BIGRACEFUL GRAPHS-I
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ABSTRACT. Characterization of the class of graceful graphs is an
open problem. A neceasary condition for an eulerian graph with e
edges to be graceful s that e Z O or 3 (mod 4). In this paper,
the authors have studied the class of bigraceful (bipartite end
graceful) grephs. Here, sowe infinite clamses of bigraceful graphs,

related to products of graphe, are presented.

1. Introduction.

Throughout this paper, the word 'graph' will wean a finite, un-
directed graph without loops and multiple edges. Let G(N, E) be a
connected graph with N, E as its node, edge sets respectively. Let

IN| = n and |E| = e. Then G is an (n, e)—graph.

By node-numbering of a graph G, we wmean an assignment of
distinct non-negative integers, called node monbers, to the nodes of G,
such that the edges of G receive distinct positive integers, called
edge rmumbers, where the edge (1, ]) 1s assigned the edge number

|a1 - le if 840 8 are the node numbers received by the 1:h and

3
j(h nodes. Every finite graph admits such a node-numbering. We are
interested in minimizing the waximal node number. Let N(G) denote

the set of all node-numberings of G. We define,

0(G) = win {max {a )} .
N(G) ten 1

0(G) 1is called optimal nwmber of G. A node-numbering of G which
0(C) 1is called an optimal node-numbering of G. Clearly,

attains
0(G) 2 e. A graph G for which O0(G) = e i3 called a graceful graph
and the corresponding d bering is called a graceful node-numbering.

A graph G 1ie said to be non-graceful if it does not admit a graceful
node-numbering. Further, a bipartite graceful graph is called bigraceful
and a bipartite nongraceful graph is called non-bigraceful. For the
literature on graceful graphs we refer to [2, 3, 4, 6] and the relevant
references given in them.

In the case of eulerian grapha Golomb [2] has proved the

following
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THEOREM 1.1. A necessary condition for an eulerian graph G to be
graceful is that [(etl)/2]1 <e even.

Hence, it follows that an eulerian graph with e = 1 or
2(mod 4) 18 noun-graceful. Further, if G 1is bipartite and eulerian,
the above necessary condition implies that e = 0 (mod 4). It is not
known whether this condition is also sufficient for this class of

graphs.

In this paper certain infinite families of bigraceful graphs
are presented for the firet time. The classes of graphs treated are
related to products of graphs. All the theorems are stated without
proof. However, the proofs are all constructive in nature and anybody
interested is welcome to write to the authors for a more detailed

technical report.

2. Bigraceful Distance Comvex Simple Graphs.

Below, we define a distance convex simple (d.c.s.) graph. A
aubset S of N is said to be a distance conver (d~convex) aet of
G 1f for any two distinct nodes u, v of G all the nodes oa all
u - v goedesics in G are contained in S. A graph G 1ia gaid
to be a d.c.s. graph if the only d-convex sets of G are the empty
set, the singleton sets, all the sets with two nodes which are adjacent

in G, and N icself. Por further details see [4,5].

In this section, two infinite families of graceful d.c.s.
graphs are given. We shall first describe a method of comstruction

of a large family of d.c.s. graphs given in [5].

Conatruction. Let G be a connected graph of order n, with e edges
without triangles. Let Gl' 62""'GA be A 2 2 coplea of the graph

G. Label the vertices of G1 by V;l.,...,V:l (1 = 1,2,...,A). Define

a (An, Aze)—graph DA(G) conaisting of the above XA copiles of G
with the following additional edges, Vi 1s adjacent to Vl; 1f and
only 1f vk for each 1, k = 1,...,A and

3
Iy 1e=1,...,n.

is adjacent to VI;

We conclude the gection by stating the following two theorems

without proof.
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THEOREM 2.1. DA(Pn) i8 graceful for A 2 2, m2 2.
THEOREM 2.2. Dx(cn) i8 graceful for A 22 and n 2 4, n even.

3. Some Bigraceful Graphs.
In this section, we consider some families of bigraceful graphs

which are subgraphs of DA(Pn) and DA(Cn)'

(i} Cylindrical graphs: CA(Pn) and c,(c).

1 2 A
Conasider X copies of Pn:Pn, Pn""'Pn' x 2z 2.
Label the vertices of l’1 by Vi V1 (1 =1 A) Cc,.(P)
o 172V, peeaA). 1Py

is the graph consisting of Pi,...,?i with the following additional

edges: V; is adjacent to Vi+1 1f and only i{f Vj+1 is adjacent to
V:+1 in P:+1 for each 4 = 1,...,A -1 and j =1,...,n. The

graph CA(Cn) is similarly defined replacing Pn by Cn. The

name i3 derived from the shape of CX(Cn)'

We now gtate the following two theorems without proof.
THEOREM 3.1. Cx(Pn) is graceful for A 2 2 and n 2z 2.

THEOREM 3.2. Cx(Cn) i8 graceful for X 2 4 and n = 0 (mod 4).

As an {llustration, a graceful numbering of the graph CA(PA)
according to Theorem 3.1 is given in Figure 1.

0 3
30 24,9
10

20 14

Figure 1. CA(PA): A graceful numbering.
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(i) Torus grapha: TA(Pn) and Tl(cn)_

Let ri, P:,....P:\’ be Xz 4 coples of P, nz 2. Label the
i 1 i
vertices of 1’n by Vl""'vn (1 =1,...,2). TA(Pn) is the graph

consisting of Plx,....P: with the following additional edges: v; 18

» where the superscript 1s reduced (mod 1), for each

adjacent to V;'H

{ =1,...,2 and j =1,...,a. The graph Tx(cn) is defined similarly
for Cn inatead of Pn. TA(Pn) is a (A n, 3i(n-1) graph and
T,(C,)) 1s a (n, 3dn) graph. We remark that T,(P) and T,(C)

are d.c.s. graphs for X = 4.

We now state the following theorems on torus graphs without proof.
THEOREM 3.3. Tx(Pn) t8 graceful for any A 2 4, even, and =n 2 2.
THEOREM 3.4. Tx(Pn) i8 graceful for n 2 2 and A odd.

THEOREM 3.5. T)‘(Cn) i8 graceful for n 2 2, n = 0 (mod 4), and

A even.

THEOREM 3.6. TA(Cn) 28 graceful for w2 4, n = 0 (mod 4), and
A odd.

Coneluding Remarks.

The study of bigraceful graphs has been taken up in this series of
papers. Themes of further research may be phased in terms of conjectures.

Related to the results of Section 2 ig

Conjecture 1. Let G be a bigraceful graph. Then D2t(G), t21, is
bigraceful.

We have found at least onme graceful node-numbering for cubes Qn for
n=2, 3,4,

Conjecture 2. All cubes are graceful.

Besides the non-bigraceful graphs implied by Theorem 1.1 no other non-

bigraceful graph is known in the literature. Recently such a noo-
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bigraceful graph has been found in Devarajan et al. (1]. P, Erdfs has

proved the following result mentioned in [2] as unpublished work:
OX of all graphe are graceful.

In the class of bipartite graphs we make the following, similar,

Conjecture 3. 0% of all bipartite non-eulerian graphs with e = 2

(mod 4) are non-graceful.
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