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STUDIES IN EDUCATIONAL TESTS. No. 1. THE RELIABILITY

OF A GROUP-TEST OF INTELLIGENCE IN BENGALIL.*
By P. C. MAHALANOBIS,

GENERAL INTRODUCTION.

The pioneer period in intelligence testing may be considered to have ended with the
publication of the final revision of the Binet scale in 1911 shortly before his death. The
work was taken up by a number of competent psychologists like Goddard, Terman,
Thorndike and others in America, by Stern, Bobertag, Meumann and others in Germany,
and by De Sanctis (on independent lines), Saffiotti and his followers in Italy, While in
England, Spearman had already started his work on the two-factors theory of general
intelligence which was later developed with great vigour by his followers,

The advent of group testing gave a new turn to the movement. Surveys on a scale
were made possible which could not have been dreamt of in the era of individual testing.
A great impetus was given by the use of group tests in the American army during the
War in 1917-18. The Army Alpha test, for example, was administered to more thm
one million unselected recruits. The next few years which saw an amazing development
in group testing may be characterized as the boom period in mental testing.!

The subject of vocational guidance and industrial psychology gained peculiar impor-
tance in the post-war period of economic distress and gave additional impetus to the testing
movement. It received official recognition in various countries of the world. In India,
for example, it was discussed by the Central Advisory Board of Education in October, 1921,
and experiments with the Binet-Simon scale and its later revisions were started in certain
provinces. A comprehensive report on “Psychological Tests of Mental Abilities” was
prepared by Dr. A. S. Woodburne and was published by the University of Madras in 1924.
I'he author quoted with approval at the end of his report the following sentence from
Terman :—‘Individual psychology has achieved its greatest success in the field of
intelligence testing, and the development of the last two decades in this line constitutes
the most notable event in the history of modern psychology.”

. In Europe and America, however, the over-production of uncritical researches had
begun to produce a reaction, and a kind of depression in mental testing had set in.
Although very little positive or constructive work had been done in India, the negative
phase appears to have strongly influenced educational opinion in this country. Very
recently an important educational officer in Bengal (who had never handled a test himself)
confidently remarked that the whole thing was useless, and it was not worth while wasting
money on such'experiments,

Such periods of depression are useful in directing attention to basic problems. The
technique of mental testing may be broadly divided into three parts: (1) the selection of

sRead before the Psychological Section of the Indian Science Congress, Nagpur, January, 1931.

17, R. Kelly, Professor of Education and Psychology at the Stanford University (8, Preface) wrote
in 1927: “The claims put forward for standardized intelligence and educational tests extend from
the cradle to the grave. They have been mentioned seriously in comnexion with the selection of
children for adoption, and in choosing life partners, They have been charged with undermining
democracy, and have been hailed aa of the greatest aid in solving the complex social problems of the
present times.”

The figure within brackets refers ‘o the Bibliographical List given at the end of the paper,
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suitable test material, (2) the administration of the test, and (3) the analysis and interpreta-
tion of the results.

The last part is essentially statistical, and I believe a good deal of the conflicting
results reached in certain fields may be definitely traced to the use of faulty or inadequate
methods of analysis. Here the co-operation of a student of statistics may prove useful.
My chief purpose in these studies has been to examine methods and results independently
from the point of view of the theory of statistics. I have endeavoured to use recent
developments in statistical technique, and have taken care to explain them in some detail
in the form of Statistical Notes.?

I may perhaps be permitted to state in anticipation that my experiments have con-
vinced me of the value of mental tests when they are carefully applied, and when the
results are analysed with the help of adequate statistical methods.?

I should like to emphasize the fact that my work is essentially statistical and empirical.
I have no desire to enter into a psychological discussion regarding the meaning of intelli-
gence.* I accept it as an established fact that in other parts of the world educational
psychologists have succeeded in measuring what they usually refer to as “‘general intelli-
gence’’ by the use of tests of a certain type. I have attempted to construct and administer
similar tests through the medium of the Bengali language, and interpret the results from
a statistical point of view. For my purpose it is sufficient to assume that there exists an
entity (simple, or itself an aggregate of other elements) which different subjects may
possess in different degrees, and which may possibly be correlated with success in school

2 Such notes are superfluous in a Statistical Journal, but I have retained them in the hope that
they may prove nseful to psychologists and other workers in the field of intelligence testing in India.

37, R. Kelley in discussing common sources of error in the use of statistical methods says: (8,
Preface) It is my thesis that these instruments are potent for good if intelligently used by honest,
capable, and socially minded counsellors and it is the purpose of this book to offer certain guides in
the interpretation of test scores and to make explicit the errors involved—all with a view to a more
penctrating use of such measures.”

In this connexion the following extracts from the presidential address of Dr. C. W, Kimmins (9) to
the Educational Section of the British Association in 1929 may also prove interesting :—

“The most important movement in edncation since 1905, the date of the last meeting of the
British Association in South Africa, is the coming of the intelligence test and its incorporation as an
essential element in the general scheme of education. * * * * * e are as yet very far from having
reached the ideal form of intelligence test, but sufficient has already been done to show by actual
cxperience in a variety of ways, the remarkable valu.e of individual an.d group tests.”

«In the Begabten Schulen in Germany, where, in the final selection for admission, the resnlts
are based almost entirely on the intelligence quotients of the candidates, one cannot fail to be greatly
impressed by the ease with which these children, thhout'ar.iy undue pressure can successfully cover
as much ground in one year as normal children would require at least two years to accomplish. In
the days to-come we shall give far more attention to the super-normal chn.ld than we do at present.”

“A very promising direction in which intelligence tests may render mvall_xable assistance is to be
found in vocational guidance. Indeed it is not unreasonable to hope that in days to come, every
boy (and girl) on leaving school will have reﬁable‘ information as to th.e km.d of work in which he can
most effectively use the ability he possesses, with plfasm'e and sahsfac_hon to himself and to his
employer. In this case the hopeless sitnation involved in ‘the square peg in the round hole’ will tend
to disappear.”

E. R. Hamilton, says (S, p. 23) :—'Nothing in the history of psychology is more remarkable than
the success with which ‘mental tests® have been employed by some psychologists ; nothing more
famentable than the triviality to which others have been led by the same methods. The far-reaching
significance of the more judicions application of mental tests, and the dangérous popularity of the
more futile, alike call for a review of the assumptions that undertake their use,”

4T should also confess that meither am I competent to do so. My knowledge of ‘mental tests’ is
confined to a few standard treatises, and my acquaintance with the literature of the subject is limited
in range.
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examinations or with other pursuits in life. As a working hypothesis I must, of course,
also assume that scores in the prescnt test are at lcast partially determined by this entity.
Thus (without committing myself to any particular theory of intelligence) I may speak
of one student being more intelligent than another when the former obtains a higher score
than the latter. The same understanding will also extend to the use of the word ‘intelli-
gence’' in such phrases as ‘variation of intelligence’ among students of a certain age,
‘difference in intelligence’ between students of different ages, etc.

In order to avoid delay I am publishing my results as a series of studies instead of
a consolidated report. In this first paper I have discussed the statistical reliability of the
easurements obtained by the use of the present test as based on the records of 1212
school pupils.

In other papers I intend, to discuss such topics as the growth of intelligence with age,
the change of variability of intelligence with age, and the correlation between test-scores
and school-marks (in annual and half-yearly cxaminations). Finally I shall give a detailed
comparative study of different statistical measures of intelligence.

DESCRIPTION OF THE TEST.

Form of the Test. So far as individual tests are concerned, a certain amount of work
had been already done in Bengal with a modified version of the Binet-Simon test.* In
spite of the great advantages of an individual test, difficulties of standardization make such
a test entirely unsuitable for a rapid and wide survey. The choice of a group test was
therefore inevitable. '

On enquiry I found that very little had been done in this direction in Bengal. In
1626-27 my estcemed friend Mr. Jitendramohan Sem, M.Ed. (Leeds), of the
Bengal Education Department, had devised a non-verbal (pictorial) group test suit-
able for young children and had administered it in diffcrent schools in Bengal. It is
extremely unfortunate that owing to the pressure of his routine duties he has not been able
to analyse or publish the results of his experiment. He, however, very kindly showed
me a portion of his records, discussed some of the difficulties he had encountered in his
work, and helped me with valuable suggestions. Mr, Sen’s form could be administered
to a number of pupils at the same time, and all the entries were made by the subjects
themselves. But it required the services of a person who could give specific directions in
accordance with a fixed time-schedule. ‘This introduced the question of standardization
of the procedure, including strict adherence to a time-table scheduled in seconds. I felt
that under existing conditions in Bengal, such a degree of standardization in the adminis-
tration of a test would be difficult to achieve, and I decided to adopt a procedure which
would be practically self-administering, and would thus dispense with the services of an
“‘administrator’’ of the test.

I adopted a linguistic form, and decided to use the Bengali language as my medium.
It may therefore be justifiably claimed for the present experiment that it represents the
first attempt at conducting a group test of intelligence through the Bengali language.
The use of the vernacular language avoids all the complications unavoidably associated
with the use of English (or any other foreign) language as the medium.

Preliminary Experiments. Further, as I wanted to avoid difficulties connccted with
the exact timing of the replies, I decided to allow sufficient time to enable all the guestions
being answered comfortably., In November, 1927, I prepared a preliminary form, and

8 Chiefly at the Dacca Training College under the direction of Dr. M. West, but the resnlts have
not Leen published so far,
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administered it to a group of about 200 students of the Brahmo Boys’ School of Calcutta.
The subjects were asked to finish the exercisc as quickly as possible and were told that
credit would be given for quickness ; and the supervisors were requested to note on each
book the exact time when it was given up. This preliminary experiment showed that the
average time required was about 33 (thirty-three) minutes. I decided that an allotment
.of one hour for the test would be amply sufficient. Making an allowance of full 10 minutcs
for the students to come in and take their scats and other preliminaries, this leaves a period
of at least 50 minutes to finish the exercise. I am confident thercfore that questions of
specd do not materially affect the results. In other words, the present test is a test of
power, and not of speed.

The preliminary experiment was also useful in revealing ambiguities in the framing of
the questions and other defects. These were remedied and the final form, designated
Manan Pariksha Ka (Intelligence Test A)* was printed in February, 1928,

Description of the Test. The test material consists of two Parts I and II, each com-
prising 6 questions which were of the usual type found in many English and American
forms. The questions in Part II were of the same type as the corresponding questions jn
Part I, but were more difficult in nature. Such a duplication of questions was arranged
intentionally in order to study the rcliability of the test.

I am indicating below the nature of the questions by giving a few examples in English
equivalents,

(1) Underline one word which is out of place in the following series :—

red, white, round, black, blue.
(2) Fill up the blank in the number series :—
24681012 (00 ).

(3) A genealogical table was given with a descriptive list. Questions were asked on the relation-
ships subsisting between different persons shown in the gencalogical table,

(4) Arrange the following in their proper serial order, and underline the middle term :—

Day, year, hour, month, weck.
(5) Underline the figure which does not fit in the series :—
6, 2,8, 7, 4, 10.

(6) A number of phrases are given in two languages with corresponding equivalents underlined.
It is |.equired to pick up other equivalent words by comparison.

The questions were printed in large type on both sides of foolscap-size paper, and were
pasted together to form a booklet of 6 pages. The upper half of the first page contained
a blank form which the subject was asked to fill up, and included blank spaces for entering
the (1) name, (2) religion, (3) caste, (4) date of birth, (year, month, day), (5) place of birth

(village, district), (6) the date of the examination (day, month, and year, in the English
system), (7) the name of the school, (8) location of the school, (9) class, and (10) subjects
of study. In the lower half of the first page definite instructions regarding the procedure
to be followed were printed in bold types. A ‘frec translation of these instructions is given
below : —

Directions.

Inside the book you will find a few simple questions. Answer these questions correctly
and as quickly as possible. . Begin from the first question and try one afler the other in
serial order. If you find any parlicular question to be too difficult pass on to the next
question ; do not waste your time. You will get one full class-period, try to answer all
the queslions within this time. Do not give up the atlempt until time is up ; do not give
up your book before time.

» TAT AN ()
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At the bottom of the page was printed in large heavy types in Bengali: ‘Do not ask
any queslion.”’

The second page started with the legend in Bengali:—“Do not wrile anything on
this page.”’ It contained a Llank for entering test scores, teacher’s ratings, etc. The actual
questions started at the top of page 3, and continued to the bottom of page 6.

Practice Form. In the preliminay experiments of 1927, I had also used a practice form
of one single sheet which the subjects were required to complete within 15 minutes. Thesa
practice forms were given usually 1 or 2 days before the date of the examination and
setved to make the form of the examination familiar to the students, and probably helped
in eliminating fluctuations due to the shock of mere novelty. I however found it impractic-
able to use such practice forms in the later experiment,

Procedure of administering the test. Before administering the test T had a personal
talk with the head of the institution, and usually arranged an informal conference with the
teachers of the schools who invariably acted as Supervisors during the actual administra-
tion of the test. I explained generally. the purpose of the intelligence test, tried to secure
the willing co-operation of the teachers, and impressed upon them the importance of
following the standardized directions very carefully.

Before the actual date of the examination I sent one of my assistants (usually Babu
Sudhir Kumar Banerji) to the school concerned for compiling the names, age, class, etc.,
of the subjects from the school register. From these records a roll-form was prepared in
which the actual age of the students. (calculated to the nearest month of the date of the
examination) was entered. On the day of the examination two of my assistants went 10
the school concerned some considerable time before the hour of the examination, and
marked in chalk the roll number of each student on the exact spot on the benches where
he was to be seated. Usually 3 and 2 seats were allotted to benches in salternate rows.
As the ordinary school bench is about 10 ft. long, this left a gap of from 3 ft. to 5§ ft.
between the subjects. ‘This arrangement served to prevent “‘copying’’ to a great extent.
As the students came in, they were asked by the Supervisor to take their scats according
to their roll number. As the number of pupils in a single class (or section of a class)
never exceeded 40, it usually took only 2 or 3 minutes to get the children properly seated.
The Supervisor then distributed the test-books, and requested the students to fill up the
blank form on the first page and to read and follow the instructions carcfully.

The Supervisors were requested not to answer questions, but only to point out that all
necessary instructions would be found in the book itself. They were asked to impress
upon the students that it was not necessary to give up the_paper before the hour was over.
They were also requested to be very careful that no voluntary or involuntary copying took
place, and were strictly forbidden to explain any thing, even what they considered to be
non-essential or trivial points. I myself or my assistants remained in the school premises
throughout the examination hour, and went from one room to another to see that every-
thing was going on smoothly.

Whenever practicable, all the students of a given school were examined simultaneously.
In certain cases owing to want of room, the examination had to be conducted in two shifts.
In such cases care was, however, taken to ensure that the students of the second batch had
10 opportunity of talking with the students of the first batch.

The preliminary experiment had shown that most of the students, even in the upper
classes, were unable to fill up correctly all the entries in the blank form on the first page.
I thercfore instructed my assistants to collect all the necessary information at the time of
compiling the age register, In a few cases the caste of the students could not be ascertained.
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Schools examined. I am grateful to the authoritics of the following institutions for
allowing me facilities for examining their students.

(1) Santiniketan School (5th August, 1928).

(2) St. Paul’s School, Calcutta (26th September, 1928).
(3) City School, Calcutta (29th September, 1928).

{4) Brahmo Girls’ School, Calcutta (5th October, 1928).
(5) Mitra Institution, Bhowanipur (6th October, 1928).
(6) Brahmo Boys’ School, Calcutta (12th October, 1928).

Scoring the answer papers. A standard list of the correct replies was prepared, and

one mark was allotted for each correct answer. Fractions werc ruled out, i.c., a reply was

. either right or wrong. The maximum number of marks for Part I was 23, and for Part 11

was 37, or 60 for the two parts combined. The totals of marks in cach part were added

scparately.  All the scoring and tabulation was done Ly my assistants under my direct
supervision,

The laborious arithmetical computations were carricd out by Messrs, Sudhir Kumar
Banerji and Jaladhar Sarma, Computers, Statistical Laboratory, Presidency College,
Calcutta,

RELIABILITY OF THE TEST.

From the statistical point of view the first problem to be studicd is how far the results
are stable for the same individual. Suppose we examineg one group of students in any
particular subject to-day, and suppose we re-cxamine the same group of students in the
same subject sometime later. If we arrange the names of the students in order of merit on
the results of the first examination as also on the results of the second, the two lists will
ot of course be exactly identical. For it is known that great variations sometimes oceur
in the performance of the same individual and such variations would naturally introduce
fluctuations in the test scores. The test material is again limited in scope, aml
both of them may not be equally suited to the alility of a child. But we certainly exprct
that there should be a considerable amount of agrecement between the two sets of results.
The amount of such correspondence may be adopted as a criterion for judging the reliability
of the two examinations.

I wish to make it clear that in this part of our investigations we are not in any way
concerncd with the nature of the entities the test is actually measuring.  \Whatever might
be the thing measured, we want to kuow how reliable the test is in actually making this
Ineasurement.

The Cocfficient of Correlation. It will be remembered that the present test consists
of two similar parts. The coefficient of correlation between the scores (of the same indivi-
dual) in the two parts will thercforc furnish a measurc of the reliability of the test as a
whole, The correlation chart for 1212 students is given in Table A.

The actual correspondence of marks in Part I (called the X-variate) and in Part 1I
(called the Y-variate) is shown in Table 1 (p. 34) and Table 2 (p. 39).

In Table 1 the entry is by the score obtained in Part I (i.c, by the X-variate), and
column 1 gives such scores from 0 to 23. Column 2 gives, n, the total number of students
who obtained the corresponding X-score given in column 1. Thus O mark was reccived
by 37 students, 1 mark by 3! students, 2 marks by 20 students and so on. Column 3
gives the average score in Part II (i.e., the Y-variate) obtained by all students with the
corresponding X-score given in column 1. ‘Thus the 37 students who obtained 0 in Part I
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CORRELATION BETWEEN MARKS IN PART I AND Part I1

TaBLE A.
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obtained on an average 1'79 marks in Part II, It will be noticed that V¥ steadily increases
with X, showing that those who obtained high marks in Part I also obtained, on an average,
high marks in Part II,

In Table 2 the entry is by scores in Part II (the Y-variate). Here also it will be
noticed that X increases with Y, showing that those who did well in Part II had also done
well in Part I.

We can obtain a numerical measure of the agreement between the scores in Part I and
in Part II by calculating the coefficient of correlation between thé two sets of marks.

By direct calculation® we find that the coefficient of correlation is +08781 + -0024.
This result roughly. indicates that the amount of correspondence or agrccment between the
twottests is about 88%.

We may show the dependence of marks in Part II (V) on marks in Part I (X) in the
following way :—

= 137 (X) =003 evvrereerenn g mmaamseerkeronss ()

This equation gives Y, the average value of scores in Part IT of those students who
all obtained the same score, X, in Part I. Equation (1) shows that the gain of a single
mark in Part I of the test is likely to lead to an average gain of 1.317 marks in Part IL

The above equation will, however, be completely satisfactory only if the relation
between ¥ and X is strictly rectilinear. A glance at Figure [ (p. 35) shows that this is
not quite true,

We may investigate the question in the following way. Consider the 1212 different
values of Y (i.e., marks in Part II). Let us classify the individual marks in accordance
with the scores in Part I. ‘That is, let us collect together the Part II-scores of all pupils
who have obtained zero mark in Part I, and call this group, class 0. Similarly we collect
inclass 1, class 2, class 3, . . . . ... ... class 23, the Part IL-scores of all pupils who
have obtained 1, 2, 3, ... ... . .23 marks respectively in Part I. In case scores in
Part I and Part IT are absolutely unrelated, any variation of scores in Part I will not affect
the scores in Part II. Thus the mean values of Part II-scores in class 0, in class 1, in
class 2, . ......in class 23 will be practically the same and equal to the General
Mean 18.49 approximately. Further, since the above classification has no effect on
Part Il-scores, the average variation of Part II-scores within each class will also be practi-
cally the same and equal to the average variation of all Part II-scores irrespective of classes,
On the other hand, in case scores in Part II were completely determined by scores in Part I,
those students who obtained the same score, say ““a,’” in Part I, will automatically ‘secure
cqual scores in Part IT, say “b” (which need not necessarily be equal to “a”, the score
in Part I).” Hence the sum of squares of deviations within each class will be zero. Also
since scores in Part I and Part II acre completely related, any change in the Part I-score
will lead to a change in the Part II-score, and the class-means must be, in general, all
different.

It can be shown by simple algebraic reasoning® that the total sum of squares of devia-
tions from the General Mean (let us call this sum, T,) is equal to the sum of squares of

® Sce Statistical Note 1.

7 The score in Part II is in general not equal to the score in Part I; but students securing the
same score in one part must secure equal scores in the other part.

8§ See Statistical Note 3,

32



A GROUP-TEST OF INTELLIGENCE IN BENCALI

deviations within classes (say W) plus the weighted® sum of squares of deviations between
class-means (say B). Or symbolically :—

T W Booverorsereesesssrsessenns ceereeeraeeerssaens SR 7

\When the two variates are absolutely unrelated B=0, and when they are completely
related W=0.*

The above relation leads almost inevitably to Karl Pearson’s ‘“‘Corrclation Ratio’’1°
which is defined by the following equation : —

B _ Weighted sum of squares of deviations of Class Means from General Mean

L =
T Total sum of squares of deviations of individual scores from General Mean

For two unrelated variates, B=0 and 9*=0; while for two completely related variateg
W=0, and B=T, so that p*=1. ‘The valuc of 7* (and hence of 7, the *Correlation
Ratio’’) thus varies from zcro to unity, and the numerical magnitude gives a convenient
measure of the degree of relation between X and V.

In this particular case the weighted sum of squares of deviations of mean values in
the 24 different classes is 104,482:59, while the total sum of squares of deviations is
131,230-84, the ratio of these two numbers gives the value of the square of the
«Correlation Ratio’’ or #*=0'796174, with n=08923.

Now Pearson has shown that for a strictly lincar rclation between Y and X, the
quantity (7*—7%) must be zero. In the present instance 1*=0°771060, so that (p*— %)=
0:025115, which is small, showing a slight departure from linearity.!*

Let us try to appreciate the significance of this departure from lincarity. We can
easily calculate what the sum of squarcs of deviaticns of mean values would be in case the
mean values progressed strictly according to a linear relationship.'” In the present example
it would be 101,187:64. The observed sum of squares of deviations of mean values is
104,462:59. The diffcrence 3,29495 represents the total deviations from linearity from
the 24 different class-means. These 24 class-mecans, however, allow 23 indcpendent com-
parisons, of which one comparison is given by the lincar relationship. Thus we are left
with 22 independent contributions.'®. Dividing 3,294'95 by 22, we obtain 149:7705, the
wean square deviation, or as it is usually called in statistical language, the variance,'* due
to deviations from linearity. Let us now consider the standard deviation for fluctuations
within class groups. We have already seen that the total sum of squarcs of deviations for
1212 individual marks is 131,230'84, of which 104,482'59 is due to deviations between mean
values (23 comparisons). ‘The difference 26,748:25 may then be ascribed to 1188 indepen-
dent comparisons'® within classes. Dividing 26,74825 by 1188 we obtain 22:5154. This
represents the purely individual fluctuations' of scores in Part II among students who had
obtained the same number of marks in Part I,

% That is, the sum of squares of deviations of class means multiplied by the corresponding
number of individuals in the class.

sIgnoring, of course, the errors of sampling.

10 See Statistical Note 4.

11 See Statistical Note §,

12 See Statistical Note 6.

12 See Statistical Note 7.

14 Extracting the square root of 149.7705 we get 12.24 as the corresponding standard deviation.

15 1211 independent comparisons less 23 comparisons between class-means gives 1188.

18 The square root of 22.5154 is 4.745, the standard deviation within classes.
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We may judge the significance of 1497705 (variance due to deviations from linearity)
by comparing it with the residual value 22:5254. R. A. Fisher'” has shoan how this can
be done with mathematical precision. Carrying out the calculations we find that the
variance due to deviations from linearity is significantly greater than the purely random
variance of individuals within classes (the probability being much greater than 100 to 1).

THE REGRESSION OF PART II-Scores (V) on Parr I-Scorzs (X).

The rclation between Y and X may therefore be considered definitely non-linear in
character, and we may procced to use a second degrec or rarabolic curve. The mathemati-
cal process of fitting such curves were fully descrited by Karl Pearson'® in 1905. Working
cut ihe details of the calculation we obtain.

Y= 312 +0:3268 (X) +00386 (X?)..co0otereruernrernerennsrarnsuenensnenennns(3)

The graduated values of VY, scores in Part II, for each class of marks in Part I, are
shown in column 3 of Table 1, and the corresponding ébserved values in column 4. The

TaBLE 1. REGRESSION OF Y (ParT II Scores) ox X (Part I Scorks).

VaLues o Yp ' . VaLues oF Xp

X i Graduated | Observed Ditlerence] X5 b Graduatcd Observed Diferénse
0 97 312 179 +1°33 13 | 44 1390 14°32 -042
1 31 349 i 216 +1°33 14 47 1526 1587 -0'61
2 20 393 | 405 -012 15 88 16771 16°69 +0°02
3 36 445 417 +0°28 16 37 1823 1841 -0'18
4 28 505 475 +0°30 17 58 19'83 20°66 -083
5 21 573 4'29 +1°44 18 60 21°51 21'57 -0°06
6 28 648 818 -170 19 69 23'26 22'32 +0'94
7 29 730 7°65 =025 20 83 23°09 25'28 -0'19
8 28 821 811 +0°10 21 112 27°00 2622 +0°78
9 38 920 10'16 -096 22 132 28'98 2888 +0°10
10 37 10°26 11°30 -1'04 23 ; 122 81°04 31'10 -0°06
n | s | ws | 1295 ~1'56  |Total 1212 T
12 38 12°61 12°47 +0°14

differences between observed and graduated (or expected) valucs are given in column 3.
Squaring these differences and multiplying by the corresponding value of n,, the number
of individuals in each class, we obtain dircctly the sum of squares of deviations from the
parabolic curve. The actual value is 616:36. Remembering that a parabolic curve intro-
duces 2 constants which correspond to 2 independent comparisons, we notice that the

17 See Statistical Note 8.
18 Gee Statistical Note 9.
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available number of independent comparisons is reduced to 23 minus 2 or only 21,
Dividing 616:36 by 21, we have 29-35 as the variance for deviations from a parabolic curve.
Fisher's test shows that it cannot be considered significantly greater than 225154 the
purely random variance.’® That is, the deviations from a parabolic curve are of the same
order of magnitude as the purely individual fluctuations within classes. Hence we cannot
expect to improve the graduation by using a third or higher degree curve. Fig. I shows
the graph of the observed as well as the expected values as graduated by a paraholic curve
of the second degree.

The mathematical process on which the above discussion is based is called the analysis
of variance,? and it is usual to exhibit the results in the following way. (It may be noted
that the number of independent comparisons is called the ‘number of degrees of freedom’
in statistical language.®!)

Nature of Variation .; l‘}?f::;;,:f S:)’fml.(;favsi‘;ltliifs : Mean Square Estsitnﬁt:ed
Deviations from 2nd order Parabola 21 616°36 :' 29-3505 5'42
- ,» linear Regression 22 3,204°95 ' 1497705 1224
Linear Regression 1 101,187°64 ! .

Between X-Groups 23 10,482'50 | 45427313 67°30
Within X-Groups 1188 26,748°25 l 22°5154 48
Total 1211 131,230'8¢ | 108°8657 1041

, T=01796174 n= 0923

7 =1 =0°025109 r=+0'8789

We must be careful about one point. In our sample we have no less than 130 students
who are over 17 years of age. They cannot be considered typical representatives of a
school population, and it will be desirable to consider what happens when this group of
130 students is omitted from the analysis. I repeated all the calculations after eliminating
these 130 students, and I obtained the following results,

ot $ S L Ssti 1
Nature of Variation Ii‘eli':;:':i S';';‘B:‘f,in‘lli‘:;’:‘ Mean Square Es Sl.ml;.te(
Deviation from Linzar Regression 22 2,404°32 109-2873 1045
Linear Regression 1 93,385'89
Between X-Groups 23 95,790°21 4,164°8800 64'53
Within X-Groups 1058 23,757°'79 224554 4'74
Total oos 1081 119,548'00 110°5902 10'52
7*=0'801270 7= 0°8951
7*-1*=0"020115 r=+0"8838

19 See Statistical Note 10.

20 This method has been recently developed by R. A. Fisher. Sec Statistical Note 7,
31 Sce Statistical Note 6.
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It will be seen that the rcsults are in substantial agrcement with the analysis of the
total sample of 1212, The non.linearity of the relation between the scores in the two
parts cannot, therefore, be ascribed to the inclusion of the older group of students.

We conclude therefore that scores in Part II of the test are very closcly related with
scores in Part I, and the dependence of Part II scores (Y) on Part I scores (X) can be
satisfactorily represented by a parabolic curve of the 2nd degree.

Y= 312 + 03268 (X) + 00386 (X?)........ coveesernnnene SO )

In algebraic equations the connexion between Y and X is rigid ; if YV is given as a
function of X, the dependence of X cn Y is also determined at the same time. This,
however, is not true for a statistical equation. Equation (4), for example, gives the
average value of Y for any assigned value of X. But it is not possible to determine from
the equation the average value of X for any assigned value of V.

THE REGRESSION OF PART I-SCORES (X) ON PART II-Scores (V).

We must, therefore, investigate separately the dependence of X on ¥, i.e., of scores in
Part I on scores in Part II. Proceeding in the way already explained, I obtain for the
analysis of variance the results shown below. It will be remembered that scores in
Part II range from O to 37, i.e., we have 38 different Y-groups with 37 independent
comparisons between class means.

Nature of Variation Dlsrg::s;;[ S‘("’f“f):‘f,iigi‘(‘;‘:s Mean Square | Estimated S. D.
Deviations from Linear Regression 36 1,830°34 50°8428 713
Linear Regression 1 46,046°86 .

Between Y-groups 37 47,8'(7'20
Within Y-groups 1174 11,841°89 10°0864 3'18
Total ... 1211 59,718'59 498186 7°02
7 = 0801714 7= 08054
7® —r*= 0'030654 r =+08781

It will be noticed that the Pearsonian Corrclation Ratio n* for X on Y is 08954
and is practically equal to the corresponding coefficient for Y on X (n*=08923),

Applying Fisher's z-test?? we find that 508427, the variance for deviations from
linearity, is significantly greater than 100864, the variance within Y-groups (the probability

22 S¢e Statistical Note 11.
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being again considerably greater than 100 to 1). We, therefore, procced to fit & 2nd degree
parabolic curve® and find :—

X= 130 +10593 (V) =00132 (Y?).ierrrrrrruersiisirarenrennnnennnnnnnc(4)

The graduated and observed values are given in Table 2 and are shown in graphical
form in Fig. 2 (p. 35).

TasLe 2. REecressioN oF X (Part I Scones) oN Y (Part II Scores).

VaLues oF Xp VaLUES oF Y
Yo | m Difference | Y5 | np Diffcrence
Graduated | Observed Graduated | Observed
0 38 1'80 1°55 -025 19 29 16°65 16°03 +0°62
1 22 234 341 -1°07 20 31 17°19 17°81 -0°62
2 27 3°36 4°00 —0°64 21 30 1771 17°96 -025
3 84 4°36 377 +0°59 22 33 18°20 17°33 +0°'87
4 27 532 4383 +0'99 23 25 1866 19700 -034
5 33 623 6°30 -0'03 24 32 | 19°11 1906 +0°03
6 36 718 6°36 +0-82 25 32 i 19°51 1838 +1°13
7 21 807 781 +0°26 26 47 | 19'89 19°66 +0°23
8 33 804 843 +0°51 27 43 i 20°25 1944 +0°'81
9 ! 38 976 989 -0'13 28 57 I 20°59 2019 | 4010
10 82 10°57 11°09 -0'52 29 46 20°89 21'08 -0'19
11 29 11°35 12°00 -0'65 80 54 21°17 21°22 -0'05
12 31 12°10 12°91 -081 31 40 21°42 21'38 +0°0%
13 31 12°83 12°91 -0'08 32 39 21°65 22'05 —-040
14 33 13'53 13'85 -0'32 33 35 21 85 22°'06 -021
15 26 14°21 15°50 -129 34 26 22°02 22°19 =017
16 32 14°86 14'63 +0-23 35 22 22°17 22°36 =019
17 26 15°48 15°00 +0°48 36 5 22-29 2300 =071
18 36 16°08 15'69 +0°39 37 1 2238 23°00 -0°62

The sum of squares of deviations from graduated values is 34626 for (38-2=) 36
degrees of freedom, thus leading to an estimated S.D. of 3:101 against 3176 for purely
random variations. We conclude that a second order parabolic regression curve is
adequate in this case also,

We find therefore that the relation between X and Y is extremely close, the skew
correlation ratio for both the regression of Y on X, and the regression of X on Y being
of the order of 0:89. The closencss of the connexion is clearly seen in Fig. 3, p. 36.

23 See Statistical Note 12,
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CORRELATION FOR SMALI AGE-GROUPS.

The above result is based on the sample as a whole, i.e., for all age-groups taken
together. It is known, however, that the pooling together of hcterogeneous material can
give rise to a high correlation, even when the component parts are not highly corrclated.
We must, therefore, enquire whether the high correlation in the present casc may be traced
to the mixing together of the data for different age-groups.

The most direct way of investigating this point is to determine the correlation between
the scores in the two parts seperately for each age-group. This is what I have done. The
coefficient of correlation between the scores in Part I and Part II was found out by the
product moment formula for cach age-group separately. Table 3 shows the coefficient
of correlation for one year age-groups.

TaBLE 3. CORRELATION BETWEEN SCORES IN ParRT I anD Part II.

Correlation between Part I &
Range in Months ( A\Ir\ggg:i: ;e) Numberl . _ _ _ Past I I?:}_‘;’;:i;;a?:)-
Obscrved Graduated

103114 9 Years 20 +0°8210 £°0492 +0°8248 11600
115—126 10 ”» 51 ‘8678 £ 0230 ‘8533 13333
127138 11 »» 113 ‘8416+°0182 8761 12369
139-150 12 " 158 *8862+°0115 ‘8873 1°4038
151—162 13 ”» 157 ‘0478 £°0035 8888 } 1°9185
163—174 14 ” 192 8377 £°0129 *8806 1°2846
175-186 15 o 201 *8620+°0122 *8627 1°3012
187-198 16 »» 131 7923 £°0219 ‘8332 10776,
199—-210 17 ”» 107 *8273 £°0207 ‘7930 1'1794
211 Upwards 18 ,, 6 months 80 *7620 +'0316 . 1'0010
100—204 12, 6 months| 1082 | ‘553340045 1'3927

Weighted Averages| 14 1212 *8751:£°0047 1'8545

It will be seen that the coefficient of correlation®*' varies from +07620 to +09478.
There cannot be any doubt that even within one year age-groups the correlation between
scores in the two parts is very high.

Fisher® has shcwn how we can compare the coefficients of correlation by a precise
mathematical method. Applying Fisher’s test we find that the value of the cocfficient
of correlation for the 13-ycars old students (r= +09478) is significantly greater than all
the other values, and the value r= +0-8862 for 12-years old children is also significantly
greater than r=+07923 for 16-ycars old students, Otherwise the coefficients do not
differ significantly.

24 See Statistical Note 13.
23 Sce Statistical Note 14.
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We can easily obtain the mean value of 7 for different age-groups, making due
allowances for the differences in the number in the various age-groups.?* It comes out
to be r=+08751, With the already noted two c¢xceptions of r=+09478 (13 years) and
r= 407926 (16 years) all the cocflicients arc in sensilble agrcement with this value,

The above discussion shows clearly that even for one-ycar age-groups the value of the
corrclation coefficient is very high, and of the order of +0'88, (the lowest obscrved value
being +079). This high value is therefore not due to the mixing of the records, and
may be considered to present a real characteristic of the material,

8S
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F1G. 4. CoOEFFICIENTS OF CORRELATION FOR ONE YEAR AGE-GROUIS.

The observed values are connected by the broken line, while graduated values are connected by
a continuons line,

At the same time it is rather interesting to find that the higher values belong to the
middle of the range, (e.g. the two highest values +09478 and +08862 occur for age-
groups 13 and 12 respectively) while the lower values occur at cither end (e.g. +0:8210,
+07923, +08273 for age-groups 9, 16, 17 respectively). If we graduate the successive
values of the coefficients of correlations with a parabolic (2nd degree) curve, we obtain the
‘graduated’ values given in Table 3 and shown in Fig. 4.

There is some evidence to suggest that the numerical value of the coefficient of
correlation between the scores in the two parts slightly rises at first, attains a maximum
value of the order of +0'89 Letween 12 and 14 years, and then slowly decrcases. This
result is corroborated by the fact that the correlation for students over 17 years of age
(r=+07620100316) is distinctly smaller than the correlation for lower age-groups. The
magnitude of the probable errors precludes, however, any definite statistical significance
being attached to this tendency.

28'See Statistical Note 15,
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In view of the intrinsic interest of the question I thought it worth while to calculate
the coefficients of correlation wih a finer unit of grouping of 6 months. The results are
shown in Table 4 and Fig. 5.

TaBLE 4.
R;zg:bi: ( A‘I,\ gﬂggi:;e) Number | Coefficient of Correlation Tr MI: si'fs;l:l::ti S
100-105 8 yrs. 7 months 10 +0°8561 £0°0500 12785
106-111 9 4, 1 ”» 6 *7080+ °1373 0°8832
112-117 9 ,, 7 23 *8783+ 0330 1°3783
118-123 100, 1 26 8151+ °0153 1'1421
124-129 10, 7 41 8739+ °0252 1°3492
180-135 m, 1 , 55 8339+ °0279 1°2007
136-141 m., 7 ,, 77 '0009+ ‘0146 1°4768
142-147 12, 1 73 ‘8729+ °0189 1-3450
148-1538 12, 7 , 88 *8974+ "0141 14380
154-159 13, 1 , 58 8165+ °0298 1°1462
160-163 13 ,, 7 104 ‘8476 + °0188 12471
166-171 4, 1 , 105 8888+ °0139 1°4161
172-177 4, 7 , 83 8577+ 0197 1'2846
178-183 15 4, 1 ” 12 ‘8544+ °0173 12722
184-189 15 ,, 7T 76 8423+ °0226 1:2290
190-195 %, 1 70 ‘8063 + °0284 1’1163
196-201 16 45,5 7 4 54 8310+ °0287 11913
202-207 17, 1 51 *7786 + °0376 10418

The weighted mean value of r=+08555 for 6 months age-groups is slightly lower
than r=+08751, the weighted mean value for | ycar age-groups. The correlation for
the pooled data (for all ages combined) is r= 408822 and is naturally a little higher owing
to the heterogeneity of the material.

The transformed values (Fisher’s z) also bring out very clearly the steadiness of the
correlation between scores in the two parts of the examination,

’The most interesting, and for our purposes, the most important fact is that the correla-
tions retain on the average the very high values of r=+08751 and r=+08555 for even
such small age-groups as | year and 6 months respectively.
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Owing to the smallness of the size of the samples, the differences are now negligible.
But we again find that there is a tendency for the correlation to increase to a maximum
near the middle of the range, and then to decrease slowly. (Fig, 5).
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Fi1G. 5. CorrFICIENTS OF CORRELATION FOR 6 MONTHS AGE-GROULS,
The observed values are connected by the broken line, while graduated values arc comnected by

a continuous line*,

I have intentionally refrained from trying to improve the observed coefficients of
correlation by using the correction for a split test owing to uncertainties in the statistical
assumptions involved in applying such corrections.*’

CONCLUSION.

We conclude that scores in the two parts of the examination are very highly correlated,
showing that both parts of the examination are measuring traits which have a great deal
(of the order of 80 or 85 per cent.) in common. There is also some evidence to suggest
that the correlation is higher in the middle of the range, say between 12 and 14 years
but owing to the magnitude of probable crrors no definite statistical significance can be
attached to this tendency. I believe a reliability of 0-70 or 080 (as measured by the
coefficient of correlation) is usually considered statisfactory®® by psychologists. Judged by
this standard, the present test may be considercd quite reliable.

*Graduation by free-hand.
37 Sec Statistical Note 16.

2¢ Spearman (13, p. 132), Brown and Thomson (1, p. 132) also Kelley (8, p. 211) who is of opinion
that +0.50 is sufficiently high for group predictions, but' -+0.94 is required for detecting individual

differences.
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Note 1. The product-moment formula (often called the Pearson formula)
was used throughout. Let £, 5 be the mean values of x, and y respectively,
and let N be the total number of iudividuals in the sample (in this case, 1212),
The obscrved Standard Deviations in the sample are then defined by

N. s;* = S (x—=3)* oo (1-1)
N.s,* = S (y-3) (1-2)
where S denstes a summation for all N values, and thic Cocfficient ¢f Corrclation
is given by
_ S (x=)(y=¥

o= N, (13)

In the present case the calculated constants were:—

S (x—x) = 5971859,

S (y-30° = 13123084

S (x=F)(y=F) = +77735-24
Mean marks in Part I = £ = 14'9167 + 0-1356

» " Part Il = 5 = 18°4860 + 0-2201

Observed Standard Deviation for Part I = s, = 70195 + 00962
Observed Standard Deviation for PartIl = s, = 164056 + 0-1426
Cocfficicnt of Correlation = 1, = +08781 + 00024

The regression of ¥ on x is given by:—
(o=3)sy =12y o (xp=X)/se ... (1)
The regression of x, on y,, on the other hand, is given hy

(vo=%)se =1y . (¥ =-®/sy .. (1-5)

It will be noticed that cquations (1+4) and (1'5) are not algebraie, and one
cannot be derived from the other. This is because the relations given in these
cquations represent  average (and not individual) results.  That is, cquation (1)
gives the average value of y, for any given value of v, while (1I'3) gives the
average value of x, for any assigned value of », .

Note 2. The observed (or sample) value of the standard deviation is given hy
equation (1.1), in which the square of the standard deviation is «htained by dividing the
sum of squares of deviation by N, the total number of individuals in the sample. The
best estimate of the square of the standard deviation (usually called the ‘variance’) for the
whole population (of which the sample is only one small portioni is, however, ohtained
by dividing by (N —1) instead of by N. The substitution of (N =11 for N is intended to
correct for the finite size of the sample. It will be noticed that the correction hecomes
increasingly unimportant as the size of the sample is increased,

Note 3. Let ¥, b2 the mcan valuc of the Part Il scores in the pth class
consisting of n, individuals (all of whom had oltained the same identical score,
p, in part I). Let . be the gencral mican score for all individuals.

Let 35 be the individual score of the gth individual within the pth class,
Then for cach of the individuals in the pth class we have:—
(Y= Fo) =(¥sa—=Fo) + (Fp = Fo) soe soe @

Summing this cquation for all values of g from 1 to n,, and using S to
denote this sumination, we have:—

.S (J'N‘J-'O;=§[()'M_.‘-'n) + (.‘.'n—j'o)]‘ oo ver (3'2)
=S(pa=F0) +8(F=7) +25(Fp=52) (Ym—3») (3:3)
=Sp=F) 1y o (Fo=Fo) o (34)

s i . : .
since ¥, and j, are hoth constants, and S (yp—7,)=0. Summing equation
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(34) for all values of p, we have finally :—

pa 2 23 JURC I / .
SS (Pa=Fo) =SS (¥pa— ) +S[n,(Fy— 50).]* (3'5)
For further discussion see R. A. Fisher. (4, p. 218).

Note 4. The extended theory of the statistical relation between two _variatcs
was first given by Karl Pearson in a memoir on Skew Correlation (12) in 1905,
Using the notation of Note (3), we have

ot = ;S[nnp(in—i'o:] (#n
S S(ypq—yo)

)4 ) I |
where S denotes a summation for all values of p, and S S 4 summation
for all values of both p and q.

The above equation is equivalent to Pearson’s equations (xiii, xv) and (xvi) on page 10
of the same monograph (12). In equation (xix), p. 11, Pearson showed that =, the
correlation ratio must always be greater than 7, the correlation coefficient. A simplified
discussion of the Correlation Ratio will te found in Yule (15, pp. 204-207), Brown and
T'homson (1, p. 110), and Kelley (7, p. 238).

T. L., Woo (16) has recently published tables with the help of which the significance
of n* can be directly  ascertained. Unfortunately the table does not extend beyond
N=:1000. For larger samples it is necessary to use the formulee given on p. 1 of Woo's
paper, Although in the present example, there is absolutely no doubt regarding the
significance of the association between the scores in the two parts, I am giving below the
arithmetical calculations for testing the same with the help of the formule given by Weco
(16,l p. 1). If N is the total number of individuals, and n the number of arrays or classes,
we have

(n=1)/(N=-1)

I

Mean value of (3%), for no association
. - 2 - -
Variance of (3?), for no association = N+1- 7 (1-9%)

For the regression of x on y, the observed value of 9*= 0.796174, N=1212,
n=24. Thus (9*),=23/1211 = 0'018993. This is the mecan value of 3* which would
arise if there were no associaticn between the variates, Also variance of 3*=
*000,030,746,314 lcading to a standard deviation of (p?)= -005545. The difference
between the observed value (0796174 ) and (y°), for no association (-018993) is
0-777181, which is something like 140 times the S. D. of (32.)o

Note 5. In the same mcmoir Pcarson has shown (12, p.11) that (3*-12).0,
‘ has an important physical meaning ; it is the mean square deviation of the
regression curve from the straight line which fits this curve most closely.”” When
the regression is linecar, it is obvious that (»*—r*) must vanish. This point is dis-
cussed in greater detail on p. 30 of the siume memoir. Also see discussion in
Fisher, (4, p.225), regarding the test of significance of (p*—r?),

Note 6. Fisher has explained (4, p. 222) how we should calculate the sum of squares
of deviations of the expected mean values as determined by the linear regression equation.
It is most simply obtained by squaring the product sum of the deviations and dividing by
the sum of the squares of deviations of the indepcndent variate. In the present case:—

[S(x=3%) (y=NT* _ _(7773524)"
S—x) 5971859

Note 7, Fisher has shown that ‘the best estimate of the variance in the population is
obtained by dividing the sum of squares of the deviations by the number of degrees of
freedom. For a sample of given size N, the number of degrees of freedom is obviously
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(N —1), since N being constant, we can only vary (N—1) of the individual items. In case
a linear equation is used we losc one further degree of freedom through the introduction
of one independent parameter. With an cquation of the 2nd degree, two degrees of
freedom would te lost, and so on. For a fuller discussion of this point sce Fisher,
Statistical Mecthods (4), pp. 218, 219. The number of degrees of freedom may be
interpreted as the number of independent comparisons possible.

The mathematical discussion is complicated and was given by Fisher in a number of
papers (2, 3), but a very clear and lucid account of the important formulz has been
recently given by J, O. Irwin (6).

Note 8. Fisher defines ‘z’ to be half the difference between the natural logarithms of
the two estimated standard deviations. He has shown that the probable error of z depends
ouly on the numter of degrees of freedom on which the S. D.’s are based, and has provided
tables of values of ‘“z”’ for two levels of significance, 5 per cent., and 1 per cent.
(Statistical Methods, Table VI, pp. 212-216). We find from logarithmic tables:—

log, (149-7705) 5-009092
log, ( 21-5154) 3-114380

Diffcrence = 1894312

Thus z=half the difference=0947356, for n,=22 and n,=1188, (It shculd be noted
that n, always refers to the larger variance). From Fisher’s Table VI, p. 215, we find
that the 1 per cent. point for #,=22, and n,=1188, is 0-3045. This implies that a value
of z=03045 or greater than 0:3045 would occur by chance in homogencous material only
once in 100 samples. The observed value of z is 0°0474 ; we couclude therefore that the
variance due to deviation from linear regression is significantly greater than the purely
random variance,

I have recently published certain Auxiliary Tables with the help of which Fisher’s
z-test can be applied directly without using logarithmic tables. (Ind. Jour. Agri. Sc.p
Vol, II, Part VI, Dec. 1932).

We calculate the ratio of the two variances under comparison, and in this case find
the ratio to be (149-7705/21'5154)=6'96 approximately, Looking up ‘T'atie IV (11,
p. 6688-689) in my paper, we notice that the 1 per cent. value of the ratio for 1z,=12’and
n,=60 is only 2:496. The observed value of 6'96 is, therefore, clearly significant.

Note 9. We can write Pearson’s equation (Ixiv) of bis memoir on Skew Correlation
(12, p. 29) in the following form:

? » xr - v 2
(Y,-Y) _ G + 4 Xo=X) Lo, (l\v—’x) 1)
S, Sx Sx
or writing y, = (Y, — Y)/s;, and x, = (X, = X)/s,, we get
V=0, +a . X, + ag . X} oo W (92

Here Y, is the mean value of Y corresponding to the value Xp; Y and X are the
general means, and s, s, the standard deviations of the two variates respectively.
The moment co-cfiicients are defined by the equation :—

N.opu=S[X=-X)p. (Y-F)] (93)

Certain statistical parameters are defined by
1 = R/ Dao's Bs = pul px® ... (9+4)
andfy=f3—- B -1 .. (9'5)

Further if », r, are the correlation ratio and the corrclation coefficient respectively,
then

ad=-g==%vY(-7) oo oo (9:6)
Q=+ r=ag /B . e (97)
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In equation (9°7), +/ B, must be given the same sign as p,,, and the sign of a, has

to be determined from given conditions. It is usually possible to decide by inspection
whether the curve should be concave or convex to the x-axis.

By direct calculation I obtain : —
X = 149167

sy = T0195
Y = 184860 sy = 104056
* = 07710596, r = +08781
7t = 07961741, 7 -1 = 00251145
B, = 0°421644. A By = —06493
Bs = 2:175542. Js = +0-753898

Hence we get a,= —ay=-0"1825, a,= +0-9966, and

Y,—1849) ) o (Xp—14'02) X,—14:02)

~10056 = —01825+ 09966 _:IOT +0'1825( (;‘TQS)—’) cevesened(9°8)
which may be further reduced to the form : —

Y,=3"12403238 (X;)+0°0386(Xp?)eeeeereee sasssarviREsaNS siseE TR (9°9)

The graduated values were actually calculated from cquation (9-8), and values
calculated from (9-9) may be discrepant in the last place.

Note 10. Wec have in this case the following analysis of variance :

Nature of variation De%;ees Variance X100 Logarithm

Freedom (Natural)
Deviations from parabolic curve ... 21 2035 7°8843
Deviation within X-classes 1188 2252 . 1719)

Fiffercnce=0'2654
z iv therefore=0-1327. (It will be noticed that it is somctimes convenient to change

the decimal point in botli the variances to facilitate writing down the natural logarithm

from tables. Further in this kind of work, it is usually sufficient to retain 4 decimal
fgures in the logarithjns)

From Fisher’s Table VI. pp. 212 the 5 per cent. point for n, =24, ny=o%, is z =0-2085

while the observed value of z is 0°1327. The difference between the two variances is
therefore entirely negligible.

The ratio of the variances is (2935/2252)=1:3033. Looking up Table IIT (Mahala-

nobis, 1932, p. 687) we find that .the 5 per cent. poiat for n,=24 and n,=09, is 1'5617. The
difference is thus quite inappreciable.

Note 11, We have in this case the following analysis of variance.

Degrees .
f Variati ) Logarithm
Nature of Variation Fr:edom Vhriance (b
Deviations from Linear Regression ... 86 50°84 3°9286
o
Deviations within Y-classes 1174 10°00 2°3112

Diffcrence=1'6174
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From Fisher’s Table VI (p.215) we find that 1 per cent point for n, =24, n,=60, is
z= 0-3746. Hence the 1 per cent point for n, =36, ny=1174 must be less than 0.3746.
The observed value is z=0'8087. We conclude that z is significantly different from
zero, and hence the deviations from linearity are significant.

The ratio of the variances is (50'84/10:09)=5:0386. The 1 per cent. point for n,=24,
n,=60 is x=1791 (Mahalanobis, 1932, Table IV, p. 689). The difference is definitely
significant,

Note 12. For the distribution of scores in Part II (Y-variate) I find by direct
calculation for the whole sample of 1212 : —

.= 0:028147, A/B,=-01678
By= 1761421, fa= +0735275
'The following values are already known : —
)i: 14:9167 sx= 7°0195
Y =18'4860 sy= 10°4056
r? = 07710596 r=+08781
n*= 08017136 7t—r'= 0030654
Thus ao= —ay=0'2042, and a,= +0°8438.

The parabolic regression of X on Y may then be written : —

X,=1:30+10593 (Y,;) —0'0132 (Y,?). (12)

Note 13. The probable error of a coefficient of correlation is given by

-67449(1 —1?) | //u. In the Biometric Tables (13) the values of ‘67449/4/n are given in

Table V (pp. 12— 18), and the values of (1—*) in Table VIII (pp. 20—21). The probable
errors in the present paper were calculated with the help of the above Tables.

Note 14. Fisher has shown that the following transformation
z=} [loge (1+7)—loge (1-7)]
leads to an approximately normal distribution of z with a standard deviation of
s=1/y(n-3)
The values df z given in column (5) of Table 7 are taken from Fisher’s Table V (B),

Statistical Methods p.177. The highest observed value is 7= +0.9478 and z=1.9185
for the age-group 13. The lowest value is r= 407923, z=1'0776 for the age-group 16.

Let us compare these two values.

.. (14°1)

(142)

Age-group 4 z . n-8 ' 1/(n-28)

18 Years +0°9478 1°9185 154 ‘006494
16 Years +0°7928 1°0776 128 008720
Difference =0-8409, Sum =015214

The difference between the two value of z is 0°8409. The variance of this difference
is given by adding together the two values of 1/(n—3) and is equal to ‘015214,
leading to a standard deviation of 0°1233. The actual value of the difference (0'8409)
is thus considerably greater than six times its standard deviation (0°1233). The
difference appears to be definitely significant, and the two values of r (for 13 and 16
years age-groups) must be considered significantly different.

Note 15, The weighted mean value of ‘2’ can be obtained by multiplying each
value of “z” by the corresponding value of (n-3), adding and then dividing by the
sum of all values of (n—3). The weighted average value of “'z”’ calculated in this way
is 13345 (corresponding to r= +08751), with 1103 degrees of freedom. Comparing the
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value with individual values we find that only z=19185 (r=+09478+-0055), age-
zroup 13) and 2=10776 (r= +07923+°0219, age-group 16) show significant differences
(05640 100860 and 0-28294-0934 rcspectively) from the weighted average. For fullet
details see Fisher, Statistical Methods (p. 170).

Note 16. For a split-test the improved value is sought to be found by the following
Spearman-Brown formula (1, p. 132)

—_2("
=TT o (16)

where r is the observed, and r the improved coefficient of correlation.
In the present case r=+08751 (weighted average for onme year age-groups), and
hence r=09337, which is extremely high.

Formula (16) is based on certain statistical assumptions. See Brown and Thomson
(1, pp. 130-133, also Chap. VIII) and Kelley (8, Chap. IX). Several ycars ago I also had
occasion to examine certain related questions in connexion with a different topic (10),
aud I came to the conclusion that the attempt to improve observed or ‘‘raw’ cortelations
could not be justified on a priori grounds. As regards formula (6), Brown (1, p. 133)
mentions that Holzinger has shown empirically that the assumptions made in deducing
equation (16) da not always hold.

In fact, owing to both parts of the test having Leen given under practically identical
environmental conditions there is considerable likelihood of accidental similarities in the
results in the two parts being introduced through the operation of external causes. The
fact that bdth parts of the test were also identical in form further aggravates the situation.
Thus on the whole I am inclined to think that the observed raw correlation is more likely
to give an over-estimate of the reliability, and probably furnishes a kind of upper limit
for the same.
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