|Observation 5| holds. O

Observation 6 If there are four mutually disjoint non-empty subsets of V(G) which are complete

to each other, then their union is a clique.

Proof. This follows from [Observation 5| O

We will also use the following theorem to prove our results.
Theorem I ([74]) Every (Ps, K4 — €)-free graph G satisfies x(G) < max{3,w(G)}.

From now on, except for the indices of S, we assume that the arithmetic operations on the
indices are in integer modulo 3.
4.3 Properties of (Ps, K5 — e)-free graphs that contain a Kj

To prove the class of (Ps, K5 — e)-free graphs is near optimal colorable, we begin by proving some

simple properties when a (Ps, K5 — e)-free graph contains a K33, and use them in the latter sections.
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Let G be a connected (Ps, K5 — e)-free graph with vertex-set V(G) and edge-set E(G) that contains
a K3 induced by the vertices, say vy, vy and vs. Let C := {vy,v9,v3}. For i € {1,2,3}, we let:

Xi = {ueV(G\C|Nu)NC={vi},
Vi = {ueV(@\C|Nu)NC=C\A{u}},
Z = {ueV(G)\C|Nu)NnC =C},and
L = {ueV(@G)\C|Nu)nC =0}

Welet X := X UXoUX3and Y :=Y; UY,UYs. Then clearly V(G) =CUXUY UZUL. The

graphs induced by the subsets defined above have several interesting structural properties which

we give in to [.3] below.

Lemma 4.1 The following statements hold:
(i) C'UZ is a clique.
(i) G[Y;] is Ps-free, and Y is anticomplete to Z.
(111) The vertex-set of each component of G| X;UL] is a homogeneous set in G[X;UX;;1UY; o UL].
Likewise, the vertex-set of each component of G[X; U L] is a homogeneous set in G[X; U
X UYi g UL

(iv) Each vertex in X has at most one neighbor in Z.

Proof. (i): If there are non-adjacent vertices, say z and 2’ in Z, then {vy,vq, v, 2,2’} induces a
K5 —e. So|Lemma 4.1:(3)| holds.

(71): Since Y; is complete to {vii1,v;_1}, G[Y;i] is Ps-free (by |[Observation 4)). Next, if there are

adjacent vertices, say (up to symmetry) y € Y and z € Z, then {vs, v3, 2,9, v1} induces a K5 — e;

so Y is anticomplete to Z. This proves [Lemma 4.1:(iz)} 1

(7i1): We prove the assertion for i = 1. Suppose to the contrary that there are vertices, say
p,qg € X3 UL and r € Xy UYj; such that pg,pr € E(G) and gr ¢ E(G). Then {q,p,r,vs,v3}

induces a Ps, a contradiction. So [Lemma 4.1:(7i7)| holds. I

(1v): If there is a vertex in X, say x, which has two neighbors in Z, say z and 2/, then 22’ € F(G)
(by [Lemma 4.1:(7))), and then {v;, 2, 2/, v;41, 2} induces a K5 — e. So |[Lemma 4.1:(:v) holds. [

Lemma 4.2 Suppose that there is a vertex t € L which has a neighbor in X;. Then the following
hold:

(1) {t} is complete to X; 11 U X, o.

(11) X; is complete to X;11 U Xiio.

Proof. We prove the lemma for ¢ = 1. By our assumption, ¢ has a neighbor in X7, say z.
(1): If there is a vertex in Xy, say p, such that tp ¢ F(G), then since {t,x, vy, v, p} does not induce
a Ps, we have xp € E(G), and then {¢, z, p, vs, v3} induces a Ps; so {t} is complete to X,. Likewise,

{t} is complete to X3. This proves|Lemma 4.2:(7)|. I
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(79): If there are non-adjacent vertices, say p € X; and ¢ € Xy U X3, then gt,pt € E(G) (by
ILemma 4.2:(7)), and then {p,t, ¢, vs,v3} induces a Ps; so [Lemma 4.2:(i7)| holds. O

Lemma 4.3 The following statements hold:

(i) If Z # 0, then the vertex-set of any big-component of Y; is anticomplete Yiy1 UY;_q.

(i) Each vertex in L has at most two neighbors in Z.

(iii) For j € {i+1,i — 1}, if there are vertices, sayp € X, UY;, g€ X;UY;, 2 € Z andt € L
such that pt € E(G), then either pg € E(G) or qt € E(G). Further if pz,qz,tz ¢ E(G), then
pq,qt € E(G).

(iv) Let S be the vertez-set of a component of G[Y;], and let R be the vertez-set of a component
of G[X;]. Suppose that there is a vertex, say z € Z, such that {z} is anticomplete to R.
Then S is either complete to R or anticomplete to R. Moreover if S is the vertex-set of a
big-component of Y;, and if R is not anticomplete to S, then G[R] is P3-free.

(v) Further suppose that G is Fy-free, and that Y;41 UY;_1 # 0. Then the following hold: If Q is
a component of G| X;|, then for any z € Z, {z} is either complete to V(Q) or anticomplete to
V(Q). Further if there is a vertex, say 2’ € Z, such that {z'} is not anticomplete to V(Q),
then Q) s Ps-free.

Proof. (i): We will show for i = 1. Let z € Z. Suppose that the assertion is not true. Then there
are vertices, say p,q € Y7 and r € Y, U Y3 such that pg, pr € E(G). We may assume that r € Y5.
Now since {p, ¢, vs, v2,7} does not induce a K5 — e, we have gr ¢ E(G), and then {q,p,r,v1, 2}

induces a Ps (by [Lemma 4.1:(iz)]), a contradiction. So [Lemma 4.3:(z)[ holds. I

(17): If there is a vertex in L, say t, which has three neighbors in Z, say 21, 2 and z3, then since Z

is a clique (by [Lemma 4.1:(2))), {21, 22, 23, v1, t} induces a K5 — e. So|[Lemma 4.3:(22)| holds. I

(73i): Suppose not. Then either {¢,p,v;,v;,q} or {t,p,q,v;, 2z} induces a Ps. So [Lemma 4.3:(27)|
holds.

(1v): If there are vertices, say a,b € R and ¢ € S such that ab,ac € E(G) and be ¢ E(G), then
{b,a,c,vi41, 2} induces a Ps (by [Lemma 4.1:(i7)]); so R is a homogeneous set in G[R U S]. Also,
if there are vertices, say p,q € S and r € R such that pg,pr € E(G) and gr ¢ E(G), then

{q,p,r,v;, 2z} induces a Ps (by [Lemma 4.1:(42)|); so S is homogeneous set in G[R U S|. This implies

that S is either complete to R or anticomplete to R. This proves the first assertion. The second

assertion follows from the first assertion and from [Observation 4, This proves |Lemma 4.3:(zv)| I

(v): Let z € Z and let y € Y;1; UY; 1. Suppose to the contrary that there are vertices, say
z,x’ € V(Q) such that za’',xz € E(G) and 2’2 ¢ E(G). We may assume that y € Y;.;. Then

since {2/, x, z, v;42,y} does not induce a Ps, we have zy, 2’y € E(G) (by [Lemma 4.1:(4i7)]), and

then {x, z,v3,y,v1, 2, v2} induces an F, a contradiction. This proves the first assertion.
Since V(@) is complete to {v;}, the second assertion follows from the first assertion and from

[Observation 4] This proves [Lemma 4.3:(v)} O
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Next we prove the following crucial and useful theorem.

Theorem 4.4 Let G be a connected (Ps, K5 — e)-free graph with w(G) >t + 3 where t > 1. If G

1s Hy-free, then either G is the complement of a bipartite graph or G has a clique cut-set.

Proof. Let G be a connected (Ps, K5 — €)-free graph which has no clique cut-set. We show that G
is the complement of a bipartite graph. We may assume that G is not a complete graph. Since
w(G) > t + 3, there are vertices, say vy,vs,vs3,...,043 in V(G) such that {vy,ve,v3,..., 0443}
induces a K;,3, say K. Let C := {v1,vy,v3}. Then, with respect to C, we define the sets XY, Z

and L as above, and we use and [4.2] Note that {vs,...,v43} € Z. Since t > 1, Z # 0.

Moreover the following hold.

(a) For any y € Y, since K U {y} does not induce an H; (by [Lemma 4.1:(ii))), we have Y = ().

(b) If there are adjacent vertices, say « € X and z € Z, then {z} is anticomplete to Z \ {z}
(by [Lemma 4.1:(iv)|), and then K U {x} induces an Hy; so X is anticomplete to Z.

(¢) By (a) and (b), since C'is not a clique cut-set separating Z and X, we have L # {).

(d) For each i € {1,2,3}, since Z U {v;41,v;_1} is not a clique cut-set separating {v;} and L
(by [Lemma 4.1:(7)| and (¢)), we have X; # (), for each i € {1,2,3}.

(e) Since G is connected, and since Z is not a clique cut-set separating {v;} and the vertex-set

of a component of G[L] (by |Lemma 4.1:(z)| and (c)), the vertex-set of each component of

G[L] is not anticomplete to X. So X is complete to L, and X; is complete to X; 1, for each
i€ {1,2,3} (by|Lemma 4.1:(7:7)| and [Lemma 4.2)).

Now from (c¢), (d) and (e), since G[X; U Xy U X3 U L] does not contain a K5 — e, it follows from
|Observation 6 that X U L is a clique. Also C'U Z is a clique (by [Lemma 4.1:(z)). Thus from (a),
we conclude that G is the complement of a bipartite graph. This proves [Theorem 4.4] n

4.4 (Ps, K5 — e)-free graphs that contain some special graphs

4.4.1 (Ps, K5 — e)-free graphs that contain an F;

Let G be a connected (Ps, K5 — e)-free graph which has no clique cut-set. Suppose that G' contains
an I} with vertices and edges as shown in . Let C := {v1,v2,v3}. Then, with respect
to C', we define the sets X, Y, L and Z as in [Section 4.3 and we use the lemmas in [Section 4.3]
Clearly 1 € X1, y2 € Y5, y3 € Y3 and z € Z so that Xy, Y,, Y3 and Z are non-empty. Recall
that C'U Z is a clique (by [Lemma 4.1:(7)|), and that Y is anticomplete to Z (by [Lemma 4.1:(47))).

Moreover the graph G has some more properties which we give in to .7 below.

Lemma 4.5 The following hold:

(1) Yo = {y2}. Likewise, Y3 = {ys}.

(11) Y1 is anticomplete to {x1} U Yo U Ys.
(111) L is anticomplete to {x1} U X5 U X.
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(iv) Every vertex in Xo U X3 has a neighbor in {ya, ys}.
(v) For j € {2,3}, {z} is either complete to X; or anticomplete to X;.

Proof. (i): Suppose to the contrary that there is a vertex in Y5\ {y2}, say p. By |[Lemma 4.3:(¢)| py> ¢

E(G). Then since {z1,ys, va,v3,p} or {x1,ys, p, vs, 2} does not induce a Ps (by [Lemma 4.1:(47))),

pry € E(G) and pys € FE(G). Then {x1,ys,v1,p, 92} induces a K5 — e, a contradiction. So
ILemma 4.5:(7)| holds. 1§

(17): Suppose to the contrary that there is a vertex in Y, say p, which has a neighbor in {z1, y2,y3}

(by [Lemma 4.5:(7)). Since {v1,x1,y2,ys,p} does not induce a K5 — e, p has a non-neighbor in

{1,y2,y3}. Now if pr; € E(G), then we may assume (up to symmetry) that pys ¢ F(G), and
then {ys,z1,p,v9, 2} induces a Ps, a contradiction; so pr; ¢ F(G). Then we may assume (up
to symmetry) that pys € E(G), and then {z1,ys,p, ve, 2z} induces a Ps, a contradiction. So
ILemma 4.5:(47)| holds. I

i11): If there is a vertex, say t € L, such that tz; € E(G), then {z1,ys,ys3,t,v1} induces a K5 — e

(

(by [Lemma 4.1:(zi2)|); so L is anticomplete to {1 }. This implies that L is anticomplete to Xs U X3
(by [Lemma 4.2:(2))). This proves [Lemma 4.5:(ziz)| 1
(

iv): Suppose to the contrary that there is a vertex in Xy U X3, say p, which is anticomplete
to {y2,y3}. We may assume, up to symmetry, that p € X5. Now since {z1,ys,vs3, v, p} does

not induce a Ps, pr; € E(G), and then one of {ys,z1,p, z,v3} or {p, 1, y2,v3, 2z} induces a Ps, a

contradiction. So [Lemma 4.5:(iv)| holds. I

(v): We prove the assertion for j = 2. Suppose to the contrary that there are vertices, say p,q € X
such that pz € E(G) and gz ¢ E(G). Since one of {x1,ys,vs,v2,q} or {ys2,x1,q,va, 2} does not
induce a Ps, qx1,qy2 € E(G). Then since {vy, x1,¥y2,y3, ¢} does not induce a K5 — e, qys ¢ E(G).
Then since {q, x1, vy, z, p} does not induce a Ps, either pg € E(G) or px; € E(G). Now if pg € E(G),
then pys ¢ E(G) and pry € E(G) (by [Lemma 4.1:(4:7)), and then {ys, x1,p, z,v3} induces a P, a
contradiction. So, we may assume that pg ¢ E(G), and hence pz; € E(G). Then {q,x1,p, z,v3}

induces a Ps, a contradiction. So [Lemma 4.5:(v)| holds. O

Lemma 4.6 The set X1 UY, U Y53 is a clique.

Proof. By |Lemma 4.1:(zi¢)| and [Lemma 4.5:(7),, it is enough to show that X; is a clique. Suppose to

the contrary that there are non-adjacent vertices in X, say p and ¢q. Since {ya, y3, 21, p, ¢} does not
induce a K5 — e (by |[Lemma 4.1:(222)]), we may assume that px; ¢ F(G), and hence X; \ (N(z1) U
{z1}) # 0. We let X] := X1 \ (N(x1) U{z1}) and let L' := {t € L | ¢ has a neighbor in X7 }.

Moreover, we have the following.

4.6.1 X is anticomplete to {z}.

Proof of |4.6.1] Since for any z € X1, one of {x, z,v3, Y2, 21}, {21, Y2, x, z,v2} does not induce a P,
we have X] is anticomplete to {z}. This proves 4.6.1]. I
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4.6.2 X is anticomplete to Y U Z.

Proof of [4.6.9 Let = € X{ be arbitrary. If zy, € E(G), then {y2,y3, v1, 2,21} induces a K5 — e
or {x, Y2, Y3, v2, 2} induces a Ps (by [4.6.1)); so zy» ¢ E(G). Likewise, zys ¢ E(G). Hence for any
w € Y1 U Z, since {x,w, vy, ys, Y2} does not induce a Ps (by [Lemma 4.5:(i2)]), {z} is anticomplete
to Yy U Z. So {z} is anticomplete to Y U Z (by [Lemma 4.5:(7)). This proves {4.6.2] I

4.6.3 X7 is anticomplete to Xo U X3.

Proof of Suppose not. Then there are adjacent vertices, say x € X{ and a € XoUXj3. Suppose
a € Xy. Since {z, a, vy, v3, Y2 } does not induce a Ps, ays € E(G). If az ¢ E(G), then {x,a,ys,vs, 2}
induces a P5 (by [4.6.2); so we may assume that az € E(G). Now since {v1,21,ys,ys,a} does
not induce a K5 — e or {x1,ys,a, z,v3} does not induce a Ps, we have x1a,ays ¢ F(G), and then
{z,a,vq,y3, 1} induces a Ps; so {z} is anticomplete to X,. Likewise, {x} is anticomplete to Xj.
So X7 is anticomplete to X5 U X3. This proves [4.6.3| 11

4.6.4 X is anticomplete to (X \ X]) U (L\ L") and L’ is anticomplete to L \ L'.

Proof of|4.6.4 Since yox1 € E(G), it follows from |Lemma 4.1:(i27)| that {y»} is complete to X \ X].
So it follows from [4.6.2| and [Lemma 4.1:(427)| that X7 is anticomplete to X; \ X{. Further X{ U L’
is anticomplete to L\ L’ (by the definition of L’ and by [Lemma 4.1:(423)|). This proves [4.6.4] §

4.6.5 L' is anticomplete to (X, \ X)) UY U Z.

Proof of |4.6.5 By 4.6.2| and |[Lemma 4.1:(247), L’ is anticomplete to Yo U Y3. So L’ is anticomplete
to (X1 NN (z1))U{z1} (by [Lemma 4.1:(:77)]). Hence Xy U X5 = 0 (by [Lemma 4.2:(¢)]). If t € L' has
a neighbor in Y7 U Z, say w, then for any neighbor of ¢ in X/, say a/, we see that {a’,t,w,vs,y2}
induces a Ps (by [Lemma 4.5:(i7)[); so L’ is anticomplete to Y; U Z. This proves |4.6.5| I

Recall that V(G) \ (X] U L' U{v1}) = {ve,v3} U(X\ X)) UY UZU(L\ L'). So by above
claims, X{ U L’ is anticomplete to V(G) \ (X7 U L' U{v}), and thus v, is a cut-vertex in G, a
contradiction. This proves [Lemma 4.6] O

Lemma 4.7 The set L is an empty set.

Proof. Suppose to the contrary that L # (). First we assume that N(yo) L = () and N(y3)NL = 0.
Then L is anticomplete to X (by [Lemma 4.5:(zi2)}, [Lemma 4.6, and by [Lemma 4.1:(7i7)]). Since Z
is a clique (by [Lemma 4.1:(7)]) and since Z is not a clique cut-set of G separating L and C (by

ILemma 4.5:(4)|), L is not anticomplete to Y;, and so there are adjacent vertices, say y € Y; and

t € L. Then {ys, y3,v9,y,t} induces a Ps (by [Lemma 4.5:(i¢))), a contradiction. So we may assume,
up to symmetry, that N(yo) N L # (), and let ¢t € N(y2) N L. Then tz; ¢ E(G) (by [Lemma 4.5:(47))).

Next we claim the following.

4.7.1 {z} is anticomplete to L.
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Proof of{4.7.1, Suppose to the contrary that z has a neighbor in L, say p. Then since {x1, 42, p, 2, v2}
does not induce a Ps (by [Lemma 4.5:(¢i0)), p # t and yap ¢ E(G). So tp ¢ E(G) (by

ILemma 4.1:(4i7))), and then {t,y2,v1, 2, p} induces a Ps, a contradiction. So {z} is anticomplete to

L. This proves [4.7.1} 1

4.7.2 {z} is anticomplete to X.

Proof of [4.7.3. Suppose to the contrary that z has a neighbor in X, say z. If z € Xj, then
{t,yo,x,z,v2} induces a Ps, a contradiction. If z € X,, then since {t,ys,ys,v2,2} does not

induce a Ps, we have tys € E(G), and then either {¢,ys3,v1, 2z, 2} or {t,ys,x, z,v3} induces a Ps

(by [Lemma 4.5:(7i7)), a contradiction. We get a similar contradiction when = € Xjs. These
contradictions show that {z} is anticomplete to X. This proves 4.7.2 1

Thus by [Lemma 4.1:(iz)| and by above claims, C'U (Z \ {z}) is a clique cut-set of G separating
{z} and the rest of the vertices, a contradiction. This proves [Lemma 4.7] O

Now we prove the main theorem of this subsection, and is given below.

Theorem 4.8 Let G be a connected (Ps, K5 — e)-free graph. If G contains an Fy, then either G is
the complement of a bipartite graph or G has a clique cut-set or x(G) < 5.

Proof. Let G be a connected (Ps, K5 — e)-free graph. Suppose that G contains an F} with vertices
and edges as shown in Let C := {vy,v9,v3}. Then, with respect to C, we define the sets
X,Y,Land Z as in and we use the lemmas in [Section 4.3 Clearly 21 € Xy, y2 € Y5,
ys € Y3 and z € Z so that Xy, Ys, Y3 and Z are non-empty. We may assume that G has no clique
cut-set, and that G is not the complement of a bipartite graph. We also use to[d.7 By
[Lemma 4.7, L = 0. Recall that C'U Z is a clique (by [Lemma 4.1:(7)]), and that Y is anticomplete
to Z (by [Lemma 4.1:(:7)|). We show that x(G) < 5 using a sequence of claims given below.

4.8.1 X1 = {I‘l}

Proof of|4.8.1] Suppose not, and let X\ {z1} # 0, say ) € X;\ {z1}. By X1UY,UY;

is a clique. For any = € Xy U X3, since G[{v1,x1, 2}, y2,y3, x}] does not contain a K5 — e (by

ILemma 4.5:(iv)| and [Lemma 4.1:(7i7)[), we see that Xy U X3 is anticomplete to X;. Also, since
(X1 \{z1}) UYo U Y3 U{v;} is not a clique cut-set of G (by |[Lemma 4.5:(27)) separating {x;} and

Z, there is a vertex in Z, say Z/, such that z,2’ € E(G). Now, we have the following:

(a) For any p € X \ {x1}, since {z1,p, v1, 2, y2} does not induce a K5 — e (by [Lemma 4.1:(:7))),

we have X \ {z;} is anticomplete to {z'}. In particular, 212" ¢ E(G).

(b) Next, we claim that X, U X3 = (). Suppose not, and let ¢ € X5. Then since {x, 1, 2’, v, ¢}
does not induce a P5 (by (a)), ¢z’ € E(G). Then gz ¢ E(G) (by [Lemma 4.1:(iv))). But
then one of {vs, 2, q,y3, 2} or {x1,ys,q, v2, 2z} induces a P5 (by [Lemma 4.5:(:v)| and (a)), a
contradiction. So Xy = (). Likewise, X3 = ().
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(¢) Finally, we claim that Y; = (). Suppose not. Then since {vq, v3} is not a clique cut-set of
Y1 and the rest of the vertices (by (b) and [Lemma 4.5:(i2)]), X; \ {z1} is not anticomplete

to Y). So there are adjacent vertices, say p € X; \ {z;} and ¢ € Y. Then {ys,p, ¢, ve, 2’}

induces a P5 (by [Lemma 4.1:(4i)| and (a)), a contradiction. So Y; = ().

Then, by above arguments, V(G) can be partitioned into two cliques, namely, X; U Y, U Y3 and
C'UZ. Thus G is the complement of a bipartite graph, a contradiction. So X; = {z1}. This proves

B3I n

4.8.2 XUY = {[El,yg,yg} U XQ UX3

Proof of [4.8.2 By [4.8.1] and [Lemma 4.5:(¢), it is enough to show that Y; = (. First we
show that X, U X3 is anticomplete to Y;. Suppose to the contrary that there are adjacent

vertices, say p € Xy U X3 and ¢ € Y;. We may assume, up to symmetry, that p € X5. From

ILemma 4.1:(7¢)|and [Lemma 4.5:(i7)}, {q} is anticomplete to {z, x1, y2,y3}. Then since {ys3,v1, v3, q, p}

and {x1,v1,v3,q,p} do not induce Ps’s, we have pys, pr1 € E(G). Then since {ys,p, q,vs, 2z} does
not induce a Ps, we have pz € E(G), and since {vy, 21, Y2, y3, p} does not induce a K5 — e, we have

pys & E(G). Now {q,p, z,v1,y2} induces a Ps, a contradiction. So X, U X3 is anticomplete to

Y1. Hence from [Lemma 4.1:(42)} 4.8.1) and [Lemma 4.5:(27), we conclude that Y} is anticomplete to
X UY,UY3UZ U L. Now since {vg,v3} is not a clique cut-set of G separating Y; and the rest of
the vertices in GG, we have Y; = (). This proves |

4.8.3 |7\ {z}| < 1.

Proof of[4.8-3 Suppose not. Then there is a vertex in Z \ {z}, say 2/, such that z,2’ ¢ E(G) (by
ILemma 4.1:(iv))). By since C'U (Z \ {2'}) is not a clique cut-set of G separating {z'} and
the rest of the vertices, we may assume that 2z’ has a neighbor in Xs, say ¢q. Then ¢z ¢ E(G) (by
ILemma 4.1:(¢v)|). Then as in the proof of [Lemma 4.5:(v)|, we have qz1, qyo € E(G), and qys ¢ E(G).
Then {ys,x1,q, 2, v3} induces a P5 (by [Lemma 4.1:(i7))), a contradiction. So holds. i

4.8.4 For j € {2,3}, G[X,] is the union of Ky’s and K;’s.

Proof of . We prove the claim for j = 2. Let @ be a component of G[X5]. It is enough to show
that V(Q) induces a (P3, K3)-free graph. By [Lemma 4.5:(v)| we have either V' (Q) is complete to
{z} or V(Q) is anticomplete to {z}. First suppose that V(@) is complete to {z}. Then since V' (Q)
is complete to {vg, 2}, by [Observation 4} @ is Ps-free. Also, since G[{z,y2,y3} U V(Q)] does not

contain a K5 — e (by [Lemma 4.1:(7¢7)| and [Lemma 4.5:(iv))), @ is Ks-free, and we are done. So we

may assume that V' (Q) is anticomplete to {z}. Then as in the proof of [Lemma 4.5:(v), we see that

V(Q) is complete to {1, ys}, by using [Lemma 4.1:(i27)l Thus @ is Ps-free (by , and
since G[{z1,v2} UV (Q)] does not contain a K5 — e, @) is K3-free. This proves |

By [4.8.4] for j € {2,3}, we let X; := A; U B;, where A; and B; are stable sets such that B; is

maximal. Then we have the following:
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T BB

Figure 17: The graphs G1, G2, G5 and G4 (left to right).

4.8.5 Ay U{ys} is a stable set. Likewise, A3 U {ya} is a stable set.

Proof of . Suppose to the contrary that there is a vertex in As, say p, such that pys € E(G).

Then by our definition of Ay, since Bs is a maximal stable set, there is a vertex in Bs, say q,

such that pg € E(G). Since {p,q,ve,ys, 2z} does not induce a K5 — e (by [Lemma 4.1:(i:7))), we

have pz ¢ E(G) (by [Lemma 4.5:(v))). Then since {p, y3, y2, v3, 2} does not induce a P5, we have

py2 € E(G), and then since {vy, x1,y2,ys, p} does not induce a K5 — e, we have pry ¢ E(G). But
then {x1, ya, p, v9, 2} induces a Ps, a contradiction. So holds. I

By |4.8.2 we conclude that V(G) = CUZUA3UByUA3UBsU{xy,ya,y3}. Since CU(Z\{z}) is
not a clique cut-set of G separating {z} and the rest of the vertices in G, z has a neighbor in X,U X3.

So we may assume that {z} is complete to X, (by [Lemma 4.5:(v))), and hence X, is anticomplete
to Z\ {z} (by[Lemma 4.1:(2v)). Also Z\ {z} is anticomplete to {y3} (by|Lemma 4.1:(:7)|). Now by
using [4.8.3|and [4.8.5 we define the following stable sets: Sy := A2U(Z\{z})U{ys}, Sz := BaU{vs},
Sy :={w1,2}, Sy := A3U{ya, v2} and S5 := B3U{v,}. Clearly V(G) = ~le S;, and hence x(G) < 5.
This proves [Theorem 4.8 . O

4.4.2 (Ps, K5 — e, F})-free graphs that contain an F,

Let G be a connected (Ps, K5 — e, F1)-free graph which has no clique cut-set. Suppose that G
contains an Fy with vertices and edges as shown in Let C := {vy,v9,v3}. Then with
respect to C, we define the sets X, Y, Z and L as in [Section 4.3 and we use the lemmas in
Clearly 1, € Y, y3 € Y3 and 21, 2p € Z so that Y5, Y3 and Z are non-empty. Recall
that C'U Z is a clique (by [Lemma 4.1:(2))), and that Y is anticomplete to Z (by [Lemma 4.1:(iz)]).

Moreover, the graph GG has some more properties which we give below in [Lemmas 4.9 to |4.11}

Lemma 4.9 The following hold:
(i) X1 is anticomplete to Yo U Ys. Likewise, if Y1 # 0, then for each i € {1,2,3}, X; is
anticomplete to Y; 11 UY; 1.
(11) Xy is anticomplete to Z.
(11i) If a vertex in X has a neighbor in Z, then it is adjacent to both yo and ys.
(iv) Xy is anticomplete to Xy U X3. Likewise, if Y1 # 0, then for each i € {1,2,3}, X; is
anticomplete to X; 11 U X;_ 1.
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(v) Forj€{2,3},|z€ Z:N(2)NX; # 0| <1.

Proof. (i): Suppose to the contrary that there are adjacent vertices, say x € X; and y € Yo U V3.
We may assume (up to symmetry) that y € Y3, and we may assume that zz; ¢ E(G) (by

ILemma 4.1:(iv)). Then since one of {z,y,vs,v2,y3} or {z,y,ys, ve, 2} does not induce a Ps,

we have xys,yys € E(G), and then {vy,ve,v3,x,y,ys, 21} induces an Fj, a contradiction. So
ILemma 4.9:(7)| holds. 1

(71): If there are adjacent vertices, say x € X; and z € Z, then {z, z, v3, o, y3} induces a P5 (by
ILemma 4.1:(7¢)| and [Lemma 4.9:(¢)|). So |[Lemma 4.9:(z7)| holds.

(7i1): Let = be a vertex in X which has a neighbor in Z, say z. We may assume that z # z; (by

ILemma 4.1:(:v)]). Clearly z ¢ X, (by [Lemma 4.9:(i7)), and we may assume, up to symmetry,
that © € Xy. Then zz; ¢ F(G) (by [Lemma 4.1:(7v))). Then since one of {x, z,vs3,y2,y3} or
{Y2, 3,2, 2,21} does not induce a P5 (by [Lemma 4.1:(7)), we have xys, xys € F(G). This proves
ILemma 4.9:(7iz)| 1

(iv): Suppose to the contrary that there are adjacent vertices, say * € X; and 2/ € Xy U Xj.
We may assume (up to symmetry) that ' € Xs5. Also we may assume that 2'z; ¢ E(G) (by
ILemma 4.1:(v)). Moreover, xz1, xys, xys ¢ E(G) (by |Lemma 4.9:(7)[ and [Lemma 4.9:(¢7)]). Then

one of {x, 2, vy, v3, Y2} or {x, ', Yo, v3, 21 } induces a Ps, a contradiction. So|Lemma 4.9:(iv)|holds. I

(v): We will show for j = 2. Suppose that the assertion is not true. Then there are vertices, say
z, 2’ in Xy, and z, 2/ in Z such that xz,2'2" € E(G). Then 22,2’z ¢ E(G) (by |[Lemma 4.1:(:v))),
and zys, 2'ys € E(G) (by [Lemma 4.9:(227)). Now since {z,y3, 2, 2, v3} does not induce a Ps, we

have za’ € E(G). But then {z, 2/, vy, v3, x,2’, y3} induces an Fi, a contradiction. So[Lemma 4.9:(v)|
holds. O

Lemma 4.10 For i € {1,2,3}, suppose that there are vertices, sayp € X;, y € Y;, z € Z and
t € L such that pt, zt € E(G) and pz ¢ E(G). Then for j € {i +1,i — 1}, the following hold:

(i) {p,t} is complete to Y;.

(it) If y has a neighbor in'Y;, then {y} is complete to Y; U {p}.

Proof. We will show for j =7+ 1.
(7): Since for any v’ € Y11, {p,t,2,v;_1,y'} does not induce a Ps, {p,t} is complete to Y;; (by
ILemma 4.1:(727)]). This proves [Lemma 4.10:(¢)} 1

(77): To prove [Lemma 4.10:(42), we pick neighbor of y in Y;,;, say 7. Then since {p,7,y, vi11, 2}

does not induce a Ps, py € E(G). Hence, for any u € Y11, {u,p,y,vir1, 2} does not induce a P,

{y} is complete to Y;;1. This proves [Lemma 4.10 O]

Lemma 4.11 For any t € L, we have either ty, € E(G) or tys € E(G).

Proof. Suppose not. Let t € L be such that tys, tys ¢ E(G). Let @ be the component of G[L]
such that t € V(Q). Then V(Q) is anticomplete to {ys,y3} (by |Lemma 4.1:(427))). We claim that
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V(@) is anticomplete to Xo U X3 UY U Z. If not, then there are adjacent vertices, say a € V(Q)
and (up to symmetry) b € ZU X, UY7. If b € Z, then {a, b, vs, y2,y3} induces a Ps; so V(Q) is
anticomplete to Z. If b € X, UY), then we may assume that bz; ¢ E(G) (by [Lemma 4.1:(4z)[ and

ILemma 4.1:(¢v)]), and then {a, b, vo, v1,y2} or {a, b, ys,v1, 21} induces a Ps; so V(Q) is anticomplete
to Xo UX3UY UZ. Now since G is connected, V(Q) is not anticomplete to X, and so there
are adjacent vertices, say ¢ € V(Q) and € X;. Then by [Lemma 4.2:(7) and [Lemma 4.9:(:v)]
Xy U X3 = 0. Since X, is anticomplete to Y2 UY3 U Z (by [Lemma 4.9:(7)| and [Lemma 4.9:(:7))),

and since C'U Z is not a clique cut-set of G (by |[Lemma 4.1:(:)| and [Lemma 4.1:(zi7)|) separating
X1 UV(Q) and Y5 U Y3, X is not anticomplete to Y;. So Y; # ), and let y € Y;. But then
one of {q,x,v1,vq,y} or {q,z,y,ve, 21} induces a Ps (by [Lemma 4.1:(i7)| and [Lemma 4.9:(i1)]), a

contradiction. So [Cemma 4.11] holds. O

Now we prove the main theorem of this subsection, and is given below.

Theorem 4.12 Let G be a connected (Ps, K5 — e)-free graph. If G contains an Fy, then either G
is the complement of a bipartite graph or G has a clique cut-set or x(G) < 5.

Proof. Let G be a connected (Ps, K5 — e)-free graph. Suppose that G contains an F, with vertices
and edges as shown in [Figure 16| Let C' := {vy, v, v3}. Then, with respect to C', we define the sets

X,Y,Zand L as in and use the lemmas in Clearly, 1, € Y5, y3 € Y3 and
21,22 € Z, so that Y, Y3 and Z are non-empty. Recall that C'U Z is a clique (by |[Lemma 4.1:(7))),

and that Y is anticomplete to Z (by [Lemma 4.1:(¢7))). We may assume that G has no clique cut-set,
and that G is not the complement of a bipartite graph. From [Theorem 4.8 we may assume that G

is Fi-free, and we use [Lemma 4.9| and [Lemma 4.11, We show that x(G) < 5 by using a sequence

of claims given below.

4.12.1 X s anticomplete to L.

Proof of|4.12.1, This follows from [Lemma 4.1:(77¢)} [Lemma 4.9:(7)[ and |[Lemma 4.11} 1

4.12.2 L is complete to Z, and so L induces a bipartite graph.

Proof of [{.12.3. Suppose to the contrary that there are non-adjacent vertices, say ¢t € L and
z € Z. Let @ be the component of G[L] such that t € V(Q). We may assume that ty, € E(G)
(by [Lemma 4.11)). Then since {t,y2, y3, v2, 2} does not induce a Ps (by [Lemma 4.1:(47)), we have
tys € E(G). So V(Q) is complete to {y2,y3} (by [Lemma 4.1:(4i2)]), and hence V(@) is a clique (by

|Observation 4)). Moreover, we have the following:

(a) Since for any y € Y3, one of {t,y2,y,vs, 2} or {y,ve,vs,ys2,t} does not induce a Ps, Y3 is
complete to {t,y2}. By using similar arguments, we see that Y5 is complete to Y3 U {¢}, and
Y is complete to Yo U Y3 U {t}.
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(b) If X7 # 0, then since X; is anticomplete to (X UY U Z U L)\ (X; UY;) (by 4.12.1]

ILemma 4.9:(7)| [Lemma 4.9:(:7)| and [Lemma 4.9:(:v)| ) and since {v;} is not a cut-vertex

of G separating X; and rest of the vertices, there are adjacent vertices, say = € X; and

y € Y1, and then {t,y,z, vy, z} induces a Ps (by [Lemma 4.1:(i7)| and (a)), a contradiction.
So X1 == @

(¢) Now we will show that X is complete to Yo U Y3 U {t}. Let z € Xy. If 2z ¢ E(G), then by

using a similar argument as in (a), we see that {x} is complete to YoU{t}, and if 2z € E(G),

then by using a similar argument as in [Lemma 4.9:(i77), we see that {z} is complete to

Yo U {t}. Also, since for any y € Y3, {x,t,y,v1,v3} does not induce a Ps, {x} is complete
to Y3. Since x is arbitrary, X, is complete to Yo U Y3 U {t}. Likewise, X3 is complete to
YoUY5U{t}. So X is complete to Yo U Y5 U {t} (by (b)).

(d) From (a), (b), (¢) and [Lemma 4.1:(i77), we conclude that V(Q) is complete to X UY".

(e) Next we will show that L\ V(Q) = 0. Suppose not. Let ¢ € L\ V(Q). Since for any
t'e L\ V(Q) and for j € {2,3}, {v;,2,t,y,,t} does not induce a P; (by ,
L\ V(Q) is anticomplete to {z}. Likewise, V(Q) is anticomplete to {z}. Then as in (c), the
vertex-set of the component that contains ¢ is complete to X UY; U Y3. Since C U (Z\ {z})

is not a clique cut-set of G separating {z} and the rest of the vertices, there is a vertex
in X, say « such that zz € F(G). Then {z,ys,ys,t,q} induces a K5 — e, a contradiction.
Hence L\ V(Q) = 0.

Now if Xo U X3 U Y] # 0, then since Y3, Y3 and L are non-empty, by above arguments and

|Observation 6, X UY U L is a clique, and hence G is the complement of a bipartite graph (by
ILemma 4.1:(2))), a contradiction; so we may assume that X, U X3UY; = (). Then since CU(Z\ {z})

is not a clique cut-set separating {z} from the rest of the vertices of G, there is a vertex in
V(Q) \ {t}, say t', such that t'z € E(G). Now since Y, Y3, {t} and V(Q) \ {t} are non-empty,
again by above arguments and |Observation 6] X UY U L is a clique. So V(G) can be partitioned

into two cliques, namely C'U Z (by [Lemma 4.1:(7)}) and X UY U L, and hence G is the complement

of a bipartite graph, a contradiction. This proves the first assertion.

Now since L is complete to {z1, 22}, L induces a Ps-free graph (by [Observation 4]). Moreover,

by using [Lemma 4.1:(7¢)} |[Lemma 4.1:(4i7), [Lemma 4.11| and |Observation 5, we see that each

component of G[L] is Ks-free. So L induces a (P3, K3)-free graph, which is a bipartite graph. This

proves [£.12.2] i

4.12.3 7 = {Zl, 22}.

Proof of|4.12.5. It L # () then Z = {z1, 22} (by 4.12.2] and [Lemma 4.3:(i7)|). So we may assume that
L = (). Suppose to the contrary that there is a vertex, say z € Z\ {21, 22}. Then CU(Z\{z}) is a
clique cut-set of G' (by [Lemma 4.1:(7¢) and [Lemma 4.9:(v)|), a contradiction. This proves |4.12.3/ 1

4.12.4 G[ Xy UYs] is Ks-free. Likewise, G| X3UY3], G[X1] and G[Y1] are Ks-free.
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Proof of [4.12.4 Suppose not. Let @) be a component of G[X5 U Y3] which contains a K3 with
vertices, say p,q and r. We may assume that V(Q) is anticomplete to {z;} (by [Lemma 4.9:(v))).

Moreover, we claim that V(Q) is anticomplete to X; U X3 UY; UY, U Z U L, and we will prove

using a sequence of arguments given below.

(a) First we will show that V(@) is a homogeneous set in G[V(Q) U Y; U Ys]. If not, then
there are vertices, say a,b € V(Q) and ¢ € Y; U Y3 such that ab, ac € E(G) and be ¢ E(G),
and then {b, a,c,vs, 21} induces a Ps (by |Lemma 4.1:(i2)|), a contradiction. So V(Q) is a
homogeneous set in G[V(Q) UY; UY5).

(b) If there is a vertex, say y € Ya, which has a neighbor in V(Q), then {y} is complete to
{p,q,r} (by (1)), and then {p,q,r, vs,y} induces a K5 — e; so V(Q) is anticomplete to Y.

(¢) V(Q) is anticomplete to Z (by (b), [Lemma 4.1:(7i)| and [Lemma 4.9:(ziz)]), V(Q) is anticom-
plete to Y7 (by (a), |Lemma 4.3:(:)| and [Lemma 4.9:(2)), and V(Q) is anticomplete to X; (by
ILemma 4.9:(7)| and |[Lemma 4.9:(iv))).

(d) By (c), [Lemma 4.1:(z7)| and [Lemma 4.9:(v)| there is a vertex in Z, say 2’ such that {2’} is

anticomplete to V(@) U X3. Then by using similar arguments in (a) and (b), we see that
V(Q) is anticomplete to X3.

(e) Finally we show that V' (Q) is anticomplete to L. Suppose not. Then there are adjacent
vertices, say t € L and u € V(Q). Now since {t,u, ve, v3,y2} does not induce a Ps (by (b)),
we have ty, € F(G). Then since G[{p, ¢, 7, v2,v3, Y2, t}] does not contain a P5 (by (b)), {t}
is complete to {p, ¢, r}. But then {p,q,r, t,v2} induces a K5 — e, a contradiction. So V(Q)

is anticomplete to L.

Thus we conclude that V(Q) is anticomplete to X; U X3 UY; UY, U Z U L, and hence {vy,v2} is a
clique cut-set separating () from the rest of the vertices of G, a contradiction. So holds. i

4.12.5 If L is not anticomplete to X, then either X1 U X, UY; =0 or X; UX3UY; = 0.

Proof of [4.12.8 Since L is not anticomplete to X, there are adjacent vertices, say ¢t € L and
x € X. By [Lemma 4.11] each vertex in L is adjacent to one of y» and y3, and L is complete to
{z1,22} (by [£.12.2). So = ¢ X; (by [Lemma 4.1:(z77)] and [Lemma 4.9:(i))), and we may assume that
z € X5. Then X; = 0 (by [Lemma 4.2:(i)]) and zy; € E(G) (by [Lemma 4.10), and hence Y; = 0)
(by [Lemma 4.9:(7))).

Now it is enough to show that X3 = (). Suppose not, and let 2’ € X5. We show that X UY UL is
a clique. First we show that X = {z,2/,y,y3}. Observe that z2’,2't € E(G) (by Lemma 4.2), and
then 2'ys € E(G) (by Lemma 4.10). So X» U X3 is complete to {t}, and X, is complete to X3 (by
[Lemma 4.2). Thus X5, Y3, {t} and {y»} are complete to each other (by[Lemma 4.10)); so X,UYj is a

clique (by [Observation 6f), and hence Xy = {z} and Y3 = {ys} (by4.12.4). Likewise, X3 = {2’} and
Yo ={y2}. So X = {z,2',y2,y3}. Next we will show that L is complete to X. By |Lemma 4.1: (77|

and [Lemma 4.2} it is enough to show that L is complete to {z,z'}. Suppose not, and let ¢’ € L
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be such that {¢'} is not complete to {x,z’'}. So by [Lemma 4.2:(z)| {t'} is anticomplete to {x,z'}.
Recall that, by [Lemma 4.11] ¢’ is adjacent to one of y, and y3. If 'y, € F(G), then we may assume
that 2/z1 ¢ E(G) (by Lemma 4.1:(iv))), and then {’,y2,t', 21, v} induces a P5 (by £.12.2); so
t'ys ¢ E(G) and hence t'y3 € E(G). Then we assume that xz; ¢ E(G) (by [Lemma 4.1:(v))), and
then {z,ys3,t', 21, v2} induces a P5 (by [£.12.2), a contradiction. So L is complete to {z, ', ya, y3}.
So by above arguments and by , we conclude that X UY U L is a clique. Thus V(G)
can be partitioned in two disjoint cliques, namely, X UY U L and C' U Z, and hence G is the
complement of a bipartite graph, a contradiction. So holds. &

By 4.12.4 and [Theorem A} for i € {1,2,3}: we pick a maximum stable set from each 5-ring-
component of G[X;] (if exists), and let A; be the union of these sets. So G[X; \ 4] is a bipartite

graph. Next, we pick a maximum stable set from each big-component of G[X; \ A;] (if exists), and
let B; be the union of these sets. Let X! = X\ (A; U B;). Also, let ¥/ be a maximal stable set in
G[Y;]. Then Y; \ Y/ is a stable set (by [4.12.4] and [Lemma 4.1:(i7))). Now we claim the following:

4.12.6 For j,l € {2,3} and j # (, A; U B, is anticomplete to X, U Z.

Proof of [4.12.6L. We will show for j = 2. Suppose to the contrary there are adjacent vertices,
say a € Ay U By and b € X3 U Z. Moreover there is a vertex, say ¢ € X} \ Ay, such that
ac € E(G). Now ays, cys ¢ E(G) (by [4.12.4] and |Lemma 4.1:(¢i2)]), and so b € X3, az, a2y ¢ E(G)
(by [Lemma 4.9:(7i7))). Also we may assume that bz; ¢ E(G) (by [Lemma 4.9:(v)|). Then since
{a,b,v3,v1,y3} does not induce a Ps, we have bys € E(G), and then {a,b, y3,v1, 21} induces a Ps,
contradiction. So holds.

By .12.2) L can be partitioned in two stable sets, say L; and Ly, and we may assume
that if L is not anticomplete to X, then X; U X3 UY; = 0 (by . Now we define the
following sets: S7 := X5 U B3 UY/ U{v1}, So:= By U X, U Ly U {wa}, S5 := X{U By U Ly U{vs},
Sy = A UAUY UM \Y)U(Y3\Ys)U{zx} and S5 :== Ay U (Y2 \ Y)) UY] U{2}. Then
V(G) = jLBJl S; (by E12.3)), and we claim the following:

4.12.7 51,5,,...,55 are stable sets.

Proof of [4.12.7] Clearly S; is a stable set (by and [Lemma 4.9:(7)), and Sy is a stable
set (by [4.12.1] and [Lemma 4.9:(7v)|). Now if there are adjacent vertices, say a € By and
t € Ly, then ays € E(G) (by [4.12.2] and [Lemma 4.10:(7))), and for any neighbor of a in X}, say
z, we have zy3 € E(G) (by [Lemma 4.1:(417)), and hence {x,a,y3} induces a K3 in G[X, U Yj3], a
contradiction to ; so By U Ly is a stable set. This implies that S5 is a stable set (by
and [Lemma 4.9:(1v))).

Next YU (Y1 \ Y)) U (Y3\ Y3) U {2} is a stable set (by [Lemma 4.1:(z7)], [Lemma 4.3:(z)| and by
the definition of Y/), and A; U A3 is anticomplete to (Y1 \ Y{) U (Y3\ Yy)U{z} (by |[Lemma 4.9:(4),
ILemma 4.9:(4¢)}, [Lemma 4.3:(7v)| and |4.12.6]). Since every vertex of Aj has a neighbor in X}, As
is anticomplete to Yy (by [Lemma 4.1:(727) and [4.12.4)), and so A; U Aj is anticomplete to Y, (by
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ILemma 4.9:(¢)]). Also A; is anticomplete to Az (by [Lemma 4.9:(7v)). Thus we conclude that Sy is
a stable set. Likewise, S5 is also a stable set. This proves |

So we conclude that x(G) <5 (by 4.12.7). This completes the proof of [Theorem 4.12] O

We note that the graph G5 (see |Figure 17)) is an imperfect (P5, K5 — e)-free graph which has no

clique cut-set and contains an Fy with x(G3) = w(G3) = 5. Thus, the bound given in {Theorem 4.12
is tight.

4.4.3 (Ps,Ks — e, Fy, Fy)-free graphs that contain an F;

Let G be a connected (Ps, K5 — e, Fy, Fy)-free graph which has no clique cut-set. Suppose that
G contains an F3 with vertices and edges as shown in . Let C' := {vy,v9,v3}. Then,
with respect to C', we define the sets X,Y, Z and L as in [Section 4.3 and we use the lemmas in
Clearly y, € Y, y3 € Y3 and 21,20 € Z so that Y5, Y3 and Z are non-empty. Recall
that C'U Z is a clique (by [Lemma 4.1:(7)|), and that Y is anticomplete to Z (by [Lemma 4.1:(i7))).

Further the graph G has some more properties which we give in [Lemmas 4.13| and [4.14] below.

Lemma 4.13 Fori € {1,2,3}, the following hold:
(1) Y; is anticomplete to Y1 UY; 4.
(it) X1 is anticomplete to YoUYs. Likewise, if Y1 # 0, then for alli € {1,2,3}, X; is anticomplete
to Vi UY .
(11i) Either X; is anticomplete to Y1 UY;_1 or X; is anticomplete to Y.
() If a vertex of L has a neighbor in Y;, then it is complete to Y U Z. Moreover, G[Y;] is a
bipartite graph and Z = {z1, z2}.
(v) If one of X5 and X3 is empty, then L is not anticomplete to Y.

Proof. (i): If there are adjacent vertices, say y € Y; and v’ € Y; 1 UY; 1, then {vy, v, v3,9,, 21, 20}
induces an Fy. So |[Lemma 4.13:(7)| holds. I

(7i): Suppose to the contrary that there are adjacent vertices, say + € X; and y € Y, U Y3,
We may assume (up to symmetry) that y € Y5, and we may assume that zz; ¢ E(G) (by

ILemma 4.1:(zv)). Then one of {x,y,vs, ve,y3} or {y, x,ys,ve, 21} induces a Ps (by |[Lemma 4.1: (i)
and [Lemma 4.13:(7)[), a contradiction. So [Lemma 4.13:(27)| holds. I

(7i): By [Lemma 4.13:(4¢)} it is enough to show for i € {2,3}. We will show for i = 2. Suppose

to the contrary that the assertion is not true. Then, by using [Lemma 4.13:(i7)|, we may assume

that there are vertices, say z, 2’ € Xy, y € Y3 and ¢/ € Y3 such that zy, 2’y € F(G). Also we may

assume that zz; ¢ F(G) (by [Lemma 4.1:(7v))). Then since {y, z,y’, vs, 21} does not induce a Ps,
we have zy’ ¢ E(G); so x # a'. Likewise, 2’y ¢ E(G). Then zz’ ¢ E(G) (by [Lemma 4.1:(z:2))),
and then {z,y,v1,y’, 2’} induces a Ps (by [Lemma 4.13:(7))), a contradiction. So [Lemma 4.13: (731 )|
holds. 1
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(iv): Clearly the first assertion follows from [Lemma 4.3:(7i7)| and [Lemma 4.13:(z)} Now if a vertex

in L, say t, has a neighbor in Y;, then since {¢,v;,1} is complete to Y;, G[Y;] is a bipartite graph

(by [Lemma 4.1:(2)| and [Observation 5)), and since {t} is complete to Z, we have Z = {z, 25} (by
[Lemma 4.3:(47)|). This proves [Lemma 4.13:(7v)| I

(v): We may assume that X, = (). Suppose to the contrary that Y is anticomplete to L.
By [Lemma 4.13:(éi7), X3 is anticomplete to one of Y3 or Y5. Then by [Lemma 4.13:(7)| and
[Lemma 4.13:(¢7), either Y, is anticomplete to V(G) \ (Yo U {v1,v3}) or Y3 is anticomplete to
V(G)\ (Y3U{v1,v2}). But now C'is a clique cut-set in G separating one of Y5 or Y3 with the rest of

the vertices in G, a contradiction. So L is not anticomplete to Y. This proves|Lemma 4.13:(v)l O

Lemma 4.14 If there is an i € {1,2,3} such that X; is not anticomplete to Y11 UY;_1, then
x(G) <5.

Proof. By |Lemma 4.13:(27), we may assume that ¢ = 2, and there are adjacent vertices, say p € X5

and ¢ € Y1UY3. Again, by [Lemma 4.13:(4z), we have Y7 = () and so ¢ € Y3. Also, X5 is anticomplete

to Ys (by |[Lemma 4.13:(742)]). Moreover, we claim that:

4.14.1 X3 = 0.

Proof of|4.14.1; Suppose not, and let © € X3. By |Lemma 4.1:(¢v)| we may assume that zz; ¢ E(G).

Since {v1,vq,v3, 21, 22, P,q} does not induce an Fy, pz; ¢ E(G). Then since {p,q,vi,vs, x} or

{p,q,,vs, 21} does not induce a P5, we have px, gr € E(G). Thus by [Lemma 4.13:(ii1)|, xyo ¢ E(G).
But then {x,p,ve,v1,y2} induces a Ps, a contradiction. So {4.14.1] holds. I

By 4.14.1] and by [Lemma 4.13:(v)], there is a vertex, say ¢ € L, that has a neighbor in Y.
Then by [Lemma 4.13:(iv), {t} is complete to Y, G[Y2] is a bipartite graph, and Z = {21, 22}.
Then since for any = € Xy, {t, ya, v3,v9, 2} does not induce a Ps, {t} is complete to X3. So Xs is

complete to Y3 (by [Lemma 4.1:(zi¢)|). Now for any 2’ € X, which has a neighbor in Z, say z;, since

{v1, v, 21,03, 29,2, q} does not induce an Fy (by [Lemma 4.1:(¢7) and |[Lemma 4.1:(iv)|), we see that

X3 is anticomplete to Z. Thus if there are adjacent vertices, say w and v in Xy, then {u, v, ys, vo, t}

induces a K5 — e; so X is a stable set. Likewise, Y3 is a stable set. Also by |Lemma 4.1:(77:)| and
[Lemma 4.13:(z4), {¢} is anticomplete to X;, and hence X; = () (by [Lemma 4.2:(¢)). So we conclude
that X UY UZ = Xo UYo UYsU {21, 2}, and x(G[X UY U Z]) < 2. Next we claim that:

4.14.2 L is complete to Y.

Proof of [§.14.9 Suppose to the contrary that there is a component of G[L], say @, such that V(Q)
is not complete to Y. Thus by [Lemma 4.1:(si7)| and [Lemma 4.13:(iv), V' (Q) is anticomplete to Y.
So by [Lemma 4.1:(727)| and [Lemma 4.2:(z)} V(Q) is anticomplete to X UY', and hence Z is a clique
cut-set in G separating C' and V(Q), a contradiction. So holds. 11

By L is complete to {y2,y3}. So by |[Observation 5[ and [Theorem A} we conclude that

X(G[C' U L)) < 3, and hence x(G) < 5. This proves [Lemma 4.14] O
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Now we prove the main theorem of this subsection, and is given below.

Theorem 4.15 Let G be a connected (Ps, K5 — e, Fy, Fy)-free graph. If G contains an F3, then
either G has a clique cut-set or x(G) = 5.

Proof. Let G be a connected (Ps, K5 — e, Fy, Fy)-free graph. Suppose that G contains an F3 with
vertices and edges as shown in Let C' := {vy,v2,v3}. Then, with respect to C', we define
the sets X,Y, Z and L as in [Section 4.3 and we use the lemmas in [Section 4.3 Clearly ys € Y5
and y3 € Y3, and 21, 29 € Z, so that Y, Y3 and Z are non-empty. Recall that C'U Z is a clique (by
ILemma 4.1:(z)]), and that Y is anticomplete to Z (by [Lemma 4.1:(77)). We may assume that G has

no clique cut-set. Now since x(F3) = 5, we have x(G) > 5, it is enough to show that x(G) < 5. By
Lemma 4.14] we may assume that for each i € {1,2,3}, X; is anticomplete to Y;1; UY;_;. Next we

claim the following:
4.15.1 X s anticomplete to L.

Proof of [4.15.1f Suppose to the contrary there are adjacent vertices, say © € X and ¢t € L. If
x € Xo, then by [Lemma 4.1:(zi0)| tys ¢ E(G), so {t} is anticomplete to Y (by [Lemma 4.13:(:v))),
and then one of {t,x,y2,v1,y3}, {t, x,v2,v3,y2} induces a Ps; so v ¢ X,. Likewise, x ¢ X3. Thus
z € X;. So by [Lemma 4.2:(z), Xo U X3 = (. Now let L' := {¢t € L | t has a neighbor in X;}. Then
L’ is anticomplete to Yo U Y3 U (L \ L) (by [Lemma 4.1:(¢i2)]), and for any ¢’ € Y}, since one of

{t,z,v1,v3,y'}, {t, 2,9, v3,y2} does not induce a P5, we have Y} = (). But, then C' U Z is a clique
cut-set separating X; U L’ and the rest of the vertices in GG, a contradiction. So 4.15.1] holds. I

4.15.2 L is complete to Y U Z, and G[L] is a bipartite graph.

Proof of |4.15.2. Since C'U Z is not a clique cut-set in G, the vertex-set of each component of G[L]
is not anticomplete to Y. So by [Lemma 4.13:(:v)| and [Lemma 4.1:(427), L is complete to Y U Z. In

particular, L is complete to {y2, ys, 21, 22}. Now the second assertion follows from [Observation 4

and |Observation 5l This proves |4.15.2 I

To prove the our theorem, we first suppose that there is an index j € {1,2,3} such that
X1 UX;_y = 0. Then by [Lemma 4.13:(v)| L # 0 and let t € L. Thus by [Lemma 4.13:(:v))|
and [4.15.2] G[Y;] is a bipartite graph for each i, and Z = {21, 22}. For i € {1,2,3}, let Y/ be a
maximal stable set in G[Y;]. Next if Y; = (), then since X; is anticomplete to Y;;; UY;_1 U L (by
, C'U Z is a clique cut-set in G separating X; and the rest of the vertices, a contradiction;
so Y; # 0. Also for any = € X; and y € Y, since {x,v;,v;11,y,t} does not induce a Ps (by
4.15.2)), X; is complete to Y;. Then since X, is complete to Y; U {v;}, G[X;] is Ks-free (by
|Observation 5). Now by using , we pick a maximum stable set from each 5-ring-
component of G[Xj] (if exists), and let S be the union of these sets; so x(G[X; \ 5]) < 2. Also
SU(Y;\Y/)U {2} is a stable set (by [Lemma 4.3:(zv)| and [Lemma 4.3:(v))). Then from and
we have x(G[(X;\ S)ULU{vj41,v;-1}]) = 2, and from [Lemma 4.1:(47)| and [Lemma 4.13:(z)}
we have Y(GIS U (Y \ (YUY UY)) U {x1}]) = 1 and x(GIY{ UY{ UY{ U {5}]) = 1. So
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we conclude that x(G) = x(G[C U X; UY U {z,2} UL]) <5, and we are done. So we may
assume that for each j € {1,2,3}, either X;1; # 0 or X;_; # (. To proceed further, we let
M :={z e X; | N(z) N Xy # 0}. Then:

4.15.3 The following hold:
(1) Xy and X3 are non-empty.
(1) Xy is complete to Xs.
(111) Xy is complete to Y. Likewise, X3 is complete to Ys.

Proof of [{.15.3 (i): Suppose not, and let X3 = (. Then by our assumption X;, X, # (. By
[Lemma 4.13:(v)| L # () and let ¢ € L. Since for any x € X; and 2’ € Xy, {z, 2, v2,y3,t} does not
induce a Ps5 (by , X, is anticomplete to X5. Now by , since C'U Z is not a clique cut-set
in GG, X7 is not anticomplete to Y7, and X, is not anticomplete to Y5. Let p € X1, ¢ € Xo, r € Y;
and s € Y3 be such that pr,qs € E(G). Then {p,r,vs,s,q} induces a P5 (by [Lemma 4.13:(7)]). So

115.3:(7)| holds.

(71): Suppose to the contrary there are non-adjacent vertices, say p € X5 and g € X3. Then for any

u € Yy and v € Y3, since {p, u, vy, v, q} does not induce a Ps (by [Lemma 4.13:(7)|), we see that either

{p} is anticomplete to Y3 or {¢} is anticomplete to Y3. We may assume that {p} is anticomplete to

Ys. Then for any = € X, since {x, p, v9, v3,y2} does not induce a Ps (by [Lemma 4.13:(i1)]), {p} is

anticomplete to X;. Likewise, {p} is anticomplete to X3. But now if @ is the component of G[X]
that contains p, then C'U Z is a clique cut-set separating V(@) and the rest of the vertices in G

(by [Lemma 4.1:(723)| and [4.15.1)), a contradiction. So 4.15.3:(z)| holds.

(7i1): If there are non-adjacent vertices, say © € Xy and y € Y3, then for any z3 € X3 (such a
vertex exists, by (7)), {x3,x,va, v1,y} induces a Ps (by (i7)); so X5 is complete to Y. So|4.15.3: (41|
holds. i

4.15.4 The following hold:
(i) X1\ M is complete to X3.
(i) Each vertex in Z is complete to exactly one of Xo and Xs.

(111) Each vertex in Z is complete to exactly one of X3 and Xy \ M.

Proof of |4.15.4} (i): If there are non-adjacent vertices, say z € X; \ M and 2’ € X3, then for any
xy € Xo, {2, 29,09, vy, 2} induces a Ps (by [4.15.3:(¢)| and [4.15.3:(27)]). So[4.15.4:(z)| holds. i

(17): Let z € Z and let z # z. If {2z} is complete to both X, and X3, then there are vertices,
say 22 € Xy and x3 € X3 such that zxy, 223 € E(G), and then {z, vy, v3, vy, 21, 29, 23} induces

an Fy (by [4.15.3:(47))); so {z} is not complete to X, or X3. Suppose that there is a vertex, say
x € Xy such that zx ¢ E(G). Now if there is a vertex, say 2’ € X3 such that 2’z ¢ E(G), then

{z,2',y3,v1, 2} induces a P5 (by 4.15.3)). So4.15.4:(i7)| holds. I

(7i1): This follows from a similar argument in [4.15.4:(4¢)| by using [4.15.4:(7)| instead of 4.15.3/ 1
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By [4.15.3:(2), we let xo € X5 and z3 € X3. From [4.15.4:(42), we may assume that {z;} is

complete to X5. Then {25} is anticomplete to X, (by [Lemma 4.1:(iv))). So {22} is complete to X3
(by [4.15.4:(4z)) and hence anticomplete to X; \ M (by [4.15.4:(ziz)|). Next we claim that:

4.15.5 M is complete to {z} U Xs, and is anticomplete to {z1} U X3.

Proof of|4.15.5 Let m € M, and let © € X5 be a neighbor of m. Then since {m, z, yo, v3, 22} does
not induce a P (by 4.15.3:(¢17)), mzs € E(G); so M is complete to {z2}. Thus M is anticomplete
to {z1} (by |[Lemma 4.1:(iv))). Now if there are adjacent vertices, say p € X3 and ¢ € M, then

{z2,v1, v3, 21,2, p, q} induces an F,, a contradiction; so M is anticomplete to X3. Next if there
are non-adjacent vertices, say u € M and v € Xs, then {x3, v, ve,v1,u} induces Ps (by [4.15.3:(11)))
and since uxs ¢ E(G) by the previous argument). This proves 4.15.5] I

4.15.6 Then following hold:
(1) Z = {21, 22}.

(ii) Y1 =0.

(iii) If X1 # 0, then L = (.

Proof of |4.15.0. (i): If there is a vertex, say z € Z \ {z1, 22}, then {z} is complete to exactly one of
X5 and X3 (by [4.15.4:(42)|) which is a contradiction to [Lemma 4.1:(zv)| This proves [4.15.6:(¢)| §

(71): Suppose not. Then since C' is not a clique cut-set separating Y; and the rest of the vertices,
there are adjacent vertices, say y € Y; and p € X7 U L. Then by 4.15.1} [4.15.3|and [4.15.5} if p € L,
then {xs, x3,v3,y,p} induces Ps, if p € M, then {y, p, o, x3,y3} induces a Ps, and if p € X; \ M,
then {y, p, x3, x9,y2} induces a Ps . These contradictions imply that holds. 11
(i73): Otherwise, for any t € L and p € X, from [4.15.2| and [4.15.5 {p, z2,ve, y3,t} induces a Ps (if
p € M), and from [4.15.2/ and [4.15.4:(¢), {p, 3, v3,y2,t} induces a Ps (if p € X7\ M). 1

4.15.7 G[Ys], G[Y3], G[Xs], G[X35], G[M] and G[X; \ M] are bipartite.

Proof of [4.15.7] We show that, up to symmetry, G[Y2], G[X5] and G[M] are bipartite. Recall
that Y5 is complete to {xa, vi,vs} (by [£.15.3:(247))), X» is complete to {zs,vs, 21} (by [4.15.3:(ii))),
and M is complete to {za,v1, 22} (by [1.15.5]). Now the proof follows from [Observation 4] and
|Observation 5| I

By above claims, since G[M U X3 U Yy U {vg, 21}] and G[(X1 \ M) U Xy U Y3 U {vs, 20}] are
bipartite, if X; # 0, then x(G) <5 (by [£.15.6). So we may assume that X; = (. For j € {2,3},
let Y}, X7 and L' respectively denote a maximal stable set of G[Y)], G[Xj;] and L. Then we
define the following sets: Sy := X5 U Y3 U {2z}, Sy := XU Y] U{wa}, S5 := (Xo \ X)) UL U{vs},
Sy = (X3\ X5 U(L\ L )U{v,} and S5 := (Yo \ Y3)U(Y3\Yy)U{z}. Then by above arguments, S;’s
are stable sets whose union is V(G). So x(G) < 5. This completes the proof of O

We note that the graph Gy (see|Figure 17)) is an imperfect (P5, K5 — e)-free graph which has no
clique cut-set and contains an Fy with x(G3) = w(G3) = 5. So the assumption that G is Fy-free in

[Theorem 4.15( cannot be dropped.
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4.5 (Ps, K5 — e)-free graphs that contain a K,

In this section, we deal with (Ps, K5 — e)-free graphs assuming that G is (Fy, Fy, F3)-free (see

Figure 16), and w(G) > 4.

4.5.1 (Ps, K5 — e, F1, F,, F3)-free graphs with w > 5

Theorem 4.16 Let G be a connected (Ps, K5 — e, Fy, Fy, F3)-free graph with w(G) > 5. Then
either G is the complement of a bipartite graph or G has a clique cut-set or x(G) < 6.

Proof. Let G be a connected (Ps, K5—e, F1, Fy, F3)-free graph. We may assume that G has no clique
cut-set, and that G is not the complement of a bipartite graph. By [Theorem 4.4 we assume that G
contains an Hy, say K. Let V(K) := {vy, v, v3, 21, 22, y1 } where {vy, va,v3, 21, 22} induces a K5, and
Ni(y1) = {vo,v3}. Let C := {vy,v9,v3}. Then with respect to C', we define the sets X, Y, Z and
L as in [Section 4.3 and we use the lemmas in [Section 4.3 Clearly y; € Y7 and z1, 25 € Z so that Y}
and Z are non-empty. Recall that C'U Z is a clique (by [Lemma 4.1:(7))), and that Y is anticomplete
to Z (by [Lemma 4.1:(iz)[). To proceed further, we let Z; := {z € Z | {2z} is anticomplete to X }.
We show that x(G) < 6. First we show that:

4.16.1 The following hold:
(i) Y2UY5 =10.
(ii) X1 # 0.
(11i) Xo U X3 is anticomplete to Z.
() |Z\ Z1| < 1.

Proof of 4.16.1, (i): If there is a vertex, say y € Yo U Y3, then {vy, vo, v3, 21, 22,9, 1 } induces an I
or an F3 (by [Lemma 4.1:(iz)]). So|4.16.1:(z)| holds. I

(i7): If X7 =0, then Z U {vq,v3} is a clique cut-set separating {v;} and the rest of the vertices of
G (by [4.16.1:(¢)| and [Lemma 4.1:(7)| ), a contradiction. So [4.16.1:(4¢)| holds. &

(737): If there are adjacent vertices, say © € XoU X3 and 2’ € Z (and we may assume that 2z’ # 21, by

ILemma 4.1:(iv))), then {2’, v9, v3,v1, 21,41, 2} induces an F; or an F3, a contradiction. So4.16.1:(7i7)|
holds. &

(iv): If there are vertices, say z,z/ € Z and z,2’ € X; such that zz, 2’2’ € E(G), then
{v1, 2, 2/, v9, v3, z, 2"} induces an Fy or an Fy (by |[Lemma 4.1:(v))), a contradiction. So [4.16.1:(zv)
holds. 11

Since |Z| > 2, we may assume that z; € Z; (by 4.16.1:(¢v)|). Next we claim the following:

4.16.2 Fach vertex in Zy has a neighbor in L, and so L # (. Moreover, the vertex-set of each

component of L is not anticomplete to X1 U Y.
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Proof of|4.16.2 For any z € Z;, since C' U (Z \ {z}) is not a clique cut-set separating {z} and the
rest of the vertices of G (by [4.16.1:(zi¢)| and [Lemma 4.1:(i7)|), we see that each vertex in Z; has a

neighbor in L. Since z; € Z;, we have L # (). This proves the first assertion.

To prove the second assertion, we let ) be an arbitrary component of G[L]|. Since C' U Z is
not a clique cut-set separating V(@) and the rest of the vertices of G, we see that V(Q) is not
anticomplete to X UY. So from [4.16.1:(¢)} 4.16.1:(37)| and [Lemma 4.2} it follows that V(Q) is not
anticomplete to X; UY;. This proves [£.16.2] i

4.16.3 Z; is complete to L.

Proof of [4.16.3. Suppose to the contrary that there is a vertex in Zy, say z, such that L\ N(z) # 0.
We first show that X UY U L is a clique, and is given below.

(a) First we observe that since every vertex of L\ N(z) has a neighbor in X; UY; (by [£.16.2),
X1, Yy and L\ N(z) are complete to each other (by |[Lemma 4.3:(z:2))).

(b) LN N(z) is complete to L\ N(z): By [4.16.2] let ¢’ € LN N(2) be arbitrary. Then by
and [Lemma 4.1:(27)| let v € X; UY) be such that ut’ € E(G). Since for any v € L\ N(z),
one of {vq, 2, u,v} or {vy,z,t',u,v} does not induce a P5 (by (I)), {t'} is complete to
L\ N(z). Thus L N N(z) is complete to L\ N(z).

(¢) From (a), (b) and from [Lemma 4.1: (i)} X; UY7 is complete to L, where L N N(z) # () and
L\ N(z) #0.

(d) From (III) and [Lemma 4.2:(iz)| it follows that X, X3 and X3 are complete to each other,
and X is complete to L, and hence X5 U X3 is complete to Y; (by [Lemma 4.1:(7i7))).

From (c) and (d), and from [£.16.1:(7)| we see that X,Y, LN N(z) and L\ N(z) are complete
to each other, and since these sets are non-empty, we conclude that X UY U L is a clique (by
[Observation 6)). So V(G) can be partitioned into two cliques, namely, X UY U L and C'U Z. Thus
G is the complement of a bipartite graph, a contradiction. So holds. 1

4.16.4 G[L] is K3-free.

Proof of 4.10.4. Let @ be a component of G[L]. By [4.16.2] there is a vertex in X; U Y], say a,
which has a neighbor in V(Q). Then {a} is complete to V(Q) (by [Lemma 4.1:(4:2)). Now since

{a, z1} is complete to V(Q) (by 4.16.3)), @ is K3-free (by [Observation 5|). Since @ is arbitrary,
G[L] is K3-free. This proves [4.16.4 I

4.16.5 |Z,] < 2.

Proof of|4.16.5 The proof follows from [4.16.2} |4.16.3| and [Lemma 4.3:(7)|. I

4.16.6 Xy U X3 = 0.
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Proof of [{.16.6, Suppose not. If X5 U X3 is anticomplete to X7 UY;, then X, U X3 is anticomplete
to L (by [4.16.1:(¢7)| and [Lemma 4.2)), and then C'U Z is a clique cut-set separating Xs U X3 and the
rest of the vertices (by , a contradiction. So we may assume that X5 is not anticomplete
to X7 UY]. To proceed further, we let X} := {x € Xy | N(z) N (X; UY7) # 0}. We first show that

X UY; UL is a clique using a sequence of arguments given below.

(a) X}, X1 and Yy are complete to each other: Let w € X). For any y € Y1 N N(u) and for
any = € X, since {u,y,vs,v1,z} and {u,y,,v1, 2} do not induce Ps’s (by and
ILemma 4.1:(i2)]), (Y1 N N(u)) U {u} is complete to X;. Likewise, (X; N N(u)) U {u} is
complete to Y;. Since one of (X; N N(u)) and (Y3 N N(u)) is non-empty, it follows that X7

is complete to X; U Y], and X; is complete to Y; (by [Lemma 4.1:(7i7))).

(b) X is complete to L and Xy = X}: Suppose not. Then there is a vertex, say ¢ € L such that

t has a non-neighbor in X. By [Lemma 4.2:(i), we may assume that {¢} is anticomplete to

X. Then for any x € X; and 2’ € X}, since {x,2’, vy, z1,t} does not induce a Ps (by (a),
14.16.1:(722) and [4.16.3]), we see that X is complete to L. This implies that X7 is complete to
X; (by |[Lemma 4.2:(47)|) and so X} = Xo.

(¢) Since X5 is complete L (by (b)), we have Y] is complete to L (by [Lemma 4.1:(zi7))) and

hence again from [Lemma 4.1:(¢72), Y is complete to X3. Also X; is complete to X3 (by (b)
and [Lemma 4.2:(17))).

By (a), (b) and (c¢), we conclude that X, Y; and L are complete to each other. Then since Y, L # ()
and | X| > 2 (by [4.16.1:(i7)| and 4.16.2)), it follows from |[Observation 6|that X UY; U L is a clique.
So by [.16.1:(7), V(G) can be partitioned into two cliques, namely, X UY U L and C'U Z. Thus G
is the complement of a bipartite graph, a contradiction. So holds.

By [4.16.1] and [4.16.6] V(G) = CU X; UY; U Z U L. Now we claim the following:

4.16.7 The vertez-set of each component of G[X1] is a homogeneous set in G[X; UY; U L], and
so G[X] is Ks-free.

Proof of. If there are vertices, say a,b € X; and p € Y1 U L such that ab,ap € E(G) and
bp ¢ E(G), then {b,a,p, vy, 21} induces a Ps (by [4.16.3[ and [Lemma 4.1:(4¢)| ); so the first assertion
holds.

To prove the second assertion, we let () be a component of G[X;]. Since C'U Z is not a clique
cut-set separating V(@) and the rest of the vertices, V(Q) is not anticomplete to L UY;. Let
t € LUY) be such that {t} is not anticomplete to V(Q). So V(Q) is complete to {t,v,}, by the
first assertion. Then from |[Observation 5, V(@) is K3-free. Since @) is arbitrary, G[X] is K3-free.

This proves |4.16.7, 1

4.16.8 The vertez-set of each component of G[Y1] is a homogeneous set in G, and so x(G[Y1]) < 2.
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Proof of [4.16.8 If there are vertices, say a,b € Y; and p € V(G) \ Y; such that ab, ap € E(G) and
bp ¢ E(G), then {b,a,p, vy, 2z} induces a P5 (by and [Lemma 4.1:(i7)|); so the first assertion
holds.

To prove the second assertion, let Q be a component of G[Y;]. Since {vq,v3} is not a clique
cut-set separating V(@) and the rest of the vertices, V(Q) is not anticomplete to L U X;. Let
q € LU X, be such that {¢} is not anticomplete to V(Q). Thus V(Q) is complete to {q, va,v3},
by the first assertion. Thus by [Observation 4| and [Observation 5| it follows that @ is (Pj, K3)-free,

and hence y(Q) < 2. This proves [4.16.8], since @ is arbitrary. I

Now by using [£.16.7] and [Theorem Al, we pick a maximum stable set from each 5-ring-component
of G[X,] (if exists), and let A be the union of these sets. Again by using [4.16.4] and [Theorem Al
we pick a maximum stable set from each 5-ring-component of G[L] (if exists), and let B be the
union of these sets. Note that A and B are stable sets, x(G[X; \ A]) < 2 and x(G[L \ B]) <2 (by
[Theorem A]). Let Y] be a maximal stable set of G[Y;]. Next we claim the following:

4.16.9 AUBU (Y1 \Y])U(Z1\ {z1}) is a stable set.

Proof of [4.16.9 Clearly AU (Z; \ {z1}) and (Y1 \ Y{) U (Z1 \ {21}) are stable sets (by

and [Lemma 4.1:(i7))). Suppose to the contrary that there are adjacent vertices, say p,q €
AUBU (Y1 \Y/)U(Z;\ {#1}). First suppose that p € A. Then q ¢ Z; \ {z1}. Let Q be the
5-ring-component of G[X;] such that p € V(Q). Since ¢ € BU (Y7 \ Y{), there is a vertex, say
r € (L\ B)UY/ such that gr € E(G). Then by [4.16.7] |4.16.8 and |[Lemma 4.1:(7iz)} it follows that
{q, 7} is complete to V(Q). So by |[Observation 4} @ is Ps-free, a contradiction.

So we may assume that p € B and ¢ € (Y1\Y{)U(Z1\{z1}). Let Q" be the 5-ring-component of
G[L] such that p € V(Q’). If ¢ € Y1 \ Y/, then there is a vertex in Y/, say y, such that qy € E(G),
and hence V(Q') is complete to {q,y} (by and [Lemma 4.1:(747))); so from [Observation 4}
Q' is Ps-free, a contradiction. So g € Z; \ {z1}. Since V(Q') is complete to {z1,¢} (by [4.16.3), it
follows from [Lemma 4.1:(7)| and [(Observation 4| that @)’ is Ps-free, a contradiction. So holds. i

So from [4.16.1:(zv)| |4.16.8 and [4.16.9, we conclude that x(G) < x(G[AUBU (Y1 \ Y/) U (Z1 \
{2 D)+ x(GI(Xa\A)ULz1, 02 }]) + X (GILA B)Ufvy, vs}]) + x(GIY{U(Z\ Z1)]) < 14+242+41=6.
This completes the proof of [[heorem 4.16, m

4.5.2 (Ps, K5 — e, F})-free graphs with w = 4

We begin with the following. Let G be a connected (Ps, K5 — e, K5, F})-free graph which has no
clique cut-set. Suppose that w(G) = 4. So G contains a K4, say K with vertices {vy, v, v3, 2*}. We
let C':= {vy,v9,v3}. Then, with respect to C, we define the sets X,Y,Z and L as in ,
and we use the lemmas in [Section 4.3] Clearly z* € Z, and so Z # 0. For i € {1,2,3}, we let
W, ={x € X, |xz* € E(G)},and let L, :={t € L | N(t) N X = (}. Recall that C'U Z is a clique
(by [Lemma 4.1:(¢)]), and that Y is anticomplete to (by [Lemma 4.1:(:7)|). Moreover, the graph G

has some more properties which we give in a few lemmas below.
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Lemma 4.17 Fori € {1,2,3}, the following hold:
(i) If Vi1 UYi1 £ 0, and if V(Q) is the vertex-set of a component of G[X;] which is anticomplete
to L, then @) is Ks-free.
(ii) The vertex-set of each big-component of W; is anticomplete to Y; 11 UY; 1.
(111) If Q is a 5-ring component of G[X;| (if exists), then V(Q) is anticomplete to Y1 UY; 1, to
the vertex-set of each big-component of G[X;41], and to the vertez-set of each big-component
of G[X;—1].
() If X; \ W; is not anticomplete to Yii1, then W; UY; 1 = 0. Likewise, if X; \ W; is not
anticomplete to Y;_y, then W; U Y, = 0.

Proof. We will show for ¢ = 1.

(1): If V(@) is complete to {z*}, then since G is Ks-free, clearly @ is K3-free. So by [Lemma 4.3:(v)|
{z*} is anticomplete V(Q). Then since the set {u € V(G) \ V(Q) | N(u) N V(Q) # 0} is not a
clique cut-set separating V(@) and the rest of the vertices, there are non-adjacent vertices, say
p,q € V(G) \ V(Q) such that both p and ¢ has neighbors in V(Q). Then {p, ¢} is complete to
V(Q) (by [Lemma 4.1:(¢77)| and [Lemma 4.3:(:v)). So @ is Ks-free (by |Observation 5)). This proves
[Lemma 4.17:(7)| B

(79): If there are vertices, say w,w’ € Wj and y € Y5 U Y3 such that ww',wy € E(G), then

{w,w' vy, y, z*} induces a K5 — e (by |[Lemma 4.1:(i:2)| and [Lemma 4.3:(v)|). So [Lemma 4.17:(i7)|
holds. i

(171): If there is a vertex, say y € Y2 U Y3 such that y has a neighbor in V' (Q), then {y} is complete
to V(Q) (by [Lemma 4.1:(z42))), and then V(Q) U {vy, y} induces a K5 — e; so V(Q) is anticomplete
to Y2 U Y5, Other assertions follows from [Observation 4 and |Lemma 4.1:(7i7)} So [Lemma 4.17: (7|
holds.

(iv): Suppose not, and let w € W; UY3. If w € Y3, then G contains either a Ps or an F; (and

the proof is similar to the proof of [Lemma 4.9:(7))). So we assume that w € W;. Since X; \ W)

is not anticomplete to Ys, there are vertices, say z € X; and y € Ys, such that zy € E(G) and
z*r ¢ E(G). Then by |[Lemma 4.3:(v)|, wz ¢ E(G). Now since {z,y, vs, 2%, w} does not induce a Ps,
wy € E(G), and then {z,y,w, z*,v2} induces a Pj, a contradiction. So|Lemma 4.17:(¢v)|holds. [

Lemma 4.18 The following hold:
(1) Z ={z"}.
(i1) Fori e {1,2,3}, G[Yi] is the union of Ky’s and K;'’s.
(111) L\ Ly is anticomplete to Ly. Moreover, x(G[L]) < 3.
(iv) If there is an i € {1,2,3} such that X;, X;11 and L\ Ly are non-empty, then x(G) < 7.

Proof. (i): Since G is Kjs-free, this follows from [Lemma 4.1:(7)| I

(7): Since G[Y; U {vi41,v;-1}] does not induce a K5, G[Y;] is K3-free. Also since G[Y;] is Ps-free (by
ILemma 4.1:(72)|), we see that G[Y;] is the union of Ky’s and K;’s. This proves [Lemma 4.18:(z7)| I
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(7ii): Clearly L\ L, is anticomplete to L; (by [Lemma 4.1:(ziz)]). To prove the second assertion,

consider a component of G[L], say Q. Then since C'U Z is not a clique cut-set separating V(@) and

the rest of the vertices (by [Lemma 4.1:(2))), there is a vertex, say p € X UY which has a neighbor in
V(Q). Then {p} is complete to V(Q) (by [Lemma 4.1:(427))), and then since G is (K5, K5 — e)-free,

Q is (K4, K4 — e)-free. Hence x(Q) < 3, by [Theorem Il This proves [Lemma 4.18:(7i7)| since @ is
arbitrary. I

(iv): We may assume that i = 1. Clearly x(G[Y U Z]) < 3 (by [Lemma 4.3:(7)], [Lemma 4.18:(7)|
and [Lemma 4.18:(4))), and x(G[L1]) < 3 (by [Lemma 4.18:(zi¢))). Since L\ Ly # 0, it follows from
[Lemma 4.2|that X1, X5, X3 and L\ Ly are complete to each other. Then since G is (K5, K5 —e)-free,
it follows from [Observation 4| that G[X], G| X, U X3] and G[L \ L4] are (Ps, K3)-free, and hence
bipartite. Also since G is Ks-free, at least two of X7, Xy U X3 and L\ L; are stable sets. Then

since {vy} is anticomplete to Xi, {v;} is anticomplete to Xs U X3, and {v3} is anticomplete to
L\ Ly, we conclude that x(G[CUX U (L\ L;)]) < 4. Clearly L, is anticomplete to (L\ L) UX (by
ILemma 4.1:(727)| and by the definition of L;). So x(G) < x(GY UZ])+x(G[CUXUL]) =3+4=T1.
This proves [Lemma 4.18:(iv)} O

Lemma 4.19 For i € {1,2,3}: Define, M =Y, if Y;11 and Y;_1 are non-empty, otherwise let
M = (. If L is anticomplete to X;11 U X;_1, and if G[X;41] and G[X;_1] are Ks-free, then
G X1 UX; 1 UMULU{w}| is 4-colorable.

Proof. Let i = 1. For k € {2,3}, we pick a maximum stable set from each 5-ring-component of
G[Xk] (by using [Theorem Al), and let A; be the union of these sets. So G[Xs \ As] and G[ X3\ As]

are bipartite graphs. For k € {2,3}, we pick a maximum stable set from each big-component of

G[ Xy \ Ag], and let By be the union of these sets. By |[Lemma 4.18:(77), we pick a maximum stable
set from each big-component of G[Y;], and let D be the union of these sets. So X \ (As U Bs),
X3\ (A3UB;3) and Yy \ D are stable sets. Also A3U By is stable set (by [Lemma 4.17:(421)]), By \ W5 is
anticomplete to Y7 (by [Lemma 4.17:(v))), and By N W is anticomplete to Y7 (by [Lemma 4.17:(i7)]).
So A3 U By UDU{v,} is a stable set (by [Lemma 4.17:(zi2)|). Likewise, Ay U B3 U (Y7 \ D) is also a
stable set. To proceed further, we let L' := {t € L | N(t) N D # 0}, and we claim the following:

4.19.1 L' is complete to the vertez-set of each big-component of G[Y1], and is anticomplete to
L\ L'. Moreover, G[L'] is a bipartite graph.

Proof of{4.19.1} Let @ be a big-component of G[Y]], and so @ = K, (by [Lemma 4.18:(:7)). Suppose
to the contrary that there are non-adjacent vertices, say t € L' and y € V(Q). Let ' € D be such
that y't € E(G). Since Y3 # (), we let yo € Y5. Then since {t,y, vs, v1,92} does not induce a P,

we have yot € F(G) (by [Lemma 4.3:(2)]), and then {t,y2,v1,v2,y} induces a Ps, a contradiction;
so L' is complete to V(Q). Then L’ is anticomplete to L\ L’ (by [Lemma 4.1:(z:2)|). Since L' is

complete to D, there are adjacent vertices, say p,q € Y; such that {p, ¢} is complete to L'. So
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G[L'] is Ps-free (by [Observation 4)), and since G is Kj-free, G[L'] is Ks-free. Hence G[L'] is a
bipartite graph. This proves [4.19.1]

By [4.19.1] there are stable sets, say L} and L}, such that L' = L} U L},. By [Lemma 4.18:(447)]
there are three stable sets, say Ry, Ry and Rz such that L \ L' = R; U Ry U R3. Now define
S1 = (X2 \ (A2 UBy))ULjURy, Sy:=(X3\ (A3UB3))UL,U Ry, S3:= A3UByUDUR3U{v;}
and Sy := Ay U B3 U (Y7 \ D). Then by above arguments and by we see that Si, Ss, S3 and
Sy are stable sets. So x(G[X2U X3 UM UL U {v;}]) <4. This proves O

Lemma 4.20 If there is an i € {1,2,3} such that Y11 UY;—1 # 0, then x(G[Y; U LU {v;}]) < 4.

Proof. The proof is similar to the proof of [Lemma 4.19, and we omit the details. n
Lemma 4.21 If G contains an Fy, then x(G) < 7.

Proof. Suppose that G contains an Fy with vertices and edges as shown in [Figure 16 Let
C := {v1,v2,v3}. Then, with respect to C, we define the sets X,Y,Z and L as in [Section 4.3]
and we use the lemmas in [Section 4.3] We also use [Lemmas 4.17] to [£.20] Clearly y» € Y5
and y3 € Y3 so that Y3 and Y3 are non-empty. For each i, since G[N(v;)] is (K4 — e)-free, by
we have x(G[N(v;)]) < 3. Recall that V(G) \ N(v;) = {v;} U X;411 U X412 UY; UL,
Now if L = Ly, then x(G) < 7 (by and we are done. So we may assume that
L\ Ly # 0. Also using [Lemma 4.18:(iv), we may assume that there is an index k& € {1,2,3}

such that X;,; and X;_; are empty. Then from [Lemma 4.20, x(G[Yx U L U {vx}]) < 4, and so
X(@) < X(GIN(w)]) + X(GIV(G) \ N(uy)]) < 7. This proves [Cemma 421] .

Lemma 4.22 If G is Fy-free, and contains an Fs, then x(G) < 7.

Proof. Suppose that G contains an F5 with vertices and edges as shown in [Figure 16 Let
C' := {v1,v2,v3}. Then, with respect to C', we define the sets X,Y, Z and L as in , and
we use the lemmas in [Section 4.3] We also use [Lemmas 4.17] to [4.20} Clearly x; € X; and ys € Y3
so that X; and Y, are non-empty. For each 4, since G[N(v;)] is (K4 — e)-free, by [Theorem I we
have x(G[N(v;)]) < 3. Now for any y € Y1 U Y3, since {vy, v2, 3, Y2, ¥, 2%} does not induce an Fy,

Y1 UY; = (). Also for any z € X; U X3, since {vy, v, v3, 2, Yo, 2*} does not induce an Fy, X; U X3
is anticomplete to {z*}. Since {vy, v3, 2*} is not a clique cut-set separating {v,} and the rest of
the vertices, we have X5 # (). Now if L\ L; # (), then x(G) < 7 (by [Lemma 4.18:(:v))) and we are
done. So we may assume that L = L;. Then G[X;] and G[X3] are K3-free (by [Lemma 4.17:(2))).

Next we claim the following:

4.22.1 If Xy is not anticomplete to Ys, then G[Xs| is K3-free. Likewise, if X3 is not anticomplete
to Y, then G[Xs] is Ks-free.

Proof of |4.22.1. Suppose to the contrary that there is a component, say (), that contains a K3
induced by the vertices, say {pi, p2, p3}. Since G is Ks-free, we may assume that p;z* ¢ E(G).
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By our assumption, there are vertices, say © € X; and y € Y3. Then since one of {x,y, v3, v9, p1}
or {x,y,p1,vs, 2*} does not induce a Ps, we have pjx € E(G). Then {p1,ps, ps3,x,v2} induces a
K5 — e (by [Lemma 4.1:(427))), a contradiction. So 4.22.1{ holds. I

Now if X; U X3 is not anticomplete to Y3, then from [4.22.1) G[X5] is Ks-free, and so from
Lemma 4.19) we have x(G[X1UXoULU{vs}]) <4, and hence x(G) < x(G[N(v3)])+x(G[X1UXU
LuU{vs}]) < 7. So we may assume that X;UXj3 is anticomplete to Ys. Then since x(G[YaU{v2}]) < 2

(by [Lemma 4.18:(27))), from [Lemma 4.19] it follows that x(G[X; U Yo U X3 U {vg, 2*}]) < 4. Since
N(vg) \ {2} = Xo U{vy,v3} (by|Lemma 4.18:(3)), we see that N(vy) \ {z*} is anticomplete to L.
So from [Lemma 4.18:(427)], it follows that x(G[(N(v2) \ {z*}) U L]) < 3. Hence x(G) < 7. This

proves [Cerima 1,22 s

Lemma 4.23 If G contains an HVN, then x(G) < 7.

Proof. We may assume that G contains an HVN, say K, with vertex-set {vy, vo, v3, 2*, 41} such
that {v1,v9,v3, 2*} induces a Ky and Nk (y;) = {ve,v3}. Let C' := {v1,ve,v3}. Then, with respect

to C', we define the sets X,Y, Z and L as in[Section 4.3] and we use the lemmas in We
also use [Lemmas 4.17 to |4.20l Clearly y; € Y so that Y] is non-empty. We may assume that, from

ILemma 4.21| and [Lemma 4.22| G is (Fy, F5)-free. Now for any y € Yo UYj3, since {vy, vo, v3, 2%, 11, y}

does not induce an Fj, we have Y, UY3 = (). Also for any = € X, U X3, since {vy, v, v3, 2%, y1, T}
does not induce an Fy or an F5, we have Xy U X3 = (). Further since {v, v3, 2*} is not a clique

cut-set separating {v;} and the rest of the vertices, we have X # (). Next we claim that:
4.23.1 x(G[X; UY; U{z*}]) < 4.

Proof of . First suppose that there is a vertex, say z € X; such that xz* € E(G). Then for
any ' € X7 \ {z}, since {vy, v, v3, x, 2%, 2’} does not induce an F5, we see that X; is complete to
{z*}. Since X; is complete to {vy,2*} and since G is (K5, K5 — e)-free, G[X1] is (Ps, K3)-free; so
X(G[X1]) < 2. Then from|[Lemma 4.18:(23)], x(G[X;UY1U{2*}]) < 4 (by|Lemma 4.1:(:7))), and we are

done. So we may assume that X is anticomplete to {z*}. By |Lemma 4.18:(72), we pick a maximum

stable set from each big-component of G[Y3], and let D be the union of these sets. To proceed further,
we let X| := {z € X1|N(z)ND # 0}, and consider a component of G[X7], say Q. By[Lemma 4.3:(iv)|
there are adjacent vertices, say a,b € Y; such that {a,b} is complete to V(Q). Then since G is
(K5, K5 — e)-free, Q is (Ps, K3)-free, and so x(Q) < 2. Hence x(G[X] U D]) < 3. Since G[X; \ X]]
is complete to {v1}, G[X1\ X]] is (K4 — e)-free and hence x(G[X; \ X7]) < 3 (by[Theorem I). Since
Y1\ D is a stable set and since X \ X is anticomplete to X;U D (by [Lemma 4.3:(iv))), we conclude
that X(G[X, UV U {=}]) < x(G(X] UD) U (X, \ X)) + (G(¥i \ D) U {=}]) <3+ 1 =4 (by
ILemma 4.1:(47)|). This proves 4.23.1} 1

From [4.23.1] and from [Lemma 4.18:(7)| and [Lemma 4.18:(iii)| we have x(G) < x(G[C U L]) +

X(G[X1 UYL U{z*}]) <3+4 = 7. This proves [Lemma 4.23] O
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Now we prove the main theorem of this subsection, and is given below.

Theorem 4.24 Let G be a (Ps, K5 — e, Fy )-free graphs with w(G) = 4. Then either G is the
complement of a bipartite graph or G has a clique cut-set or x(G) < 7.

Proof. Let G be a connected (Ps, K5 — e, Fy)-free graph with w(G) = 4. We may assume that G
has no clique cut-set and that G is not the complement of a bipartite graph. By [Theorem 4.4] we
may assume that G contains an HVN. Now the theorem follows from [Lemma 4.23| n

4.6 Chromatic bound for (Ps, K5 — e)-free graphs

In this section, we state and prove our main results.

Theorem 4.25 Let G be a connected (Ps, K5 — €)-free graph. Then the following hold:

(a) If w(G) > 5, then either G is the complement of a bipartite graph or G has a clique cut-set
or x(G) < 6.

(b) If w(G) =4, then either G is the complement of a bipartite graph or G has a clique cut-set
or x(G) < 7.

Proof. Let G be a connected (Ps, K5 — e)-free graph with w(G) > 4. If G contains one of Fi, Fy
or F3, then the theorem follows from [Theorems 4.8 .12 and [£.15] So we may assume that G is
(FY, Fy, Fy)-free. Now if w(G) > 5, then the theorem follows from [Theorem 4.16] and if w(G) = 4,
then the theorem follows from [Theorem 4.24. This completes the proof of [['heorem 4.25| n

As a corollary of [Theorem 4.25] we strengthen [Theorem H| Note that any clique expansion

of a C5 is an imperfect (3K, K5 — e)-free graph which has no clique cut-set (see the graph G
for example in [Figure 17)), and we refer to the graph Gs (see [Figure 17)) for another non-trivial

example.

Figure 18: The graph H*.
Corollary 1 If G is a connected (Ps, K5 — e)-free graph with w(G) > 7, then either G is the
complement of a bipartite graph or G has a clique cut-set. Moreover, the assumption on the lower
bound of w is tight. That is, there is a connected (Ps, K5 — e )-free imperfect graph H with w(H) = 6

and has no clique cut-set.



CHAPTER 4. COLORING (Ps, K5 — ¢)-FREE GRAPHS 125

/

a1 0"

a2 0

t O

K\

Figure 19: Schematic representation of a (Ps, K5 — e)-free graph G with x(G) = w(G) = t. (Here a shaded
rectangle represents a non-empty clique of size t. Each square represents disjoint union of cliques with
size at most ¢ — 1 (possibly empty). A thick line between a vertex and a square represents that the vertex
is adjacent to all the vertices of the square.)

Proof. The first assertion is an immediate consequence of [Theorem 4.25] For the second assertion,
consider the graph H* given in [Figure 18 Then H* is a connected (Ps, K5 — e)-free imperfect
graph with w(H*) = 6 and has no clique cut-set. ]

Further, we have the following theorem.

Theorem 4.26 If G is a (Ps, K5 — ¢)-free graph with w(G) > 4, then x(G) < max{7,w(G)}.
Moreover, the bound is tight when w(G) ¢ {4,5,6}.

Proof. Let G be a (P5, K5 — e)-free graph with w(G) > 4. We prove the first assertion by induction
on |V(G)|. We may assume that G is connected and is imperfect. Then from [Theorem 4.25| either
G has a clique cut-set or x(G) < 7. If x(G) < 7, then we are done. So we may assume that G
has a clique cut-set, say K. Let A and B be a partition of V(G) \ K such that A, B # () and A
is anticomplete to B. Then x(G) = max{x(G[K U A]), x(G[K U B])}, and hence by induction
hypothesis, we have y(G) < max{max{7,w(G[K U A])}, max{7,w(G[K U B])}} < max{7,w(G)}.
This proves the first assertion. To prove the second assertion, consider the graph G (see
that consists of a complete graph K; where t > 7, say (), such that
(a) Each component of G[V(G) \ V(Q)] is a complete graph with vertex-set of size at most ¢ — 1;
W(G) = wl(Q) = t.
(b) For each component K in G[V(G) \ V(Q)], there is a unique v € V(Q) such that {v} is
complete to V(K).

(¢) no other edges in G.

Clearly G is a (Ps, K5 — e)-free perfect graph, and so x(G) = w(G) = t. This proves [Theorem 4.26
[l

Next we have the following corollary that partially answers[Problem 3| That is, every (Ps, K5—e)-

free graph is near optimal colorable.
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Corollary 2 If G is a (Ps, K5 — e)-free graph, then x(G) < max{7,w(G)}.

Proof. Let G be a (Ps, K5 —e)-free graph. If w(G) < 3, then G is (Ps, Ky)-free, and hence x(G) <5
[63]. So we may assume that w(G) > 4. Now the corollary follows from [Theorem 4.26] O

4.7 Concluding remarks

In this chapter, we studied the near optimal colorability of (P5, K5 — e)-free graphs via structure
theorems using some intermediate results which rely on certain special graphs. In particular, we
showed that every (Ps, K5 — e)-free graph G satisfies x(G) < max{7,w(G)}.

While the bound given in is tight for w(G) > 7, the bound does not seem to be
tight for w(G) ¢ {4,5,6}. In this regard, we have following.

o The graph G is an imperfect (Ps, K5 — e)-free graph which has no clique cut-set and contains
an Fy. Also x(G3) <5 (see|Figure 17| for a 5-coloring). It is easy to check that a(Gs) = 2,
and hence x(Gg) > [%1 = 5. Thus the bound given in [Theorem 4.8 is tight.

o The bound given in [Theorem 4.25:(b)| does not seem to be tight when w = 4. But there are

(Ps, K5 — e)-free graphs with w = 4 and y = 5. For instance, consider the graphs G and Gy
given in [Figure 17, We have seen that x(G3) = 5, and similarly we have x(G7) = 5. Also it
is easy check that w(G;) = w(Gs) = 4.

Since k-COLORING for the class of Ps-free graphs can be solved in polynomial time for every fixed
positive integer k < 6 [86], we conclude that CHROMATIC NUMBER for the class of (Ps, K5 — e)-free
graphs can be solved in polynomial time (see . We remark that this conclusion may
also be obtained from by using clique separator decomposition techniques (see [132])

and a result of Hoang, Kaminski, Lozin, Sawada and Shu [86].



Chapter 5

Coloring (Ps5, flag)-free graphs

5.1 Introduction

In this chaptexﬂ, we are interested in finding the tight chromatic bound for the class of (P, flag)-free
graphs. Here, a flag is the graph obtained from a K by attaching a pendant vertex (see [Figure 2).
Thus, the class of flag-free graphs generalizes the class of K -free graphs. Recall that, from a result
of Esperet, Lemoine, Maffray and Morel [63], every (Ps5, K4)-free graph is 5-colorable. Hence every
(Ps, flag)-free graph G with w(G) < 3 satisfies x(G) < 5. In this chapter, we show that every (P,
flag)-free graph G with w(G) > 4 satisfies x(G) < max{8, 2w(G) — 3}, and that the bound is tight
for w(G) € {4,5,6}. In particular, we show that every (Ps, flag, Kj;)-free graph that contains a
K, satisfies x(G) < 8 and that the bound is tight. We note that our results improve the earlier
mentioned results of Dong, Xu and Xu [55], 56].

U1

I8}

U3 U2 ¢5] t

H1 Hz ["[3

Figure 20: Labelled graphs I'V: Some special graphs.

We will use the following theorem to prove our results.
Theorem J ([91]) Every (Ps, Ky + K3)-free graph G with w(G) > 5 satisfies x(G) < 2w(G) — 3.

We will prove our result based on a sequence of partial results which depend on some special
graphs; see [Figure 20l We begin by proving some structural properties of (Ps, flag)-free graphs

that contain a Kj.

!The results of this chapter are appearing in “A. Char and T.Karthick. Improved bounds on the chromatic number of
(Ps, flag)-free graphs. Discrete Mathematics (346) 2023. Article no.: 113501. https://doi.org/10.1016/j.disc.2023!|
113501”
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5.2 Structural properties of (Ps, flag)-free graphs that contain a Kj

In this section, we prove some structural properties of (Ps, flag)-free graphs that contain a K3, and
use them often in the latter sections.

Let G be a connected (Ps, flag)-free graph. Suppose that G contains a K3 with vertex-set, say
C :={vy,v9,v3}. Fori € {1,2,3}, ¢ mod 3, we let:

Ai = {UGVG

(G)\C[N@)NC = {vi}},
= {veV(G

(

(

(v)
\C[N@)NC=C\{u}},

(v)

(v)

sy
Il

= {veV(G
= {veV(G

\C|Nw)nC =C}, and
\C|N@w)nC =0}

NN

Clearly V(G) = CUAUBUZUT. Throughout this section, we assume that the arithmetic
operations on the indices are in modulo 3. Next we give some relations between the subsets of

V(@) in the following lemmas.

Lemma 5.1 The following statements hold:
(i) G[A; U B;y1)] is Ks-free. Likewise, G[A; U B;_1] is K3-free.
(ii) A is complete to Z.
(i11) T is anticomplete to Z.
(iv) For any a € A; and k € {i+ 1,i — 1}, B\ N(a) is a stable set.
(v) The vertez-set of each component of G[T] is a homogeneous set. Moreover, G[T] is Ks-free.
(vi) The vertez-set of each component of B; is a homogeneous set in G[A; U B; UT].

Proof. (i): We will show for ¢ = 1. If there are vertices, say p, ¢ and r in A; U By such that {p, q,r}

induces a K3, then {p, q, 7, ve,v,} induces a flag, a contradiction. So |[Lemma 5.1:(z)| holds. I

(23): If there are non-adjacent vertices, say a € Ay and z € Z, then {vy, v3, z,a, v1} induces a flag,

a contradiction. So [Lemma 5.1:(4z)| holds. I

(7i1): If there are adjacent vertices, say t € T and z € Z, then {vy,vs,v3,t, 2} induces a flag, a

contradiction. So [Lemma 5.1:(427)| holds. I

(1v): If there are adjacent vertices in By \ N(a), say b and V', then {b, ¥, vg, a,v;} induces a flag, a

contradiction. So [Lemma 5.1:(iv)| holds. I

(v): Suppose not. Then there are vertices, say z,y € T and a € V(G) \ T such that az,zy € F(G)

and ay ¢ E(G). Since G is connected, by [Lemma 5.1:(zi7)| and up to symmetry, we may assume

that a € A1 U By. Then {vy, vy, a,z,y} induces a Ps, a contradiction. Thus the vertex-set of each

component of G[T] is a homogeneous set. This proves the first assertion of [Lemma 5.1:(v)|

To prove the second assertion of [Lemma 5.1:(v)|, suppose to the contrary that there are vertices,

say p,q,r € T such that {p,q,r} induces a K3. Since G is connected, and by [Lemma 5.1:(77)]

we may assume up to symmetry that there is a vertex, say s € A; U By such that {s} is not
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anticomplete to {p, q,r}. Then by the first assertion, {p, q,r, v1, s} induces a flag, a contradiction.
So, G[T] is K3-free. This proves [Lemma 5.1:(v)| i

(vi): We will show for ¢ = 1. If there are vertices, say =,y € B and a € A; UT such that azx, xy €
E(G) and ay ¢ E(G), then {vq,v3,y,a,z} induce a flag, a contradiction. So |[Lemma 5.1:(v7)|
holds. O

Lemma 5.2 Suppose that there is a vertex, say t € T which has a neighbor in A;, say a;, where
i €{1,2,3}. Then the following hold:
(i) Z is a stable set.
(11) Biv1 and B;_1 are stable sets.
(111) {t} is complete to A;4q1 U A;_1.
(iv) A; is complete to A; 11U A;_.
(v) If G is Hy-free, then A; 1 U Ay = 0. (See[Figure 2Q for the graph H;.)
(vi) If Aiyx1 U A;_1 # 0, then A; is a stable set.

Proof. We will show the lemma for « = 1. By our assumption, there are adjacent vertices, say
ap €A andteT.

(1): If there are adjacent vertices, say 21, 22 € Z, then, by [Lemma 5.1:(22), {v1, 21, 29, t, a1} induces

a flag, a contradiction. So|Lemma 5.2:(7)| holds. I

(77): We will show that B, is a stable set. Suppose to the contrary that there are adjacent vertices,

say b and V' in B,. By [Lemma 5.1:(iv)| we may assume that a;b € F(G), and so by [Lemma 5.1:(7)]
a1l ¢ E(G). Then since {t,a,b,vs,v2} does not induce a Ps, we have bt € E(G), and since
{V/,v1,v3,t,b} does not induce a flag, we have V't € E(G). But then {ay,t,V,v3,v2} induces a Ps,

a contradiction. So Bj is a stable set. This proves [Lemma 5.2:(¢7)|. I

(i73): Suppose not. Then there is a vertex, say p € Ay U A3 such that pt ¢ E(G). We may assume
that p € Ay. Then since {t,as, v, ve,p} does not induce a P5, we have a;p € E(G), and then
{t, a1, p,v2,v3} induces a Ps, a contradiction. So {t} is complete to Ay. Likewise, {t} is complete

to Az. This proves [Lemma 5.2:(zii)} 1

(tv): If there are non-adjacent vertices, say a € A; and o’ € Ay U As, then, by [Lemma 5.2:(777)}
a't € E(G), and again by |Lemma 5.2:(i27), at € E(G), and then {a,t,d’, vo,v3} induces a Ps, a

contradiction. So [Lemma 5.2:(iv)| holds. I

(v): Suppose to the contrary that there is a vertex, say @’ € A U A3. We may assume, up
to symmetry, that ' € As. Then, by [Lemma 5.2:(si7), o't € E(G), and by |Lemma 5.2:(v)]

a1a’ € E(G). Then {vy,vq,v3,a1,d’,t} induces a Hy, a contradiction. So |[Lemma 5.2:(v)| holds. I

(vi): Suppose to the contrary that there are adjacent vertices, say a and @’ in A;. Let p € Ay U As.

We may assume, up to symmetry, that p € Ay. Then, by [Lemma 5.2:(7i1)| pt € E(G), and again
by [Lemma 5.2:(i2i), at,a’t € E(G). Then by [Lemma 5.2:(¢v)| {a,d’,t,vs, p} induces a flag, a
contradiction. So [Lemma 5.2:(vi)| holds. O
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5.3 (Ps,flag)-free graphs that contain some special graphs

In this section, we prove that if G is a (P, flag)-free graph that contains one of Hy, Hy or Hj then
G is 8-colorable.

5.3.1 (Ps,flag)-free graphs that contain an H;

Theorem 5.3 If G is a connected (Ps, flag)-free graph that contains an Hy, then G is 8-colorable.

Proof. Let G be a connected (Ps, flag)-free graph. Suppose that G contains an H; with vertices
and edges as shown in [Figure 20l Let C' := {v1,v2,v3}. Then with respect to C, we define the sets
A, B, T and Z as in [Section 5.2 and we use the lemmas in [Section 5.2 Since a; € A;, az € A,
and t € T', we have A;, Ay and T are non-empty. Note that A; and A, are not anticomplete to
T. So, by [Lemma 5.2:(7), Z is a stable set, and by [Lemma 5.2:(¢7)|, B1, By and Bs are stable sets.
Also, by [Lemma 5.2:(vi)| Ay, A and Aj are stable sets. Then we claim the following:

5.3.1 As is empty.

Proof of |5.3.1 Suppose not, and let a3 € A3. Then by [Lemma 5.2:(ii7)], ast € E(G), and by
ILemma 5.2:(iv)|, a1a3,aza3 € E(G). But then {ay, as, t,v1,a,} induces a flag, a contradiction. So

holds. 1

Now, we let Dy := Ay, Dy := Ay, D3 := By U{v1}, Dy := ByU{ve} and D5 := B3U{vs}. Then
Dy, D, ..., Ds are stable sets, and V(G) \ (TTU Z) = ‘@1 Dj; so x(G = (T'U Z)) < 5. Moreover, by
ILemma 5.1:(v)} [Lemma 5.1:(747)] and [Theorem Al G[JT:U Z|] is 3-colorable. So x(G) < 8 and G is
8-colorable. ]

5.3.2 (Ps,flag)-free graphs that contain an H,

Theorem 5.4 If G is a connected (Ps, flag)-free graph that contains an Hy, then G is 8-colorable.

Proof. Let G be a connected (Ps,flag)-free graph. By [Theorem 5.3] we may assume that G is
Hj-free. Suppose that G contains an Hy with vertices and edges as shown in [Figure 20| Let
C' := {v1,v2,v3}. Then with respect to C, we define the sets A, B, T' and Z as in ,
we use the lemmas in [Section 5.2] Since a; € A;, t € T and z € Z, we have A;, T and Z are
non-empty, and that A; is not anticomplete to 7. Then, by [Lemma 5.2:(7)| Z is a stable set, and
since G is Hy-free, by [Lemma 5.2:(v)| As U A3 = 0.

First suppose that B; = (). Then V( ) = {vl} U N(v;) UT. Since G is Ks-free, G[N(vy)] is
(Ps, Ky)-free, and so by [Theorem B| G[N(v1)] is 5-colorable. Also, by [Lemma 5.1:(v)] G[T] is
Kj-free, and thus, by [Theorem A] G[T'U {vl} is 3-colorable. Hence G is 8-colorable. So we may
assume that By # (). Next, we claim the following:

5.4.1 The vertex-set of each component of G[A1] is a homogeneous set in G[A; U By UT].
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Proof of [5.4.11 Suppose not. Then there are vertices, say z,y € A; and b € By UT such that
bx,xy € E(G) and by ¢ E(G). Since, by [Lemma 5.1:(i2), {v1,y, 2z, b, 2} does not induce a flag, we
have bz € E(G). Hence, by [Lemma 5.1:(ziz)|, b € B;. Then, by [Lemma 5.1:(i2)|, {b,v2,v3,y, 2}
induces a flag, a contradiction. So holds. 1

5.4.2 If a € Ay and b € By are non-adjacent vertices, then N(a) NT = N(b)NT.

Proof of. Since for any ' € N(a)NT, {t',a, vy, vy, b} does not induce a P, we have N(a)NT C
N(b) NT. Also, since for any t' € N(b) N T, {a,v1,vs,b,t'} does not induce a Ps, we have
NONT CN(a)NT. So N(a)NT = N(b)NT. This proves [5.4.2] I

5.4.3 For every pair of vertices u,v € Ay, we have either N(u) NT C N(v)NT or N(v)NT C
Nu)nT.

Proof of. Suppose not, and let ¢; and t5 € T be such that uty, vty € E(G) and uts, vty ¢ E(G).
By |5.4.1} we have uwv ¢ E(G), and by [Lemma 5.1:(v)| we have t1ty ¢ E(G). Then {t1,u,vi,v,ts}
induces a Ps, a contradiction. So hols. 11

5.4.4 For every pair of vertices u,v € Ay, we have either N(u)N By € N(v)N By or N(v)N By C

Proof of |5.4.4 Suppose not, and let b, ' € By be such that ub,vt’ € E(G) and ub’,vb ¢ E(G). By
5.4.1] uv ¢ E(G) and by [Lemma 5.1:(vi)|, we have bb’ ¢ E(G). Then {b,u,v;,v,b'} induces a Ps, a
contradiction. So hols. 1

Now, we let M :={a € A; | N(a) N T # 0}. Clearly a; € M, and so M # (). By [5.4.3] we let
M, :={a € M | for each o’ € M with a # o', we have N(a')N'T C N(a) NT}. By [5.4.4] we let
a* be the vertex in M; such that for all @ € M; with a # a*, we have N(a) N By C N(a*) N B;.

By |Lemma 5.1:(vi)}, if @ is the vertex-set of a component of By, then @ is either complete to

{a*} or anticomplete to {a*}. Let D; be the set of vertices of big components of G[B;] which
are complete to {a*}, and let Dy be the set of vertices of big components of G[B;] which are

anticomplete to {a*}. Then we claim the following:
5.4.5 Dy is anticomplete to N(a*)NT.

Proof of[5.4.5 Suppose not, and let d € Dy and ' € N(a*) NT be adjacent. By the definition of
Dy, there is a vertex, say d’ € By such that dd’ € E(G). By |Lemma 5.1:(ve)l d't',d'a* € E(G).
Now, {d,d’,t',v1,a*} induces a flag, a contradiction. So holds. I

5.4.6 D, is anticomplete to M.

Proof of [5.4.6, Suppose not, and let d € Dy and m € M be adjacent. By the definition of Dy,
there is a vertex, say d’ € By such that dd’ € E(G). By the definition of M, there is a vertex, say
t" such that mt’ € E(G). By the choice of a*, 'a* € E(G) and hence by |5.4.2, dt’ € E(G). So, by
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ILemma 5.1:(ve)l d't’,d'm € E(G). Then, by {d,d',t',v1,m} induces a flag, a contradiction.
So holds. &

5.4.7 Dy is anticomplete to Z.

Proof of [5.4.7] Suppose not, and let d € Dy and 2’ € Z be adjacent. Then, by [Lemma 5.1:(ii)| and
ILemma 5.1:(4i7)|, {d, v, vs,a*, 2’} induces a flag, a contradiction. So holds. i

By [Theorem Aland [Lemma 5.1:(i), there are three stable sets, say Si1, Si2 and Si3 such that
Dy = S11 U S15 U Si3. Also, by [Theorem Al and [Lemma 5.1:(v)|, there are three stable sets, say S,
522 and Sgg such that T \ N((l*) == 521 U 522 U 523. Then since 513 Q DQ, by , 513 UZisa
stable set.

Now we split the proof into two subcases based on the adjacency relationship between By U Bs
and T

Case 3 By U B3 is anticomplete to T'.
We now claim the following:
5.4.8 By U Bj is anticomplete to M.

Proof of[5.4.8. Suppose not, and let b € By U B3 and m € M be adjacent. We may assume that
b € By. Let t' € T be a vertex such that mt’ € E(G). Then, {t/,m,b,vs,vs} induces a P;, a
contradiction. So holds.

5.4.9 G[(A; \ M) U By U B3 U {vg,v3}] is K3-free.

Proof of [5.4.9 Suppose not. Then there are vertices pi, pa, p3 € (A1 \ M) U By U B3 U {vs,v3} such
that {p1, p2, ps} induces a K3. By [Lemma 5.1:(¢)| and [Lemma 5.2:(i1), p1 € A; \ M, p2 € By and

p3 € Bs. Then, by 5.4.1] a*p; ¢ E(G), and so by [5.4.8, {p1, p2, p3, a*, v1} induces a flag which is a
contradiction. So holds. 1

Recall that, by (Ps, K3)-free graphs are 3-colorable. Thus, the following hold:

(1) By |Lemma 5.1:(2), there are three stable sets, say S31, S3p and Ss3, such that Dy = S3; U
S30 U S3s.

(77) By |Lemma 5.1:(v)| there are three stable sets, say Sy, Si2 and Syz, such that N(a*)N7T =

(77i) By |[Lemma 5.1:(7), there are three stable sets, say Ss1, S50 and Ss3, such that M = S5 U
Sso U Ss3.

(iv) By , there are three stable sets, say Sg1, Sz and Sgs, such that (A, \ M) U By U B3 U
{v2,v3} = Sg1 U Sz U Sg3.
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Now we define W1 = 821US51U561, W2 = SQQUS52USGQ, Wg = SllUSQ3US53, W4 = S41U563,
W5 = 831 U 542 U {Ul}, W6 = 532 U S43, W7 = 533 U Slg U (Bl \ (Dl U DQ)) and Wg = Slg U Z
8
Then V(G) = u W;. Moreover, we have the following:
]:

5.4.10 W7 is a stable set. Likewise, Wy 1s a stable set.

Proof of. Suppose not, and let p, ¢ € Wi be adjacent. First suppose that p € Sy; C T\ N(a¥).
Since T is anticomplete to (A; \ M) U By U B3 U {vg, v3}, we have ¢ € S5;. Then, by the choice of
a*, N(q) € N(a*), and so pa* € E(G), a contradiction. So we may assume that p € S5; C M and
q € Sg1. Since by M is anticomplete to By U B3 U {vy,v3}, ¢ € A; \ M. By the definition
of M, there is a vertex, say ¢’ € T such that pt’ € E(G). Then, by p.4.1] ¢t' € E(G) and hence
q € M, a contradiction. So W is a stable set. This proves[5.4.10] i

5.4.11 W5 s a stable set.

Proof of [5.4.11} Suppose not, and let p, g € W3 be adjacent vertices. If p € S1; C D,, then, since
{a*} is anticomplete to Sa3 € T\ N(a*), by p.4.2] we have g ¢ Sas, and hence g € S53 C M
which is a contradiction to [5.4.6] so we may assume that p € Sy3 and ¢ € S53. Then, since
N(g)N'T C N(a*)NT, we have pa* € E(G), a contradiction. So holds. I

5.4.12 W, s a stable set.

Proof of [5.4.12 Recall that Sy C T and Se3 C (A; \ M) U By U By U {v9,v3}. Now, by our
assumption that 7' is anticomplete to By U B3, and by the definitions of M and T', we see that W,
is a stable set. This proves [5.4.12]

5.4.13 Wy, Wg and W7 are stable sets.

Proof of This follows from [5.4.5 and by the definitions of D; and D,. i
Recall that Wy is a stable set. So, by [5.4.10], [5.4.11] [5.4.12| and [5.4.13] we conclude that G is

8-colorable, and this completes the proof in Case 1.

Case 4 By U B3 is not anticomplete to T.

Let b € By U B3 and ' € T be such that bt € E(G). We may assume that b € By. Now we

claim the following:
5.4.14 If t; € T has a neighbor in By U Bs, then {t1} is complete to A;.

Proof of [5.4.1f} Suppose not, and let a be a vertex A; be such that at; ¢ E(G). Let V
be a vertex in B, U B3 which is a neighbor of t;. We may assume that ' € B;. Since by
ILemma 5.1:(27), {2, vy, vs,t1,b'} does not induce a flag, we have b’z ¢ E(G). So, by |[Lemma 5.1: (i)
and [Lemma 5.1:(i27), if al € E(G), then {vq, z,a,V,t;} induces a Ps, a contradiction, and if
ab ¢ E(G), then {a, z,vs, b, t1} induces a Ps, a contradiction. So {¢;} is complete to A;. This

proves [5.4.14] i
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5.4.15 A, is a stable set.

Proof of[5.4.15 Suppose not, and let p,q € A; be such that pg € E(G). Then, by [Lemma 5.1:(7)]
we may assume that bp ¢ E(G). Then, by {p,t',b,v3,v5} induces a Ps, a contradiction. So
holds. 1

By we have M = A;. By [Lemma 5.2:(i7), By and Bj are stable sets. Moreover, we have
the following;:

5.4.16 A; U S;; U S 1s a stable set.

Proof of[5.4.16 Suppose not, let p,q € A;US1; U Sy be adjacent. First suppose that p € A;. Since
Ay =M and Sy; C D», by [5.4.6, we have g € Sy;. By the definition of a*, N(p) NT C N(a*)NT.
So ¢ € N(a*)NT, a contradiction. So we may assume that p € Sj; and ¢ € Sy;. Then since

pa* ¢ E(G) and ga* ¢ E(G), by 5.4.2) pg ¢ E(G), a contradiction. So [5.4.16| holds. §

5.4.17 By U Sy U {wa} is a stable set. Likewise, B3 U Soz U {v3} is a stable set.

Proof of |5.4.17 Suppose not, and let p,q € By U Sy U {vy} be adjacent. We may assume that
p € By and q € Syo C T\ N(a*). Then, by [5.4.14 ga* € E(G), a contradiction. So[5.4.17| holds. I

5.4.18 S;5 U (B1 \ (D1 U Do) U{wv1} is a stable set.

Proof of Since S12 C Dy, the proof follows from the definition of D,. I

Since S13 U Z is a stable set, by [5.4.16] [5.4.17 and [5.4.18] we conclude that x(G[V(G) \
(D1 U (N(a*)NT))]) <5. Byp.4.5] Dy is anticomplete to N(a*) NT. So by [Lemma 5.1:()| and
ILemma 5.1:(v)| Dy U (N(a*) NT) induces a Ks-free graph. Hence, by X(G[Dy U
(N(a*)NT)]) <3. So we have x(G) < 8 and G is 8-colorable. O

5.3.3 (Ps,flag)-free graphs that contain an Hj

Theorem 5.5 If G is a connected (Ps, flag)-free graph that contains an Hs, then G is 8-colorable.

Proof. Let G be a connected (Ps, flag)-free graph. Suppose that G contains an Hs with vertices
and edges as shown in . Let C := {v,v9,v3}. Then, with respect to C, we define the
sets A, B, T and Z as in [Section 5.2] and we use the lemmas in [Section 5.2l By
and , we may assume that G is (Hy, Hy)-free. Since a; € A; and ¢t € T, clearly A;
and T are non-empty. Also we have Z = {); otherwise, for any z € Z, by [Lemma 5.1:(4¢)| and

ILemma 5.1:(414), {v1,ve,v3,a4,t, 2} induces an Hs, a contradiction. Since A; is not anticomplete

to T, and since G is Hy-free, by [Lemma 5.2:(v)| Ay U A3 = (). Since A; is not anticomplete to T,

by [Lemma 5.2:(41)|, Bs is a stable set. Now we claim the following:

5.5.1 B is a stable set.
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Proof of[5.5.1} Suppose not. Then there are adjacent vertices in By, say b and . By [Lemma 5.1:(vi)]
we have either a1b, a10’ € E(G) or a1b, a,b' ¢ E(G). If a1b,ait/ ¢ E(G), {b,V,v2,v1,v3, a1} induces
an Hs, a contradiction. So we may assume that a1b,a;b’ € E(G). Since, by [Lemma 5.1:(vi)]
{b,V/,t,v1,a,} does not induce a flag, we have bt,b't ¢ E(G). Then {b, v9,v3,a1,b',t} induces an
H,, a contradiction. So holds. &

Now, by [Lemma 5.1:(7)|, [Lemma 5.1:(v)| and [Theorem A} x(G[A; U Bsy]) < 3 and x(G[T]) < 3.
Moreover, since C' is anticomplete to T, x(G[C UT]) < 3. So, by X(G) =x(G[CUA;UB U
By U B3 UT]) <8and G is 8-colorable. O

5.4 (Ps,flag, K5)-free graphs that contain a K,

In this section, we will show that if G is a (P, flag, K5)-free graph that contains a Ky, then G is
8-colorable. Here we assume that all the arithmetic operations on the indices are in modulo 3
unless stated otherwise.

First we prove the case when our graph contains a dominating-Kj.

Theorem 5.6 If G is a connected (Ps, flag, K5 )-free graph that contains a dominating-Ky, then G

18 8-colorable.

Proof. Let G be a connected (P, flag, K5)-free graph. Suppose that G contains a dominating-Ky,
say K, induced by the vertex-set {vy,ve,v3,v4}. Let C' := {vy,v9,v3}. Then with respect to C,
we define the sets A, B, T and Z as in [Section 5.2, and we use the lemmas in [Section 5.2] Since
vy € Z, we have Z # (). If T # (), then since T is anticomplete to Z (by [Lemma 5.1:(i:7)]), K is
not a dominating-K, in G, a contradiction; so 7' = (), and hence V(G) = AUBUC U Z. Note
that, since G is (P5, K5)-free, for any i € {1,2,3}, G[N(v;)] is (Ps, Ky)-free, and so by [Theorem B|
G[N(v;)] is 5-colorable. For i € {1,2,3}, let L; denote the set A;11 U A;—1 U B;, and let L denote
the set L; U{v;}. Then for i € {1,2,3}, N(v;) = V(G) \ L;. Since {v;} is anticomplete to L;, we
have x(G[L!]) = X(GIL))

Now if there is an index i € {1,2,3} such that G[L;] is 3-colorable, say ¢ = 1, then since
X(G) < X(GV(G)\ L)) + x(GILY]) = X(GIV(G) \ L)) + x(G[La]) = x(G[N(v1)]) +3 < 8, and so
G is 8-colorable and we are done.

So for each i € {1,2,3}, we may assume that x(G[L;]) > 4. Thus by [Lemma 5.1:(¢)| and by
[Theorem A] we have, for each ¢ € {1,2,3}, both A; and B; are non-empty. Moreover, we claim the

following;:

5.6.1 FEach A; is a stable set.
Proof of5.6.1 We will prove the claim for ¢ = 1. Suppose not. Then there are adjacent vertices

in Ay, say a; and a. Let ay € Ay. By |Lemma 5.1:(i2)|, since {ay, a),v1,as,v4} does not induce

a flag, we have either ajas € E(G) or dlay € E(G). Now, if ajas,ajas € E(G), then, again

by [Lemma 5.1:(2), {a1,d!, as,vs,v4} induces a flag, a contradiction. So we may assume that
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a1ay € E(G) and dajas ¢ E(G). Then {a},a1,as,v2,v3} induces a Ps, a contradiction. So [5.6.1]
holds. i
Also, since for each i € {1,2,3}, x(G[L;]) > 4, we see that, each B; is not a stable set. Next we

claim the following:
5.6.2 Z is a stable set.

Proof of[5.6.3 1f there are adjacent vertices, say 21 and 2 in Z, then {vy, v, vs, 21, 22} induces a
K5, a contradiction. So holds. &
Next:

5.6.3 For each i € {1,2,3}, G[B;] is a bipartite graph. In particular, for each i € {1,2,3}, there
are three stable sets, R;, S; and U;, such that the following hold:

(1) Bi=S;UR;UU,.

(i1) G[R; U S;] is a connected bipartite graph.
(1ii) U; is anticomplete to R; U S;.

Proof of [5.6.3 We will prove the claim for ¢ = 1. Let ay € Ay. Since Bj is not a stable set,
there are adjacent vertices in By, say b and O'. By |Lemma 5.1:(¢v)|, we have asb € E(G), and
so by [Lemma 5.1:(2)} ast/ ¢ E(G). Let @ be the component of G[Bj] containing b and ¢'. By
ILemma 5.1:(2)l N(az) NV(Q) is a stable set, and, by [Lemma 5.1:(4v), V(Q) \ N(az) is a stable set.
Now, we will show that By \ V(Q) is a stable set. If there are adjacent vertices in By \ V(Q), say
w and «/, by [Lemma 5.1:(7v), we may assume asu € F(G), and so by [Lemma 5.1:(2), asu’ ¢ E(G),
and then {0, b, as, u,u'} induces a Ps, a contradiction; so By \ V(@) is a stable set. Then the sets
Ry := N(az) NV(Q), S1:=V(Q) \ N(az) and U := By \ V(Q) are the desired sets. This proves
5.6.3 1

Now, using [5.6.3, we claim the following:

5.6.4 We may assume that A; 1 is not anticomplete to R;, and A;11 is not anticomplete to S;.

Likewise, we may assume that A;_1 is not anticomplete to R;, and A;_1 is not anticomplete to S;.

Proof of[5.6.4 If A, is anticomplete to R;, then x(G[L;]) = x(G[A;11 U R;]) + x(G[S; U U;)) +
X(G[A;_1]) = 3, a contradiction. So A;;; is not anticomplete to R;. Likewise, A;,; is not
anticomplete to S;. This proves |

Next we claim the following:

5.6.5 For any x € Aixq UA; 1 UZ, if N(x) N R; # 0, then {x} is complete to R;, and {x} is
anticomplete to S;. Likewise, for any x € A; 1 UA; 1 UZ, if N(x) N S; # 0, then {x} is complete
to S;, and {x} is anticomplete to R;.

Proof of[5.6.5 We will prove the claim for i = 1. Let r € R; be such that zr € E(G). Let W
denote the set R; U S;. Note that, if z € Ay U A, by [Lemma 5.1:(¢)[ and [Lemma 5.1:(¢v)|, then
N(x)nW and W\ N(x) are stable sets. We will now show that if z € Z, then N(z) N W and
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W\ N(z) are stable sets. If there are adjacent vertices, say p,q € N(x) N W, then {p, q,vs,v3, 2}

induces a K3, a contradiction. So N(z) N W is a stable set. Now for any two adjacent vertices, say

l,m € W\ N(z), and for any ay € As, we may assume [ € Ry and m € Sy, then, by [Lemma 5.1:(iv))|
and [Lemma 5.1:(¢), we have asl € E(G) and agm ¢ E(G). Then, by |[Lemma 5.1:(iz)} {m,, as, x,v1}
induces a Ps in G, a contradiction. This implies that W \ N(x) is a stable set.

So the set {¢q € W | dist(q,r) is odd} is anticomplete to {x}, and the set {¢ € W | dist(q,r)
is even} is complete to {z}. Since, G[W] is a bipartite graph (by [5.6.3)), {z} is complete to R,
and {z} is anticomplete to S;. This proves|5.6.5 1

5.6.6 Z is either anticomplete to R; or anticomplete to S;.

Proof of[5.6.6 We will show the claim for ¢ = 1. Suppose not, and let r € Ry, s € S1, and 21,22 € Z
be such that 721, s22 € E(G). By[5.6.5] rzo, sz1 ¢ E(G). By[5.6.4] there are vertices, say as, a) € A,
and ag,ay € A such that N(az) N Ry, N(a3) N Ry, N(ay) NSy and N(aj) NSy are non-empty.
Then, by [5.6.5] aor, asr, abs,ays € E(G) and ags, ags, dyr,dyr ¢ E(G). Since by [Lemma 5.1:(47)]

2 ) ) i ) : i ’ ’ . )
{ag, az,r,v1, 21} does not induce a flag, we have asaz ¢ E(G). Likewise, ayay, ¢ E(G). Also

since by [Lemma 5.1:(¢2)| {az,r, ve, a}, 21} does not induce a flag, we have azaly € E(G). Likewise,
ayas € E(G). Then, by |5.6.1} {as, a, vs, as, ab} induces a Ps, a contradiction. So holds. i

By and up to relabeling, we may assume that Z is anticomplete to Sy U Sy U S3. If for all
j €{1,2,3}, S; is anticomplete to S;41, then, by [5.6.1} [5.6.2| and [5.6.3| we define the following
stable sets: Dy := Ay U{va}, Dy := Ay U{vs}, D3 := A3U {1}, Dy := Ry UUy, D5 := Ry U Uy,
Dg := R3UU;s and D7 := S;U S, U S3U Z. Clearly V(G) = kQ1 D), and hence G is 7-colorable.

So we may assume that there is an index j € {1, 2,3} such that S; is not anticomplete to Sj1;
let j = 1. Let s; € S; and sy € Sy be adjacent. We let A} := {a € A3 | N(a) N Ry # 0}. Then,
by [5.6.5], A} is complete to Ry, and is anticomplete to S;. Since for any a € A}, {s1, s2,v1,v4, a}
does not induce a P, by [Lemma 5.1:(i7)| A} is complete to {s2}. So, by [5.6.5] A} is anticomplete
to Ry. Now, by , we define the following stable sets: D; := Ay U {wvs}, Dy := Ay U {v},
Dy = ALURyU{we}, Dy = (A3\ A)UR U{v1}, D5 := S1UUy, Dg := S3UUs, D7 := R3UUs and
Dg := S3U Z. Clearly, V(G) = kLiJl D, and hence G is 8-colorable. This proves [Theorem 5.6 [

Now we prove the main result of this section.
Theorem 5.7 Fvery (Ps, flag, K5 )-free graph that contains a Ky is 8-colorable.

Proof. Let G be (Ps,flag, K5)-free graph. Suppose that G contains a Ky, say K. We may assume
that G is connected, and by we may assume that G is Ho-free. We claim that K is
a dominating-K,4 in G. Suppose to the contrary that K is a non-dominating-K, induced by the
vertices, say vy, vg, v3, and vy. Then there is a vertex in V(G) \ {v1, v, v3,v4} which is anticomplete
to {v1,v9,v3,v4}, say t, such that dist(t,{vy, ve,v3,v4}) is minimum. Let C' := {vy, vy, v3}. Then
with respect to C, we define the sets A, B, T and Z as in [Section 5.2 and we use the lemmas in
[Section 5.2} Since G is connected, by [Lemma 5.1: ()| and [Lemma 5.1:(v)], there is a vertex, say
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p € AU B such that pt € E(G). Then, by [Lemma 5.1:(22)|, since {v1, va,v3, v4,p, t} does not induce

an Hy, we may assume that p € By and pvy € E(G), and then, by [Lemma 5.1:(zi2)}, {vo, v3,v4, ¢, p}

induces a flag, a contradiction. So K is a dominating-K, in G, and we conclude the theorem by

using O

5.5 Chromatic bound for (Ps,flag)-free graphs

In this section, we prove our result on chromatic bound for the class of (Ps, flag)-free graphs. First

we prove the following.
Theorem 5.8 If G is a connected (Ps, flag)-free graph, then either x(G) < 8 or G is (K;+ K3 )-free.

Proof. Suppose that G is a connected (Ps, flag)-free graph. If G is triangle-free, then, by [Theorem A
G is 3-colorable, and we are done. So we may assume that G contains a triangle. If every triangle
in G is a dominating triangle in G, then clearly G is (K; + K3)-free, and again we are done. So
we may assume that G contains a non-dominating-triangle. We claim that G is 8-colorable. By
we may assume that G is Hz-free. Suppose that G contains a non-dominating K,
say with vertices vy, v9, and vs. Let C' := {vy,v9,v3}. Then with respect to C, we define the sets

A, B, T and Z as in [Section 5.2 we use the lemmas in [Section 5.2 Since {vq, v2,v3} induces a

non-dominating-K3, we have T' # (). Since for any a € A and t' € T, {vy,vs,v3,a,t'} does not

induce an Hs, A is anticomplete to T'. Since G is connected, by [Lemma 5.1:(27i){ and [Lemma 5.1:(v)|
B is not anticomplete to 7', and let b* € By and ¢t € T be such that b*t € E(G). Now we show that
G is Ks-free. So w(G) < 4, and the theorem follows from Suppose to the contrary
that w(G) > 5. Let K C V(G) be such that K induces a K5. Then the following claims hold:

5.8.1 7 =10.

Proof of |5.8.1, Suppose not, and let z € Z. Then, by [Lemma 5.1:(¢i0), tz ¢ E(G). Since
{v1,v9, z,b%,t} does not induce an Hj, we have b*z € E(G). Then {vy,v3, z,t,b*} induces a flag, a
contradiction. So holds. 1

5.8.2 For any t' € T, we have G[N(t')] is Ky-free. So KNT = ().

Proof of Suppose not, and let V! C N(#') be such that V' induces a Ky. Since G is connected,
by [Lemma 5.1:(v)| there is a vertex, say b € B such that bt’ € E(G). Moreover, there is an index
i € {1,2,3} such that bv;;1 € E(G) and bv; ¢ E(G). Since for any p € TN V', by [Lemma 5.1:(v)|
{p,t',b,v;11,v;} does not induce an Hz, we have V' NT = (). Then, by [Lemma 5.1:(7), we may
assume that, there is an index j € {1,2,3}, V' N B;| = 2 and V' N (Bj11 U B;j—1) # 0. Let
p,q € V'N B;. Then for any r € V' N (Bj;1 U B;_1), {p,q,t,v;,r} induces a flag, a contradiction.
So holds. &

5.8.3 The vertex-set of any big component of G[B;] is complete to {t}.
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Proof o f. Let V' be the vertex-set of a big component of G[B;]. Then there are adjacent vertices
in V'  say p and ¢q. Suppose to the contrary that the claim is not true. Then by [Lemma 5.1:(vi)} we

may assume that, V' is anticomplete to {¢} and hence pt, gt ¢ E(G). If i = 1, then, again by using
ILemma 5.1:(vi)|, b*p, b*q ¢ E(G), and then {p, ¢, vo, b*,t} induces an Hj, a contradiction. Next, if

i = 2, then since for any v € {p, ¢}, {t,b*, v9,v1,v} does not induce a Ps, we have b*p,b*q € E(G),
and then {p, ¢, vs,t,b*} induces a flag, a contradiction. We obtain a similar contradiction when
i = 3. These contradictions show that holds. I

5.8.4 KNC = (.

Proof of[5.8.4} Suppose not, and let v; € K. First, suppose that v, € K. Then, by above claims,
KN(AUBUB,UTUZ) =0. So |K| = |KNC|+|KNBs|. Now, if v3 € K, then KN B3 = (), and
hence | K| = 3, a contradiction, and if v3 ¢ K, then, by [Lemma 5.1:(¢), |K| < 4, a contradiction.
So we conclude that vy ¢ K. Likewise, v3 ¢ K. Next, since v; € K and vq,v3 ¢ K, by above
claims, K N (A, UA3 UB UT U Z) = 0. Also, by [5.8.2 and by [5.8.3] one of |K N B, or |K N B
is at most 1; say |K N By| < 1. Then, by [Lemma 5.1:(z)| we see that |K| < 4, a contradiction. So
holds. &

585 KN(CUTUZ)=0.

Proof of [5.8.5 This follows from [5.8.1], 5.8.2] and [5.8.4] 1

5.8.6 For each i, we have |K N A;| < 1.

Proof of. Suppose not, and let p,q € K N A;. Then, by |[Lemma 5.1:(¢), K N (B;11 U B;_1) =0,
and KN A; = {p, q}. Since, by [Lemma 5.1:(¢), |K N B;| < 2, we have KN (A;;1 UA; 1) # 0. Then,
for any r € KN (Aj1 UA; 1), {p,q,7,vi11,v;1} induces an Hj, a contradiction. So holds. I

5.8.7 For each i, we have |K N (A1 UA;_1 UB;)| <2.

Proof of[5.8.7] Suppose not, and let p,q,7 € KN (A1 UA;_1UB;). Then, by[.8.6] |[K NA;4| < 1.
Likewise, |K N A;_1| < 1. Since, by [Lemma 5.1:(z), |K N (A;41 U B;)| < 2, we conclude that
|K N (Aip1 U A1 U B;)| < 3. Then, by [5.8.5] there is a vertex, say s € K N (A; U By U Bi_1),
and then {p,q,r,v;, s} induces a flag, a contradiction. So holds. I

5.8.8 There is an index j € {1,2,3} such that |K N B;| = 2.

Proof of[5.8.8 Suppose not, then for each j € {1,2,3}, we have |[K N B;| < 1. So |K N B| < 3.
Then, by [5.8.5] |K N A| > 2. Also, by [5.8.7 |K N A] < 3. If |[K N A| = 3, then by [5.8.7] for each
i€{1,2,3}, KNA; #0, and thus, by[5.8.7, KN B = () which implies that |K| = 3, a contradiction.
So we have |[K N A| =2 and |K N B| = 3. So for each r € {1,2,3}, KN B, # (). Since |K NA| =2,
there is an index ¢ € {1,2,3} such that K N Ay # (. Since K N B,y # () and K N By # 0, by
, we have K N (Ap UAr 1) =0and |[KN A =1. So |KnNA| <1, a contradiction. So
holds. 1
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Let K = {ry,r9,r3,74,75}. By [5.8.8] we may assume ri,75 € By. So, by p.8.7 {rs,rs,r5} N
(As U A3) = 0; hence, by , r3, 74,75 € A1 U By U Bs. Also, by , rit,rot € E(G). Then,
by 5.8:2, [N(t) N {rs,rs,75}| < 1. Note that {rs,rs,7s} is complete to {v;}. Since {ry,rs,v1,t,73}
does not induce a flag, we have {r3, 4,75} is anticomplete to {t}. Then {rs,ry,rs,t, 1} induces a

flag, a contradiction. Thus w(G) < 4, and the theorem follows from [Theorem 5.7} This completes
the proof of [Theorem 5.8 O

Theorem 5.9 Every (Ps, flag)-free graph G with w(G) > 4 satisfies x(G) < max{8,2w(G) — 3}.

Proof. Let G be a (Ps, flag)-free graph. We may assume that G is connected. If G contains a
K, + K3, then, by G is 8-colorable. So we may assume that G is K; + K3-free. Then
the theorem follows from [Iheorem .Jl and [Iheorem 5.7l O

SN

(—J

Figure 21: (a) The graph C5[Cs] with an 8-coloring. (b) The graph 3C5 with a 9-coloring. (Here, the
thick lines between any two C5’s indicate their join.)

(a)

We note that the bound in [Theorem 5.9|is tight for the w(G) € {4,5,6}. To do that, we need
the following:

Theorem 5.10 The graph H* = C5[Cs] is (Ps, flag)-free with w(H*) =4 and x(H*) = 8.

Proof. Recall that V(H*) can be partitioned into 5 subsets Ay, ..., A5 such that (i) A; induces a
Cs, (i1) for each ¢ mod 5, every vertex in A; is adjacent to every vertex in A;;1 U A;_; and to no
vertex in A; 0 U A;_o. It is easy to verify that H* is (P5, flag)-free with w(H*) = 4 and a(H*) = 4.
So it is enough to show that y(H*) = 8. Since x(H*) > [‘Z((g))‘—‘ = [2] =7, we see that at least
7 colors are required to color H*. Moreover, from we conclude that y(H*) is either 7 or
8. Suppose to the contrary that x(H*) = 7. Then V(H*) can be partitioned into 7 stable sets, say

Dl, DQ, ceey and D7.
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For i € {1,2,3,4,5} and ¢ mod 5, we let L; := {j € {1,2,..., 7} A, N D; # 0}. Since for each
i, A; induces a Cs, we have |L;| > 3 and thus |L;| + |L;+1| > 6. Since A; is complete to A1,
we have L; N L;yq = 0 and thus |L;| + |Liyq| < 7. If for each i € {1,2,3,4,5}, |L;| + |Liva| = 7,
there is an index k € {1,2,3,4,5}, k mod 5, such that |Lx| =4 and |Ljy1| = 4 which implies that
|Ly| + |Lyy1| = 8 which is a contradiction; so there is an index i € {1,2,3,4,5}, i mod 5, such
that |L;| = 3 and |L;+1| = 3. Without loss of generality, we may assume that L; = {1,2,3} and
Ly ={4,5,6}. If 7 ¢ L, then Ly = {1,2,3} and so {1,2,3}N(L4ULs) = () which is a contradiction
to the fact |Ly| + |Ls| > 6; so 7 € L3. Likewise, 7 € Ls. Since |L3| > 3 and Ly N L3z = ), we have
|L3N{1,2,3}| > 2; so we may assume that {1,2} C Ls. Likewise, we may assume that {4,5} C Ls.
Since Ly N (L3 U Ly) = 0, we have {1,2,4,5,7} N Ly = () and hence |L4| < 2, a contradiction to the
fact |L4| > 3. So x(H*) = 8. O

Now we show that the bound given in [Theorem 5.9|is tight for w(G) € {4,5,6}.
e For w(G) = 4, we consider the graph G = C5[C5]. Then by [Theorem 5.10} x(G) = 8.

e For w(G) = 5, we consider the graph G = C5[C5] + K5. Then by [Theorem 5.10] x(G) =
max{x(C5[C5]),5} = 8.
e For w(G) = 6, we consider the graph G = 3C5 (see |[Figure 21). Then clearly x(G) = 9.

5.6 Concluding remarks

In this chapter, we studied the structure of (Ps, flag)-free graphs and showed that each such
connected graph is either 8-colorable or K; + Kjs-free (see . We explored the
coloring of (Ps, flag)-free graphs and proved that every such graph G with w(G) > 4 satisfies
X(G) < max{8,2w(G) — 3} and that the bound is tight for w(G) € {4,5,6}. The bound does not
seem to be tight for w(G) > 7.

From [Theorem 5.8 it follows that, if f* is the smallest y-binding function for the class of
(Ps, Ky + K3)-free graphs, then, for x > 4, f(z) = max{8, f*(z)} is the smallest x-binding function

for the class of (P, flag)-free graphs. We believe that (see also [91]) the function f(z) = |2 ] is

the smallest x-binding function for the class of (P5, K; + K3)-free graphs G, since given t € N,

for w(G) = 2t, we have G = tCj, and for w(G) = 2t + 1, we have G = tC5 V K; so that G € G

and that x(G) = L%J Moreover, to find the smallest x-binding function for the class of

(Ps, K1 + K3)-free graphs, it is enough to find the smallest x-binding function for the class of
(2P, K1 + K3, Ky + C5)-free graphs [21].
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