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ABSTRACT

‘This paper gencralizes in two directions a mode} of Manne and Mar-
cheti in which the decision maker bes to determine (he oplimum
nomber of lines of research to be undertaken given (a) that each line
of research has an identical snd ind, dently distri i
of success and (b) the cost associated with each line of research is a
constant proportion of the benchits accruing if one or more turn out
10 be suceessful.  Mannc and Marchelti visualise the decision maker
to be neutral towards the risk of failure and hence maximise the ex-
pected beoefits el of costs.  The present paper permits the decision
maker to be risk averse. Also the possibility tbat all Haes of rasearch
need oot have identical probabllity of success is considered by consi-
dering an ordered set of lines of research such that the probability of
success of k-th line of research is assumed to equal a(<1) times that
of (k—1)-th experiment, while successive lines of research are statisti-
cally independent. It is shown thal the optimum oumber of cxperi-
men(s cbosen by a risk averter will be usually less 1han that chosen
by the risk neutral decision maker.

1. Tntroduction

Manne and Marchetti [1] consider the following decision problem :
Given that each liae of research has an identical and independently dis-
tributed probability of success (I — p) and the cost associated with each
line of research is a proportion ¢ of the benefits B accruing if one or
more of the lines turn out to be successful, determine the optimum num-
ber of lines of research to be undertaken in order to maximize the ex-
pected value of benefits less costs. The probability of one or more ex-
periments succeeding (and thus resulting in benefit B) is 1 — p* since
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the probability of all the n independent experiments failing is p® The
cost of n experiments is cBa and this is incurred whether any experiment
succeeds or mot. Hence the expected bencfits net of costs denoted by

fn) equals B-(1 — p*) + 0 p* — cBn = B[l — p* — cn]. Maximizing
f(n) they show that the optimum value of n dcnoud by n® is approxi-
mately M They also ider a 1 of
this model.

It can bo scen that n* approaches zero if (1 — p) the probability of
success approaches either its Jower bound ¢ or its upper bound 1. This
Is easily established. The marginal value of an additional experiment
when n experiments are being pursued is

fin+ 1) —fin) = B[p*(1 ~p) — c).
This is a decreasing function of n. The optimum number n® [for ¢ <

log (L )
1 — pJ! is given by [#] where [x] denotes the largest integer

less than or equal to x. [Since for values of p close to 1 we can approxi-
mate 1 — p by —log p we get n® ~ log [c/—log p)/log p]. Now as p—+
upper bound (1 — ¢) it is clear that n* + 0. Alsoasp—+1,n*—>0

since
¢
Ll—ﬂ)_ 0.

m
p1-0 logp

Tn other words it does not pay to conduct many experiments if the pro-
bability of success is either too low relative to costs (the case of
1 — p—> ¢ from above) or sufficiently high (the case of 1 — p —+ 1).
However, and this is important to note, in one case the probability of

1. The case ¢ ! — p is uninteresting since f(n) < 0 for a > 1 and honce the opti-
mum number of experlmonts s zero.
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success is very high and in the other very low, even though the expected
net benefits are being maximized with few experiments.

2. Attitudes Towards Risk

The above argumsnt leads on to a consideration of risk and attitudes
towards risk. The expected net benefit maximizer is neutral towards
risk. To the extent research and development are undertaken, not by
academicians for the sake of pure knowledge, but by an individual or a
group of individuals in a more or less bureaucratic organization in the
private or public sectors, it is more natural to postulate risk averse be-
haviour, In order to explore the implications of non-neutral attitudes
towards risk, two approaches are outlined here.

In the first one, risk is measured by the probability p* of none of the
lines of rescarch succeeding when n experiments are being pursued. We
then draw up a trade-off curve between expected net benefits and risk.
Thus, denoting the risk measure p" by x, we can express the expected net
benefits f(n) = B[l — p* — nc] as a function of = by writing

f(n)=g(«)=8[1—n—c‘°£ . I

In Figure ! we have drawn the graph g(x) (which is concave in =) as a

Espected Net
Benciits gt )

t

'S = ' —> Probabity of na
success rpfy 1

Fig. 1
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function w for the case —logp > ¢ ponding to the diti
¢<1—p) [f —log p=c the curve g(r) mever rises above the
horizontal axis and as such expected net benefits are negative as long as
any experimentation is undertaken at all I] The point {=®, g(r*)} corres-
ponds to expected benefit maximization while the point (=%, 0} corres-
ponds to risk minimization subject to the condition that the expected
net benefits are non-negative. There is a trade-off between risk and
expected net benefit in the region (r° n*). As long as expected net bene-
fits are required to be non-negative and the utility function of the indivi-
dual is oon-decreasing in expected umet bemefits and non-increasing in
risk, his choice is restricted to the interval (w,, r®). Any choice of
7 < w® will mean more experiments than n® being conducted.

In the second approach we ider an | or a group whose
current net worth is Y, and whose criterion or utility function is U(Y),
The case of linear U(Y) comresponds to a risk meutral individual A
strictly concave (convex) U will correspond to risk averse (loving) indivi-
dual. We confine ourselves here to a risk averse individual, i.e., U(Y)
is strictly concave in Y with positive marginal utilities. His problem
now is to maximize his expected utility. His utility will be U[Y, — Ben]
if none of the n experiments succeed and U[Y, + B — Bcn] if at least
one succeeds. Given the probabilities p” and 1 — p" respectively of no
success and at least one success, we get the expected utility as

EU=p"UY,— Ben] + (1 — p) UY, + B— Ben].  (2)

N C oy

Treating n as a non-negative real number rather than a non-negative
integer and differentiating we get the first order condition for maximiza-
tion (for an interior solution) of EU as

%’ = —Be[pV(Z) + (1 — p°) U’ (Za + B))

=+ p* log p(U(Z,) + U(Z, + B)] = 0, [©))
where Z, = ¥, — Ben. It can be verified that (®EU/dn") < 0 when

(dEU/dn) = 0 so that we do indeed get a maximizing (in fact unique)
solution with optimum »n > 0 provided (dEU/dn) > Oatn = 0. This
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wilt hold as long as

BUAYy)
logp > ‘[v(r. B - U(m]> e

Defining the failure probability p" corresponding to the solution for »
from the above equation as n®* and recalling that the expected net benc-
fit maximizing failure probability #® equals (c/—log p) we get on rearran-
ging (dEU/dn) = 0,

[ BU'(Z, + B) ] @
{U(Z, + B) — UZ) — Br* {(U(Z,) — U(Zs + B

Unfortunately!, even with the assumption of concavity of U, it is not
possible in general to conclude anything about the relative magnitudes
of =** and n*. However, the expectation that a risk averter will, in bis
optimur, choose a larger number of experiments (i.e., lower =*® than
the number n® (and failure probability x*) chosen by a risk neutral in-

dividual, is borne out if a quadratic approximation of U(Z, + B) at Z,
is good enough. In other words, let

U(Z. + B) ~ U(Z,) + BU'(Z,) + %: U'(Z.),

U'(Z, + B) ~ U'(Z,) + BU"(Z,).
Then

7 = §*

U'(Z,) + BU(Z.) ]
U'(Z,) + BU'(Z,) + BUT(Z,) (x* — 0.5),

Under the rcasonable assumption that =® < 0.5, we see that n*® < n®,
or the risk averter will pursuc more lines of research than a risk neutral
individual.

We can go 2 little further without making further assumptions about

2. By assuming an exponential utility fuaction, Jean-Pierre Ponssard is able to show
that x*® < r®, sce Ponssard {2).
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U. We noted earlier that a risk peutral individual will undertake ex-
perimentation if and only if @ > — log p > ¢ whereas for a risk averse
individual these inequalities turn out to be

BU'(Y,)
00> —logp > c{m}>c.

Thus if

BU'(Y,) _
oD v} = ~lese > =

white a risk nentral individual will undertake some experiments, the risk
averse one will conduct none. Thus, values of p close to its upper bound
£, the risk averter will conduct fewer experiments than the risk neutral
individual.

Now as p tends to its lower bound namely zero, the optiurn number
of experiments chosen by both types of individuals tends to zero as is to
be expected since with p close to zero the probability of success of a
single experiments is close to 1. We have established this result for the
risk neutral case already. For the case of risk averse individual, let us
first note that his choice of = any given p is restricted to (w,, 1) where =,
is that value of ® < 1 which yields EU = U(Y,), i.e., his chaice of =
(and hence the number of experiments a since ® = p") should make him
no worse off as compared to a situation in which ke conducts no experi-
ments and continues to enjoy his net worth of ¥,. Given that p is less
than ¢, it can be easily shown that a unique =, less than unity yields
EU = U(Y,).

Now

'1335_;/ = p® log p (U(Y, — Ben) — U(Y, + B — Ben)] > 0.

Hence as p decreases 10 zero, w, increases to 1. This implies that n*®
which lies between r, and | tends to 1 as p tends to zero or the optimal
number of experiments x** tends to zero as p tends to zero.
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Now from_(4) we know

nee B
'F“wm+a%wwﬂ_#{uuo NN
U'(Za + B) U(Z, + B)
Given strict concavity of U,
U(Z, + B) — U(Z,) __=c
—W)—>B. Asp—0, n'_l-og—p»o.

Hence, provided U'(Z,)/U’(Zn + B) is bounded above, n*®/n® <1
for values of p close to zero. Thus, for values of p close Lo zero, the
optimal oumber of experiments conducted by z risk averter will be larger
than the number conducted by a risk neutral individual.

3. Sequence of Experiments with Varying Probabilities of Success

The M Marchetti model that the failure probability of
each line of research was the same and independent of others. It is perhaps
more realistic to assume that there is some ordering of possible lines of

h ding to their (. her’s) subjective probability of success.
Thus if n experiments are to be performed, then the first n experiments
in the ordered set of possible experiments will be chosen. Let us main-
1ain the independence assumption aod postulate that the probability of
Jailure of the k-th experiments in the ordered set is

a=1-0-pU—at (k=12...)
where 0 < p < land 0 < « < 1. With the independence assumption,

the probability of none of the experiments succeeding when n experi-
meats are performed is

n
Ty = kElIh-

1t is easily seen that « == 0 corresponds to the Manne-Marchetti model.
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As can be verified lim py =1 while lim =, = 0 so that the probabi-
kb o e

lity of at least one experiment succeeding can be made arbitrarily close
to 1 by choosing a sufficiently large n.

To keep matters simple let us confine ourselves to the case of a risk-
neutral researcher. If cost per experiment is 2 constant proportion ¢ of
benefits B then he maximizes expected net benefits as given by

H(n) = B[l — my — cn). (6)
Now
H(n+ 1) — H(n) = B [ra — %3, — ],
T — Ty = Ta(l — pasy) = my(l — p) (1 — a)~ Y]
Since m, and (1 ~ x)" decrcase as n increases, H(n + 1) — H(n) is a
decreasing function of n. It is clear that for the optimal number of
experiments to be at least one, H(l) > 0, that is ¢ < 1 — p, a condition

identical to a similar condition in the Manne-Marchetti model. Assum-
ing this to hold, the optimal number of experiments is given by n where

H@®) - Ha— Dz 0 ®
and
Hn+ 1) — H@) < 0. ©
It is easily seen that 1 is approximately the solution of
H(n) ~ H(n — 1) = 0, (10)
or

oy (=P - o= an

Mareh

We remarked earlier that « = 0 corresponds to the M
model. The effect of positive « on n is easily scen. For an increase in
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a decreases both (1 — a)* and =, for any given n.  As such :‘r\, the solu-
tion of 3.y, (1 — p) (1 — cf"j‘ = ¢ must decrease as « increases. This
is to be expected since with an increase in «, the failure probability of
every experiment other than the first in the ordered set is increased.
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