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Introduction

Shape discrimination is a major problem in Pat-
tern Recognition. There are two types of descrip-
tion on which this discrimination is based. One in-
volves structural descriptions of a shape while the
other describes a shape in terms of scalar
measurements. Structural descriptions of a shape
are usually made on the basis of medial axis
rransforms, Freeman chain codes, decomposition
into simpler subsets etc. [1-6}). Among scalar
ransforms are moments, Fourier coefficients
|7-9Y}. etc.

1 this paper we will propose a scalar transform
10-describe a 2-dimensional shape. This transform
will be called the shape vector. As we will see later,
ihe shape vector does not depend on the position,
size and orientation of a region in the plane.
Hence. it can be used to discriminate shapes of
2-dimensional regions.

In Section 2 we give the definitions of the shape
vestor, Lhe shape distance and the shape similarity
measures. An algorithm for extraction of the shape
vector from a 2-dimensional region is given in Sec-
tion 3. In Section 4 we discuss some properties of
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the shape vector and propose an extension of the
shape vector to 3-dimensional solids.

2. The shape vector of a region

A region A is a compacl and connected subset in
the 2-dimensional plane such that the closure of
the interior of A is A itself. The shape of a region
is what remains of a region after disregarding its
size, position and orientation. In other words, two
regions have the same shape if we can make them
coincide exactly by translation, dilation and rota-
tion. Dilation involves uniform change of scale
along the x and y axes. Clearly, all circles have the
same shape. So do all squares. But the shape of a
rectangle (or an ellipse) depends on the ratio of the
lengths of its two axes.

Now, if a transform of a region is to represent
the shape of the region, it has to be independent of
the size, position and orientation of the region. We
will construct such a transform now.

The centre of gravity of a region A is defined to
be the point C=(c|, ¢;) where

)=

x da/area (A),
A

0=

yda/area (&),
A
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where § means Riemann integration over 4, x and
¥ indicate the coordinates of points in A.

The ruadius r of a region A is the distance of the
farthest point of A from its centre of gravity. In
other words,

r= sup {le, =X+ (- »)73 0
(BT
Note that the radius ol a region A is invariant
under translation, dialation and rotation,

We define n concentric rings of equal width
around the centre of gravity (¢, ¢;) in the lollow-
ing way: The k-th ring 7; is the set

{(,\‘. MNER: k-1 I < {(e-x) 4 (s~ )2}
n

Ar

—} lor k=1,2,....n.
n

1A

®* is the Euclidean planc.

It is clear that the region A is a subset of
U;”, 7T, and in tact, a proper subset unless A is a
circle. The area of T is 2rn(2k — 1)r*/n*. Now, for
cach ring T, we define the proportion of the black
portion (i.c. of the region A) present in it as the
arca ol A N 7 divided by the area ol 7. Let this
proportion for the k-th ring be vy where O<sp; < 1.
The n-dimensional vector (uy, vs,...,u,) is called
the shupe vector of the region A and is denoted by
V,(A).

Thus, ¥V, describes a mapping that transforms a
region in the plane into a point in the »-
dimensional Euclidean space and hence brings
about a great deal of reduction in the dimensionali-
ty of the description of a shape. From the con-
struction of V,,, it is clear thal the mapping ¥V, is
not unigue in general. That is, two regions with
different shapes may give rise to the same shape
vector (Figure 1). However, for a limited class of
shapes the mapping is often unique and can be
used for pattern discrimination.

The shape vector ol a regionis (I, I, ..., 1) if and
only il the region is a circular disc. The shape vec-
tors of some standard shapes are given in Table 1.

A shape distance D can be delined for
2-dimensional regions on the basis of the shape
veetor as

P2
D&y, s))=— Y Wl -vj)
ng)
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Figure I. The 1mo regions above have differeni shapes but ther

shape vectors are the same lor any value {esen] of . In fa,

in the shape vector the first 272 entries will he 1 while the lawt
772 entries will be 0.,

where (v, v3,...,up) and (v, ui.....0]) are the
shape vectors of the shapes s, and . respectisely.

Note that the value of D depends on the vahue of
n. But for any fixed valae of 7 and for any shapes
$), $2 and s,,

(i) D(s), $:)=0:

(1) D(s;,s5:)=01ils, H

(iit) D(sy, 52) = D(ss. 5,): and

(V) DU(s;, $2) + D(sa. 51) = DUy, 8.

D does not define a metric an the sct of shapes
since the converse ol (ii) above iy not true. D
defines a pseudometric on shapes. A difTerent and
more general pscudometric among shapes on the
basis of the shape vector is the square root ol
(V' = vy AW =1V where A is a symmetae
positive definitc matrix and "' and V* are shape
vectors of 1wo shapes.

A shapc similarity measure g between 1sp
shapes ol 2-dimensional regions can be defined as

Uy, $2)=1—D(s), 55).

Since D lies between 0 and 1, so does p. 1T mwo
shapes resemble cach other closcly, the value of 4
is high. The shape vector ol a arcular dise »
(1, 1,...,1). So the degree of circularity of an ar-
bitrary shape with the shupe vector (v, vy, ...
is
| Lo
I-=~ L (-v)== X n,
nyg o) ni o
The values of the similarity measure g between
some standard shapes are given in Fable 20 The

computations are done using the algorithm gnen
in the next section.
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Table |

Shape vectors (# = 8) lor some standard shapes

v, Vy Vi v, Ve A vy Vy

Circle 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

Square 1.00 1.00 1.00 1.00 1.000 0.89 0.35 0.09

Lhipse a.n 1.00 1.00 1.00 1.00 1.00 1.00 1.00 0.61
1.2) 1.00 1.00 1.00 1.00 1.00 1.00 0.91 0.36
(1.5 1.00 1.00 1.00 1.00 1.00 0.80 0.44 0.20
.00 1.00 1.00 1.00 1.00 1.00 0.42 0.27 0.13
2.5 1.00 1.00 1.00 0.74 0.44 0.30 0.20 0.10
1.0 1.00 1.00 0.92 0.52 0.3s 0.24 a.16 0.08
4.0) 1.00 1.00 0.59 0.36 0.25 0.18 0.12 0.06

Rectangle (1.1) 1.00 1.00 1.00 1.00 1.00 0.87 0.36 0.09
(1.2) 1.00 1.00 1.00 1.00 1.00 0.78 0.3% 0.09
(1.5) 1.00 1.00 1.00 1.00 0.88 0.60 0.43 0.10
.0 1.00 1.00 .00 (R} 0.59 0.45 0.37 0.14
2.5) 1.00 1.00 0.99 0.66 0.46 0.36 0.30 0.16
3.0 1.00 1.00 0.87 0.52 0.38 0.30 0.25 0.16
4.0 1.00 0.99 0.58 0.37 0.28 0.23 0.19 0.14

The ratio of the major axis to the minor axis for the ellipscs and rectangles are givea within brackets.

Table 2

Values of » between some standard shapes {n = 8)

Ellipse Rectangle
Circle Square 1.} 1.2 1.5 2.0 2.5 3.0 4.0 1.1 1.2 1.5 2.0 2.5 3.0 4.0

Circle 1.00 0.79 095 091 0.8 068 060 053 044 079 078 0.75 0.68 0.62 0.56 0.47

Nquare 0.79 1.00 084 088 096 088 0.80 074 0.65 099 098 094 0.87 081 0.75 0.67

Lllipse 1) 095 084 1.00 09 0.85 0.73 0.65 0.58 0.4% 084 083 080 0.73 0.67 0.6 0.52
1.2 091 0.88 0.96 1.00 090 078 0.69 0.62 0.53 0.88 O0.87 0.84 0.77 0.71 0.65 0.56
1.5 0.81 0.96 0.85 090 1.00 0.88 0.79 073 0.64 097 098 094 0.88 0.81 0.75 0.67
20 0.68 0.88 073 078 0.88 1.00 09! 0.8S 076 0.8 0.89 093 096 092 087 0.79
25  0.60 0.80 065 069 079 091 1.00 094 084 081 0.8 085 092 09 093 0.86
30 0.53 0.74 0.58 062 073 085 0.4 1.00 09t 074 075 0.78 0.85 092 096 092
40 0.4 0.65 049 053 0.64 0.76 0.84 091 1.00 0.65 066 0.69 076 0.83 0.88 0.96

Kectangle 1.1 0.79 0.99 0.84 088 097 0.89 0.8 074 065 1.00 099 094 0.88 081 0.75 0.67
1.2 0.78 0.98 083 0.87 048 089 081 0.75 0.66 099 1.00 096 0.89 032 0.76 0.68
1.5 0.75 0.94 0.80 0.84 094 093 085 078 069 094 096 1.00 092 085 080 0N
2.0 068 0.87 0.73 077 0.88 096 092 0.85 076 088 0.8% 092 .00 0.3 087 0.79
25  0.62 0.81 067 070 081 092 096 092 083 0.8 0.8 0.85 093 1.00 094 0.86
3.0 0.56 0.75 0.6l 065 0.75 087 093 096 088 075 0.76 0.80 0.87 0.94 1.00 0.9
4.0 047 0.67 0.2 0.56 0.67 0.79 0.8 092 09 0.67 0.68 0.71 0.79 0.86 0.9 1.00

3. Algorithm 10 compute the shape vector

[.et a digital region be represented as a binary
mairix M(i, j). That is, M(i,j)=0or |.

Step 1. The total number of 1-pixels in the pic-
bite is computed as num= Y, ¥ M(i,j). The

coordinates ol the centre of gravity of the picture
are computed as

L

LI

i/NuM and c¢,= NUM.

M- 1

¢ =

We do not truncate or round ofl ¢, and ¢, to
integers.
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Step 2. The boundary of the binary picture is
scanned. Let B be the set ol boundary pixels. Then
the radius r of the binary picture is obtained Irom

= max (i~ + (- ).
el

Step 3. The matrix M is extended such that the
set {0 ) (i—¢)) +(j-e)'=r'} is contained in
the extended malrix. Obviously, for the additional
pixels (/. /). MU(i. j)=0. Now, each ol the 0-pixels
is classified inlo one of the n concentric rings or
outside in the following way: a O-pixe! (i, /) belongs
10 the k-th ring if (k- )r*/n<(i- ¢ +(j-c)?
<Ari/n and outside il (i—¢)>+(J-)>r
Each of the 1-pixels is classilied into one of the n
concenlric rings in a similar way. Note that no
1-pixel lalls outside. thus for each of the n concen-
tric rings, we know the numbers of O-pixels and
1-pixels in it.

Step 4. Finally, the shape vector (v}, vs....0,)
is obtained as v, = (number of 1-pixcls in the k-th
ring)/(total number of O-pixels and 1-pixels in the
k-th ring).

4. Conclusion

it is 10 be noted that the description of a shape

in terms of its shape vector has a basic inadequacy.
Thal is, it is not information preserving. For an in-
formation preserving description, the description
becomes betler with increasing value of » and
asympiotically determines the shape uniquely. it is
true that the set of different shapes giving rise to
the same shape vector reduces as 7 increases, but
does not tend to a singleton in general as # goes to
infinity. For example, in Figure 1, two dillerent
shapes give rise to (he same shape vector however
large the value of n(even) is. Thus, the shape vee-
tor is not an information preserving description.
However, the shape vector is easy 1o compute and
may be used for shape discrimination for a class of
limited number of shapes.

The extension of shape vectors of 2-dimensional
regions 1o the shape vector of a 3-dimensional solid
A is (¢, 03 ¢y) where ¢) =, xda/volume (A),
c3=§,yda/volume(A4) and ¢, =, zda/volume(A4).
The radivs r of A is
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311
sup (€)= x) + (e - )+ (- )
oy e
Instcad of concentric rings Ty in 2-dimensions, we
consider concentric rings py in 3-dimensions where

pk=[(x.y.z)em’:<k—l>§

172

<Uey —xP + (- P+ -2

KrI
=—1.
n

For cach ring p; ., v, is defined as the ratio of the
volume of (ANp,) 10 the volume of p;. The
shape distance and the shape similarily measure
can be defined for 3-dimensions in a similar
fashion.
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