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Estimating the Variance of the Ratio Estimator for the
Midzuno-Sen Sampling Scheme

By T.J. Rao, Melbourne')

Summary: The problem of ¢stimating the variance of the ratio estimator tor the Midzuno-Sen
sampling scheme is further studicd in this paper. Sufficient conditions are derived for which the
suggested variance estimator is always positive definite.

1. Introduction

Consider a finite population of M units

UZ(Uu.Uz.-..,UN). (r.1)
Let Y and X be real valued characteristics taking values Y, and X; respectively on
U.. The values X, are assumed to be positive,i = 1.2.... N, Let R=2% yi L x;be
ies " ies

the ratio estimator for the estimation of the population ratio R = Y/X where

gx X based on a sample s of size n from (1.1). In general.R is
i=

biased for R and Midzuno |1952] and Sen [ 1952] have independently given a very
simple procedure which makes the ratio estimator unbiased. Their method consists in
drawing the first unit with probability proportional to size (the X-characteristic) and
the rest of the (# — 1) units by Simple Random Sampling With Out Replacement
(SRSWOR) from the remaining (¥ — 1} units of the population. H can be easily de-
rived that the probability of selection of the sample under this scheme is given by

N
Y=2 Y.and X =
=1 !

_ N-1 R
An exact expression for the variance of the ratio estimator R under the Midzuno-
Sen sampling scheme has been derived in Rao [ 1966 and further results on the proper-

ties of the coefficients which occur in the variance expression and the problem of
estimation of this variance have been studied later in Rao {1967, 1972). We have from
these results that
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V(R) =15| A Y +£§ L Y/ 1.3)

where

A= { (1/(2"_"1'Jx) PR AR } -x, (14

X! being the sum of the Ath set of (z — 1) distinct X s other than X; and the summa-
tion (over A) being taken over all such { N — l) sets; and
n—1

N~ ifs - -
A | v o

Xii being the sum of the Ath set of (n — 2) distinct X s other than X; and Xi and the
summation (over A) being taken over all such l:: sets. Next the problem of esti-

2
mation of ¥ (R) has been discussed in Rao [1967, 1972] and an unbiased estimator
suggested therein is given by

. 2 AoV V;

VRy=3 -5+ zz A (1.6)
es T isfes My

where

_ _ X

MeNTTtNoT §

r_n—=ltn=2 n—\ N—n Xi+’ﬁ )

WTN-IN-2"N-IN-2 \X T x| (1.

Furthermore, it is suggested there that a sufficient condition for V (R) to be non-
negative is that \;; > O for all i, . Chaudhuri [1975] assumes that the characteristic
Y can take negative values in which case the above sufficient condition is not valid.
Chaudhuri therefore. suggests an alternative unbiased estimator by writing ¥ (R) in a
different form, namely

B
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ViR) = L i it if ity
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where
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T. =)\,X’+l.1‘l’=7\”x‘+l_so!hu(.ifl,=Yl/X.wehave

v R)

£ @,-ng 45z
£ Ty +')‘:5 Ty= Dy

N 2 NN 2
:Ex 5§ T,.-—N')+i2<§:(l——7‘,/)(1,—tl) . (1.8)

N
using Rao's [1972] results of Theorem 3.1 (ie. T T,/ =(r—1T).
Ji
He then proposed the unbiased estimator
(nT,—N) a-Tp

VRY= £ ¢ + EX —= (@, ) (1.9)
‘.( ) ies i ",! <hes "l!i (1 /)

where n! and 7, are defined in (1.7).
This estimator can be used even when Y,'s (equivalently ¢,'s) are negative. Suffi-
cient conditions given by Chaudhuri for V, (R) to be positive definite are that
T,., <1 foralli+#/and

1, Y forali (1.10)
n

In the next sections we improve upon the sufficient conditions proposed by
Chaudhuri and comment on various other altemative estimators.

2.Non-Negativity of the Variance Estimator

Rewrite the expression for V(lé)'in the form:

> AL (i_l) 2 _‘_(T/—l) 2 2.1
ZV(R)=E3 N=T l'.+2(T”—|)lrl/ ﬁl/ (2.1)

Sufficient conditions for the positive-definiteness of the quadratic form Qi/ within the
parenthesis of (2.1) are given by

T,>1 (2.2a)
and (T”—l)’—(T,.—l)(T/—l)/(N—I)"<0. (2.2b)

It is proved in Rao [1972] that (2.2a) is always true and the only condition to be
verified is (2.2b) which involves a certain amount of calculation and does not explic-
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itly specify the bounds for T/ However, when the conditions are satisfied one could
consider a non-negative unbiased estimator given by

]
7,2z Qi (2.3)

It is easy to see that the expression for V (R) can be thrown into an alternative
form:

Ty R) = qu 1 . 2 — i__] 2
2V Ry = '2‘:3 n--l—IV—_l) 2T, l)’i,/+(n—l N—l)""
(2.4)
N
using the fact that,_.";i iy = (= 1T, [Rao. 1972]. ftis now immediate that the

sufficient conditions for the positive definiteness of the quadratic form of (2.4) are
given by

n—1

Ti> Ny ) (2.5)
i 2
and (T;; ~ 1" — (”_"1 - N—ll) <0 . (2.5b)

- 2
Again we have from Rao |1972] that T,./ >( n_1 ) _"—,l— which shows that (2.5a)

N-1 i
is satisfied. {2.5b) is true if, and only if
y n(n—2) IIN-2N-2n NN-2)
i (n—1) Ty m—DW-1) (N=-1) <0
. 1 QaN-WN-2m(n—1) NWN-2)(n—-1)* s
e T Ty e =) T V=1 atn—n ~0ifn>2
and T, >’(N ifn=2
_Nu-1) -2 -
or i n(N—l)] \ n—’N <0 ifn>2
— = 2.
and T, >’(N ifn=2 (2.6)

which gives the bounds for Tfl as

N P
T,.’> ,_,W). ifn=2and
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Nnrn—1 N 2n-1
N
nN-—1 l -2 N—1) @n
. N—-2n l
Notice here that N

Thus fora given sample it is easy to verify whether the T’./ s lie in the interval and
then use the estimator

o n 1 Ti[. 1 2
V'R)== 33 (————l)x 2T, =D+

I; ] /1!;/ (2.8)

,asan unbiased and non-negative estimator of the variance of R. whatever be the sign
ofls (equivalently Y s).

3. Remarks

The motivation for considering 17‘_ (}3) by Chaudhuri is that although in survey-
sampling problems the characteristics studied are usually positive valued. it is not
difficult to find instances when they may assume negative values as well. In such cases.
one could consider ¥} = Y + CX where C is a constant chosen in such a way that
Y/ >0foralli= 1.2,...,N.

Then
I B
la=—=5__ -
RN =2 5 R+C (3.1)
ies ! ies !
ad V(R)=V(R") (3.2)

and V(Ié‘)can be estimated unbiasedly by
U (RVY —
V(R )—i:E‘:s Aoy /1r, + Z/E }\,l g I,' /1!,.'/ 3.3)

where 1} = y! | X.

Once again, the sufficient conditions for non-negativity of V(R ) are that )\f >0.
However, since the conditions )\/ > 0 may not be satisfied for all sampled pairs, we use
the approach given in section 2 above.

Another alternative attempt when the characteristicY takes negative values (being
the difference of two positive valued y-variates, as for example, increase in yield of a
csop in one year over that in a preceding base year where decrease in value is treated
as negative increase) would be to write
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Z0o -
> i€s
VR =V =5
ies f
o) e (2]
=y E_xl +V Z_X—, —2Cov. E_x,'z—x, 34)

(where the notation is self-explanatory) and estimate the variances and covariances
separately [cf. Cochran, 1963]. Notice here that an expression for covariance can be
obtained as for the variance. However, it would not be easy to obtain conditions under
which V (lé) would be non-negative in this case.
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