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EFFECT OF NON-NORMALITY ON FOUR TEST CRITERIA
FOR TESTING EQUALITY OF TWO
COVARIANCE MATRICES

By A. K. CHATTOPADHYAY
Indian Statistical Institute

SUMMARY. Pillai and Ji hand, (1968) studied the power function of four test
eritoria for testing tho vquality of two covarianco matrices. For actual computation purposca
thoy considored the case of covariance matricos of dimension two, this boing neceasary as the

luation of Zonal P ial] for highor dimension and the labour of caloulation noedsd for
simplifying the infinite serice involved is quite prohibitive. Hero we extend their study in that
it also allowa for departure from the null hypothosis evon in the form of the parent distribution—
which takes an extra torm as shown in (1) in tho toxt. Tho oxtra term includod corresponds
to second ordor term in Edgeworth oxpansion in tho midbivariate case. Exact tabulstion of
power under violations of null hypothesis as indicated ie done for p = 2. A fow sample tables
are given at tho ond.

1. INTRODUCTION

In this paper we have studied the four test criteria used in Multivariate
Analysis for tests of equality of two covariance matrices from the stand point
of stability of percentage point and the power comparison when the distri-
bution departs from usual Multivariate Normal distribution by a term which
corresponds to second term in Edgeworth expansion in standardized form.
This study has been done in the special case when the dimension of the co-
varjance matrix is two. This restriction is due to unavailability of general
computing technique for expression involving Zonal Polynomial.

Pillai and Jayachandran (1968) has studied the performance of these
criteria. for tests of hypothesis I, = Z, against one sided alternatives where
I, and X, are covariance matrices of two normal distributions of dimension
two. These tests are based on Roy’s largest root test, Lawley Hotelling’s
trace statistics, Pillai’s and Wilk’s criteria. The motivation behind the present
problem js to study the performance of four test criteria further—under depar-
ture from the Normality assumption in the basic populations.

2. DRRIVATION OF THE DISTRIBUTION OF ROOTS
Let S, (pxp) and 8,(p X p) be two covariance matrices which are jointly
distributed as

F(8,. 8,)48,48, = exp(—1/2 tr T718,)| 8, )T

exp(—1/2 tr 518,)| 8, | "7 (Po+ PO 088,28, ... (1)
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whera P, Py ero suitably chosen constant subject to total probability content
and other relevant conditions so that (1) represents a density,

If Py =0 wo got tho case studied by Pillai and Jayachandran (1908),
Let us now meke the following transformations :

A, =ZI{MS, S0 and 4, =Z[RS, IO,
Then J(S;, Sg: Ay, dg) = |Z,]'741 as given in Deemer and Olkin (1951),
Under the thove transformation (7) reduces to
Sy A)AA @Ay = oxp(—1[2tr (4,4 EIREFEI 4,)

lznl("‘h’mIAnI(er"z lA:l("—H"z(P..+P.C,(A,))dA,dA,.
()

Again use the following transformations :
ATVR4,452 = R
Then J(d,, Ay Ay, R) = |4, |tw¥0i2

Thus under the transformation (2) reduces to

S, RMAAR = exp{—1/2 tr (R4, S5V T,)4,)

1, " RI M) 4, NP P04 RYLAGR,
()

Now integrating out 4, we get from (3)
SRR = |5, "I g B p s porp | ke
(PoTpl(n+n)2)+ Pyl +n)f2, ey RURHE, T E)/2)))R
which reduces to
SIRMR = | 2|9 | g e
(PaTp{(n,+15)/2)+2Py Tp((ny +7,)2)

CUI+Z, T3 ZR)Y) | 145, T8, R | M aR,
)
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Lot us now put
IIREVIIt = A AA, and R =AFA

where A and A, aro suitably chosen orthogonal matrices and A and F are the
diagonal matrices, Under the alove transformation we get from (4)

JUl, F)FAH = |5, 5t it gyt

27 ] o )
PP oy s

(PoTy((n47)[2)+ 2P, Tp((ny+n)[2.1)C( I+ HII' F-1)-1\dIIdF e (D)
where H = A’A, and thus I'H = HH' = 1.
Now simplifying the expression (5) we get
f(”, F)FdH = lzll(-l+-‘)l:2p(-,+n,lx |Al-(-l+'i)’=
i FI(»—p—mzl I+FH A_,”,l-(-,+-,)l: ‘g ( fi~-fMPTyl(n, +n.)/2)
+2P,Ty((ny+ng)/2, 1) C{I+4HH F-Y))FdIl. e (6)
3. CALCULATION OF CONSTANT
Considering the total probability content we have to find P, and P, such
that
i [ J(8y, 8)d8,dS; =1 . (N
5;>0 Sp>0
where f(S,, S,) is given by (1).
To this end we noto

§ ] exp(—=1/2tr 57181 8
5>0 §,>0

(mg—p—1)12

exp(—1/2 tr £518,)[ S, 8,48,

= [ exp(—1/2trE118)[ 8, s,
85,>0

Al 57181 8,17 as,
>

- 2»(-l¢-:)'l"7(p—l)ll

120" 2™ B it 12 .ﬁ. Tlng—i+1)f2)
{=1 5
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and
. (ny-p-112
[ [ oxp(—1/2tr X718))| 8] Cy(ZTSy)
S, >0 S:>2
i =132
oxp(—1/2te 58| 8, 27 dS,ds,
SRRt tny/2) tny/2}

f s P R DA
P P
T C(m—i+ D2k I Trg—i4172)

where &y > ko > kp > 0 and k:{ky, ..., k) is o partition of 1,
Now we uso two differont typo of normalisation of Py and P,.

Case 1: Lot us put

0)/2
Py =@ ™" e pn,— it 1))
=l
? nyr2 {n)r2)-1
L TRRIDTE Mz,
2)/2+1
ond Py =a @™ paeue [ Dup—it 1))
f=1

B i1,

With this substitution wo obviously get
agta; = 1.
As for further simplification wo put » = 2 and got

(n1tng) (ny/2) ing/2)
Py = a2 n|Z| 1Z:|

D{z,[2) T(ny[2) T{(n,—1){2) T(ny/—1)/2))

(ny+notl) (ny/2)

(g
and Py=qf2 L AMA A e

T{(m,—1)/2) T((ng—1)/2) T, f2) T(nyf2))7"
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With this simplification and under the assumption that p = 2 then (8) reduces
to

/2 iy

S8, FydFdH = [A] IF] (h—f2)
—n +n )2 1 —1 \—t
g 17 "y ny e ™ Ny
|I+FHA'H' | (I‘ 5 r - r 3 PT)

(a503((n14-7)[2) +(ay[ny) Tol(ny+2,)/2, 1) O+ HAH'F-Y)- ) HAF.
(8)

—(ﬂlli) ml—a)/e

F(H, F)dFdH = lAl IFI (fi—/f2)

(F(n[2)T(ng)2)P((ny— 1)/2)F (ny— 1)/2))

—-in +n )72
[T+ FHASH' | 0% (@,Dy((my+ 1g)/2)
+lag/n)Telln+n)/2, D+ | F| | A] !

| I+ FHA'H|'— | I+ FHA'H'|-Y))dFdH. ... (9)

Now aftersome simplification and integrating H out over 0(2)—Orthogonal
Group of order two we get from (9)

JIF)AF = (Q(n,, ny)(ag+ay(n,4-ng)/20,)
+ay(ny— 1)/ 2ny(ny+no— 1))F (1 + 2, 15)
—amy(n,— 1)/(2n(ny+n,— 1))G(ny, ny-+-2))dF.

Where G(n,, n,) stands for the p.d.f. of characteristic roots of §;S3' where S,
ie distributed W(n,, 2, Z,) and §, as W(n,, 2, %,) and 8§;(2x 2), S.(2x2) are
independent Wishart matrices.

Case 2 : Here weapply a different type of normalisation of the constants.
For this end we proceed as follows, Assuming p = 2 we get

(» tm ) in /)
SJOSI)of(S,.Sa)deS= LA DT
1 a

(n /%)
[Ze]l % T(n/2) T(e/2) D((me—1)/2)

P((n;—1)/2))}(Py+2n,P)) = Z (say).
Bl-7
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Honco to have the total probability content to bo unity wo take in placo
of P, and P,, Py/Z and Py/Z respoctively, with this sut ion we get from
(6)

s, Pkl = |A] N F g

(T'(m,[2) T(nyf2) T((m;—1)2) T(ny—1)/2))?
I+ FIAH] " (PPt 20,9t
Dy{(ny+1,)/2) 2Py Tyf(ny 41202, 1)
(Pot2n PO+ HTAIFY IR .. (10)
Simplifying C/(I4-HAH'F-1)-! for p = 2in (10) wo got on further redue-
tion and on intograting II out over 0(2)
JIFYF = (G(ny, na)(@4-b(ny4+0,)20,)+b{n,—1)[(2ny{1y+7,—1))G(n, 42, n)
—bny(ng—1)/(2ny(ny+ne—1))G(ny, ny - 2NF

where @ = Py(Py+2n,P,)? . (1)
b = 2n,Py(Py+2n,Py)?
-and atb=1,

From (17) wo sco that
PP, = 2n,(1—a)1a. . (12)

4, DEFINITIONS OF STATISTICS

Lot X(pxm) ond Y(pXn,), p§n, 4=1,2 bo matrix varjates with
columns of X independently distributed as N(0,Z,)and thosoof Y independently
distributed as N(0, Z,).

Lot ¢ € ¢y ... <¢p< o0 bo the charactoristio roots of tho equation
| XX'—¢YY'| =0
and let 0 < A; € ... € Ap < 0 bo tho characteristic roots of
|Z,—A%,] =0,

Lot C = diag (cg), A = diag(Ag). To test the null hypothesis
Hy:A=Tagainst I, : > 1, (i=1,...,9)

‘f‘, A¢ > p the following criterin has beon suggestod :
-1
(1) Roy's (1045) largest root ¢, or equivalontly cpf(1+-c5).

2
(2) Lawloy and Hotolling’s (1051) traco statistics u'» = ‘.‘3 .

-l
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(3) Pillai's (1955) criteria Vi -_-‘3: ell1+e,).
-l

(4) Wilks criterion (1932) : 7% = 1 (14,
i=1

5. CALOULATION OF POWER OF DIFFERENT TESTS

In Pillai and Jayachandran (1968) exect noncentral distribution of eriteria
U™, 7, 17 are derived in conneetion with the above hypothesis under the
normality assumption of two parent populetions, A comparative study
of those statistics are mads from the power function point of view. The caso
of largest root have been studied by Pillai and Al Ani in an unpublished
report.

Now as shown above under the non-normality set up of tho parent popu-
lation under study wo get the non-central distributions of the roots as linear
functions of distributions of roots studied by Pillai and Jayachandran (1968).
Wo used the simplification tochnique used by thom.

6. REMARES ON THE TABULATED VALUES

We presented & few sample tables for power of different tests under model
(T). Further tables are available with the author, Using (12) wo noto that
for fixed a, P, and P, Yio on a lino and as such we got corresponding velues of
P,and P,. Thus the calculation under model (IT) can bo had from tabulated
values.

Tho two models though look alike in form ero basically different. In
model (I) while normilizing we have not separately considered the contribu-
tion of the sccond part of the distribution i.e. the term by which tho distri-
bution differs from normality assumptions. In model (II) we heve avoided the
situation,

Wo now make tha following obscrvations :

(1) For tho two non zero characteristic roots of the matrix I, 7! power
of tho largest root stays below thoso of othor threo tests for small
to moderato doviations of tho roots from nuil hypothetical
valuo,
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(2) Departures in normality assumption affects the percentaze points
least in thoe largest root caso and as such it is least sensitive in detect-
ing such deviations—followed by U, 1 and P in that order,
Thus Pillai’s ¥*# is quito usoful in such cases,

(3) In caso of two non zcero population roots of tho covariance matrices
and for small valuos of n, and n, largoest root is least efficient in dotect-
ing small dovintions from null hypothesis followed by U, V and
1Y jn order of increasing sensitiveness. However, when in addition
doparture from normality is present the role of U™ and V' are
interchanged.

(4) For Iargo doviation in two roots of tho covariance matricos from null
hypothetical valuo L'® has a decided advantage in that it detects
tho departure most cffectively. Of tho other two statistics whoso
power aroe tabulated Vi is least sensitiva towards this type of de-
parture.

(5) In a nutshell, when we aro interested in studying the stability of the
percentage points undor departure from normality assumption V' is
most useful, Also for twe non null population roots small depar-
tures from normality is reflected by V' only less prodominantly than
W®, Howoever, for large doviations L js the Lost statistic to
apply.

(6) One interosting point indicated is the monotonicity of power fune-
tions for all tho four test criteria under departure from normality
assumption. This lends justifiability to the normality assumption
in tho null hypothetical case in such study. In case the assumption
is volated it is quite likely to bo detected by usual tost.

Lastly wo must comment on tho limitations of this kind of exact
study. Duo to lack of convergence of tho infinito scrics involved and
sometimes duc to excessive machino time nceded some values of
tables are not tabulated. This happoned specielly for calculations
involving large velues of », and =2, and in relation to power
caleulation of Vi,
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TOWERS OF U(2). ¥{2), I¥(2) AND L{2) TESTS FOR TESTING A, = 1,4; = | AGAINST
SIMPLE ALTERNATIVES AND VIOLATIONS OF NORMALITY ASSUMPTIONS a = .05
POWERS FOR VIOLATIONS OF NORMALITY ASSUMPTIONS
A=10,2,=10

ny =3 ny =13 n =35 ny =13
ay U wE o rey Ly a, uE o wey ve) L)
0.00000 .0300 .0500 .0500 0500 0.00000 0300 .0500 .0500 .0500
0.00010 .0600 .0500 .0300 0500 0.00010 0500 0500 .O50D 0500
0.00500 .0303 .0503 .0303 .0502 0.00600 .0502 .0502 .0502 .0502
0.01000 .0503 .0503 .0508 .0505 0.01000 .0504 .0304 .0304 .0503
0.10000 .0353 0335 .0356 .0549 0,10000 ,0536 .0338 .0339 .0532
0.20000 .0608 .0600 .0012 0308 0.20000 .0571 .0576 .0573  .0504
0.30000 .0358 .0064 .0063 0G4S 0.30000 .0007 .0632 .0637 .059G
0.40000 0711 .0719 .0723 0007 0.40000 .0642 .0761 .0050 .00‘29
0.50000 .0764 .0774 .0770 .0740 0.50000 .0078 .0683 .0690 ,0GG0
0.70000 .0870 .0883 .0591 0848 0.70000 .0749 .0765 .0774 .0724
0.90000 .0075 .0002 .1003 .0MM3 0.90000 ,0820 .0840 .0862 .0789
I'OWERS FOR VIOLATIONS OF NORMALITY ASSUMPTIONS
2 =10,2;=10

n =3 nye= 33 n=h ne 33
a, U@y wey  vey Lo e O W2 V) L(2)
0.00000 ,0300 .0500 .0500 .0500 0.00000 .0300 .0500 .0500 .0500
0.00010 .0500 .0500 .0300 .0300 0.00010 .0500 0300 .0500 .0500
0.00300 .0503 .0503 .0303 0503 0.00500 .0502 .0602 .0502 .0G02
0.01000 .0507 .0307 .0507 .0300 0.01000 .0305 .0505 .0505 .0504
0.10000 ,0506 .0507 .0G07 0562 0.10000 0547 .0548 .0548 ,0543
0.20000 .0033 00634 .003% .062¢ 0.20000 0594 .0595 05398 .0385
0.30000 .0690 .0700 .0701 .06S6 0.30000 .0041 .0643 .0044 .0028
0.40000 .07653 .0767 .0708 .074D 0.40000 .0088 .0G01 .0802 .0670
0.50000 .0832 .0834 0835 0811 0.50000 .0735 .0738 .0740 .07I3
0.70000 .0004 .0907 .0060 0035 0.70000 .0830 .0833 .0835 0708
0.00000 .1097 .1101 .3102 1060 0.00000 .0927 ,0920 .0331 .0884
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TOWERR FOR VIOLATIONS OF NORMALITY ASSUMPTIONS
M = 10,2;=10

n =3 ny = 83 ny =6 ny = 83
a Uy W@ Ve LR a Y2y w2 vy L)
0.00000 .0500 .0500 .0500 .0600 0.00000 0500 .0500 .0500 .0500
0.00010 .0500 .0300 0500 .0500 0.00010 0600 .0500 .0300 0500
0.00500 .0304 .0504 .0304 0303 0.00500 .0303 .0503 .0G03  .0702
0.01000 .0307 .0507 .0307 0307 0.01000 .0505 .0505 .0505 0505
0.10000 .0572 .0572 .0573  .0508 0.10000 0553 0553 0553 0548
0.20000 0645 0643 .0045  .0637 0.70000 .0605 .0606 .0606 ,0396
0.30000 .0717 .0718 0718 .0705 0.30000 .0658 .0058 .0658 .0644
0.40000 .0790 .0790 0790 0773 0.40000 .0711 .0711 .07T11  .0G93
0.50000 .0S62 0863 .0302 .0842 0.50000 .0763 .0764 .0704  .0741
0.70000 .1007 .1003 .1008 .0078 0.70000 .0869 .0869 .0870 .0837
0.90000 .1132  .1153 .1153 .1115 0.00000 .0974 .0075 .0875 .0934
POWERS FOR VIOLATIONS OF NORMALITY ASSUMPTIONS
N =102 =10
ny=7 ny= 83 n =13 ny = 83
o Uy W) v L) a uey  wey v L(2)
0.00000 .0500 .0500 .0500 0500 0.00000 .0500 0500 ,0500 0500
0.00010 0300 .0300 .0300 0500 0.00010 .0500 .0500 .0500 .0500
0.00500 0502 .0502 .0502 .0502 0.00500 .0501 .0501 .0301 .0301
0.01000 .0504 .0504 .0504 0504 0.01000 .0503 .0303 .0503 .0502
0.10000 .0643 .0543 .0543 .0538 0.10000 .0620 .0520 .0529  .05°S
0.20000 .0585 0586 .0586 .0677 0.20000 .0558 .0558 .0658 0550
0.30000 .0628 .0623 .0020 .0G16 0.30000 .0586 .0587 .0587 .0536
0.40000 .0671 .0671 .0071  .0053 0.40000 .0615 .0616 .0GI6  .0G0O
0.60000 .0713 0714 .0714 0601 0.50000 .0044 .0645 .0045 .0G25
0.70000 .0709 .0800 .0800 .0768 0.70000 .0702  .0703 .0703 0670
0.90000 .0884 .0886 .0886  .0844 0.00000 .0750 .0761 0761  .0724
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YIOLATIONS OF GENERAL TYPE

M= 0,0 = 20

or
<

n =3 ny = §3 LR ny = 83
a U wWE Ve L) a, vy W) ve) Le)
0.00000 .2024 .2018 2026 0.00000 2547 2511 2560
0.00010 2024  .2018 ,2025 0.00010 2647 .2511 L2560
0.00500 ,2033 2026 .2033 0,00500 2364 .2518 2572
0.01000 .2041 .203¢ L2041 0.01000 ,2561 2525 .2559
0.10000 .2190 2184 .2180 0.10000 2086 .2650 L2601
0.20000 .2356  .2300 ,2335 0.20000 .2825 2700 2810
0.30000 ,2522 2517 .2189 0.30000 .2003 .2p29 L2041
0.40000 .2683  .2633 0044 0.40000 3102 3068 3060
0.50000 .2854 .2350 .2799 0.50000 3241  .3208 .3to1
0.70000 .3185 3182 .3108 0.70000 .3518 3480 34l
0.80000 .3517 3515 3417 0.90000 ,3795 3765 .3691
VIOLATIONS OF GENERAL TYPE
Ay = 125 Ay = 1.25

n=3 n =33 =38 n=233
a Uy WE W2 L) a U2 WE Ve L(2)
0.00000 .1103 .1100 .1110 .1059 0.00000 .1263 .1274  .1277 .1173
0.00001 .1105 .1109 .1I110 .1039 0.00001 .1263 .12T4 .1277 .17
0.00300 .1111 .1116 .1116 .1064 0.00500 .1268 1278 .1282 .1177
0.01000 1117 .21 .1122 1070 0.01000 .1272 .1283 .1286 .1181
0.05000 .1163 .1168 .1169 1112 0.05000 .1309 .1320 .1323 .1213
0.10000 .1221 .1220 .1227 .1165 0.10000 .1356 .1366 .1370  .1254
0.20000 .1337 1343 .1344 1271 0.20000 .1446 1451 .1463 .1332
0.30000 /1453 1450 .1461 1378 0.30000 .1538 .1662 .1556 .1412
0.40000 .1569 .1576 .1578 1484 0.40000 .1629 1644 .1040 1401
0.60000 .1685 .1003 .1005 .1580 0.50000 .1721 1737 .1T42  .1571
0.70000 .1017 .1920 .1920 .1803 0.70000 .1004 .1022 .19238 .1730
0.00000 .2140 .2160 .2102 .205 0.00000 .2087 2108 .2014 .1889
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