A Note on Estimation of Variance Components
in a Multi-stage Sampling Design Based on
Interpenetrating Sub-samples

By M. N. Murtny, Calcuttal)

Summary: In this note it is shown that unbiased estimators of the components of the
sampling variance of an estimator in the case of a stratified muiti-stage sampling
design could easily be obtained by selecting the samples at the different stages in the
form of two or more independent interpenetrating sub-samples.

1. Introduction

The need for estimating validly the sampling error of an estimator
based on a sample survey to permit proper interpretation of the survey
results is widely recognized. In fact, one of the main features of the
sampling approach is that when properly used it enables us to estimate not
only the population parameterunder consideration, butalsothesampling vari-
ance of the estimate from the sample observations. Further, a knowledge of
the relative magnitudes of the components of the sampling variance in a
multi-stage design is also important, as this would help in evolving a suitable
sampling design with appropriate allocation of the total sample size among
the different stages of the design.

The main difficulty in obtaining estimates of variances of the estimates
of the population characteristics and of their components in large scale
sample surveys is the elaborate and time-consuming calculations involved
in their computation. For some sampling schemes, such as systematic
sampling, sampling without replacement, etc., it is not even possible to
obtain simple expressions for the variance estimator. However, it is well
known that in such cases it is possible to estimate unbiasedly the total
variance of an estimate in a simple manner, if the sample is drawn in the
form of two or more independent interpenetrating sub-samples. In this
note, it is shown that it is possible to obtain easily unbiased estimators
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of the components of the sampling variance of an estimator in the case of
a stratified multi-stage sampling design by extending the principle of
interpenetrating sub-samples to the different stages of the sampling design.

2. Two-Stage Sampling Design

Suppose in a stratified two-stage sampling design, the sample of first
stage units (/ s «’s) in each stratum is drawn in the form of » (> 2) independ-
ent sub-samples and the sample of second stage units (s s «’s) from each
selected fsu is selected in the form of m (> 2) independent sub-samples
according to any probability design permitting valid estimation of the
population parameter under consideration. Then there are # m sub-samples,
each capable of providing a valid estimate of the sth stratum total.

Let y,;; be the estimate of the sth stratum total based on the jth sub-
sample of the s s «'s in the ith sub-sample of the fs #’s. Then the overall
estimator of the population total Y is given by

Z 2 Ysis (2.1)

”m.-l,-l

where K is the number of strata and its variance is of the form

B, B
Rl QL L 2.2

Vi) = 2{n+1un} n+nm (2.2)
where A4, and B, are respectively the variation between the /s ’s and that
between the s s «'s within the fs#’s in the sth stratum for an estimator

based on one of the nm sub-samples, and 4 = 2 4, and B = z B,.

At this stage it may be noted that 4 and B mxght be quite comphcated
expressions for some designs such as those involving systematic sampling,
without replacement selection, etc.

It can be easily shown that unbiased estimators of ¥(¥) based on the
stratum level sub-sample estimates and on the over-all sub-sample estimates
are respectively given by

K =
P = ey 2, 2, o — 50 (23)
and
") = sy 3, G~ 9.8 (24

where
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and
j.=7.

It can be shown that (2.3) is more efficient than (2.4).
An estimator of B in (2.2) based on the stratum level sub-sample
estimates is given by

B = S — > 5 2.': (¥sis — Fsi) %, (2.5)
for

Bim—18)= 3, £{3 3 st —m 3 5t

sl

K
Z: nm {V(yei;) — V{Fi)}
X
=n "‘,@, {(A, + B,) — (A- + %)}

=n(m—1) f:lB.=n(m——l) B.

Another estimator of B, which is easjer to calculate, but less efficient, than
B, can be obtained on the basis of the overall sub-sample estimates and
it is given by

B, = 2 Z (s —F.4)% (2.8)

nlm —1) &
where

X
Y.ij = 21 Yasje

Using the estimators of V() and B considered here, we can get the following
two estimators of 4, one based on (P,, B,) and the other on (¥, B,),
that is,

dy=nV,— i 7
and

Ay =nV, —%, (2.8)
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where A, is based on the stratum-wise sub-sample estimates and A4, is
based on the overall sub-sample estimates.

This procedure can also be applied to the case of estimating the popula-
tion ratios. Incidentally it may be mentioned that for some simpler sampling
schemes, such as sampling with replacement, it is also possible to obtain
estimators of the inherent between- and within-variations by this procedure.
For instance, in the case of using simple random sampling with replacement
at both the stages of sampling, the sampling variance is of the form

V(¥)=—+ -2, (2.9)
where 1" and m' are the number of sample / s #’s and the number of sample

ssu's per sample /s, and hence in this case

a; . _ Oy
A= ™ B Gy i

Thus we see that it is possible to estimate o} and o unbiasedly using the
estimators of 4 and B obtained in this sectlon

(2.10)

3. Threc-Stage Sampling Design

The procedure given in Section 2 for two-stage sampling design can
casily be extended to three-stage and higher stage designs for estimating
the variance components of the sampling error. In a three-stage design,
suppose the samples at the three stages are drawn in the form of », m and
! independent sub-samples in each stratum, and let y,;;, be the estimate
of the sth stratum total based on the kth sub-sample of the third stage
units (¢ s #'s) in the jth sub-sample of 55 «'s of the 7th sub-sample of /s u's
in the sth stratum. Then the combined estimator of the population total
Y is given by

nm

_ 1 Iy 1
=il Z) ,ﬁ?’. pagors @.1)
The variance of ¥ is of the form

B &
nm " uml’

Ve =2 (3.2)
where 4, B and C are respectively the variations (i) between /s u’s, (ii)
between ssu's within fs«'s and (iii) between ¢sw’s within ssu's for
an estimate based on any one of the »# m [ possible sub-samples. An unbiased
estimator of the variance of ¥ based on the stratum-wise sub-sample
estimates is given by
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L3 »
Vi9) = gy 2, 2, O — 9o (3.3)
where
‘—12’:~~ and 13,
Y. —"Tl‘_lyujl P = g 8.y

since #,; ,%=1,2,...,n, are n independent estimates of the sth stratum
total. A less efficient variance estimator, which is easier to compute than
(3.3), can be obtained on the basis of the overall sub-sample estimates and
it is given by
1 »
= = 3 2
V(¥) A= 1).2. (Fai.. — Fe. )% (3.4)

where
K
=2 Ju. and §..=7.
S ]

Unbiased estimators of 4, B and C based on the stratum level sub-
sample estimates and those based on the overall sub-sample estimates,
which are easier to calculate, but less efficient, than the former, are given by

d=nv,— B G (3.3)
] 1 K L] " N _ c
B'=;m—l.§u-u§ (Fuis. _y'i")’__l—]' (36
C_lllz":'iz'-, 5 s 3.7
‘_75_——_1._“'-”-“—1( gt = Fuis 1 e
and
A,:W,—%—fﬁ- (3:8)
1 1 n m i _ c
'=;1ﬂ—li-li§l ()"‘i'—y"")zTi' @.9)
11 m i
'=7ﬁl—_1.§1,§ 2_: (Ysiza — F.51.)% (3.10)
where

K
Y.ijr= 121 Ysijh

other notations being similar to those used earlier.
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4. Practical Implications

By selecting a multi-stage sample in the form of independent sub-
samples at each stage and tabulating each of the sub-samples separately
at the stratum level or at an overall level, it is possible to obtain quick
estimates of the sampling variance and of its components. For instance,
in the case of a two-stage sampling design with two or more sub-samples
at each stage, the presentation of the results separately for the four or
more sub-samples would help in easy computation of the estimates of the
variance and its components. Similarly in the case of a three-stage design,
the data are to be presented separately for eight or more sub-samples to
permit simple computation of the variance estimate and the estimates of
its components.

Prior classification of the ultimate sampling units into the various sub-
samples would be of considerable help in large scale survey work, as it
would be convenient to obtain the sub-sample estimates as a part of the
routine tabulation operation itself. Thus, if the procedure outlined in this
note is used, there would not be any need for elaborate separate tabulations
for getting the estimates of the variance components.

It may, however, be noted that the procedure of selecting independent
sub-samples at the different stages may make the design less efficient for
some sampling schemnes. If this loss in efficiency is found to be substantial
for a specified sampling design, the above procedure can be applied by
splitting the entire sample at the different stages into sub-samples at the
tabulation stage for getting approximations to variance components.
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