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In recent years W. H. Dincs bas pointed out several reamarkable rclation-
ships Dbetween upper air elements and from these several important and
very general conclusions have been drawn. In 1912 Sir Napier Shaw
adopted “the working hypothesis that the chief outlines of pressure distributions
of our (i.e., British) latitudes are governed by pressure changes initiated just
under the stratosphere”” ' and concluded “it appears that we must regard
the sub-stratosphere and the regions above as the dynamical laboratory
of the atmosphere where the main causes of pressure change originate, and the tropo-
sphere beneath the sub-stratosphere as the physical laboratory of the atmosphere where
cloud, rainfall, and other physical phenomena arc prsduced by local causes induced, in
some cascs, by the effect of dynamical changes in the upper regions ™ 2

2. The arguments which have led to the formulation of tne Shaw-Dines theory of
the sub-stratosphere and tbe regions above as the seat of origin of meteorological
causes, may be broadly divided into two groups :—phvsical and statistical.

F. M. Exner|® has discussed Dines's theory trom the physical standpoint.
He believes the horizontal shift of air masses to be a large causative factor of tempera-
ture-fluctuations in the free atmosphere. Hesselberg has considered the problem in
greater detail and comes to the conclusion that ‘ the statistically determined relations
between pressure-changes and temperature-changes and between pressure-changes
above and below do not justify the formulation of Shaw’s hypothesis. These may
he derived, with the help of the first law of thermodynamics, from the assumed move-
ments in cyclones and anti-cyclones, without any assumption about the ‘ seat ’of the
pressure changes.” *

Among others who have contributed to the subject on the physical side are
Koppen a;md Wedemayer ® and C. K. M. Douglas ® whose conclusions are not
accepted by Dines .

4. It will be seen that the whole subject, important as it is, is in a highly
controversial state. Considerable emphasis has been laid by both Shaw and Dines

' M. O. No. 210L. Geophysical Memoirs, No. 2. 1912, p. 17.

7 The same pajur. p. 22,

8 F. M. Exner:* (ber Luftdruckschwankungen in der Hohe und sm Erdboden.” Met. Zeit. Sept. 1913, pp. 429-436.
¢ Thb. Heaselberg : Met. Zeit. July/1915, p. 318. Translation is my own.

% Met. Zeit. 1014, pp. 1-15 and 76-87.

¢ Quar. Jour. Roy. Met. Sec., Vol. XLVII, Jan. 1921, p. 43.

3 Quar. Jour. Roy. Met. Sec., Vol. XLVII, Jan. 1921, p. 4.
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on the statistical evidence; and I propose in the present paper to examine the
question from the statistical, not the physical, standpnint. .

4. The argument behind the 9 km. hypothesis may, I think, be fairly summed in
the following way : —

(§) The average numecrical value of the correlation co-efficients of * pressure
at 9 km. level ” is higher than the average values of the co-efficients
of the other variables.

(¢) Therefore * pressure at 9 km. level ”’ is statistically more important than
the other variables (e.g., P,, 7., II,, etc.).

(ii3) Hence, it is inferrel that. ¢ pressure at 9 kwm. level” is the controlling
variable.

Dines says—** The averace value of the 12 numerical co-efficients of § P, is, *9+4, of
3H, it is 7S, of §T it is ‘60, of SP, it is ‘32 and of §T, it is *25. From this it
appears that P, is the most important of all the variables, since its standard variation
is capable of prolucing very nearly the fall standard variation of all the other
quantities. ”’ ()

Dincs was however not dogmatic as to the exact height, for on p. 226 of the
paper just quoted he speaks of the pressure at a height somewhere between 7 km. and
11 km. as dominant in the chunges of the atmosphere.

5. Let us now inrn to the problema of determining which is the heioht that
gives the numerically greatest set of correlation co-efficients. Adopting the notation
of Dines in No. 2 of the Geophysical Memoirs®, we have

P,=P,=pressure at sca level (denoted by variable z,)
T.=mean temperature of air-column from 1 km. to 9 km. (z,)
Py=pressure at Y km. (z,)
H =height of the stratosphere (z,)
T, =temperature of the stratosphere (x;)
Let  P,=pres<ure at height z k.

Py or P,is not a directly observed quantity bhut is calculated from observed
values of P, and 7', with the help of Laplace’s formula—

_ K (I4«0) (I+Z/R)
(1=0378 ¢/n) (I—Fk cos 2y)
where Z== altitude, y= latitude, R— terrestrial radius, §,— mean temperature up to
£ km., ¢ = mecan pressure of aqueous vapour, x=co-efficient of expansion of air, ¥ =
constant of variatiwn of gravity, K= baromelric¢ constant and n= 3} (P,+ P,).
Neglecting as Dines does (%), the effect of variation of gravity, correction for
moisture and correction for altitude in comparison with 2, i.e., putting k=¢=2/R=0
and clanging to akrolute tewnperatures, i.e., substituting 674 T, = (/+a8,) K we get
4=06i"¢ T, logia I,| P, e (1)

log, P.JP, ... .. (1)

' Beitrige zur Physik der freion Atmospbire, 1913, p. 228,
? Cowpater's Handbook, M. O. No. 224, Sectinn I 2, page 19.
% Goaphysical Memoirs No. 2, M. (). 210b, 191, page 33,
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Taking logarithmic differentials

r ZP
dP'=__'__ P‘ 4 s
P, d +29-3 7.2 a7, e (3)

where T,— mean temperature up to height z km.

Writing d7, = d T, in accordance with the nresent notation

P ZP
P = —-. s '
dP, =3~ dP. + e, dT.
=adP, + b. 4T, A ‘ ; . . (20
- _ P, Z "
And B = b/a = 29.3 'T:; . . . - : (J)

Zis fixed uniquely as soon as B is given. Turning to equation (2:1)', dividing by
a and changing notation to z,, z., etc., we get
dP./Ja = dP,+ B.dT, = dr, + Bdxz, s . (29
Squaring (2°2)

dP;/ &’ = dz] + B’ dz)} + 2 B dz, dz, . . (41

Multiplying (2'2) by dz, (deviation of 2ny other variable z,) we have

dP,. dz,Ja = dz, dz, + B dz, dz, . . . (49

Sumuwing (4'1) and (4-2), dividing by the total numbc: of records and writing
4, 8,, 8, as the standard deviations of z,, =, and P, respectively and 7, r,,, 5, and 7,
as the co-efficients of correlation between z, and z, (P, and 7,), =, and z, (P,and z,),
#, and z, (T, and z,), P, and z, respectively, we get

sja" =8’ + B's’ + 2Bs s, 1y,
and 3‘ ”n 7',,,/0 - 81 su rl- + -B 8’ ‘9n r?-

’

Writing &, = s,/a, we get finally

=8+ B's"+2Bs, 8,7 . ; . . (51)
and r.=— SiTmt &7 . . i . (62
zn 8!, .

' (2'1) Dines for example takes (Geophysical Memoirs No. 2, p. 811
dPg = *33dPy + 1'0S dTm
He suys on p. 43 of the same paper “ dP, instend of heing entered from the figures given for each ascant was writtan down
at once from the (above) equation.” On p. 222 of Beitrage z. P. (. fr. Atm, 1913, he says « Pg is not un observed quantity
lie Tw or H, but is cslculated by a definite formula from the values «f P, (i.e., P, ) and the mein temperature of the s'r
column” and gives the formula as dPg = 30 dPy, + 108 dTwm. If we take Dines’s values of P = 231, T' = 16°C

=~ 23§ absolute, (quoted on p. 33 of Geo. Mem. No.2) we get: & Pp = ‘504 d Po + 1:0Yd Twm which is much nearer the
second of the two formule given by Dines.
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6. In order to get the mumerically greatest set of correlation co-efficients it is
obvious that we must neglect the sign of r,, and make S(r,), s.e, the sum of

all #'s & maximum, i.e., choose B in such a way that _d% S(r,) =0 . This value

of B will lead by equation (3) to a definite value of Z, the height which will
give the numerically greatest set of co-efficients.

Writing S(r,,) = R, 8(r,) = R, and §(r,.) = R,

‘we have R, = (& R, + Bs, R,) /¢,
ds,
Then iR, - s, 8 R, — (31 R, + Bs, Rs) aB =0
aB o

. T ds, _ Bsi 4+ 8,38 r,
Differentiating (5'1) = B 7. -
Hence &) 8 R, — (31 R, + B s, ’l) (B s+ 8,81r,) =0

. 8 (ro R, — Rﬂ)
= .. (6

leading to B o (re Bs — ) (6)

7. We can now use equation (6) to find appropriate values of B for the different
-series of data given by Dines.

Consider the 66 English ascents (series 66E) on p. 33 of Geo. Mem. No. 3.
Wa have

rg = 47 ror = 47 Thus

rg = ‘68 rgs = 90 Ry— ryy Ry = 19967

rie = 18 ree = 74 Rs— riy Ry = 17027
— s = Tl — ;s = 28 Also s =103, = 76

ru = 100 reg = 100 Hence B = 1'1785

R, = 859 Ry = 339

Using equations (5°1) and (5°2) I calculate the co-efficients of correlation with pressure
at zkm. Dines’s co-efficients at 9 km. are alsv.given for comparison.

Height ¢ km. Height 9 km. (Dines).
Ty = 9587 ryy = 68
rea = 9053 rss = 90
re3 = 9907 reg = 100
ree = 9316 rse = 36

— Ty = '65154 —f35 = 48
R, =4+4377 Rs = 392

Thus our “ constructed ”’ sct gives 44377 against Dines’s 392, a result which
18 13% better.
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8. In the following Table (l'able I) the *‘ constructed " co-officients are given
under P, and Dines’s co-cficients for 9 km. under P, for 4 series discussed by Dines.
The name of each set is as mentioned by Dines with the exception of B. f. 4. which
is the set given by Dines in Beitr. z. P. d. fr. Atm., 1913. The percentage difference
hetween the “ constructed ’* and the 9 km. set is shown under each series.

In one case in the B. f. A. series marked (a) in the Table my constructed
co-efficient oxceeds 1'00. This is due to the fact that the B. f. A. series does not
represent any actual set of observations but merely gives a set of values considered
“most likely ”” by Dines. Want of staiistical consistency is hence not impossible.

I should also mention that I have taken r, to be 1'00 in every case. Actual
figures given by Dines do not give this result in all cases. For example in series
108 C the directly calculated value of r,, comes out to be only 92 instead of 1:00.
This is the reason why 1 have not included 106 C in Table 1.

The constructed sets are on the average of the 4 series included in Table I,
7:6% better than the 9 km. sets.

TasLE I.

(Values of correlation co-efficients including P,.)

1. 66 E. f 2. E. A 3. 29 E. 4 B.LA
P Ps l v —l P P Py % | B
.
1. Pe 9587 €8 8849 i 80 9314 88 8270 65
2 Ta 9063 90 s | e 93¢ 90 9522 90
3. Iy *9907 1-00 *9867 1:00 9970 100 1:0(a) 1-00
. H, 9315 86 8476 w5 9390 -92 8977 80
8.—Te 6615 48 7104 7 6067 76 5345 45
Average 8875 784 8614 844 9035 ) 892 8668 76
Difference 13-2% 2:1% ‘ 13% 12:5%
B-bia 11785 147594 l 2:0320 15612

9. In the above Table I have included P, itself as one of the variables. This is
scarcely justified. What we want to find out is whether any height Z exists at
which the pressure P, gives a numerically greater set of correlation co-efficients
than that given by pressure at 9 km. For this purpose it seems desirable to exclude
P,. Doing this we get Table II. Here G. 2 is the wean series given in Geophysical

Memoirs No. 2 and B. f. 4. the set of most likely values already included in Table I,
otherwise the names are as given by Dines.
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It will be noticed that omission of P, lowers the “best’ height still more-
while the co-efficients are now 14-7% better than Dines’s co-efficients.

TABLE IIL.

(Values of correlation co-efficients omitting P,.)

1.68 E. 2.E. A 3.100 C. 4.108 C. 5.G.2(Mesn). , 6.B.f.A
Ty H i
ll’o P | P | P p | P P | P ! T S
.l“q“ - s
LP, . . -9163‘ 8| -060| -80| -9s02| 67 | -74s2 29| 0484 66 9352 63
2T . o “840!

90| -ssia| 94| oras| ws | 05| es| or0s! 92 w2l w0
s.H, . . -sm\ 36| -8s27| 77| wiz0| 0 | 789
4-T, . .| -6t61+ 48| sms| 71| -amo| 27 | a0ss;
Average . . 1931‘5 as| -e30s| -s3| -muaa| -6723| 600 | -5 w555 T 8236 | 0
RO R o 2% I [T ET'S B BT R Y

B . . . omv\ e | 14743

o

>
o e

~9325! 83 6925 80
62090 49 364" 46

(5]
[X]
o

Difference .| 86%

o fvosso| .. |omse| . |10 .. ;1288 ..

10. We can now proceed to find Z from the above values of B. In equation
(2) the mean temperature 7, must be determined from the known values of
temperatures at different heights. Dines for example' takes 3 T. = 4,5 + £, + ¢,
or 3 dT, = dtys + dlyo + diys.  The actual temperatures 4,4, £, £, will of course be
widely different but the fluctuations d¢,s, d,, dt,, etc., way be taken to be sensibly
equal on the average of a large number of cases’. Thus
statistical averages df, = d¢, = dt, = d¢, ... = dt, == dT..

In equation (2) putting Z, = 1 and Z, = 2 and writing
temperatures between 0 and 1 km., 1 and 2 km., respectively

we may take for

¢, ¢ as mean
P,
dP‘ ?— (lP + 09' '1:’, . dt'

P, Z—Z
dP, = 3. ar, + & ,9,,‘3,1" . dt,

Puiting d¢, = d¢, gererally and remembering Z, = 1, Z, =

_ B
ar, =, dP, +293 at, (t’+t‘)

1 1 2
If we put?‘-, + n= Ty
P, 2 P, ad,

We get APy = p . dP - 599 7y

' M. O. No. 2105, Geopbysical Memair No. 2, p. 82,
? Reitr. ¢ P. d. freien Atmos. 1913, p. 222.
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Proceeding in the same way, we get

iy ZP, AT,
dP‘ = _Po . d-Po + 23{3 “T:l'
1 11 1 1 1
where = (‘t," +T’.+Zi+ " +»-t.;)
11. We can easily find ?/T,” for different values of Z from published data. Using
Table X, Geophysical Memoir No. 13 and taking P = 1014 mb = 760'6 mm., I get
the following table of values of B at different heights above sea level.

TasLe 1II.
(Tabulated values of 1/7,* for South East England.)
|
05 2600 0000 12 76 51 10 033 11
15 275'5 12 9% 2 20 0G7 32
25 2706 13 19 90 30 102 79
35 2650 13 45 o3 40 1139 76
45 2385 18 76 s 50 178 60
56 2515 14 10 20 60 219 64
(3] 2445 14 47 71 70 263 07
76 2375 14 88 35 80 309 09
85 2310 15 a1 2 90 357 74
95 226-1 15 73 87 100 408 56
105 2212 16 16 43 I 110 461 71

12. From column 5 of the above Table the height Z is calculated for each value
of B given in Tables I and II and is shown in Table IV,

TasrLe IV.

(Heights in Km. for * hest  correlations.)

@ ]
! R o “best
Series. 66 E E.A | 2E R1f A 100 c. | 106c. | G2 "";f;zm.*
H i i
i | |
B 11785 17694 | 20320 15612 !
1 S ! \
(z 84 Km. | 49 Km. | 53 Km. | 44 K. . - w46 Km
- ! ' :
B 08487 14733 | 1-2668 10350 | 7285 | 1:2019 |
11 i if
z ‘ 2:5 Km. 42 Km. ‘ 36 Km. 30 Ko. | 22 Km.| 36 Km.| 32 K.
1
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13. We notice that the height for “best™ correlation varies from 34 to 586 km..
if we include P, and from 2-2 to 36 km. if we oniit P,, The average * best” height
is 4'6 and 3'2 km. respectively.

On the data discussed by Dines it thus seems likely that the region from 3 to
4 km. is statistically more important than the region from 7 to 11 km. If statistical
importance implies any causal or physical significance then tbe region from 2 to 4 km.
seems to have better claims {o be considered the seat of activity rather than the
sub-stratosphere and fhe regions above.

14. Dines has discussed the partial correlation and the partial regression co--
efficients of various orders. A few remarks ocn this point way not be quite out of
place.

If we construct a function z= a z,+b z,, where a and b are copstants and z, and
z, are the independent variables, then the partial co-efficients involving ¢ can be easily
calculated. If p and g are any two variables, s, s, 3, 8, and s, the standard deviations
of z;, =y, p, ¢, and z, respectively, and if r,, ,, 7, , r,, etc., are the co-efficients of
correlation between 2, aud z,, z, and p, p and ¢, £ and p, etc., respeotively, then

vy = (a 8,1y, + bsry,)s,

= (24,7 + bsry)/e.
Hence
# __a 31 (rip—="rsq ,,)+b 8y (15— "'q ) '
e = —mt {a' e (I=r3) + 08’ (I-1y) + 2abs s (Prs—rigrs) 3

Writing d,- = o’ 3,(I—r) + ' &' (1—ry;)) + 2 abs, s, (ra=7101s)
and d, = 2 similar expression in p, we have

- 92"_(’_.'1:515’.').":{.'&6” (req - ’,'r"r’w) __'*i_‘{(’fl ﬁ&_ Fis Tpg="1pV'sg = T'1,7s5)
rn..-— {(’ d }‘
ﬂl, (I—r,q) + b 8, (’ ,,—7,' 0') — as' (1_",:‘ + bs) (r,, - 1‘,’.’.,')‘
e a=r = =) &
Also Tiee = a8,(rrig — 73+ 8,(rig — 11 13)

{1 =ry)d,j

as,(r 3 — TiTsg) + b 85(r P1aTag = Tg)
T {(T=ry)a
Writing » (19.2) for r .., #(2q°2) for 7y, etc.
r(1g2) + r (2qz) = 0,r (zp’1) = r (2p'1) and » (..p") =r (Ip2)
Also r(:18) = r (11'9) = r (c20) = r (22']) = + 100.
And r(122) = — r (2&2) = — 100
Dines has assumed dP, = *33 dP, + 108 dT., that is dz, = a dz, + b dz,

Hence we should have »(31°2) = r(32:1) = + 1:00, r(12:3) = — 1:00 and r(19°3)=
—r(2¢'3) generally.

r’(l -
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9
But a glance at Tuble IV, Geophysical Memoir No. 2, p- 37, will show that

pone of ‘the above rclations is actually satistied by any one of the sct of valucs
quoted by Dines. This discrepancy is puzzling and throws doubt on the accuracy of
Dincs's figures. Absence of raw data makes checking impossible. I may note that
all my constructed sets of “ best” co-eflicicnts dn satisfy the above relations.

156, Passing on to the partial correlations of the second order I get the followine
resulis by straightforward algebraic simplification. °

r(s124) = r (c214) = r (21'2) = r (:215) = + 100
r(z412) =1 (2612 = r (14'.2;) =7 (16%) = r (2420) = r (%551) =0
r(1224) = r(12¢6) = — 100
r(c416) = .r(2415) , r(514) = r(2314)

r(2425) = »r(142) , r{z524) = r(1524)

r(2d) = —r (154 , r(2052) = — r (145)
r(451z) = r(452) =.r (4512
Also r (24'51, r (25°41), r (15°42), r (12:45), r (14:62) and r (45°12) are quite indcpen-
dent of a and b, i.e., of z.

Hence r(z1°45), r(22:45), r(25°4z), and r(24:6s) are the only four second order
co-efficients (for 5 variables) which dcpend on the numcrical values of aand 2,

i.c., depend upon the particular height considered.

I have to mnote again that Dives’s figurcs given in Table V, page 40 of the
memoir quoted above are quite discrepant with the above results.

16. I fiod for the third order partial co-efficients.—
r (21245) = r (s2:145) = + 100, r (12:43) = — 100
r(d6519) = ¢ (dbzl) =r ({522 =1 (16°12).
And  r{z4125) = r (512) = ¢ (14225) =1 (i5°224)

= r (24:16) = » (25°2i4) = 0.
Thus all the third order co-cflicients are quite independent of @ and 2, i.e. quite
independeut of the beight.

17. In conclusion I wish to acknowledge; with gratitude my ivdebtedness to
Dr. Gilbert T. Walker, F.R.S,, Dircetor-General of Observatorics, for the help and
encouragement he has given me at all times. He euggested the problem, gave
me every facility for work in his department and made valuable criticisms. I also

wish to thank Dr. Normand, Imperial Metcorologist, and other mcmbers of the stall
at Simla who were kind enough to help me in vatious ways.

BGPL-21-1V+5 (5)-10-1-23—400.
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