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‘This paper considers fuzzy relatons defined aver fuzzy sobsets and setiles some open
problems regarding the distributivity and transitivity of such relations.

Fuzzy elations, Distributivi

1. Introduction

Since the introduction of the theory of fuzzy sets in 1965 [4], the study of fuzzy
relations over two ordinary sets has d the ion of many hers. A
recent paper [1] (see also [S] in this context) considers a generalisation of fuzzy
relations, namely fuzzy relations on fuzzy subsets, develops some properties of
such generalised relations and leaves some open problems on some properties.
The present paper attempts to settle all these open problems. The relevant
definitions are presented below, following [1].

Let U be an initial set and of, ® fuzzy subsets of U defined by the membership
functions f and fa Tespectively.

Definition L1 Let Rc X B, ie.

fa(x, y)smin[fy(x), fa(y)].
Then @ is a fuzzy relation from of to ®.
Definttion 12, Let R, R, be fuzzy relations from o to & Then
R, R, R, - Ry, R, YR, and R, AR, are defined as follows:
faia® ¥) = fa (5 )+ a5 V)~ (5 1) fan (5 ),
faca % V)= fa (6 ) - falx Y)
fanum(% ) =minf1, fa (x, ) + fa (% )
fanalx, y) = maxf0, fa (5, 1)+ fa 6 )= 1L
for all x,ye U.
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Definition 1.3. The max-min composition © of two fuzzy relations #, and R, is
defined by

fae (% ¥)= max [min(fa,(x, 2), fa,(z, ¥))],
where R, is a relation from & to @& and R, from & to €.

Definition 1.4. Let R be a fuzzy relation on <= U. Then ® is transitive if
RoRc R

Specifically, the authors of [1, Section 4] left open the question of distributivity
of R,o(R; - Ry), R o(Ry+Ry), R o(R,YR,), Ry o(R, AR,), where R,, R, and
R, are fuzzy relations over fuzzy subsets. Aiso nothing was stated about the
transitivity of R, * R,, R\ YR,, R, AR,, when R, R, are transitive. This paper

iders the open probl garding distributivity and transitivity in Sections 2
and 3 respectively.

Before presenting the main results, the'following notation is introduced which
will be helpful in presenting the numerical examples in this paper. If the initial set
U={a,,...,a,} be finite and if & be a fuzzy subset of Ux U with membership
function fy(x, y), then & will be described in matrix notation simply as

felar, @) fslaz, a) « - fyla, a)
g | B Koo fae | wy

fo(@1n2) folanan) -+ folana)

2. The resalts on distributivity

Let &, be a fuzzy relation from of to ® and R,, R, be fuzzy relations from &
to €, where i, B, € are fuzzy subsets of the initial set. Then the following results
hold.

Theorem 2.1 None of the following is necessarily true:

Ro(Ry - Ry} (R0 R) - (R o Rs),
LIRCRE SEYCRERRC X ) o
R0 (R, AR,) S (R, o RY) AR o Ry),
R, 2Ry ARS) 2(Ry R AR, o R),
and consequently R,o(®, - R3) and R,o(R, ARry) are not distributive.

Proof. This will be proved by an example. Let U={a,, a;, a,} and o, B, € be
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given by

fala)=f4(a:)=0.97, fy(as)=0,

fala)=fala)=0.95, fala)=0,

fela)) =fu(a)=0.93, fe(a;)=0.
Then following (1.1) and {1,

0.95 0.95 0.93 0.93
AXRB: [0.95 0.95 g] ' AxE: [0.93 0.93 g] .
0 ) 0 0 0

Let R, be a relation from & to ® and R, R, be relations from B to € defined

by
0.6 04 0.7 0.8 0.5 0.1
®,:109 04 0], R [0.3 05 0], @R [0.3 0.5 g]
0 0 O 0 0 o 0 0 0

With R,, R, R, as above, one can follow the definitions above to obtain the
different expressions in (2.1) and check that none of the relations in (2.1)
holds. O

Theorem 2.2. R, (R, +Ry) is not distributive but only ‘subdistributive’ in the sense
that although

Ryo (R F Ro) S (R, o R+ (Ry o Ry) 22
is true,

Ro(Pn R (R oR) + (R0 Ry) 23
is not necessarily true.

Lemma. If £ u and ¢ are mappings from U to [0, 1), then
max [min(£(2), u(2)+é(2)—n(2)(z))]

=max [min(&(z), u(Z))]+m$( [min(£(2), $(2))])

—max [min(¢(z), n(2))] - max [min(&(2), $(z))}- 24)
zaU &

Proof of the lemma. For any particular z€ U, a complete enumeration of all
possible situations reveals that
1-min(£(2), p(2) + $(z) - n(2)d(2))
=[1—min(£(z), (2] - [1-min(£(2), $(zD)
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This gives
[1- o minte) (] [ 1- max fmincea, o021
1aU zel
= min [1~min(E(), (2] min [ - mine(2). (2]

<[1-min(¢(z), u(z)] - [1 - min(£(2), &(2))]
<1-min(é(z), n(2)+ $(2)-nlz)d(2)), VzelU.

Since the left-hand side is a fixed quantity,
[1- wax fminte, e - [ 1-max minteta, o2
1eU el
<mi3 [1-min(é(z), n(z) + $(z) ~ u(2)b(z))]
= 1—11“\[1]l [min(£(z), p(z)+ d(2)~- u(2)¢(2))],
whence, on simplification, the lemma follows.

Proof of the theorem. For any fixed x,ye U, taking &(z)=fa,(x 2), p(2)=
fa2. ), #(z)=falz,y), it is casy to see that the left- and right-hand sides of
(2.4) give the membership functions of R,o(R,+R;) and (R,°R)+(R,°R;)
respectively. Hence (2.2) follows.

That (2.3} is not necessarily true follows if in particular one considers ®,, ®,,
R, as in the example given in the context of Theorem 2.1. O

Theorem 2.3. R,°(R,UR,) is not distributive but only ‘subdistributive’ in the
sense that although

R, (R U Ry) S (R RY Y (R, °Ry) 2.9
is true,

Ryo(R YRy = (R o R) V(R o Ry) (2.6)
is not necessarily true.
Prool. Following the definitions in [1], the membership function of R, (R, U R,)
is

fammvanln ¥)= max [min{fe,(x, 2), min(1, fa,(z, )+ fa,(z. Y}

= l:?: [min{1, fa,(x, 2), fa, (2, ¥) + fa(z. V)]

=max [min{fa,(x, 2), fa(2 Y)+ fu 2 Y} @n

since fa,(x, z)% 1. Now, by a compl jon of all possible situations, for
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any particular x, ¥, 2,
min{fa,(% 2), fa.(z, Y) +fa(z, )]
<min{fa,(x 2), fa,(2, y)]+ minlfa,(x, 2), fa,(z. )]

‘\:J.&: [min{fa,(x, 2), fa(z. Y}I+ lf\.l: [rainfp (x, 2). fm (2, Y)}}

Since, trivially, min[fa,(x, 2), fa,(z, y) +fa,(2, ¥)) %1, this gives
minlf, (%, 2), fr, (2, ¥) + fr,(z, )]

<min| 1, max {min(fa,(x, 2), fa,(z, YY)}
+ e i (5, 2).fn 2.

= faomowacay(n ¥) 2.8)

where the right-hand side of (2.8) gives the membership function of (R, *®R,)u
(R,2R). Since this does not depend on z, it follows by (2.8) that

max [min{fa, (%, 2), fo(z. )+ f (2 VNS f i sunmpara( ¥)

whence, applying (2.7), it is clear that (2.5) is true.
That (2.6) is not necessarily true follows considering ®,, ®;, ®, as in the
example given in the context of Theorem 2.1. O

3. The results on transitivity

Theorem 3.1. If R, and R, are transitive relations on a fuzzy subset s, then (a)
R, - Ry, (b) R WUR,, (c) Ry AR, are not necessarily transitive.

Proot. ‘This will be proved by an example, Let U ={a,, a,, a;} and o be given by
fulay) = fulaz) =0.9, fulas)=0. Then

0.9 09
Axsd: [0.9 0.9 g]
0 0 O
Let R,, R, be relations on ¢ defined by
0.4 03 0.4 08
Ry [0.8 0.4 g]. Ry [0.3 0.4 g].
o 0 O 0 0 O

It is a routine matter to check that ®,, ®, are transitive fuzzy relations while
R, @, R, UR,, R, AR, aro not transitive. O
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4. Concinding remarks

The authors of [1], in their concluding remarks, stress on the need of evolving a
general methodology for handling expressions involving symbols like max, min, +,
X, 1and 0. It may be noted that the lemma in the context of Theorem 2.7 of [1]is
a version of the Minimax Theorem well known in statistical decision theory and
game theory. Also the techniques employed in proving the first parts of Theorems
2.2, 2.3 of this paper are similar to those used in the proof of the Minimax
Theorem. Hence it appears that such techniques may constitute, at least partly,
the required general methodology.
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