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MEASURES OF RECIPROCITY IN A SOCIAL NETWORK

By A. RAMACHANDRA RAO and SURAJ BANDYOPADHYAY
Indian Statistical’ Institute

SUMMARY. Various of rociprocity in a social k aro dorived using graph—
theorotic mothods and doterministio models which can bo used for Js di populati
Tho limitati of tho bused upon d inistic modols and tho inappropriatoness of
the usual probabilistio aro di A with ill ion from ompiri iological survoy
data.

1. INTRODUCTION

By a social network wo mean the nctwork of a sociological relation.
Some aspects of social networks including models for social behaviour have
been studied by several authors. To name a few, structural balance by
Heider and Cartwright and Harary, clustering and hicrarchy by Davis and
Leinhardt, transitivity by Holland and Leinhardt, structural equivalence
by Burt (1978) and Sailer (1978), cliques and connectivity by various people
including Festinger, Forsyth and Katz and Luce, centrality by Bavelas and
Frceman (1978), social power by Bartos and French, and strength of ties by
Granovetter. Random graphs and inference from them have been studicd by
various authors including Frank and Capobianco. The references not expli-
citely given may bo found in the books by Leinhardt (1977) and Holland and
Leinhardt (1979).

However, there aro other aspects of social networks which need to be
examined in dotail, specially in the context of empirical work. Ve propose
to consider ono such, namely, reciprocity in a social network. Reciprocity
can be considered to be ono indicator of balance or stability in sociel structure,
It does not, however, imply cohesion in the sense of connectivity. Vhile
eider's concept of balanco deals with consistency of the attitudes in each
triad in o signed network, reciprocity deals with tho inter-dependenco between
the members of cach pair in & social network.,

In this paper, we study various measures of reciprocity in a social net-
work, both existing and new, obtained by standardizing the number of
reciprocal pairs in different ways. YWe compare them to bring out their
merits and demerits so that we can make an appropriate choice. This
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problem arises in studies such as the incidence of mutual help and cooperation
among the members of a population like a village, a community, or a social
group. Wo mention that we are only considering how to mensure rcciprocity
but are not proposing an overall model of social behaviour.

The problem of constructing a measure of reciprocity scems to have been
considered first by Katz and Powell (1936). Thoy proposcd a measure and
gave an application but their measure has a limitation which we shall disecuss
below and the application was too simple. Others liko Karve and Danle
(1963) collected interesting information on out-degrees and in-degrees in
villago social networks but did not attempt any detailed analysis. More
recently, Holland and Leinhardt (1981) proposed an exponential family of
distributions for a social network and gave a procedure to cstimate one of
their parameters, p, giving a measuro of reciprocity. An earlicr measure of
Davis (1977) is a special case of this. DBut thero scem to bo some difficultics
with these measurcs also which wo shall discuss later.

Mathematically, we can take a social network to be a finite simple
digraph. In an application such as referred to above, tho verticesof tho network
may be the members of a population and an arc drawn from a vertex z to a
vertex y if z takes help and cooperation from y. Wo shall sometimes uso
terminology suggested by this example though most of our discussion is
applicable to the nctwork of any sociological choice relation, indced to the
nctwork of almost any irreflexive binary relation. Thus, we shall sometimes
refer to vertices as houscholds, arcs as tics, etc.

Reciprocity in a social network is indicated by.the number &, of reciprocal
pairs or symmelric lies, that is, unordered pairs of distinet vertices z and y
such that both zy and yx are arcs of tho network. However, g, cannot itsell
bo used as o measuro of reciprocity sinco it has to be standardized in order
to make tho values of tho measuro for different networks comparable. Weo
consider the measurcs obtained by standardizing s, in different ways. The
standardization is dono by comparing tho observed valuo of s, with other
possiblo values in the given context. We thus have to assumo something
about tho other possible networks, possibly even how the observed network
arose. o shall first describo the various measures and then indicate the
performanco of each according to various criteria. The proofs will bo given
later on.

The methods of standardizing s, can be broadly divided into two cate-
gorics : deterministic and probabilistic.
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In the former type, we only specify which networks are possible but we
do not specify how one of theso is chosen. Then tho most natural way of
standardizing 8, sccms to bo to find the minimum possible number of symme-
tric tics 8,40, the maximum possiblo number of symmetric ties 84, and tako
the measure of reciprocity to be

8 =100x —2o"fam e (1)
Smax—8min
whero we uso the multiplicative factor 100 to express tho measure as & per-
centage.  Values of this measure near 0 correspond to low reciprocity and
values near 100 correspond to high reciprocity.

In tho latter type, wo specify not only the possible nctworks but also the
probability of occurrenco of each of them. Usually a mechanism by which
a network is chosen is spccified. Then s, becomes o random variable and
the best measure of reciprocity seems to be

8° = 100.P(s, < observed value) we (2)

whero tho probability is obtained from the distribution of g, under the model.
The interpretation of s* is obvious. But usually the exact distribution of
& is difficult to determine. So one may have to use approximations. An
alternative i3 to standardize g, in the usual statistical sense and consider

oo _ So—H
= . (3)

as the measuro of reciprocity where 2 and o are the mean and standard devia-
tion of 8,. Weo belicve that the interpretation of s*° should still be through
tho distribution of s, (that is through &) but Chebychev’s incquality gives
us some idea even though the distribution is not known. A different way of
standardizing 8, will be used in the probabilistic models due to Katz and
Poreell (1956) and Ilolland and Leinhardt (1081).

We now briefly indicate the contents of the various sections. In Section 2,
we givo the deterministic measures and in Section 3 the existing probabilistic
measures, In Section 4 we give a new probabilistic approach and the measure
based on it by introducing the concept of a “potential set” (for each vertex)
from within which it makes its choices instead of from the entire network.
In Section 5 we discuss tho various mensures (existing and now) and compare
them according to various criteria to Lring out their merits and demerits.
Subsection 5.1 deals with the deterministic ¢s ‘while subsection 5.2
deals with the probabilistic measures. In Section 6 we mention somo in-
equalitics betweon tho various measures . under some conditions which are
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likely to bo satisfied in empirical situations. In Section 7 we examine tho
applicability of each of tho measurcs in empirical situations. For this purposoe
we consider the social networks of 21 villages in o central region of \West
Bongal and deeide on the best measuro in this context. We find that a
determinstic measuro (#,) performs better than all the other measures. In
Scetion 8 we show tho relevanco of the measuro s, for sociological analysis.
In Scction 9 wo present our conclusions.

The reader interested mainly in the sociologieal aspects may go directly
to Section 8 after reading tho introduction and taking a quick Jook at the
measure 4, (cquation (13)) and tho first three paragraphs of Section 7.

\Wo now give tho various methods of standardizing 8, and the mecasures
based on them. The first four are deterministic and the remaining pro-
babilistie.

2. DETERMINISTIO MEASURES

Measure 1 : Here wo take the number of vertices N to be given. We
donoto the minimum and maximum possible values of 5, by &} and s},
whero the superseript 1 refers to measure I. It is easy to sco that in the

absence of any other information

Ny  N(N-=-1)
s, =0 and a‘,‘,},:(2) =(T. e ()
Hence the mensure of reciprocity, which we now denoto by s, is
_ &% 2005,
8 =100 Ji-= oy ny v (8)

MMeasure 11 : Tere weo take thoe number of vertices N and the total
number of tics m as given. It can bo scen that

N m
) — () | T2
8t = max (O,m (2)) and &), [ 2]. .. (6)
where (] denotes the largest integer not execeding the real number . The
measure s, is obtained by substituting s} and s2), in (1) and is given by

_ 8 _ 2003,
4, = 100 AN Tm—

when m < (1;') e (T

whero ¢ is 0 or 1 according ns m is even or odd.

Measure IIL: This takos tho out-dogroo d; of the i-th vortox as givon
for all i =1,2,...,,N. Wo noto that dy is tho numbor of choicos made by
tho i-th vertox and it indicatos its “expansivoness”. Tho total numbor of
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tios m oquals Tdy and may bo thought of as the expansiveness of the popula-
tion as o wholo. Tho values of 8f% and s{, wore doterminod by Achuthan,
Rao and Rao (1984). To givo those lot us first arrange the d’a in non-incroasing
ordor 8o that

dy>dy> ... > dy. e (8)
For any ¢ with 1 <4 N, lot
: ]
=3 di—uN—n—( . )- (9
Then
afhh = max f(1) ... (10)

whoro the maximum on the right is takon over { = 0, £ = N and all ¢ such
that 1 <t K N—1,d; > N—tand di,;, < N—t. Hore wo adopt the conven-

tionf(0) =0. Ifd, < N; l, then af, = 0. To givo &), lot

gt) = éd(-l(f—l)— £’ min(¢, dy) - (11)
(=1 fat+1
for any ¢ with 1 ¢ N. Then
88 = [l % dj—max g(l)] e (12)
2 (a1

whore tho maximum of g(!) is taken over ¢ =0 and all ¢ such that
1L N=1, di>dy,. Again wo usc tho convention g(0)=0. If
d, € 2y/i—2 where n is tho numbor of non-zero d’s then 83 = [(£d()/2).
Now tlho moasure &, is obtained by substituting &) and 8% from (10) and
(12) in (1). Clearly
200s,

-~
E di—¢

tmt

4, _
8 = ;nﬁ"l— = = 8, whon d,  2¢/i—2 .. (13)

whero ¢ is 0 or 1 according as Id; is oven or odd.

Measure IV : Tho fourth mothod of standardizing s, takes the out-
dogreo dy and tho in-dogreo e of tho i-th vertox as givon forall$ = 1,2, ..., N,
Incidontally, wo note that while d; indicates tho oxpansivoness of the i-th
vortex, e; indicatos its popularity. Clearly dy is the numbor of choicos mado
by the i-th vertex and ¢ is tho number of choices receivod by it. Tho sugges-
tion that 8, may bo standardized with respoct to both d's and e's appears to
have boen made first by Katz, Tagiuri and Wilson (1958). Now, the dotor-
mination of tho oxact values of 852 and s}, scom to bo quito difficult in the
gonoral easo, Howeover, Rao (1984) obtainod somo fairly good bounds: a
lower bound for &&) and an upper bound for s&,. Evon though tho valuos
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of thoso bounds are thomsolvos diflicult to calculato, Rao has also given somo
conditions undor which thoy can bo calculatod vory oasily. 1o also gavo an
uppor bound for &%, using which sf) can bo dotormined in somo casos,
1laving a lower bound for sk and an uppor bound for 2{!,, wo can slso try to
show that thoy aro attainod by actual construction. Wo now givo thoso
bounds. Let V ={1,2,...,, N} whoro wo now assumo that di+e > 0 for
§=1,2 .., N (thoso i’s for which d¢=¢; =0 can bo dropped). For any
asubset A of V, lob

f(4y=2 q—min{ = min{|A], &), = min(lAI,d,)}_(I‘;l ).
€4 i€ i@a

(19)
gd) = max{ = e— S min(j4| =1, dy,
€A €A
= d— = min( A -1, e}, e (15)
iga 77
hd) = mox{ = mox(e—di—|41,0), T moxidi—e— |41, 0)}
€4 €A (18)
end  NA) = min{ % min(| 4|, ), T min(|41, e)} . (17)
€A A

whore A = V—A and | 4] donotos the numbor of olements in 4. Also lot
f(4) donote f(A) with d's and e's intorchanged. Then

4% > max{max(f(4), f(A4), 0)
+max( f(A), f(A), O+ max(g(A)+g(D)—|4]. | ), 00 ... (18

Some sufficient conditions for equality to hold in (18)can also bo found in
Rao (1084). They essentially say that the largest dy is small compared to N,
tho largest eg is not too closo to N and the sum of tho largest fow ef's is not
too closo to m. Regarding 818, wo have

a0 < [% (m—m:x(lz(A)+ln(1T)+mn.x(g(/1)—I(A), 0)+max(g(d)y--1(A), 0)})]
(19)

whore m = Zdy = Zrp. It ean bo shown that

R.ILS. of (19) [%(m— ‘g max(e;—dy, 0))]

N
= [% Z min(, en)- . (20)
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Thus tho last oxpression in (20) is & simplo uppor bound for s8,. Somo suffi-
cient conditions for oquality to hold in the inoquality sign in (20) can bo found
in Rao (1984). They ossoentinlly moan that tho maximuwm of tho differoncos
e(—dy is not too large, the minimum of tho difforoncos eg—d; is nod too small
and tho difforoncos are somewhat continuous botwoon tho minimum and the
maximum. Tho moasuro s, is obtained by substituting tho valuos of s}, and
88, in (1). Cloarly

2008,

= T min(dg, &)
providod d's and ¢’s satisfy somo conditions indicated abovo. e montion
ono intorosting fact horo. Somotimos not all intogor valucs botwoon sl and
844, aro possiblo for 8. But this situation occurs vory rarely.

. L7
842100 b (21)

3. EXISTING PROBABILISTIO MEASURES

MMeasure V : This is probabilistic and takes N as givon. It stipulates
that all tho 2¥YW-1) possiblo notworks on N vertices aro oqually likely. This

can also bo doscribed thus : P(s choosos j) = % whonevor i # j, and distinct
pairs aro indepondont. Now it is casy to sco that s, has tho binomial dis-
tribution B ( (‘X ), —; ) Tho moan and standard doviation, which we donoto

by py) and oy, rospoctively, aro givon by
N(N—1 ANIN—
gy = %md au,=~/3_“'(1;’2_‘). . (22)

The moasuro s3°* is obtained by substituting u(,, and oy, in (3). It is casy
to show that

TN 2.45

o o 3278, N . (23)

whon N is largo (N > 15, say).
Measure VI: This takes N, m as givon. It stipulates that all tho
(N(I:,n-l)) possible notworks on N vorticos with m arcs are oqually likoly.

This amounts to saying that tho m arcs aro choson at random and without
roplacomont from thoe N(N—1) possible arcs. Now the exact distribution
of 4, is not known but its moan and standerd deviation are

~1 —2)(m—3
oy = % and g = \} /L(,,( l—;z(,,+(m—2u}——-(_m3))) e (24)
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where M = N(N—1). Tho moasure 8;° is obtained by substituting g and
O in (3). It can bo shown that

1 (m—0~5 1 (25)

Py = > N—O-.’;) and o',y == m—o-s)(l m—1-5J

1
vz (N—o-s T2

whon N is not too small (N > 10, say). If, furthor, m/A! is small (m/d < 0],
say) then ofy) == gy and
oo - /2 8 1 m
5= ‘/T°N -Vi ¥ . (26)
Measure V1L: This takes tho out-dogroos d,, dy, ...,dy as given. It
(N

N
stipulates that all tho II ) possiblo networks with tho given out-de-
=1

groos aro oqually likoly. This is oquivalont to saying that tho i-th vertox
makes its d; choicos at random and without roplacomont from oll tha vortices
oxcluding itsolf (§ = 1, 2, ..., N) and that difforont vorticos make their choicos
indopondontly. Tho formulao for the moan and standard doviation of &, wore
obtained by Katz and Wilson (1956). To give thoso, lot us write

y k
h=2Xd; fork=12 ...
=1

Then

HFay = 2(N Iy (G—ta), . (27)
1
o = oty —z) (B~ 2t 2=+ 306 —2t)

"(N 1) (-l;fz—4ll’,+3t‘) o (28)
Tho moasure 83° is obtainod by substituting uyy and o, in (3). It can bo
shown that whon the d's do not diffor much,

-2 -

. Nd . d 2 3
Fo = gy—yy *nd ol = I (1—' =1 ) v (29

- P4 -
whore d donotes tho averago Xl, X dq. Since m = Nd, it can bo soon from
=1

(25) and (29) that whon N is not small and d’s do not diffor much, tho valuo
of &§® is closo to that of &3,
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Measure VIIL: This takos tho out-dogrco di and tho in-dogroo ¢ of tho
i-th vortox as givon for i =1,2,...,, N. It stipulatos that all tho possiblo
notworks with the givon out-dogreos and in-dogroos aro oqually likely. Iow-
ovor, this timo ovon tho oxpoctod valuo of s, is not known. Also thero doos
not scom to Lo any oasy way of gonorating a random network undor this
modol. Thus ono could think of tho moasuro 4* basod on this mothod bub
thero is no (simplo) way of calculating it.

Measure IX :  Tho ninth mothod we consider, which is duo to Katz and
Powell (195G), is nlso probabilistio and takos tho out-dogroos d,, d,, ..., dy a8
givon., It stipulates that thoro exists a paramotor 7 lying botwoon —1 and
1 such that

B s

E(s]|7) = (R’—l)’ (I—T)‘f‘TT- . (30)
If r is 0, the above exprossion coincides with g, givon in (27). Whon all
{('s are oqual to d (say), (30) can bo dorivod from tho assumption :
d N—1-d )

P (i choosos j and j choosos §) = N_jl ( N—T +7 =) -

(31)
Thus, basically, tho mothod assumos that tho ¢-th vortox makes its choicos
at random and without roplacomoent from all tho vorticos oxcluding itsolf.
But it docs not mako tho assumption that choicos of difforont verticos aro
indopondont. In an asymptotic sonso to bo oxplained bolow, 7 may bo
rogardod a8 an indicator of reciprocity or anti-rociprocity, tho formor corros-
ponding to positive valuos of 7 and tho lattor corresponding to nogativo values
of 7. In fact, 7 is the coofficient of corrolation botwoon Xy and Xy whoro
Xy is defined to bo 1 if 4 clioosos j and O othorwise.

By solving g, = E(sy|7), we obtain tho following mousuro of rociprocity
which is an unbiasod ostimator of 1007 :
AN —1)25,— 13+,

82 = 100Xy,

(32)

whore ¢, and /, aro as dofined in Moasure VII. If di’s do not diffor much thon
-2
- 100 AN—1)s,—Nd

G=1 = & (33)
NN —-1-3)

- R
1f d is small compared to N—1 and d is simall comparod to 2s, thon §, == .
This justified the statomont mado oarlier rogarding interpretation of 7. Wo
mention that thd modol Lohind 3, is incomploto in tho sonso that it spocifios
A2-2
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only tho oxpoctod valuo of 8, and not its distribution, not ovon its varianco,
Wo rceall that tho model behind the moasuro &, does not mako any asgump-
tion about tho distribution of g, whoeroas tho modol behind s3° specifies the
distribution of s, complotoly. In this respoct, &, is mid-way botwoon &, and
o
29

Measure X 1 Strictly spoaking, thoro aro four variants of this meusuro
which is basod on n probabilistic model introduced by Hotland and Leinhardt
(1981). Thoy proposo thut tho probability of observing any particular not-
work is

N ~
Consb. oxp {pso+0m-|- 121 adi+ '21 ﬂlel} e (39)

whero p, 0, a;'s and fy’s aro roal valued paramoters and Tay = % = 0, Ono
of the important assumptions behind this distribution is that (X, X;) and
(Xr1, Xix) ero indopondont for distinet pairs £ <j and k <1 whero Xy is
dofinod to bo 1 or 0 according as & choosos j or not. It also assumos that

e =

- P(_‘\'u =0|Xy=1)

P(Xy=1{Xp=1) / P(Xy=1|Xy =0) @3)

P(Xy=0]Xp =0)

is indopondent of 1, j. TFor the othcr assumptions and tho derivation of the
distribution, soo the above roferrod papor. Equation (35) shows that p is
o log-odds ratio and is an indicator of reciprocity. Ono can tako tho maximum
likolihood cstimator 3, of p based on tho observed network as a moasuro of
rociprocity. Though horo s, m, di's and e/s aro all taken to Lo random
variablos (¥ is assumed given), still 4, climinates tho offoct of expansivenoss
which is indicatod by tho parametor 0, tho offect of tho differonces in out-
degroos which is indicatod by the «'s and tho effect of tho difforoncos in in-
dogroes which is indicatod by tho A/s. Thus 5, is a probabilistic measuro
corrosponding to tho dotorministic measure s,. An itorativo scaling algorithm
for dotormining 3, is givon in tho abovo montioned papor.

Ono can got probabilistic moasuros corresponding to sy, s, and sy by
making suitablo assumptions on the paramotors in-(34). If wo assumo that
0 = 0 and, moroover, a; = fy = 0 for all 4, wo got tho moasuro

P
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corresponding to 8,. Noto that 3, is a monotono function of 8. Taking only
ai = fii = 0 for all §, wo got the moasuro

o (L))

(n—28,)2

corresponding to s, A monotono function of this moasure was suggestod
oarlior by Davis (1977). Tho moasuro J, is obtainod by cstimating p whilo
assuming f; =0 for all i. Ilowever thoro aro no oxplicit oxpressions for
Py and p; which havo to bo computoed by itorativo mothods. A, is a function
of 85, N, m and dy's whilo 4, is a function of thoso and e/'s.

4. A NEW PROBABILISTIO MEASURE

All the probabilistic approaches considored in Soction 3 make (or imply)
the assumption that choicos aro mado at random from tho ontire population,
Some of thom furthor mako an assumption of indopondonce and some do not.

We now proposo an siternato approach in which we do not make the
assumption of random choices from tho entfire population (though wo maintain
tho assumption of independence). This approach takes dy, d,, ..., dy a3 givon
and makos tho following two basic assumptions :

(i) For cach 1, thoro is & non-ompty sct Py of vorticos (excluding § itself)
from which i makes its d; choicos at random and without replacomont. Wo
may think of Py as tho sct of potontial choices for 5.

(ii) Difforont vorticos make thoir choices indopondontly of oach othor,

Now s, can bo standardisod as in (3) to obtain the new measuro which
wo will donoto by ;. o note that tho modol bohind &3° is a spocial caso
of tho prosont modol obtained by taking Py = (1,2, ..., N}—{i} for all i.
To givo tho formulao for tho mean and varinnco of s, under this approach,
wo neod somo notation. Lob

d
ng= P ond 5= 17"(< 1). o (36)
Also Yet;
Sy = rn oand Ty= I o . (37)
tePy el
ond and
jely jely
Then

1 N
FE(sy) = 0] ’§l 7,8 .. (38)



152 A. RAMACHANDRA RAO AND SURAJ BANDYOPADNYAY

N —_
Ser—r Mmooy

1 N
d ==X —_
an V(s0) T 5 48y 7 = E

Now &, can bo calculated from (3) by using (38) and (39).

Though tho moasuro 3, roquires the exact spocification of Py for oach i,
yet we can calculato E(sy) and V(s,) oasily whon someo conditions are satisfied.

Assuming ry=r for oll j=1,..., N, (38) and (39) reduco to
1 &
E(s) = 3 r2 ( 13‘1 my ) e (40)

_or(1—rh 4 N N mgmg—1)
Vis) = —5— ( 1%1 ml)—"(l—r) ;‘_Jl =1y - (4
whoro my donotes tho numbor of i’s such that ¢ e I’y and j € Py

If wo furthor assumo that

my—1
w1 =°
for all j =1, ..., N, thon tho abovo oquations simplify to
201 —
Els) = %m0 e (42)
2 2
and V(so) = F(s,){1 —r*—2r(1—r)s}. e (43)
If 8 = 1, (42) and (43) simplify to
E(s)) = .ﬂzf. and V(s,) =._";’ 1=r) e (49)

5. DISCUSSION OF THE MEASURES

Having doscribed the various moasures of reciprocity, wo now give a
summary of some of their properties in Tablo 1.

Rango gives the possiblo valuos of tho measure. It is continuous subject
to tho condition that s, is an intoger, oxcopt in tho caso of s, and s*. Tho
noutrality point for o moasuro may be thought of as tho valuo corrosponding
to ‘“no tondoncy towards oithor rociprocation or anti-reciprocation”. How-
ovor sinco thero is no specific noutrality point for tho dotorministic measures
whilo it is 0 for all the probabilistic moasures considered, wo do not includo
it in tho tablo. Sensitivity refors to tho chango in tho moasuro por unit
chango in . This is invorsoly rolatod to tho stability of the measuro. Wo
aro not considering sonsitivity to changes in the paramotors sinco difforont
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TABLE 1. PROPERTIES OF THE VARIOUS MEASURES OF RECTPROCITY
1.1 Doterministio measuros
measuro epocifications rango
(V) 2) (3)
. Nil Oto
” N 0 to 100
. Nom 0to 100
I N,m,dy, .., dy 0 to 100
'R N,m,dy, ...dyond ¢, ..y en 0to 100
(may not bo continuous)
1.2 Trobabilistio measures
"t N givon, P (i chooses j) = §, Depends on N (con vary from —o
Distinct pairs indopondent to @, not symmotric about 0)
5 N, m given, m arcs choson at Depends on N, m (can vary from
random from N{N —1) possillo pairs —o to m, not symmetrio about 0)
5* dy, .., dy given, Depends on d's (con vary from—co
P(i chooses j) = Vll" to 09, not symmotric about 0)
N=
Different vortices chooso
indepondontly
”* dy, .., dy and ¢y, .., ex given, all Depends on d'2 and ¢'s (can vary from
posnibio digraphs equally likely —0 to o0, not aymmotric about 0)
y dy, .., dy given, Deponda on d's (can vary from—100
P(5 choomes j) = NL‘I' conxiant to 100, not symnmotrio about 0)
eorrclation between Xy aml Xy
A N given, oxp (pag) ( — o, e0)
fs N given, oxp (ptg+Om) (= o0 )
£ N givon, oxp (peg+0m+ Eagdy) ( — e, )
By N given, oxp(po+0m + Tapli+ = fieg) { — . )
- di's and Py's given,
K

€ makes d; choicoa fram Py, difforont
vortices chooso indopondontly

Dopond» on dg and Pis, (can
vary from —w to co)
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TABLE 1 (Contd.)

measure  intorprotation sonsitivity offoot of adding isolatod vorticos
[¢)] ) ) ©)
Dotorministio
”n Direct Not applicable Nil
'S Dircot Vory low Docroasoa
N Diroct Low Cannot decreass
(remnins eame whon m <(¥ ))
2 Direct Moderato Cannot decreass
(remnins samo when dmex < N_;l)
2 Diroct High Nil
Probabilistic
l“. Through cdf Vory low Docroasos
.o . [N
a5 Through cdf Low Increascs oxcopt whon 8, = 2 )
. . N
’ Theough edf Modorate Increascs oxcopt when s, = ( 2 )
DA Through edf High Nil
=, 100 times an intra- Moderato Increasea
clasa corrolation
coofflcient
A Log-odds ratio Low Docreases
», Log-odds ratio Low unleas Increnses
8 =0 Lid
o = 0 of -,
Fa Log-odda ratio ? Doos not change
T Log-odds ratio ? Docs not chango
o Through cdf 1] Doos not chango
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TABLE 1. (Contd.)

amcnablo to naturo of
measure pooling when culculation rownarks
8D} (Y} (8) (0)
Doterministio
o No symmetrio tics Counting Raw meazure
betweon populations
a Nover Simplo Combined of P Y
and expanaivencss
Ny " -
” m< ( 2 ) in oach Simple Eliminates tho offect of global
oxpansivoness
population and no tica
botween them
'S dmax < 2 /M—21in Somewhat compli- Eliminotes the effcct of individual
cach population end cated (easy whon oxpanaivences
no ties botween thom  dmax < 2./n—2)
A d's small and &'z not Coropli d (approx. Elimi tho effect of individusl
too concentrated in knowm when d's and  oxponsivences and popularity
cach population, no o's aro small)
tios betwoon them
Probabilistio
o° Novor Simple Sorno as for s,
5 Never Somowhat sinplo Samo as for 2,
5° Novor Complicated (approx. Souno es for #,
known when d's do
not differ much)
D Nover No mothod is Sowno 88 for g,
known
:a Novor Somowhat sinple Samo aa for 4
A Nevor Simple Eliminstoa the offoct of mizo
b Nover Simplo Elimicatos the offocts of size and
global oxpanaivonocss
fa Nover Compli i Elimi tho offect of individual
(iterative) expansivencss
a
Pe Naver Complit d Llimi, tho offect of individual
(itorative) oxpansivonesa and popularity
% Always Complicated (oany Elini tho offoct of individual

whon dg a nq and

my—1ang—1)

oxpunsivenoss and
individus) choicos

tho scopo of
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measuros aro basod on differont gots of paramoters and 8o cannot bo compared.
By saying that a moasure is amonablo to pooling we rofor to tho following :
Supposo wo considor the disjoint union of somo populations and wo want to
got the valuo of tho measure for tho union. Assumeo that ties occur only
within tho populations considored though, a priori, thoy could also occur
botwoon thom. If tho measuro is a ratio, thon undor somo mild conditions,
tho valuo of tho moasure for tho union may bo obtainable simply as tho ratio
of tho sum of tho numerators and tho sum of the donominators for tho popula.
tions. This implios that tho valuo for tho union is a woightod average of thoe
valuos for tho populations. Wo rofer to this situation by saying that tho
measure js amonablo to pooling.

We will now justify some of the statomonts mado rogarding tho entries
in Table 1. We will discuss tho measures ono by ono.

6.1 Discussion of the delerministic measures. Tho measuro s, corrects
8, for the sizo of the population. Howovor it assumes that s, can actually

go up to ( 12\:’) and thoroforo will bo good when the number of ties is of the

ordor of %( ‘:) . One may think of 8; as an estimato of tho probability that

a pair choson at random is connocted by a reciprocal tio. Tho measuro s,

usually has very low sonsitivity sinco ( 12\7) is usually largo. Cloarly s, is
R Ny+N,\ . N N,
not amonablo to pooling sinco ( ! 9 2) is largor than ( 2’) +( 2') .

The moasuro 8, corrects s, for both the size of tho population and tho
total number of ties. Thus it oliminatos tho effect of tho oxpansivonoss of
tho population as a wholo. It moasures rociprocity among the observed lics.
Cloarly s; has low sonsitivity unless m is vory closo to O or vory closo to
N(N—1). If somo isolatod vortices aro addod, m and so s{2); do not change
and &), romains tho same or decroasos, so s, eithor remains the samo or
incroases. It is onsy to sco that 4, is amonable to pooling across populations

provided m < ( ;V) in each of thom and thore are no tics botween any two

of thom. It may be noted howovor that s{2), for a group of k populations
can diffor from tho sum of tho component s ’s by k/2 sinco, for tho group,
tho intogor part should bo takon after adding tho m’s. But the cffoct of this
is usually negligiblo. It is perhaps worth noting also that tho pooled valuo
of 5, is in fact tho weighted averago of tho valuos of &, for the populutions, the
weights boing tho corresponding 8m,,’s, that is, tho m’s.
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Tho moasuro 4, corrocta 8 for tho out-degrees of tho various vorticos.
Thus 8y oliminates tho offoct of the individual oxpansivonoss on s. Tho
measurs 35 will bo appropriate if tho dy’s can Lo considerod to bo characteristics
of the rospoctive vortices (or if dy's aro spocified othorwiso like whon ono is
askod to name the throe bost friends). \Whether or not di’s are characteristics
of tho verticos can porhaps bo studiod by obsorving thom over a period of
timo. Also for sy to bo applicadblo, a tie 2y must bo tho result of z choosing
to go to y (that is, z taking tho initiative). Tho measuro s, is slightly moro
sensitive than g, in general but tho sonsitivity is low if the @’s aro small com-
pared to tho number ¢f non-zoro d's and Zdy is not closo to 0.  If some isolated
vorticos are added, s@, doos not change and a8}, cithor romains tho same or
docroasos, 8o 8y eithor romains tho same or ineroasos. Tho calculation of
43, and {3, and so of 4, may soom to bo somewhab complicated in genoral but
evon in using oquations (10) and (12), vory fow £’s have to bo considoerod when
d’s are small.  When d; < 24/2~2, wo havo tho simplo formula (13). Using
(10) and (12) it can also be shown that if any two dy’s differ by at most 1 then
83 = &2, and i), = &2, and 80 8, = 8,. This would bo truo ovon if @'s aro
Inrge. For oxamploe, if N = 6 and m = 20 the rango of g, is 5 through 10.
If now the d’s are given to be 4, 4, 3, 3, 3, 3 then also the rango is 5 through
10. But if the d'a are given to bo 6, 5, 5, 2, 2, 1 then the rango is 5 through 8.
If tho d’s are given to be 5, 5, 5, 5, 0, 0 then s, can take only tho value 6.

The moasure 8, corrocts &, for the out-degreo and in-dogreo of each
vortox. Thus it eliminates tho effoct of not only each individual’s oxpansivo-
noss but aleo the offoct of each individual’s popularity, on 8. The measuro
8, will bo appropriato when both the d¢ and ¢ can be considored to bo charac-
teristics of the i-th vortex. Tho logic bohind the measure s, assumes that
both z and y have an activo role with respect to each othor in the formation
of a tie 2 — y, z by choosing to go to y and y by choosing to roceive z.

The moesuro s, can bo highly sonsitive to small changos in s, since, whon
both in-degreos and out-dogroos are fixod, the rango of s, may bo quite small.
Also tho sonsitivity of &, can chango much more than that of s, if tho para-
motors aroe changed slightly (soo Appendix for examples). We incidontally
mention that out-doegroes and in-degroos cannot bo spocifiod arbitrarily.
Nocossary and sufficiont conditions for the existonco of a simplo diroctod
graph with apocified out-dogroos and in-dogroes can Lo found in Borge (1973),
Chon (1076) and Herary, Norman and Cartwright (1965).

Anothor interosting phonomonon can occur somotimos when both tho
out-dogroos and in-dogroos aro fixod, This is that not all intogor valuos botweon

a2-3



158 A RAMACHANDRA RAO AND SURAJ BANDYOPADIIYAY

sitn and 8% may bo attainod Ly s. Supposo for oxamplo that tho out-
degreo sequonco and the in-degroo soquonco of n group of six housoholds aro
both oqual to )

(2,222 1,1). e (45)

Then it can Lo scon that sll valuos from 0 to 5 aro possiblo for &, oxcopt 4,
Wo will only prove that 4 cannot bo attained. Sinco tho out-dogroo of onch
vortox oquals its in-dogreo it follows that tho number of unreciprocatod arcs
(ontoring or loaving) at cach vortox is oither 0 or at loast 2. It follows that
tho total numbor of unrociprocatod arcs is oithor 0 or at loast 3, honco s, can-
not tako tho valuo 4. IHowevor, tho occurronce of a phonomonon like this
may bo very raro evon in small populations.

It is obvious that tho moasuro s, is not affoctod by the addition of isolated
vortices. Also whon d's aro small, the in-dogrces are not concontratod at too
fow vortices and (e;—d;)’a aro somowhat continuous, thon s, is amonablo to
pooling as soon from (21).

Rogarding tho calculation of tho measuro s, as alroady mentioned, the
valuos of 8], and s}, are not known in gonoral but somo good bounds (namoly,
(18) and (19)) aro availablo. Howovor thoso bounds aro also vory dificult
to calculate. But whon tho d's and e's satisfy somo conditions, tho lower
bound for aid}, roducos to 0 and tho uppor bound for s\, simplifics to tho
right hand sido of (20). Then s, is approximatoly 200s,/(X min(dy, &)—e)
whoro € is 0 or 1 according as X min{dy, ¢) is ovon or odd. This will be the
oxact valuo of &, if

A=0 ond a8, =[3 % mind, e . (46)

Ono may vorify tho oqualitios in (46), when thoy aro true, by what .o call
tho method of interchanges. Vo now doscribe this mothod briofly.

A simple inlerchange in a digraph is tho following : lot , v, 7, y bo four
distinet vortices such that tho arcs #— v, z— y aro prosend and tho arcs
z— y and z — v are not prosont in tho digraph as shown in tho loft sido of
Figuro 1. (In this.figuro wo have usod brokon linos to donoto tho absonco
of an are.) Thon wo doloto tho first two arcs and introduco tho last two as
shown in the figuro. Cloarly this simplo intorchango docs not altor tho out-
dogreo and tho in-degreo of any vortox. Convorsoly it can Lo provod that
if Dy and D; aro two digruphs with tho samo sot of vorticos and if tho out-
dogroo (rosp. in-dogreo) of oach vortox in' D, is oqual to its out-dogreo (rosp.
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in-degree) in Dy, thon D; can bo obtained from D, by a soquenco of simple
intorchanges, seo Chon (1976, pp. 420),

v v

N , 7'/ I y

el —> A A

P AN | |

u X u x
Fig. 1.

Givon a lower bound & for sif; we can try to show that it is attainod ns
follows. Start with the obsorved social notwork and go on applying simplo
interchanges until wo roach a network with & symmotrio tios. \Wo usually
consider only thoso simple intorchanges which decreaso the numbor of
symmotric ties sinco thon thore cannot bo any cycling. Occasionally wo may
havo to use interchangos which do not docreaso the number of symmotric
tics. Somectimos, more gonoral typos of intorchanges or shortcuts may bo
usaful. For oxamplo, if thero are two disjoint sots of verticos ¥, and V,
with equal size such that overy pair of vortices within Vy is symmotrically
tiod up (i = 1, 2) and thero is no tio botwoon ¥, and V,, thon the arcs within
¥V, and tho arcs within ¥, can bo dropped and now unrociprocatod arcs usod
to eonnoct tho vorticos in V¥, ) Vy so that out-dogrees and in-dogrees are not
altered. In a similar way, if we have an uppor bound 0 for &{ wo can try
to show that it is attainod, by tho mothod of intorchanges. For this wo havo
found tho following shortcut vory usoful : find six vertices u, v, w, z, y, z
such that u— v, v w, 2>y, y—2z are ares and > w, W=y, Vo u,
Ty, y—> 2, vy, y—> varonot ares. Thon dolote tho arcs u —» v, v— w,
z— y and y = z and introduco tho arcau—» w, z—z, v yandy— v. This
incroasos tho number of symmotrio tios.

Having discussod 8, and g, in somo dotail, supposo we are asked which
of them is to Lo proforred. Ve think thero is no answer which is universally
valid. Tor, supposo the obscrved social notwork is tho socond ono in Figuro 2.
Thon using the moasuro s, ono could arguo that thoro is low rociprocity (tho
valuo of & ia 20-0) and tho fact that this is duo to tho differential popularity
of tho vortices is a difforont matter. Again, uding 8, ono might rotort that
what is intuitively felt nced not be corroct and could insist that thoro is high
rociprocity (s, = 100:0). Sece Appondix for dorivation of tho valuos of s
and 5, In tho figures we havo indicated symmctrio ties by lines without
arrow marks,
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5.2 Discussion of the probabilistic measnres. Wo will now go on to
moasures based on tho probabilistic mothods. It is easy to sco that the
rango of oach of tho monsures &°, f¢ (i =1, 2, 3, 4) and 3, is contained in
(—o0, w), whilo tho rango of 3, is contained in [—100, 100]. It is also cloar
that all theso have a specific neutrality point, namely 0. For &° and 7, this
corresponds to tho observed s, boing oqual to its oxpocted valuo under the
model. For 4, and j¢ tho neutrality point corresponds to tho paramoter
(7 or p) being 0. Tho noutrality point is usually intorpreted as ‘no tondoncy
toward cither rociprocation or anti-reciprocation’. This conclusion would bo
valid when it is assumed that choicos aro made at random from tho cntiro

! 1

So-o 50-1

Fig. 2.

population (or from tho sets Py in tho caso of ;,). Wo will roturn to this later.
The interpretation of any s;° should bo through the tail probability sf. Tho

samo holds for 3, but 3,/100 is to bo interpreted like a correlation cocfficiont,
rather liko an intre-class correlation coefficient and the interpretation of fy is
that of a log-odds ratio. Clearly none of tho measurcsbased on the probabilistic

models considered abovo, with tho exception of sy, is amcnablo to pooling
since for any population such moasures assumo that choices are made at
random from tho entiro population. This can also bo seen from tho formula
of each of theso mecasures sinco the mean (resp. standard deviation) for a
union of populations cannot Lo obtained by adding the moans (resp. standard
doviations) for tho populations. IHowover, the measuro ;, is amenablo to
pooling whenever the potentinl sot P, for each vertox ¢ is contained in tho
population to which ¢ bolongs.

Tho formula (22) and tho approximation (23) for s;* aro onsy to prove.
When isoluted vertices aro added, g0, decrensos and prg,foyy, increasos,
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henco s;* decreases.  Tho measure 4;°, like 4,, will ho good only when the

t o 1, N
number of tics is of tho order of ?( 2 )

Tho formulao (24) used for s3° can Lo derived as follows. \Wo can writo

8y = b Z e (47

* Ticiian Y “7

whero Zyy is defined to bo 1 if tho i-th and j-th verticos are symmetrically tied

up and O othorwiso. Sinco m arcs are chosen at random and without replaco-
ment from the 3/ = N(\N'—1) possiblo arcs, it is casy to sco that

P(Zy=1)= ;"IEZ‘!——_II))
m{m—1)(m—2)(m—3)
M=) —2)(3—3)

and

P(Zy=1land Zy=1)=

for any two pairs i,j and %, 1 even if thoy have a common element. Now
using simplo results on oxpoctation and variance, (24) ean Lo proved. From
(24) it can bo shown that o}y < stp. Tho approximation (25) is obtained
ossontially by replacing m(m—1) by (m—0-5)% otc. When m/J is small, it
is onsy to soo that ofy == sz, and porhaps the distribution of s, is approxi-
mately Poisson, sco Katz, Tagiuri and Wilson (1958). It can bo shown (by
considering the dorivative of s3* with respect to N) that &;° incroases when
TIN—
isolated verticos aro addod unloss s, = Lz-"' = 9%—1—) bofore tho isolated
vertices are added.

Tho formulaoe (27) and (28) used for finding s3* woro obtained by Katz
and Wilson (1956) as alroady mentioned. They also showed that equality
holds in (29) when all di’s aro oqual. If tho d's do not differ much and aro
small compared to N thon s} is closo to 8,° 8inco g and yiz aro hoth closo

L3 andof : i (-4 ). But wo 1
to5d andofy and o7y aro both closoto—é-d I—N—___l . But wo have

noticed that a3* is close to &;° provided only that d's do not diffor much,
ovon whon d's aro large compared to N. Tho situation horo is similar to that
betweon s, and s, discussod oarlior.

Regarding the moeasuro 8}°, practically nothing is known about it. Evon
My scoms to bo vory difficult to find. Tho basic difficulty hero is that for
any two vortices 2 and y, tho probability that x chooses y is a eomplicatod
function of the out-dogroos and in-degroes of not only z and y but of all tho
verticos in tho network. Simulation studios also soom to bo difficult hore
sinco thero does not scom to bo any way of gonerating a random digraph with
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given out-dogroos and in-degrees oxcopt by first liating all possiblo digraphs.
No formula is known evon for tho numbor of such digraphs though Katz and
Powoll (1954) gave a complicated way of calculating this numbor.

Tho model behind the moasuro 3, ossontially assumos that tho i-th vertox
makes its d; choicos at random and without roplacomont from all other vertices.
But it doos not assumo that difforent verticos chooso indopondontly. Instead
it assumos that there i3 a common corrolation coofticient 7 between Xy and
Xy whenover § # j, whoro

1, if ¢ chooscs j,
.\—q = {
0, otherwiso.
It is onsy to soco that

- d diy N—1-d
BN = g0 VXo) = gop g
and
. did dd N—1— —1—
P(Xyy = Vand Xy =) = St V/ =i ( N_nd') (NNl_ldl)'
(48)

Cloarly (48) reduces to (31) when all di's aro equal to d.  Also then
E(sy|1) = ZZP(Xgy=Xpu=1)
(<4

_ Na Nd(N—1—d)
=3v—n T Tav—y

N Nd
= ey -+ o (49)

Eaquation (30) is a goneralization of (49) to the caso when dy's aro not necessarily
oqual and (32) can be obtained easily by solving E(s,| 1) = s, for 7. It is casy
to establish (33) wlon di's aro noarly oqual. It is also oasy to seo that
33 € 8; at all timea.  As already mentioned, the modol docs not specify tho
distribution of g, not evon tho varianco of s, which involvos P(Xy = Xu
= Xuy= Xu=1) for any 1,4, k, . Tt can easily bo scon that whon all di's
aro oqual to d, tho maximum valuo of &, is 100 corrosponding to 8, = Nd/2
but tho minimum dopends on d. Tt is —100d/(N—1—d), attained when
8, =0, if d <(N—1)/2. If d > (N—1)/2 then tho minimum valuo of ¥ is

—100(N—1—d){d attained whon s, = Nd—( 2) When dy's aro not all

cqual, both tho maximum and minimum valuos of 3 dopend on d's. The
maximum would be 100 if &3 = /2 and tho minimum would Lo —100
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if all d¢'s aro (N—1)/2. In any caso, 3, lies botwoon —100 and 100. The
interprotation of 3, is cloarly liko that of a correlation coofficiont, rather 100
times an intraclass correlation coofficiont. It ean bo shown by difforontiating
tho oxpression of §; with rospect to N that tho value of 3, incroasos whon
jsolatod vorticos aro addoed.

Each of tho moasures 3,, By, A5, §, makos tho important assumption that
¢ choosing j is statistically indopendent of i choosing k. Furthor thoy assumo
that tho probability that i chooses j doponds only on p, 0, ay, ay, B and f;.
Honee if all a4's aro 0 and all f¢'s aro 0 (corresponding to all out-degrocs boing
cqual and all in-degrees boing oqual) thon the probability that i chooses j
is indopondont of § and j. Thus, in a way, thoso models assume random
choices from the ontire population though taking caro of the overall expan-
sivoness, the difforonces in tho out-degreos and the difforonces in in-doegreos.
Tho interpretation of ; is that it is a log-odds ratio. One can actually get
another moasure comparable to 8;/100 by using the log likelihood ratio for
tosting tho hypothesia p = 0 against the appropriate alternative and getting
tho tail probability under its null distribution. The null distribution ia
approximately x% os pointed out by Holland end Leinhardt (1981). But we
ehall not pursuo this.

Cloarly 5, decroases when isolated vertices are added while j, increases.
Tho measure §, troats the null pairs also as reciprocal. Howover, our idea
of rociprocity is 3 and j going to each other, nob cach of i and j not going to
the othor. Tho measuros Ay and j, do nob change when isolatos are added
bocause o and f; aro takon to bo —co for isolates and thus isolatos aro lofb
out of consideration whilo fitting tho distribution (34). Ve now give a simplo
illustration to domonstrate that nono of A, ..., A, is amonablo to pooling.
Considor a notwork with N = 10 vortices, s, = 2 and dy = ¢y = 2 for all 4.
For such a population expp, = 0-14 and oxpf; = 0-84 for § =2,3,4. If
wo now considor a disjoint union of two such populations, then for tho union,
oxp £, = 0-065 and exp By = 24 for i = 2, 3,4. Thus the valuo of any ono
of theso measures, for tho union, is not an avorago of tho valuos for tho popula-
tions, So none of thoso moasuros is amonabloe to pooling. In fact, as wo
tako tho union of more copios, 3, goos on docroasing and oach of 7, p3 and
By goos on incronsing.

We now givo tho proof of (38) and (39) usod in the dofinition of 5;. For

this wo dofino
1, ifichooscaj

Xy =
‘L 0, othorwiso
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a3 boforo and
Zy = XyXy.

Thus Z; is 1 if § chooses j aud j choosos i and 0 othorwiso. Cloarly then

1
%= 5 I Zy

Also,
rry, fjePrond iely
E(Zy) = P2y=1)= .
0, othorwiso.
1lonco
o) = L 22 v =L B0
=gz = =g 5%

1cFy
which is (38). Also
rr(l—riry), fjeliand ielPy
V(Zy) =
0, othorwiso.
To find tho covariances, wo noto that if 1,4, &, I aro all distinct then
cov (Zyy, Zy) = 0. Ifs, 5, k aro distinct, then

E(ZyZp) = P(Ziyy =1 and Zy, =)

r — . .
| rorgre ::;Ti;, ifs, ke Py, jePyand je Py
0, othorwiso.
Honco
el =r) e b e by je Py ond je P
cov(Zy, Zy) = ny—1
0, othorwiso.
Now
8= IX Zy.
L6<d
iePy, yePy
So 1 rirgrg(l—ry)
Vis)) = 5 EE rir(l—rp)—2 Ty AP
iaP,, L d<y<h, ny—1
JePy $,kePy, jePy. jePy

—s  TE% rrrl—r) _, s rergri{1—rx)
Lo d<ik, m—1 (<ygt ug—1
JikeliiaPy, selx s jelneBaker,
¥ -
=1 BN (- £ 0T 5% rne
fely, j=1 my—1 T
el S kaPpyel,jels
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Henoo (39) follows.
Equations (40) and (41) aro proved easily when r; = r for all . If we
furthor assume (my—1)/(ny—1) = s, wo have

N N » .
Zm=Z (tsly=1) = o ( X ny ) +5(1—s)

Ny
=s ( P T’)+N(l—a) = 2 Na—s)

and so (42) and (43) follow.
From tho formulao (38) and (39) it is cloar that if dj = 0 for somo j then

tho corresponding sot Pj is of no consequence. This shows that a5 is not
altored when isolated verticos are added.

Tho oxact distribution of s, under tho model bohind 7, is difficult to
dotermine but we think normal approximation will be fairly good whon N
is largo and dy’s aro not too closo to 7¢'s on tho whole. In any caso, we can
got some idoa of tho tail probabilitica from Chobychev’s inequality.

The main difficulty ono would face in using the measure 3, would be in
dociding tho sots Py. \We mention somo possibilities. The sots Py may be
ascertainod at tho timo of the survoy. Or, they may bo spocifiod by tho
modol being tosted like : independent random choicos from within one’s own
kins and castc mombers. They may also bo spocified by othor thoorotical
considorations based on tho notwork itsolf.

Fortunately, undor tho assumptions that r; = r for all ¢ (this moans
that oach vortox makos choicos in a fixed proportion to tho numbor of its
potential choices) and (my—1)f(nj—1) = & (this moans that roughly, n fixed
proportion of tho potontial choicos of any vertox can reciprocate with it),
E(s,) and V(s;) can bo calculatoed from (42) and (43) oven without oxact
knowlodgo of tho sots P;. Sinco wo think thoso two conditions may bo
assumod to hold at loast approximatoly, wo may uso (42) and (43) to find tho
valuo of 3,. Vo still have to spocify tho valuos of r and s. In tho absonco
of prior information about r and s, an r botweon 0-3 and 0-8 and an & botweon
0-6 and 1-0 could bo a roasonable choico in most situations.

6. INEQUALITIES BETWEEN THE VARIOUS MEASURES
Comparing pair-wise tho various measures considored abovo, the follow-
ing string of inoqualitios can be proved undor some mild conditions :
N < < H<sH=28<s w. (50)
A2~4
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Also undor gimilar assumptions,
. - A
8y =8 = ma,. - (8D)

Wo briofly indicate the proofs of (50) and (51). If N > 15 and s, < Nyg
thon & <0 from (23) ond so &°<s. If 15<N <62 then
8° < S-Ti’ﬂﬂ, < 8, from (5) and (23). If d’s are small compared to N and
8> % ' then 8, < #, from (5) and (33). Tho inequality &, < s, can be provod
from (13) and (32) if ¢, € 2y/n—2. Undor the samo assumption, s; =,
by (13). If tho d’s and e's aro small comparod to N and (e—d;)'s are some-
what continuous then s, < s, follows from (13) and (21). Whon d's are emall
comparod to N, (51) follows from (26), (29) and (33).
7. APPLIOABILITY OF TUE MEASURES IN AN EMPIRICAL STUDY

Wo shall now oxamine tho applicability of tho various moasures of rocipro-
city considorod above, using survey data. For this purposo wo rofor to tho
data collected in course of a study of tho rolation of help and cooporation
botween housoholds in 21 villages in a contral rogion of West Bongal, India,
(soo Bandyopadhyay and von Eschon, 1980). 1o may mention that a
housohold was choson as tho unit of study and the head of each houschold was
askod to namo the housoholds whom he could dopond upon and roquoest for
help or support in case an emorgoncy aroso or a crisis developed. The help
or support could bo of any kind : physical, material or financial. The point
to bo notod is that tho main thing in this sort of transaction is to be con-
sidorod as part of voluntary obligation betwoen the giver and the roceiver.

9

?
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Any hoad of houschold thus roferred to by a rospondont could be a relative
or friond or somo government official, i.e., anybody whom he could really
dopend upon for support at the timo of his ncod. Tho hoad of houschold
reforrod to could bo in tho samo villago or olsewhore outsido tho village. It
is notoworthy that in tho entire survey altogother only eight villagors and that
too scattorod in threo villages roferrod at all to somoono outside the villago.

Hencoforth, the villages will be tho populations and the houscholds
the verticos in respeotive populations. We provide an idea of the actual
social notworks thus obtainod by giving thom for two of the smallor villagoes
in Figuros 3 and 4, though thoso are not typical of all tho villages.

28
- 13
YU 22 A5, 9 5
S\ <\ "
8 \} ”
7
30
2 ?9 3
20 38
) 2
27,
14 16
S
2 s
4
1
2 26
18 33
10 19 36
"
L] [ J Ld £ J
12 17 23 24 32

Pig. 4.



168 A. RAMACHRANDRA RAO AND SURAJ BANDYOPADHYAY

Table 2 gives tho values of tho measures for each of tho 21 villages.
The numbor of houschelds N is given in column 3 for ready reference., The
moasuroe &;° is not given since its valuo is not known. We incidentally noto
that tho inoqualitios (50) and the approximations (51) hold good for each of
tho villages. Tho valuo of 3, is not given sinco it is a monotone function of
8,. Tho valuos of g, are given in column 11 of Table 2. Wo did not find
tho values of fy and 3, since their computation for the larger villages takes
lot of time oven on a computor. We have calculated tho values of 3, given
in column 12 of Table 2, under the following assumptions : Sinco the value
of r can bo betwoon 0 and 1, we assume a valuo somowhore in the middlo of
the rango, say 0-5. Regarding s, the most natural value would be 1 which
moans that whenevor i can go to j, j can go to . However, in soveral villagos
thoro are some vortices with large in-dogroes. If s = 1 thon tho size of the
potontial set for such a vertex has to be very large and, thus, not of tho order
of difr. Honce wo choose a valuo for & which is slightly smaller than 1, say
0-8. ith tho choice r = 05 and s = 0-8, tho formulao {42) and (43) bocome

m, N
E(s)) = —+—
(6) = z+35
and V(sy) = 0-35 E(s,).
TABLE 2. THE VARIOUS MEASURES OF RECIPROCITY
—_— o
el. name of the L - Y v
no.  village N o 8 =24 2 o [ P2 i)
(U] (2) 3 @ (& (0 (10) an (12]
1 Bamandiha 11 1 1.82 333 29.8 25
2 Benachapar 11 13 23.64 68.4 1.9 2.4
3 Koshtatari 13 6 709 3715 19.0 1.0
4 Latapukur 38 24 341 453 40.6 28
& Sankarpur 07 0 0.00 0.0 —125 —c
8 K.Gopalnagar 71 50 201 43.5 40.6 3.3
7 Minglo o1 114 278 09.1 98.7 12.2
8 Sukna 100 0 0.18 6.6 23 0.0
9 Respur 101 &6 109 30.9 28.4 28
10 Amjola 116 38 0.57 270 254 3.1
11 Scorakuri 130 61 0.73 28.5 26.0 3.0
12 Moladang 150 81 0.72 06.4 6.0 63
13 Doucha 162 188 1.64 05.0 94.9 10.0
14 K. Nimdaspur 162 100 0.87 43.0 42.7 4.2
15 DPolan 160 249 196 006 90.2 100
16 Bd. Bazar 166 25 0.18 102 18.6 34
17 Baeidyanathpur 167 22 0.16 12.2 11.0 2.5
18 Khairakuri 218 39 0.6 21.8 21.2 3.8
19 Kobilpur 230 388 1.3 88.0 98.7 —92.1 88.4 8.4
20 Angargaria 267 40 0.15 230 44.6 —104.1 23.4 4.2
21 Haridaspur 286 18 0.04 3.6 17.0 —116.3 24 1.1

Note ;: Tho sorial numbors usod in this table have boon followed in subsoquont tablos also.
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Tho data used in tho calculation of the various measures is givon in
Tablo 3 whoro tho sorial numbors of tho villages aro samo as thoso in Tabloe 2.
\We noto that sinco only the frequency distribution of the out-degrees 1s
rclevant for tho moasures 8,, 8; and 3, wo havo givon tho out-degroe scquonce
in the form 0712 whore 7, donotes the froquency of & as an out-degreo.
Tho valucs of &), s, 3% and s}, aro 0 for all the villages. Tho (out-
degroo, in-dogreo)-pairs used in caleulating s, are not givon becauso it would
tako too much space. Noto that it would not be onough to give tho fre-
quency distributions of the out-degrees and tho in-degrees soparately. e
just mention that there are several large in-degrees in somo villages (70, 106
and 161 in threo villagos). At tho other extrome woe havo somo villagos
whero the in-dogroes and out-degrocs almost coincide.

TABLE 3. DATA USED IN THE COMPUTATION OF VARIOUS MEASURES

" 1
wvill- dy,ds, .. dy pus o lmx Bay o)y Em  %a)
:Lgono. = Fhay To
()] 2} 3) ) (6) (6) (7) (8) (9)
1 010 55 3 1 13.8 3.2  0.14 0.36
2 21304242 65 19 14 138 3.2 6.45 1.68
3 P23 78 16 7 19.5 3.8 3.41 1.46
4 0TS 405460 7281 97 (10 703 53 5 176 1.6 4.04 1.85
5 023 2211 28 1 653 20,4 0.36  0.59
6 0° 1% 2'1 320 413 50 7 2485 1156 83 621 21.6 6.35 2.2
7 )8 2% 338 412 4005 116 14 1024 27,7 3.4 175
8 2030 g0 1930 163 41 1238 30.5  5.30 2.28
0 0111203 431G g1 gt 6060 178 107 1263 30.8  6.26 2.41
10 01 130 226 328 420 §7 G2 gt 6670 141 83 1608 35.4  2.07  1.09
1100 112202320 g3 Gua g7 (11 8385 214 105 2096  39.7  5.48  2.28
12 0% 14 29 3% 410 57 (0 74 89 11176 122 02 2704 458 1.33 LM
13 0% 197 234 346 438 533 g3 11476 198 101 2869 46.4  3.41 L.81
14 b 12 230 300 438 g0 g2 73 11470 228 130 2869  46.4  4.62  2.08
15 112233 300 428 fre gy 12720 268 253 3180 48.8  5.24 2.4
16 (20 10 200 320 42 13605 130 65 3424 560.7 1.23  1.10
17 (2~ 193 28 330 10 o g3 1 13801 181 101 3465 51.0  2.30  1.51
18 0% 148 200 3ea 4o s 23063 179 117 6913 66.86  1.35 115
10 100 )30 222 318 q11 e g1L 74 R

o
bt
S
=
o
o
&

(U3)" (14)2 (17)* (18)¢ (302 28441 438 393 7nio 3.
0°4 19¢ 208 334 qu g4 Gt 32800 205 110 8224 78.6 1.27 1.12
0% 19 217 304 4117 geo gt 71 40766 407 106 10189 87.4 6.07 2.43

o
=3
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Trom column 5 of Tablo 2 wo obsorve that the valuos of the moasure
8, aro oxtromely small oxcopt for two small villagos. This is bocauso all the
villagos oxcopt tho four smallost have low oxpansivonoss. e might say
tho measuro s, is low not Locauso tios aro not rociprocatod but bLecauso tho
numbor of tios is small.

Tho values of s, cover the ontiro range from 0 to 100. Wo montion that

m < (g’) for all tho villages, so &, is calculatod from (7).

Onoe may considor tho measure s, to bo more appropriate in tho prosent
contoxt. This is bocause wo find from column 2 of Tablo 3 that tho out-
dogroos do not differ much in most villages. Thus instead of taking only m
as given, it looks more reasonable to assumeo that d,, d, ..., dg aro givon.
This also has the oporational justification that each houschold can choose the
number as woll as the set of housoholds whoso help it takes when in noed.
Thus we are led to tho moasuro s,.

We makoe a fow observations about tho out-dogree sequonces obsorved

in the villages. Firstly we note that the averago number & of choicos mado
by a housohold doos not vary much over tho villages. To sco this, it is con-

vonient to uso [% Xd,] = 83), tabulated in column 4 of Table 3. Tho value

of d is botween 2.1 and 3.7 for 15 of the 21 villages and does not scom to
dopend on the sizo of tho village. The effoctive dmaz (i-., tho maximum of
d’s taken aftor omitting a few large values, say tho largoest 59 of tho d's) is
4, b or 6 for 15 of tho villagos. Tinally, wo note that tho empirical probability
distribution of d's, that is, the frequency distribution with the froquoncios
divided by N, doos not vary much over the villages.

For all tho villages oxcopt tho socond and fourth, tho inequality
dy € 24/7n—2 holds. Even for these two villages it ean bo shown diroctly
from (10) and (12) that 8 =0 and s, = [Sd,/2], hence & = s, for all
tho 21 villages.

We mako ono observation about tho moeasuro s,. Apparontly this
moasuro assumes that all othor houscholds in tho villagoe aro potential choices
for tho i-th housochold (i =1, ..., N). Ilowover as wo havo alroady noted,
d¢’s are small compared to N. So oven with potontial sots much smallor
than tho entire village, from which the houscholds mako their respectivo
choices, 83}, romains 0 and &), romains [d;/2). Thus s is quito robust with
rospoct to changes in the potontial sots unlike the measuros based on pro-
babilistic modols.
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Tho valuos of the measure s, for tho 21 villagos aro givon in column 7 of
Table 2. \Wo noto that tho values of s, also covor tho rango from 0 to 100.
The moasuro 8, sooms to bo fuirly good (the rank corrolation botwoon s, and
8,98 0-01). We havo boon ablo to show that sith = 0 for 11 of tho 21 villages
by using tho bounds of Rao (1984). Morcovor, wo found using tho mothod

of intorchangos that s = 0 and s = [ ;— = min(dy, e.)] for all the 21

villages. Also, every integor value botwoon the minimum and the maximum
can be assumod by &,

Wo found that in some villagoes s, is highly sonsitive to small changes in
8o and, thus, unstable. This is truo espocially in tho first and fifth villagoes
whore gt = 1. For the fifth village we have s, = 85 = 0 sinco 8, = 0. If
4, wore 1 thon s, would bo 100 though sy would only bo 3-6. Sinco 8, =1 in
tho first villago, wo have & = 100 for this villago though s, is only 33:3.

From column 8 of Tublo 2 wo soo that oxcept for tho threo smallost
villagos tho valuo of 8;° is loss than —13 and docroasos almost monotonically
with incroasing N, roaching tho valuo —116-3. Tho valuo of &] is practically
0 for all villagos oxocept ono. Similarly, s3 and s§ aro practically 100 for all

but four of tho villages. Thus nono of s;°, 8;* and s3° is good in tho prosont
contoxt.

Wo do not givo tho valuos of 43° and &5 soparately in Tablo 2 sinco wo
found that thoy aro vory closo. Thoro is less than 39, difforonce botwoon
Juz and g, and less than 29, difforonco Lotweon o,y and oy, for all tho
villagos. \Wo montion anothor intoresting fact. Sinco tho empirical pro-
bability distribution of d’s doos not vary much over tho villagos, s, and
0y aro fairly constant over tho villagos and so 53° is of tho form a-+bs, whoro
a, b aro constants. Thus thoro is a high corrolation botweon s3* and s,.

Columns 6 and 10 of Tablo 2 show that tho valuo of &4 is quito closo to
that of s, excopt for threo small villages. This js bocauso for all tho other

villagos, d is small compared to N and 12’ is small comparod to 2s,. How-
ovor tho interprotation of tho values of 3, is different from that of 85, Accord-
ing to tho valucs of 3, there is a tondoncy towards rociprocation in most of
tho villagos. But we feol it is moro appropriato to say that sovoral villagos
(0.g. thoso with sorial numbors 17 and 21) havo, in fact, very low rociprocity.
In all tho villagos the maximum possiblo valuo of z, is 100 but the minimum
varios slightly from villago to villago. Tho minimum is closo to 0, so 3, is
practically novor nogativo.
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From column 11 of Tablo 2, we soo that tho valuo of j, is negative for
only one village. According to this moasure also thore is tondoncy towards
rociprocation in almost all villages. As alroady montionoed, wo do not think
this roasonablo.

Wo finally come to tho moasuro ;,. From column 12 of Tablo 2, we sco

that ;, is nogative for 12 of the 21 villages and positive for tho remaining nino.
This moasuro scoms to bo fairly good. 1¥o may also note that tho correlation

coofficiont botweon 3, and sy for the 21 villages is 0-94 whilo the Spoarman rank
corrolation is 0:05. Thus 3, and s, give moro or loss the samo ordoring of the
villages according to reciprocity. Evon in torms of tho intorprotation of the
valuos, ;, is somowhat ¢closo to &; in tho sonse that both givo tho samo classifica-
tion of a villago as having low recciprocity, middlo ordor reciprocity or high
reciprocity. Thus among the tho probabilistic moasures considored, ;,
comes closost to the dotorministio moasure s;. Howovor in torms of tail

probabilitios, even ;3 can not differentiato tho bottom ton villagos or the top
fivo villages.

From tho abovo discussion, it is clear that for networks such as those
of tho 21 villages undor consideration, if wo havo to chooso ono measure of
rociprocity, it has to bo ono of s,, s, and 3,. Among theso, 8, is difficult to
caleulato and may bo unstable for some networks. Tho measure s, fails to
difforontiato tho villagos with low reciprocity and also thoso with high roci-
procity (in torms of tho tail probability). Incidentally, it may bo noted
that tho probabilistic measuros s}°, s3°, 83* also suffer from tho above
dofoct. Theso may bo useful for tosting the null hypothesis (viz., the model
assumed) but not for measuring reciprocity. Henco wo proposo s, as the
most suitablo moasuro of rociprocity for notworks such as thoso of the 21
villages.

8. RELEVANCE OF $3 ¢ A SOCIOLOOICAL ILLUSTRATION

Wo have already obsorvod that thoro is a widoe variation in rociprocity,
os moasured by 85, among tho twonty-ono villagos of our sample (col. 6 of
Table 2). The over-all pooled valuo of g5 for thoso twonty-ono villages con-
sidored togothor is 43-9 which scoms to bo of the middle order. Wo find
comparatively oven much lowor valuos of 8, for a fow villagos and oxtromoly
high valuos of 8, in a few othor villages. In this soction we shall not proposo
any strictly causal oxplanation of this variation in social bohaviour, but
suggost that this is not just a spurious phonomonon by indicating with which
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uspeet of the society the pattorn of variation in rociprocity tonds to bo highly
nssociatod.

In Tablo 4 wo givo the valuos of usually considerod domographic, oconomic
and social variablos for each of tho 21 villages. In tho last row, wo givo tho
Spoarman rank corrolation (rs) botwoen s, and the variablo tabulatod in oach
column. Wo find that g, does not show any significant association with tho
domographic factors.

TABLE 4. SOCIO-ECONOMIC DATA OF THE VILLAGES

porcont mig-
inercaso{ + )}/decreaso(—) donsity of total porcent of total Nuinbers of rant
at the time of survoy as por hh workors ongagod hhs.
vill.  porcent of what it was acro having in non-agrl. casa-  kin. hha, oy 9%
nge 20 years back at the cultvn. occupation tes gro- por of the
Jd. tino of astho —M8M8M ———— ups  Kin- total
no. housa- popula. density survey prin- atal mainly group  no. of
bolds tion per cipal hhs

(hhe) acro occupn.

m (2 (3) (4) (5) (6) N 8) (9 (100 ay (2

—23.1 —15.0 —19.0 0.17 3.3 08.7 0.0 1 5 2.2 27.3
72.7 54.9 97.2 0.71 18.6 81.4 0.0 1 3 3.7 18.2
0.0 —70.0 —78.7 0.27 0.0 100.0 0.0 2 30.8

@
i
o

1

2

3

4 60.7 63.6 65.8 0.68 0.0 100.0 1.3 1 [} 6.3 18.4
5 35.1 —41.7 —20.4 0.03 34.2 64.9 0.9 8 8 8.4 9.7
(] 60.4 79.8 75.9 0.81 19.8 71.3 12.9 3 24 3.0 20.8
7
8

10.3 43.5 42.3 1.11 33.3 57.7 10.5 )i 23 4.0 7.7
21.5 40.5 40.0 1.05 10.6 83.0 7.4 8 11 9.1 64.0
0.7 51.8 53.0 0.43 38.7 61.3 2.4 10 33 2.0 23.8

10 41.8 72.5 73.8 1.58 36.4 53.1 25.3 10 30 2.9 32.8
1 73.8 —29.4 7.3 1.00 23.7 69.3 14.0 14 (1] 2.0 30.0
12 43.7 17.8 17.8 2.20 25.4 74.4 3.6 13 a3 4.0 30.7

13 18.7 62.6 02.4 1.51 33.7 50.8 50.2 15 31 4.0 11.8
14 48.2 67.4 60.7 0.80 35.9 52.5 25.1 | £ 70 2.2 27.0
15 6.4 20.0 20.8 1.00 35.7 56.1 20.9 12 21 7.6 8.8

18 50.0 08.2 97.7 5.24 33.0 53.0 26.8 24 17 0.8 59.0
17 0.2 59.7 61.3 1.00 25.4 n.2 20.0 16 32 5.2 40.1
18 1009 — 0.9 — 1.0 1.01 42.1 47.9 12.7 13 44 5.0 44.0

19 35.0 58.4 55.4 1.43 30.4 65.0 18.8 n .3 3.6 27.2
20 87.4 06.4 95.8 2.31 23.7 52.8 40.90 15 567 4.5 562.1
21 20.0 62.6 63.0 1.94 36.5 69.7 6.0 13 28 1l1.0 47.9

fs —0.10 0.01 0.05 —0.14 —0.12 0.03 0.05 —0.26 0.0 —0.35 —0.00

Tho impact of tho oconomio factors can possibly dopond on tho pro. mity
of the villago to tho contre of influonco. \Wo considor throo typos of influonco,
Viz., accomsibility through metallod ronds and tho influonces of the nonrost

A2-5
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trading contro and the wholesalo market or district hoadquarters. Tho
rolovant data are given in Tablo 5. Vo find again that nono of tho typos of
distanco considorod has any consistent impact upon reciprocity. Ono may
arguo that starting from a somowhat low valuo, tho averago valuo of s, appoears
to riso to a poak somowhore in tho middle of tho rango of the distanco and
thon falls. But wo should bo cautious evon in accepting this pattorn. In
most of tho distanco catogorios tho disporsion of tho individual valucs of s,
is quito high, so theso do not show tho same pattern as the averages. Thus
proximity doos not appear to Lo thoe main factor bohind rociprocity. How-
ovor, it may havo some subsidiary rolo to play about which wo shall como
back lator,

TABLE 8. VALUES OF #, BY DISTANCE CATEGORIES

distance no. of values of 2y averago valuos of 2,
(in miles) villages pooled orrlinary
1) ) (3) 4) (8)
all woathor walking distance from metalled road

[} 7 5.5, 10.2, 23.0, 28.5, 43.5, 43.9, 95.0 38.4 33.1
1-2 [} 0, 21.8, 27.0, 37.5, 60.4, 88.6 59.8 40.2
3-6 [} 30.0, 33.3, 45.3, 68.4, 06.5, 00.1 3.0 62.2
7-10 2 3.6,12.2 5.9 7.9

distance from tho noarcet trading contro

0 [} 12.2, 10.2, 21.8, 23.0, 28.5, 95.0 34.6 3.4
1—- 2 T 217.0, 31.5, 43.6, 43.0, 08.4, 88.6, 90.5 69.2 57.8
-6 3 0, 5.5, 09.1 40.2 3.9
7-10 5 3.6, 30.90, 33.3, 45.3, 08.4 14.7 36.3

distance from wholesale market/district headquartor
1—- 2 2 21.8, 27.0 23.9 24.4
3— 8 6 10.2, 23.9, 28.5, 60.4, 88.6, 05.0 0.6 53.8
7-10 5 0, 5.5, 31.5, 06.5, 00.1 65.3 4.7
=14 8 3.6, 12.2, 30.9, 33.3, 43.5, 43.9, 45.3, 68.4 22.2 35.1 _
dixtanco from riverfcanal

< | 10 21.8, 33.3, 37.5, 45.3, 0.4, 8.4, 88.6, 05.0

06.5, 90.1 8.7 65.2
| < 11 0.0, 3.0, 5.5, 12.2, 10.2, 23.9, 27.0, 28.5,

av.9, 43.5, 43.0 20.8 12.9
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Noxt wo look at diroct indicators of oconomio activitios givon in columns
6, 7and 8 of Tablo 4. Again, wo find that nono of these shows any notoworthy
corrolation with ;.

Wo finally come to the socinl composition of a village as moasurod by,
for examplo, tho numbor of castes, numbor of kingroups or tho averagoe size
of & kingroup. Of theso, tho averagoe sizo of a kingroup shows considorable
corrolation with 8, (tho rank corrolation is —0-35 and tho ordinary corrolation
coofliciont is —0-31). But ovon hore tho correlation is not largo onough for tho
variablo to provido, by itsclf, a satisfactory intorprotation of tho valuos of s,.

8.1 The main faclor affecting reciprocity. Evon though tho numbor of
castes, numbor of kingroups and the averago size of a kingroup do not show
high association with g, we found that anothor aspoct of social composition,
viz., the percentago of migrants, z, in tho village has high (nogative) corrclation
with 8. Tho rank corrolation is —0-00 and the ordinary corrolation co-
officiont is —O0-83. Thus a substantial part of the variation in rociprocity
across tho villagos is accounted for by the incidonco of migration, identifiod
as the porcont of thoso who do not considor the village as the place where
thoy have pormanently sottled. Incidentally, wo found that for all such
housoholds tho villago was not their patornal ancostral home oither. e
may also mention horo that tho partial correlation coofficiont botweon sy and
z eliminating tho offoct of any of the othor variablos in Tablo 4 doos not diffor
much from p, .. It remains groator than 0-828 in magnitudo, 8o the corrola-

tion botwoon 83 and z is not spurious.

8.2 Non-linear regression. Tho valuos of z, tho porcontage of migrants,
aro givon in column 12 of Tablo 4 and wo prosont tho graph of sy vorsus z along
with a freo hand drawing of the gonoral trond in Dingram 1. From this dia-
gram it is cloar that though the valuo of 8, tonds to docroase with increasing
valuo of z, tho trond itsolf is not linear. Porhaps this is why pfal is only
0-69. Our aim is to show that tho valuo of 8; is dotormined by the valuo of
the oxplanatory variable (migration) but not nocossarily as a linoar function.
Thus we aro intorostod moro in corrolation ratio than in corrolation coofficiont.
Howover as wo have data for only 21 villages, wo cannot hopo to ovaluate
accuratoly the corrolation ratio. So wo sottlo for fitting n polynomial of small
dogreo in the explanatory varisble to tho data.

If wo uso a quadratio in 2 to prodict 83 wo find tho bost prodictor, obtained
by the mothod of loast squares, to bo
8y = 1206:04—3:817x40:03105z%,
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Tho prodictod values aro given in column 2 of Tablo 6. Tho squaro of the

correlation cocflicient Lotwoon s, and the best predictor is p? a2 =077
>

which is considerably larger than g ;. Thus the socond dogree torm sooms
to be important (it is significant at 5%, lovel). Also, a vory substantial part
of the variations in 8, can be oxplained by wsing a quadratic in z. Howover,
it may still bo worthwhilo to try to explain any significant doviation of the
individual villagos from the overall trond in Diagram 1. Boecauso, wo shall

100
o5}

641~

S3

48

32

16

4
\ \ 2l 5
16 32 48 64 80

migrant houscholds (%)

Diagram 1

thon know if wo noed any further chango in our hypothesis concorning the
variations in s;. \Wo noto that tho villages with sorial numbers 12, 16, 1%
and 20 show yorticularly high reciprocity in relation to tho porcontago of
migrant housoholds whilo the villnges with sorizl numbore 4, 9 and 21 show
somewhat low reciprocity.
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TABLE 6. MODIFIED AND ESTIMATED VALUES OF s,

%,

al. % -9 o (]
no,

i} (&) @ 4 (5)
1 45.0 33.3 33.3 51.8
2 66.9 4.2 68.4 70.7
3 8.0 7.5 1.5 27.9
4 60.3 34.0 45.3 62.0
3 9.0 0.0 0.0 5.9
¢ 46.1 23.4 43.6 45.5
7 08.5 09.1 99.1 03.0
8 9.1 3.1 5.5 1.7
[ 52.8 22.0 30.9 50.1
10 34.3 27.0 27.0 20.6
11 39.5 15.8 28.5 29.0
12 38.2 27.4 24.5 aa.8
13 85.3 70.2 95.0 80.4
14 45.7 26.6 43.9 47.9
15 94.0 26.5 96.5 89.2
16 9.1 5.9 2.7 19.9
17 23.0 12.2 12.2 18.4
18 18.3 4.1 R.D 9.2
19 45.2 23.2 3.5 64.0
20 1.6 6.4 3.4 9.0
21 14.6 2.3 2.9 4.9

Wo may considor the doviations from the trend in ono of the following
ways. Tho spocific foaturos of the villages may bo thought as responsiblo
for these doviations. Or, wo may modify the moasuro #; in somo way.
Altornativoly wo may modify tho oxplanatory variable, namely, migration,
in gomo wey. Lastly wo may also uso & multi-causal model involving migra-
tion along with anothor variable.

8.3 Village specificitics. Tho first appronch loads to villago spocificitios,
Wo may obsorve spocial circumstances in ono or two villages. TFor oxamplo,
in tho village with sorial number 18, wo noticed tho presonco of throo largo
cliquos which led to strong intra-group solidarity and high rociprocity. IHow-
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ovor, villago spocificitics should bo usod as a last resort after oxhausting the
possibility of explaining tho deviations in a systomatic manner through the
othor approaches. Besidos, spocial fontures of a villago can at best explain
tho diroction of its doviation, positive or negativo, but not the magnitude,
So wo considor tho othor approachos bolow.

8.4 MModifying the dependent variable. It is ronsonablo to suppose that a
housohold normally goos to tho availablo kins in tho villago for help and
support. In fact, wo found that 71%, of all tho requosts for holp and support
made by the houscholds in tho 21 villages taken togother aro restricted to
their kins.

Wo will now consider modifying 8, using the idon of kinship. Tor this
purposo, wo tabulato tho numbor Nax of households with no kin in the village,
in column 2 of Table 7. o also give tho valuos of Npg nk, the number of

TABLE 7. DATA USED IN MODIFYING ¢, AND z

no. Nox Nag nt Ny Nmorts z u
33} @) (3) (4) (8) ©) (]
1 3 [ 3 o 37.5 37.5
2 3 1 [} o 18.2 12.5
3 1 1 0 o 30.8 25.0
4 4 1 4 [ 20.6 17.6
13 3 1 8 o 67.8 60.9
[ 13 [} 1 1 25.7 22.4
7 1 0 [ [} 1.7 7.8
8 7 3 ) 0 84.0 65.8
9 15 4 1 o 24.0 23.3
10 4 0 13 [ 34.2 33.9
11 1] 4 1 1 20.6 28.9
12 81 27 82 29 25.0 27.6
13 19 3 7 ] 12.4 1n.3
14 a 13 (] [} 27.0 23.0
15 3 0 0 o 8.8 8.0
16 as 25 21 18 565.2 56.2
17 19 4 L] 0 41.0 42.6
18 18 13 32 19 41.4 41.1
10 101 48 89 ac 10.3 12.3
20 30 22 28 24 48.0 49.3
21 14 o 15 3 490.4 48.6
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housoholds who are both migrants and without kins, in column 3. From this
tablo wo find that tho villages showing particularly high reciprocity (rolative
to z) in Diagram 1}, namely thoso with scrial numbers 12, 16, 18, 19 and 20,
have o large pumbor of housoholds without kins. Moro precisoly, thoy aro
tho villages with large valuos of Npmg,nx. Thus the prosonco of a large number
of housoholds who aro both migrants and have no kins scems to somochow
inflato tho valuo of &, rclative to the porcontago of migrants. Ono plausible
explanation for this might bo that whilo migrants tend to dovelop more one-
way ties, migrants who have no kins in the villago may dovelop symmetric
tics out of neccssity. Anothor could be that the presence of a large number
of migrants without kins induces more solidarity among tho rest of the popula-
tion. Wo aro, of course, not sure of tho voracity of either.

Consequently, if the value of &, is doflated by using a function of Npg,nx
we may got o bettor fit. To do this, wo noto that s, is a ratio and so it is
perhaps reasonable to reduco it by the proportion of houscholds who are both
migrants and without kins. We get the bost fit by taking the baso to be
min(Nmg, Naz) which is tho maximum possible valuo for Npmyar. We thus
consider

Np Al
%= o (=g, om))-
The values of 43 are givon in column 3 of Table 6. In this tablo, wo have
taken &3 to Lo & whon Npmp < 1 or Ngr < 1. In Diagram 2 wo draw tho
graph of &) veraus z. e find that all but two of tho points lio closo to the
trond shown by a froo hand curve. Though the value of p’0 is only 0-69,
that of p 9,01t is 0-90. Thus the percentage of migrants tog’et.hor with the

propomon of housoholds who are both migrants and without kina almost
dotormines the value of s;.

If we uso the proportion Nmg, nt/Nnr to doflate 25, thon also wo got a fairly
good fit. Other proportions like Npmg,ax/Nmy and Na/N also give a botter
fit than in Diagram 1 but not one as good aa the above two.

Another phenomenon, which is closoly relatod to the lack of kins in the
villago i isolatodnoss. e label a houschold an isolate if it necither makes
any request to others for help and support nor roceives any such request.

If we uso isolatodness instoad of lack of kins to detlate the valuo of s, wo
may form the following measure

. __ — Nmm“ —
s=a(1 (Vg Ne3) )
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whoro Ny, is tho numbor of isolatos and Ny, i tho number of isolated mi-
grants.  Tho valuos of Nis, Ny, and 83 are givonincolumns 4 and 5 of Table?
and column 4 of Tablo 6. \Wo noto that tho valuos of a5 aro somowhat closo
to thoso of s3. llowover, tho graph of s; versus x given in Diagram 3 shows
a Letter, and, noar-porfoct fit oxcopt for tho villages with scrial number 4 and
9. The valuo of Ff;_, is 0-81 and that of p";_z_l, is 0-06.

100,
96}
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64~

°
3

P

48r

32r

o n L L s L2 1 Sa o
16 32 48 64 80
milgrant housoholds (%)
Dingram 2
Thus wo can roconcilo most of tho doviations in Diagram 1 by modifying
85 to &3, 83 or to ono of tho othors montionod abovoe.

Howover, ono may also noto that in each of the above casos wo find somo
villages which oro away from tho gonoral trond. Bosidos, s3 and s§ aro highly
ungtablo whon Ny, and Nyx aro small.  Moroovoer, thoso moasuros aro dorived
houristically. Whatovor good fit wo havo observod can, thercforo, bo data-
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specifie.  Theso monsures as such may not, thoroforo, Lo sufficiont to infer
about tho pattern of relationships. Ono, rather, noods to bo oxtromely
cautious in this regard. So wo look at tho other approaches bolow, which,
wo hope, will not be so much data-specific and henco have wider applicability.

100
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Diagram 3

8.5 Modifying the explanatory variable. We notico thab the way wo have
concoptualised tho measuro sy of rociprocity, tho isolates aro not taken into
account whilo measuring reciprocity. So wo can think of modifying the
porcontago of migrants also by disrogarding the isolates. We may thus
consider tho now oxplanatory variable
ﬂw"‘va.n )

z = 100 ( e

A2~G
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Tho values of z are tabulutod in columm 6 of Tublo 7. In Diagram 4 wo plot
tho valucs of sy ngainat z.  \Wo soo that tho fit is bottor then in Dingram 1 and
Py, . = — 088, However, many villages show considorablo doviation from

the trond.

96

801

64}

€«——S3——>

Kr{
164
c 1 | DR ] L 1 1 ] .5 1
16 32 48 64 8
migrant hourcholds excluding tho isolatos
Dingram 4

Sinco tho incidonco of isolatodness which is used to modify migration
has to bo measured from tho observed network itsolf, wo may try lack of
king instend of isolatedness. Tho corresponding modifieation of z is

— Avmp—lvma,nk
@ = 100 ( TNTN )
Tho values of u are tabulatod in column 7 of Tablo 7. Modifying z to u also
improves tho {it but, again, 1ot enough,
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8.6 Mullifaclor approach. \Wo now try u multifactor approach instead
of modifying &3 or x. Wo shall first uso o lincar function of two oxplunatory
varinbles to predict tho values of s;. Let ¢ denoto the variablo in the i-th
column of Tablo 6 so that 12 corresponds to z. If nono of § and j is 12 thon
Pl 18 loss than 0-69 which is the value of g7 ,.Even if i =12 we find
tho maximum valuo of p:l_“ to Lo 0-75 attainod whon j = 5. This is true
ovon if wo includo the porcontugo w of hiouscholds without kins in the village
g one of tho variables. But wo havo ulready soen that P},.0.0 =071, Thus
tho singlo variablo migration, whon properly used, explains the variations in
8, botter than any linoar function of any two of tho variables considerod.
Sinco, however, there aro considerable doviations from tho quadratic trend in
Diagram 1, wo next 800 if wo can get a better fit by combining a quadratic
in z with a linoar function of anothor variable. Tho bost function of tho typo
a+bx+cx?4dw obtainod by tho mothod of loast squaros is

g, = 126:71—4-840x+0-04622240-838w,

Tho valuo of p? 5 is 0-88. Wo incidontally noto that each of the terms
3,03

containing z? and w is significant at 1% lovel. Tho values of 5, aro given

in column 5 of Tablo 6. Though tho valuos of 5, aro generally closo to those
of a5, still, sovoral villagos (theso with serial numbers 1, 4, 9, 18, 19 and 20)
show considorable difforonco. \Wo can obtain a bottor fit, but not ono as good
as in Diagram 3, by using Npmg nx/Nng of Ny gar/min(Nmg, Nazx) instead of w.
Howovor, as these ratios may bo unstablo, wo omit tho dotails.

8.7 A longitudinal explanation for “deviant” villages. Wo notico that
in Diagram 3 as woll as in various types of our attempts to explain tho dovin-
tions in it, a fow villages (spocially those with sorial numbors 19 and 20)
congistontly lio above tho averago curvo. Similarly thero aro some (spocially
those with sorial numbers 4 and 9) which consistontly lio below.

In this contoxt, we may noto somo additional foaturcs of thesoe “deviant
villagos”, so to say. Tho qualitativo information wo havo gathoroed from
various sources regarding soil typo, crops grown and thoir yields as woll as
how theso villages wero established and bocamo what thoy are now, indicato
tho following. Such villagea liko thoso with sorial nos. 19 and 20 aro situated
closo to tho river Mayurakshi or ita channols.  Also tho soil hero is rich in qua-
lity, boing mainly alluvial and thus, bettor suited for agricultural purposos.
Moroover, thoy are noar to motalled roads and markoets, On the other hand,
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villages like those with sorial nos. 4 and 9 lack all such facilitics. Those
featuros have led to keon competition for land in the former villages, parti.
cularly botweon two castos, viz., tho Sadgopos and tho Brahmins. o think
that theso dotails may bo rolovant to understand what wo aro cmpirically
obsarving. A situation liko this may havo induced tho Janded castes to be
moro cohesivo intornally. High rociprocity could havo bocn a manifestation
of this cohosion.

Wo hopo that we have been able to show whot wo had intended to do in
this part of our papor. Namoly : obtaining the valucs of s, for differont
populations (i.e., villages in tho prosont caso) is not a futile mathematical
oxorciso. Rathor, theso values indicato a pattorn which subsequently can
load us to important procoessos within tho soocioty. Thus, &, is relovant for
sociological analysis,

9. CoNCLUSIONS

Wo have classifiod tho various measuros of reciprocity as doterministic
and probabilistic. 1We have shown that the measures based on the usual
pl:obnbilistic modols aroe not appropriato in some ompirical studics. They
assumo that the choicos aro made at random from the entire population, say,
a village. Obviously, this type of assumption ignores domographic, oconomic
and social barriers. In reality, however, such barriors exist and thoy restrict
tho boundary within which ono actually makos his choices. o havo argued
that if ono wants to work with a probabilistic modol, porhaps, one should
think in torms of such sub-populations, or, “potontial sots", so to aay, out
of which tho choices are mado by each ono. Ono can doveolop oven more
complicated modols.

The dotorministic measures, however, do not suffor from the above
limitation. Among tho various dotorministic moasures of rociprocity con-
sidered for tho social network of a population, wo find s, (oquation 13) and
8, (oquation 21)to bo tho two bost moasurcs. Sincoe s, may bo highly
sensitivo and honce unstablo as woll as difficult to calculato, s, may be
proforrod.

We havo also indicated tho rolovance of 8, using sociological survoy data.
Using s, as tho moasuro of rociprocity wo have found that out of tho 21 villagos
considored, not many show high rociprocity. In fact, rociprocity apponrs to
covor tho ontiro spoctrum of possible valuos 0 to 100. Thus, the imago of
a rural community boing a normativoly rociprocativo social ontity doos not
appoar to bo tonablo.
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Though thero is a considerablo variation in rociprocity across the villages
as indicated by tho values of s;, it i8 not a random variation and can Lo
explained.  Quito interestingly, tho demographic characteristics of villagos,
occupational composition or admixtures of castes or Kkin-groups do not scem
to have much impact upon reciprocity in thoso villages. It is also noto-
worthy that agriculturs per se is not nccossarily moro conducivo to rociprocity,
nor for that mattor, is urbanisation to anti-reciprocity.

We havo found that migration, by itsolf, accounts for most of tho variation
in rociprocity in theso villages. Tho groater tho proportion of migrants in a
villago tho less is tho reciprocity. We find lack of kins as tho next contributing
factor, though of much less importanco. It may also bo added that proximity
to tho road, market and river, difforonces in natural fertility of land for
cultivation as well as competition for ownership of good quality land among
casto groups may have played somo rolo in ono way or anothor in somo of
tho villages. On tho wholo, what scoms to bo crucial is the division of the
villagers into tho two broad groups of permanont scttlors and tho others as woll
a3 into thoso who do not have any kin in tho villago and thoso who
have.

Thus, using tho moasure &, wo have shown that a strong regularity undor-
lies tho pattern of reciprocity in the social notworks of rural communitios.
Wo realiso, however, that as our conclusions aro basod upon a rathor small
number of them, ono may perhaps need to conduct a larger survoy to make
thoe conclusions moro reliable. Ono may also take into consideration tho
strongth of rolationships between the housoholds, perhaps by counting tho
number of times tho hoad of one approachod tho other in a given poriod of
timo. The moasuro ¢; can bo used, with a slight modification, to measuro
reciprocity in such a woighted network. Ono may, in addition, study roci-
procity in networks of othor meoaningful relations besides tho one we have
considered to got an ovorall picturo of tho socioty.

Appendix
As &, and & socm to bo two of tho bost measuros in many contoxts, wo
will now dircuss somo examplos to bring out the basic differonces botwoon
tho two. Considor tho social notwork of a small population of, say, soven
vortices with out-dogrees soquonce

(3,2221,1,0). e (52)
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Sineo Tdy = 11, it follows that &, cannot oxcced 5. In Figuro 5 wo givo one
social network for oach valuo of 8, from 0 to 5, nll with tho out-dogree scquonco

(52).
1 1
5 , 2 N~
3 6 3 6
4 5 4 5
50.0 S°=‘l
' 1
2 )\.7 2 7
3 6 3 6
4 5 4 5
S5,=2 5, =3
1 1
2 4 2 7
6
3 6 3 /
4 5 4 5
Sy =4 s, =5

Fig. &.

Suppose now that the in-dogree sequonce is givon to bo

(2,222111) (53)
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whero tho samo labelling of the vertices is used for both the out-degree sequenco
and thoe in-degreo sequence.  Then the rango of s, does not change sinco tho
in-degree scquenco of each of the six social networks in Figure 5 is in fact (33).
In gencral, when the out-degrees aro small compared to V and the in-degreo
of each vertox is closo to its out-degree, tho rango of s, given both d’s and e's
is not much different from tho rango of s, given d's alone.

Suppose next that tho in-degreo scquonco of the population of seven
vertices with out-degree sequonco (52) is given to bo

0,0,0,2,2,3,4). v (59)

Now, the numbor of symmotric tics at the ¢-th vortex cannot exceed the
minimum of d; and ¢. Henco wo have

#2 < & Emin(dy, e) = & (040+042414140) = 2

Further, if s, = 2 then the fourth vertex must bo symmetrically tied up with
tho fifth and aixth vertices, henco tho ares 4 — 7, 5— 7, and 6 — 7 cannot
bo presont and tho seventh vertex cannot have jn-degree 4, a contradiction,
Thus s{), < 1. The two social notworks given in Figuro 2 show that s, can
tako the values 0 and 1. Thus whon tho in-degreo scquence is given to bo
(54), tho rango of s, shrinks from {0, 1, 2, 3, 4, 5} to {0, 1}. It is also possible
that s, may get completenly fixed either at 0 or at some other value. TFor
examplo, if tho in-degreo scquenco i3 given to Lo

0,0,0,0,2,4,5) T 1))
it can be shown that s, ean tako only tho value 0.

Tho above oxamples show that the sonsitivity of s can bo high. Wo
will now demonstrato that tho sensitivity of 8, can change much more than
that of s, if tho paramoters aro changed a littlo. Supposo that tho out-
dogreo sequonco of the population of soven vortices is altered from (52) to

4,3,3,1,0,0,0) .o (56)
and the in-dogroo soquenco js altorod from (53) to
(1,1,2,2,2,1,1). e (57)

Thon it can bo scon oasily that the rango of 8, shrinks from {0, 1, 2, 3, 4, 5}
to {0, 1, 2). o noto that in going from (52) to (56) each dy is altored by at
most 1 and in going from (563) to (67) each ¢ is altered by atmost 1 and Xd;
is sltored Ly only 1. If only tho out-dogrcos aro considered, such an alter-
ation cannot chango ¢}, Ly moro than 1 and &%), remains 0.
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