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UNIFORM INTEGRABILITY IN THE CESARO SENSE AND
THE WEAK LAW OF LARGE NUMBERS

By TAPAS K. CHANDRA

Indian Statistical Institute

SUMMARY. 1Itis shown here that L' convergence holds in large number of cases where
the WLLN holds ; in fact, it is shown that the proof of the stronger fact is somewhat easier
and more straightforward. In particular, several extensions and variations of the classical
Khinchin WLLN are obtained.

The classical Khinchin’s weak law of large numbers (WLLN) says that
if {X,} is a sequence of independent and identically distributed random vari-
ables with finite E(|X,|), then »~}X,4-...4X,) converges to E(X,) in pro-
bability ; actually ‘mutual independence’ can be replaced by ‘pairwise
independence’ (see, e.g., Chung, 1974, Chapter 5). The usual proof of the
above WLLN is due to Markov. Dharmadhikari (1976) gave an alternative
(and somewhat simpler) proof of the same result ; in fact, he proved a slightly
stronger result that »~1(X,4-...4+X,) converges to E(X,) in L. It may be
noted here that, under the above assumptions the strong law of large numbers
also holdg (see Etemadi, 1981).

The aim of the paper is to demonstrate that the L' convergence (and
hence convergence in probability) of the sample mean holds under very general
conditions. It is worth-mentioning that the proofs of Markov and Dharma-
dhikari use the truncation at levels nd (see, e.g., Rao, 1973) and »n'/2 respecti-
vely ; this paper uses a different truncation.

Below the Xj are integrable random variables.
Definition. A sequence {X,} of random variables is said to be uniformly

integrable in the Cesaro sense if

a3
lim sup {n—l z ) IXkldP} = 0.
a—o n k=1 | X]| > a

Clearly, the above condition is implied by the uniform integrability of {X,}
(for the definition of uniform integrability, see Chung, 1974),.
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Remark 1. A sequence {X,} of integrable random variables is uniformly
integrable in the Cesaro sense iff

lim  limsup {n-? S [ Xk ap}=o.
a—> n—> k=1 |Xi| > a

Theorem 1: Let {X,} be a sequence of pairwise independent random vari-
ables satisfying the wuniform integrability condition in the Cesaro semse. If

n.
E(X,) = 0 for each n > 1, then n~* % X converges to zero in L.
ke=1

To prove the above theorem, we shall use the following elementary result.
Lemma 1: If {X,} is a sequence of uniformly bounded pairwise indepen-

n
dent random variables, then n=! % (Xz—E(Xy)) converges to zero in L.
k=1

Proof of Lemma 1 : Because of the Schwarz inequality it suffices to
show that

n~2 var (él (Xk~E(Xk))) -0,

which is obvious because of the given assumptions.
Proof of Theorem 1 : Let N be an integer > 1 and put
Ye=X; if | X| <N;

=0  otherwise.

n n
Let T,= 2 Yr and §, =2 X;.
k=1 =1
n
k=1

Hence n-1 B(|8,]) < n-* B(|T,—B(T,)|)+n~* % B(| Xp—T|)
k=1
+n—1|E(Sn_Tn)l (Since E(Sn) = 0)
< B T, BT,) )+20 B B(| Ke—Yel).

By Lemma 1, the first term of the right side goes to zero as n—» oo for each
fixed N > 1. We, therefore, get for each N > 1

n
lim sup n! E(|S,|) < 2 sup {n'l b E(le—Yk|)}.
n—) o n k=1
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Now letting N— oo and noting that
E(| Xp—Yi|) = XI | Xz |dP

xl >

we get the desired result.

The above theorem extends the first part of the Theorem in Landers
and Rogge (1986) who prove, using a relatively more complicated argument,
the WLLN under the assumption of the uniform integrability of {X,}. It
may also be noted here that the proof of the above extension of Khinchin’s
WLLN is much simpler than that, due to Markov, of Khinchin’s WLLN.

A slight modification of Lemma 1 will yield the following useful generalisa-
tion of Theorem 1. See, in this connection, Jamison et al. (1965) who discuss
the i.i.d. case.

Theorem 2 : Let {X,} be a sequence of pairwise independent random vari-
ables with E(X,) =0 n > 1. Let {a,} be a sequence of non-negative reals
n n
such that ( p a2)/b§—)0 as n—» o0 where b, = X ay which is assumed to
k=1 » k=1

be positive for all n. If

sup {El- 5, ar [ | Xk | dP}—)Oasa—mo, . (1)
n n k=1  |Xi| > a

then E'( ’él ap Xy l )/b,,—) 0 as n— co.

It may be noted that the condition (k%l a2 ) /b2 — 0 as n— o0 holds
if a, = o,(nt) for some ¢ > 0.

We now give an alternative description of the condition of the uniform
integrability in the Cesaro sense ; for the corresponding description of the
uniform integrability, see Chung (1974).

Theorem 3 : A sequence {X,} of random variables satisfies the uniform
integrability condition in the Cesaro sense if and only if the following two condi-
tions are satisfied :

(a) sup (n‘l § E(lXﬂ)) < ©
n k=1

(b) for each € > 0, there exists a & > O such that whenever {Ay} is a sequence
of events satisfying the condition that

n
sup (n"‘ z P(Ak)) < 4, .. (2
n k=1
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we have
sup ( nt 2 [Xkl dP ) < e (3)
n

Proof of Theorem 3 : We shall first prove the ‘only if’ part. Let a, > 0
be such that

sup (n—l S| Xl dP) <1
k=1 | X;] > a,

Then
E(Xe])<at [ |Xil dP

kKl > a

which implies that

nl S B(|Xi|) < aptnt S [ | Xp|dP < ap+1;
k=1 k=1 | Xl >a,

thus (a) holds.
Now fix an e > 0. Let a, > 0 be such that
sup (n‘l 3 f |Xk|dP) <
n k=1 | Xy > a,
Put & = ¢/(2a,). Then if (2) holds,

nt 3 [ | Xx]dP < % (aoP(Ak)-l— [ |X,,|dP)
k=1 4, k=1 1 X1 > a

= ayn7? 3% P(4g)+nt 3 f le|dP < ayf+ef2 =ce.
k=1 k=1 | X >
Thus (b) holds.
For the ‘if’ part, put
K = sup {n‘l )3 E(|X,,|)}.
n k=1
Then for each a > 0,

P(|Xk|>a)<a“1E(|Xk|) vE>1

and so n
n“lkZl P(|Xx| > a) < Kla ¥n>1

Fix an ¢ > 0. By (b), there exists a § > 0 such that (2) implies (3).
Put ¢y = K/8. If a > a,, then

| 1XkldP < [ |Xg|dP
| Xkl > a | Xk > ao
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which implies that

Y [ |Xg|dP<ntS [ |XildP<e
k=1 | Xi|> a k=1 |Xy|>a,

Hence the proof is complete.

We now show that for the L' convergence of the sample mean of indepen-
dent random variables, the condition of uniform integrability in the Cesaro
sense is not necessary.

Eaxample 1. Let {X,} be a sequence of independent random vari-
ables where X, follows N(0; o02)a¢n > 1. Put o, =n'% Then n!
E(|X;4...4+X,])> 0 iff n=%(0%+...4+02)—> 0 which is true, since

n n k+1 n+l
T 2K Y [ ade= | oda.
k=1 k=1 k& 1

Put «, =2E(N(0;1)I(N(0,1) > ajo,)),n > 1. Then «, increases with n
and
f |Xk]dP=0'kd)c.
1Xkl>a
We next show that uniform integrability in the Césaro sense fails for {X,} ;
in fact, for every a > 0

n
sup {n‘l z ]XﬂdP} = 0.
n k=1 | Xy|>a

To see this, it suffices to note that
n n
nl T oo 2 oy (n“l z a'k>
k=1 k=1

n
> a,nl [ aVhde.
0

We next show that the uniform integrability in the Cesaro sense is strictly
weaker than the uniform integrability.

Example 2. (due to B.V. Rao): Let X, = +1 or —1 with probability

% each if » is not a perfect cube, and X, = +n1/® or —n'/® with probability

% each if n is a perfect cube. Then sup E(|X,|) = oo, so that {X,} is not
n

uniformly integrable. But if @ > 1, then

n n
nl X ] | XkldPL 1 X J 1 XgldP L wt T k3
k=1 |X;|>a =1 | Xz|>1 k=js
k<n

< ((n73+1)nt3)/(20)— 0.
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Now use Remark 1 to establish the uniform integrability in the Cesaro sense.

For the lemma below, note that the uniform integrability of {X,} implies
Condition (1) of Theorem 2.

Lemma 2: Let {a,} and {b,} be as in Theorem 2. If whenever a, > 0,
b,— oo and (lél aﬁ)/bﬁ—)O as n— oo, Condition (1) of Theorem 2 holds,
then {X,} is uniformly integrable.

Proof : Suppose, by way of contradiction, that

sup [ |Xg|dP 50 as a— 0.

k21 | Xl pa

Then there exist an € > 0 and a sequence {k;} of reals such that 1 < k, <k,

< ks < ... aund

| X, |[dP > ¢ ¥ m > L
kamlam m

Define @, =1, ¢, =1¥m>1 and a, = 0 for all other values of n. Then

n
3 a? = 1+4the number of j such that k; < n;
k=1

= bm
so that b,— o a.nd( 3 a,%)/b,z,—-) 0 as n—> 0. Clearly we shall get a con-
k=1
tradiction (to Condition (1)) if we show that
1 n
lim sup —{E a [ leldP}>s
ne by lp=1 Xy >m

for each m > 1. Now fix an m > 1 and observe that for j > m,

kg
{z a J‘.m|X¢|dP}/bkj

=1 X

j -
- {¢=21 |xk‘{zmlxk‘ldP}b

j—ma1 14
> Jj T j—m+l {i=m |xk‘|jzm

| X, 2P}

j—m-+1

>

e (by the choice of {km}).
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Thus

ky
limsup { % @ |X¢|dP}/bkj>e.
iw® =1 | X >m

This completes the proof.

We now replace the condition ‘pairwise independence’ in Theorem 1 by
suitable ‘other dependence conditions’.

Theorem 4 : Let {X,} be a sequence of a martingale-difference random
variables relative to {8}, i.e. B(X, |8, 1) =0 foralln > 1. If{X,}is uni-
formly integrable in the Cesaro sense, then E(|n1S,|)—> 0 as n— oo where
S,= % Xyn>1l

i=1

Proof : Let &, be the trivial sigma-field, N an integer > 1 and Y be

as in the proof of Theorem 1 (k > 1) ; put

Z, =Ic§—31 (Ye—E(Yr|Bk-_y)), » > 1.
Then ” n
S,=12,+ 2 E(Yi|Bry) + 2 (Xp— 1Y)
k=1 k=1
Hence

B 8,1) < w7 BUZ) 4+ B ( £ | B(Xe—Ye| 1) )

18 B X)) . (@)
since E(Xy|Bk_;) = 0 for k > 1. Now the second term of Inequality (4) is

<w B[ 3 B(X—Til | Be-y)|
k=1

=n1 3 B(|Xp—Ti|).
Thus k=1

m
B(|nt 8,|) < 07t B(| Z,|)+2 sup m = B(| Xp— i)
m k=1
Below we show that
var(Z,/n)— 0 as n—» o0, .« (D)

which will imply that »=! E(|Z,|)— 0 as n— oo by the Schwarz inequality
since E(Z,) =0. Letting N— oo and using the uniform integrability of

A 3-9
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{X,} in the Cesiro sense, the proof will be complete as in the proof of
Theorem 1. Now

n
n2var(Z,) = n? [ kZ_‘.lvar( Ypr—E(Yg| Br_y))

+2 3 B B(Yi| 81N Y5—E(Y7] 810)]

L H4nN2+4-0)> 0 as n— ©
since for 1 <1 <j< m,
E(Yi—E(Y:| Bi_)(Y5—B(Y;| B44))
= B{E(Y—E(Ys| B\ Y;—E(Y;| 81-1))| Bj-1}
= B{(Yi—E\Y:| i )N E(Y5| 8y_1)—-E(Y;| By.1))}
= 0.

For the next theorem, let » > 1 and recall the definition of ¢-mixing
sequence as given in Billingsley (1968, page 166).

Theorem 5 : Let {X,} be a sequece of p-mixing random variables such that
n—1
n1 X (¢(s))—> 0 as n—> ©
i=1

and BE(X,) =0 for n > 1. If{X,} is uniformly integrable in the Césaro sense,
then E(|nt 8,])—> 0 as n— oo where S, =£I Xyn> 1

i=1

Proof : Let N be an integer > 1 and define Yj and 7', as in the proof
of Theorem 1. Then, we get as before,

B(|n1 8,]) < 0 B(| To—B(T,)|)+2 sup m—lﬁl B(| Xe—Ti|).
m =

It remains to show (as in the proof of Theorem 4) that for each N > 1,

var(n=YT,—E(T,)))—> 0 as n— co.

Now n2var(T,) < n¥4n N2+ 2 |cov(Yy, Yj)|)
i<j

< (4 NP2 'S (n—i)o(i))
i=1
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by Lemma 2 of Billingsley (1968, page 187). To complete the proof, we let
r14s1 =1 and note that
n—1

L n=1 NS ( n=1l Ur
n= S w—ijeti) <n2{ T g} | Gelir)
i=1 j=1

=1
< n? { :gll j;jl x8 dx}l/s{ :5—111 (@(i))r}l/r

yr

=t Jor do) " 'E (otir}

< -2 (:’:11 )1/8 { :zgll (cp(z))f }1/1'

= (s-+1)Vs { n-1 nfll (@) }m—) 0as n— .
i=1

Remark 2. The assumption of ‘pairwise independence’ in Theorem 2 can
similarly be relaxed to cover the above two notions of dependence. We omit
the details.
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