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Abstract

In Gauss-MarkofT linear estimation with yuadratic loss structure,
a sequential point estimator for the regession parameters is suggested
The procedure is shown fo have asymptotic risk efficiency and
bounded 1cgret.

1. Introduction

Motivated by the classical paper of Chow and Robbins (1965),
L.J. Gleser investieated the problem ot fixed size bounds for regression
parameters with Gauss-Markoff setup {1965. 1966). The purpose of
this paper is to consider the analogous problem of estimating the
regression parameters pointwisc.

2. Procedure

Consider a sequence Z,, Z,. ... of independent and normally
distributed random variables (r. v.'s ) such that
=x' i= . 2.
Z, xm?+ﬁ(:lj.) (2.1)
where 8 is a m = 1 vector of unknown parameters, x(j)isan x )

vector of non-stochastic known constants with ¢,  distributed

i
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as N (0, d, Cov (:I, cj)=0 for all i j(i#])), o being unknown;

(as a convention. for any p v ¢ matrix A, A" and R (A) mean resp-
octively the transpose and rank of A). We start with a samplo
size K (> m +2) making sure that R (XK)=m. whers X' =
n

(x(l)‘ ‘(2), x(")) and Y"-=(Z,. Zp o Z") for any n - K. One
is referred to Glesor (1965).

It is well known (Seo e. 2.. Rao (1965)) that a least square
estimator of 8 with model (2.1} on the basis of a sample of size n is
1

B =X, X)X Y, 2.2)
with dispersion matrix
-1
[ } '
VB y=at X X)) 2.3

Suppose the lose incurred in estmating E by E" from a sample

of fixed size n is

-1 (e
L"=n (E"—E) (X" X")UE"—E) +n (2.4)
with risk
Vo (a) :B‘7 (L”) 2.9

-1 .
=E°{n lr(ﬂ"—-.’j) (X"X") (ﬂ"—g)} +n
—-12
=n q"(lmxm)+"
=mo’|n+n
where trA means trace of the matrix A and | stands for
mxm
the identity matrix of order m <« m. If o were known, the problem
of finding the value of #, say u'. for which the risk (2.5) is a minimum
is perfectly straight forward yielding
= m* ° (2.6)
and miosimum risk

v(a) :vn,\(u)=2m* a. (2.7
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But, in ignorance of o, no fixed sample size procedure will
minimize (2.5) simultaneously for all 0 -~ o < oo. So the possibility
of utilising a sample of 1andom size N determined by the following
sequential rule <R is considered.

<Q : The stopping number N is the first positive integer n > K
such that

13

]

where Rzo":-Y'" Yn—Y'” X, B, startting sample size being
K(Zm+2).
The rule <R can be rephrased as
“R* : The stopping number N is the first integer n > K such that
V" < /(n, o) (2.9

. -
n;[mkon(n m) (2.8)

- 1 — 3 [y

where V" = (Ronlcr) , 1(n, 0)=n*(n— m)/md*,

We now state the following

Lemma For any fixed integer n (> K), ﬁn is inde pendent of the vector
(VK , VK+ 1o V").

Proof For any integer p in [K, n],

by =1 .
R =Y [I-X (X'X PY L I=(5 ), 1<ii<p(2.10
0p p[ p( P p) xp] P (‘.I)' hi<p(2.10)

= 3. Y )
== P
where E'I. are othonormal eigenvectors of the idempotent matrix

[I—X (X X)) X'] assoviated oigenvalues being thereby all
p "pp Tp

unity (/=1, 2, ..., m). Use the symhol 0for the null vector, irrespective
of dimension. Then we can write,

2 M2
Rp,= 3 (¢} Y,) (2.1)
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X
where p". = (E.',. : 0')isal x n vector. Lct( Up )be the corres-
4 : ep
ponding partition of X". From (2.2), E" =B Y" where B=

(X’ X )' X'. A sufficient condition for B'Y and p’. Y to be
n n n n oy
distributed independently is B p'.=0 (see Rao (1965)). Now for

verifying this sufficient condition ( using the notations of Ruo (1966)),

T
.:qn[l—xp(xpxp) Xp] implying "":@[XP

i
1

note that
- -1 . -

X' X X' 1=0(X ), since (X* X X' isa generalised inverse

{ P P) P] { P) 14 P) P

=0,

— Ve g . T .
of Xp. This pives pr'. =0 implying x" ?; =0. Hence B o
and it completes the proof of the lemma.

Using this lemma. ore can say that the event [ N=n ] and L"

are independent for all n > K, and one gets

v (@)=E (Ly)
=ma®E(N")+E(N), 0 <o < eo, 2.12)
and
7 (@)= v (a))v (o)
=} [n E(N"Y+ E (N/n')) @213
Also,
o @)=v(@-v ()
= [V E(N") —n¥] + [E(N)— ). .14

Regarding efficiencies of our procedure <R in (2.3), we have the follow-
ing theorems.

Theorem 1 lim n(o)=1
G —> 00

Theorem 2 lim w(a)=0 (1)
a > oo

Madifying the prool of theorem 2 in Mukhopadyay (1973a) or theorem
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3 in Starr (1966) one can prove theorem I. One can get a proof of
theorem 2 by modifying the proof of Lemma 4.1 in Mukbopadhyay
(1973 b). However, one can refer to Starr & Woodroofe (1969) also.
Here main thing to be noted is that Vn is distributed as X* with

(n—m) degrees of freedom,
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