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Fuzzy Grammars in Syntactic Recognition of
Skeletal Maturity from X-Rays

AMITA PATHAK AND SANKAR K. PAL, SENIOR MEMBER, 1EEE

abstroct—A hierarchical three-stage syntactic recognition algorithm
wsiog six-fuple fuzzy snd seven-tuple fractionally fuzzy grammars is de-

ibed for {dentifying different stages of maturity of bones from X-rays ol
:‘M and wrist. The primitives considered are “dot,” “straight line,” and
«grc” as obtained clsewhere. For each arc, its memberships in the sets.of
gparp” “fair,” and “gentle” sres have been considered in order to
describe ond _interpret the I d of hysis and
metaphysis with growth of a child. The two algorithms are {llustrated with
the help of the radiograph of a 10-12-year old boy along with some
unoisy” versions of the radiograph, which was artificially generated by
taking into acoount possible variations in shape of the relevent contours in
fhe radiograph. Relative merits of the two algorithms with respect to each
other and gs well as the existing f h are also d.

1. INTRODUCTION

HE PRESENT WORK is a continuation of the previ-
ous correspondence oD image description and primi-
tive extraction using fuzzy sets [1] and is an attempt at
syntactic recognition of different stages of maturity of
bones from X-rays of hand and wrist using fuzzy grammar
npd the fuzzy primitives obtained from [1]. The ultimate
&m is to be able to make computer-diagnosis of diseases
uc;ﬂd;flects of malnutrition on the skeletal growth of a
During the growth of a child, each of the bones of the
band and wrist, as shown in Fig. 1, provides us with an
Wvariant sequence of events that invariably occur in the
fame order in all individuals and cover the developmental
#8e-span evenly and completely. These sequences therefore
iz"ld_c us with some basis for defining different stages of
n d““h‘Zx(ﬂse) of the bones. The radius, ulna, metacarpals,
mchl’ anges of the hand and wrist provide us with 28
Py Sequences, with events in one or another sequence
Ting at almost all stages of development [2].

€ problem of iti i 1
parts, namely, recognition therefore involves four major

1) s .

l:dy of the radiograph and detection of the specific
2 prnes andAtheir location,

Preprocessing of X-ray images with a view to extract-

llxi\sgsu':: edges of the different regions of bones and
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3) primitive extraction of the edge-detected images, and
4) syntactic classification into one of the possible stages
of skeletal maturity.

We are concerned bere with the last part. The results of
the previous parts have already been reported (1], {3]-[5].

Formal language theory has been applied to syntactic
recognition of patterns which are rich in structural infor-
mation i.e., the patterns contain most of their information
in their structure rather than in numeric values [6]-[12]. To
increase the generative power of a grammar for pattern
recognition problems, the concept of phrase-structure
grammars has been extended to stochastic grammars (7],
(13] and fuzzy grammars, respectively {8}, {11}, (15]-[19] by
randomizing and fuzzifying the use of the production
rules. A fuzzy grammar produces a language that is a fuzzy
set of strings with each string’s membership value (lying in
the interval {0, 1]), denoting the degree of belonging of the
string in that 1 These langy have shown some
promise in dealing with patterns which possess ill-defined
(fuzzy) boundaries [8), [11], [15], [16).

A three-siage hierarchical syntactic approach [9] is pre-
sented here for automatic recognition of the ages of differ-
ent bone. The classifier accepts strings of primitives 1]
defining approximated versions of contours in radiographs
representing the epiphyses! and metaphyses? including
palmar and dorsal® surfaces [2] as input. Two algorithms
based on six-tuple fuzzy grammars and seven-tuple frac-
tionally fuzzy grammars [14] have been used separately for
classification at each stage. The primitives considered are a
line segment of unit length, clockwise and counter-clock-
wise curves and a “dot.” (By a curve here we mean a
simple curve and not a curve obtained by the concatena-
tion of simple curves.) For any such curve we have also
defined its membership values corresponding to fuzzy sets
of “sharp,” “fair,” and “gentle” curves.

The two algorithms are illustrated with the help of an
X-ray image of the radius of a 10-12-year old boy. _Some
other distorted versions (artificially generated) of the input
string are also considered for their implementation.

n some bones, is a separate terminal ossification which

ed with the main bone at the atlainment of mq:urily.
the shaft where it joins the

!An epiphysis, i
only becomes unit
A metapbysis of a long bone is the end of
epiphysis. .
3The palmar surface of any bope in the band and wrist is th
which is towards the palm of the hand. Likewise, the dorsal surf

diametrically opposite on¢

at surface
gee is the
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Fig. 1. Bones of hand and wrist [2].

1. DIFFERENT STAGES OF MATURITY

Fig. 2 shows different stages of sk‘eleml msturily. of
radivs of hand and wrist. This is considered as a typical
illustration since radius contributes mostly in dftermmmg
maturity score [2). [ts structural development with growth
is explained below.

Ip the beginning, the epiphysis is totally gbsent (Slage
A). It gradually appears above the melaphys:s_ as a single
(or, rarely, as multiple) d it(s) of cal with irregular
outline (Stage B). After that, it gradually assumes a we'll-
defined oval shape as seen in the radiograph (Stage C), its
maximum diameter being less than half the width of the
metaphysis. It coritinues to grow in size but becomes
slightly tapering at its medial end, being more rounded at
the lateral end (Stage D). Its maximum diameter now
exceeds half the width of the metaphysis. In Stage E, its
shape is more or less the same though it becomes larger,
and a thickened white line representing the edge of the
palmar surface appears within it at the distal border. In
Stage F, the palmar surface of the proximal border also
develops and becomes visible as a thickened white line at
the proximal edge of the epiphysis. At Stage G, the palmar
surface of the medial border also becomes apparent as a
white line so that the three visible palmar surfaces combine
to appear as a single i hick d C -shaped
contour. The epiphysis continues to grow larger, and by
Stage H it caps the metaphysis almost entirely (at one end
or both). The styloid process is also much developed.
Finally, at Stage 1, fusion of the epiphysis and the
metaphysis begins.

The features of the structural development of the radius
therefore include the contour, shape, and orientation of the
metaphysis and epiphysis including palmar and dorsal
surfaces as appearing on the epiphysis and metaphysis
with growth, and styloid process. A similar sequence of
stages of structural development is also observed [2] in the
other bones, namely, ulna, metacarpals, and phalanges
(Fig. 1).

III. DEFINITIONS
Definition 1aj: A fuzzy grammar (FG) is a six-tuple
FG = (Vg Vi, P, S, J, f)

St s:z \7

99 9

Fig. 2. Different stages of skeletal maturity of radiug
epiphysis is totally absent, is not shown

7

3

D

(Stage A, in i
h«l:g‘ in which

where

Vi  set of ponterminals, i.c., labels of certain fuzzy
sets on V2 called fuzzy syntactic categories

Vy  set of terminals such that ¥, N V. = 9, ’

V7 set of finite strings constructed by concatenation
of elements of Vi,

P set of production rules,

N starting symbol (€ V),

J o {nli=1,2--,n,n= #(P)}, a set of distin
labels for all productions in P, where #(PYisthe
number of elements in the set P,

/  mapping f:J - [0,1], f(r;) denoting the fuzy
membership in P of the rule labelled 7,

Definition 1b): For any string x having m (3 1) deriva-
tion(s) in the language L(FG) generated by FG, its mem-
bership in L(FG) is given by
1gkgm | 1<i<t,

/(’lh)].

BrFGy (X) -
where

k  index of a derivation chain leading to x,

1, length of the kth derivation chain, )

rk  label of the ith production rule in the kth deriva-
tion.

Definition 2a): A fractionally fuzzy grammar (FFG)is3
seven-tuple FFG = (Vy, Vi, P, S, J, 8 4) where
Vi, Vr, P, S are as above, and g and h are mappings [on
J into the set of nonnegative integers such that

g(r) < h(rn), v, eJ. )

Definition 2b): The membership of any string x h“':':g
m(> 1) derivation(s) in the language L(FFG) geoer®
by FFG is

A

Elx(r/“)

J=

- =t

FL(PFG)(X) 1:‘1‘“:m ,Z.h(')‘)
j=1

where 0,0 is taken to be zero by convention.

IV. CLASSIFICATION ALGORITHM )
enote *

Remarks: In this section, G has be&la_n u;ed to 4B,
specific type of grammar. For the fuzz) pnte
proach, G denotes a fuzzy grammar, while for dr‘:aclil’“‘uy
ally fuzzy grammar approach it denotes 2
fuzzy grammar (FFG).
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bol € used denotes ““is classified into." (This
biﬂ?; zﬂ;‘u'on isiieﬁnod later on.)
‘We bave defined ps(b), kp(b), and #g(b), the degrees
of membership of a curve b in the set of sharp, fair, and
geotle CUTves, respectively, as follows.

4. Determination of Bs, ir, and Bg Values

For any curve b, the degree of arcness p,..(b) has been
gefined in the primitive extraction algorithm [1] as

pue(B) = (1—ﬁ]ﬁ

where 1 is the length of the line segment joining the two
extreme points of the arc b, p is the length of the arc b
and F, is a suitably chosen exponential fuzzifier with
F.> 0. Clearly, when the arc b is a line segment, we have
p'= 1 so that p,(b) =0, whatever F, may be. Also,
Pux(b) can never attain the value 1 although it does
approach that value as the sharpaess of b increases, so that
tae € (0,1).

For any curve b for which p . (b) > 0, its degrees of
membership pg(b), g r(b), and p4(b) to the fuzzy sets of
sharp, fair, and gentle curves, respectively, may be defined
i

ns(b) = fs(#ue (b)) (22)

ke(8) = i lhae®) - 31 (20)
=

ho(b) = folpun()) (2)
such that

) fo(*) and f4(-) are monotonically decreasing func-
tions over [0, 1] and [0, 1/2], respectively;

b) /s(:) is a monotonically increasing function over
{0,1]; and

) ps(b),  £(b), and p4(b) all take values in [0, 1] only.

For example, we can take

ks(b) = S(um(b);o. %1) (3)
s{pul)i0. 3.3, -
hah) - nl0<p.,,l(b)3s 3
1= S| nee(d)i 5,701
(o3

1
5 < pu(b) <1

Bo(b) =1~ s(,._,c(b);o, %1)

Bu(b) € (0,1) (5)

OF SKELBTAL MATURITY

659
where S denotes standard S function [20] such that
0, x<a
z[x—a 2
y_a). agx< B
S(x; a, B,v) = v = x\? (6)
1-2
[y_a), Bsx<y
1, x2y

with 8 = (a + v)/2.

As mentioned earlier, p,,. = 0 (which corresponds to a
straight line) is not included in computing pg, ur, and pg
values. However, even if we put p,. =0 in (3)-(5), the
values we get namely, ;= 1, pr=pg=0 do not con-
tradict our intujtiop, since a straight line can be looked
upon as the most gentle curve. Again, since the boundaries
among the fuzzy sets sharp, fair, and gentle are not hard,
any curve may have nonzero membership values for all
three sets.

As an example, we consider p, (b) = 0.22, 0.52, and
0.82. Then from the following table, the degree of member-
ship of these b, as expected, is found to be maximum for
the sets gentle, fair, and sharp, respectively.

Bac(D)
0.22 0.52 0.82
us 0.097 0.539 0.935
. 0.387 0.597 0.181
e 0.903 0.461 0.065

Besides using the standard functions (3)~(5), one can
also use a function
[T AN
e ™
]

(where g is some ref ) that approxi the
standard functions. For y = 1, 0.5, and 0, (7) represents
the bership f ion corresponding to the sets sharp,
fair, and gentle, respectively. Positive constants F, and F,
are the fuzzifiers which control the amount of fuzziness in
a set.

S(Bae) = [1 +

B. Algorithm

The structure of the three-stage hierarchical procedure is
depicted in Fig 3. At each stage context-free grammars
with ¥, = {a, b, b, ¢} have been used. The a, b, b, and ¢
denote a line segment of unit length, a clockwise curve, an
anticlockwise curve, and a dot, respectively.

Let x denote the string representing the contour of the
epiphysis and y the string representing the interior of the
epiphysis contour, i.e., the boundaries of the image of the
palmar surface of the epiphysis.

Stage | (primary classification): We define five classes
C,im=1,2,---,5 as C, = (4),C; = {B}), Cy =
(C, D, E),Co= (F,G. H).Cs = {1).

Let G, denote the grammar corresponding to class C,
i=1,2,---,5and L(G,) the language generated by G.
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Fig. 3. Threc-stage hierarchical classification scheme.

If x is found to be the empty ering (A), we infer the
class C, (Stage A). If not, and if x is parsed by the first

stage grammar, then
x €c L(Gg)-ifl‘ua,)(x) = _max )‘L(a,)(X),

2<i<8.
k=2,3,4,5.
Ties, if present, can be dealt with in a number of ways.
istical b is to use randomization techni

A PP
whereby the final decision is based on the outcome of a
random experiment, usually simulated with the help of
random numbers.

The reasons for adopting this particular form of cluster-
ing of events A-I are rather obvious from Fig. 2. For
example, each of the stages 4, B, and 7 is unique in itself
and hence is put in a separate class. Again, the forms of x
in Stages C, D, and E bear greater similarity to each other
than to strings from other classes. These are, therefore, put
together in C,. The same reasoning applies ta F, G, and H.
Of course, there is the possibility that C; and C, will
overlap, mainly because of the similarities in E and F in
respect to x. Provisions have been made at the next stage
for minimizing the error Iting from this.

If x €. L(G)), i =1,2,5, then stop; otherwise, go to
the second stage.

Stage 2: We come here if in the first stage x €. L(G,)
or x €- L(G,). We now bring y into the picture. If
x € L(G,), go to step 2.1, and if x €. L(G,), go 10 step
2.2.

Step 2.1: a) If y can be parsed by means of the
second-stage grammar and if

"L(G,,)(y) = max [“L(a,,)(}')» l‘l_(a,.)()')].

ie.,

¥ €¢ L(Gy,)
then decide on Stage E. If not, go to step 2.3. b) If y can
not be parsed by means of the second stage grammar, go
to step 3.1.

Step 2.2: a) If y can be parsed by means of the second
stage grammar and

I‘-L(o,,)()') = max [”L(G”)(Y)» FL(G.,\(,V)I-

TABLE [
L1ST OF STRINGS PROM EACH CLass
Class Strings
G X=c
[ X a"ba"b,m,n)Oandbhh.irmshnp
C X = Pba®hQ, b is sharp of fair, g 3 0

with P = a’ or a’ba’ (b ‘genile’);
Q = a'R or a'R?; and
R = b (sbarp or fair), r, 5,1 > 0.
G X = L’bEBL”, b sharp or (air,
with L = a*, a*Ma’Ma’ or a* MMa*
M = borb (gentle), x, y, 2> 0
L' =L, Lb,or LbL
L” = L, bL, or LbL, b ‘sbarp’ or * fair
E = GF, G*F, GFa’ ot G*Fa”, x,y > ¢
F=LbLb
G = a*b
Cp Y = L*bL*b, b ‘not gentle’
with L® = L, ML, LM, a*Ma?,
Ma*Ma’M, a*Ma”M ot Ma*Mo”,
L, M are as above and x, y > 0
Ca Y = L*bL*bL*bL*bL*bL*b, b ‘vot gentle'.
L* is as above.

i.e, if y €. L(Gy,), decide on Stage F. If not, go to step
2.3. b) If y can not be parsed by the second stage grammar
go to step 3.2.

Step 2.3: We come here if there are contradictory
decisions in the first two stages, that is, either i) x €,
L(G;) but y €, L(Gy) or ii) x €; L(G,) but ye&,
L(Gy,). We can tackle this situation in either of two ways.

1) We can completely ignore the first-stage information
and take the second-stage decision to be final. However,
such decisionmaking is not sound.

2) We can combine the information obtained at both
stages and then come to a final decision. This can be done
in a number of ways. For instance, writing

ay = I‘L(G,)(X)- a, = “L(G.)(")'
by = F‘L(G,,)(}’), by = !‘L(G,,)(}’)-

we decide on the class C;, (Stage E), if ¢, = max(éy, éd
and on the class C,, (Stage F), otherwise, where ¢, i = 3,4
can be defined in one of the following ways (usiog collet-
tive or connective property):

1) ¢, = (a, + b))/2

2) ¢, = (af + b))

3) ¢, = min(a, b)

4) ¢, = max(a, b)).

It can be observed from Fig. 2 that the interior of “;:
epiphysis contour is empty in Classes C and D but not "
classes E, F, G, and H. It is this additional informat?
that we utilize at this stage. The forms of y 18 C"“‘
{C. D}, sy = (E), Cy = (F), and Cp = (G H} °C
distinet gh 10 facilitate differentiation by sy2!¥
means.

Stage 3: .

Sle;f 3.1: Determine Dy (the maximum dlﬂ’““:; a
the epiphysis) and W,, (the width of the mem_g?_ws' de
r = Dg/W,, < 0.5, decide on event C; otherwist.
on D.
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Step 3.2: Determine Sg (the slope of the proximal
edge of the epiphysis al the medial ¢nd) and S, (the slope
of the distal edge of metaphysis at the medial end). There
are numerous algorithms available in the literature for this
purpose |21}, 1f S = Sg — S)y is less than some prede-
termined a, suitably small, then decide on event H; other-
wise. decide on event G.

In practice, Sg and S), are reflected by the degree of
arcness of the curve at the medial end of the epiphysis
CONLOUE. o )

In this stage, the classification is not, strictly speaking,
syntactic in nature. We have merely made use of some
Listing 1. Classification Algorithm.

Procedure CLASSIFY:
BEGIN;
IF x € L{G,) THEN decide op A
ELSE IF x € L(G,) THEN decide on B;
ELSE IF x € L(G,) THEN
pO;
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differences between C and D, and between G and H, as
described before, 10 facilitate classification.

The sample strings from each class used for constructing
the grammars is given in Table 1. The grammars for the
first stage are given in Table 1T while those for the second
stage are given in Table II1.

It is not difficult to verify that every one of the repre-
sentatives of each class, given in Table I, has by our
grammars, a maximum membership for the language cor-
responding to its own class, its membership in all other
languages (at the same stage) being less or at most as large.
The classification algorithm is described in the structured
format of Listing 1.

ks y can be parsed by sccond stage grammar THEN

1 pug(y) =
max
THEN decide
ELSE DO:
a3« By x)
84— ppg ()
by < Ruiom (¥ )
ba = prg(¥)
computc ¢y;
compuie $y;
/* Definitions of
4¢3, ¢, given in
text ¢/
1F ¢y = max(¢y. ¢3)
THEN decide on E;
ELSE decide on F:
END;

ELSE DO;

Fuogyg'n)-&l‘.uc“,(y)l

Dy «— maximum diameter of the cpiphysis;
W), +~ width of the metaphysis;

1= De/Wy

If r & 0.5 THEN decide on C:

ELSE decide on D;
END;

END;
ELSE IF x € L(G,) THEN
Do,

IF y can be parsed by second stage grammar
THEN

DO;

TP B gyy (¥) = maX[By 6,0, (¥ ) BiiG,, () THEN decide on F:
ELSE DO;

ay = Brgp(x)
B4 = Prgnlx)
by = B (¥)
b~ Frg, (¥

IF ¢, = max ($). ¢;) THEN decide on F:

compute &y:
compute ¢,:
END;
END:
ELSE DO:

ELSE decide on E;

Sg + slope of the proximal edge of the epiphysis at the medial end;
4 = slope of the distal edge of the epiphysis at the mediat eod:

S 8- Sy

IF S < /" a predetermined */ THEN decide on H;

ELSE decide on G
END;
END;

ELSE IF x € L(G,) THEN decide an I;



1EEE TRANSACTIONS ON SYSTEMS, MAN, AND CYBERNETICS, VOL. SMC-16, NO. 5. sSepTemMmen /0CTe
IR ong

TABLE I
PRODUCTION RULES FOR THE FIRST STAGE

Production Membership Values 8,/h, Values
Srl. Rules (FG), (FG), (FG); (FFG), (FFG), (FFG),
1T S—~AA 1 ) 0 10/10 0/10 0/10
2 S—AAA [ 1 0 0/10 10710 0/10
3. S—ACA 0 1 0 0/10 10710 0/10
4 S-Ds 0 1 0 0/5 5/5 0/5
s Ss-SC 0 1 0 075 5/5 0/5
6 S-—LFM 0 0 1 0/10 0710  10/10
7 A-BC 1 1 0 0/0 0/0 075
8 A=C t 0 0 171 0/1 o/1
9 B-aB 1 1 1 0/0 0/0 0/0
10 B-a 1 1 t 0/0 0/0 0/0
11 C—=b ar(d) nr(b) 1 gp(B)/S gr(b)/5 0/5
12 C~b us(d) ps(d) 1 8s(b)/5  gs(b)/5 05
13 D - BE o 1 1 0/1 1/ N
14 E-b _ 0 pg(d) w(d) O/5 8c(B)/S  gg(b)/5
1S F-—bGb 0 0 1 0/5 0/5 $/8
16 G- ANH 0 ] 1 0/1 o/1 171
17 G- AHHB O 0 1 0/1 0/1 11
18 G- AG 0 0 1 0/1 0/1 11
19 H-IC 0 0 1 0/1 0/1 11
20 I-B 0 0 1 o/1 0/1 1/1
21 - BKB 0 0 1 0/1 0/1 /1
2 I1-KB 0 0 1 0/1 0/1 171
23 1-BXK 0 0 1 0/1 0/1 11
4 K-=3 0 0 ugth)y 05 0/5  go(B)/5
28 K—b 0 0 ag(d) 0/5 0/5  g5(b)/S
26 L ICI 0 0 1 0/2 0/2 22
27 L-1IC 0 0 1 0/2 0/2 2/2
28 L—1/ 0 0 1 0/2 0/2 272
29 M- ICI 0 0 1 0/2 0/2 2/2
0 M-cCI 0 0 1 0/2 0/2 2/2
31 M7 0 0 1 0/2 0/2 2/2
TABLE DI of p,(8/h,). This is because of the basic similarity be-
ProoucTion RULES FOR THE SECOND STAGE tween the patterns of the different classes in the first stage
Pn;i:::m Membership Values 2,/h, Values (second stage).
ll. s (F(:)“ (P‘;)“ (FFG)y, (FFG)y A brief discussion of the manner in which the weights of
i 10/10 0/10 i i roaches i
2 s ° YA 10;10 the production rules are assigned for the two approaches
3 A-DD 1 1 0/0 0/0 in order.
4 B-DFD 0 1 on 22 The Fuzzy Grammar Approach: At eitber stage, some of
5 D—E  1-ug(h) L-uo(d) E(b)/2 E5(8)/2 the rules have weights of either zero or one for the difer
$ ot N 1= na(b) 022 2:(5)/2 ent classes. The int tation is obvious; a rule has me®
7 E-H 1 1 0/0 0/0 : . The interpretation is ous; .
8 E- HJH 1 1 0/0 0/0 bership 0 for the grammar of a class if it plays no part
:0 g:jﬁ‘ } { g/g 0/0 the generation of the language corresponding to that class
11 E- HJHL 1 1 050 g;g On the other hand, if a rule plays with certainty, 2 roleia
12 E-JEL 1 1 0/ 0/0 the generation, it has membership 1 for that class- SOK
1 Foi 0 1-» Bos eI rules have weights of a third type—they depend oo
1S F~Eb ° e :2(5) o z:B;ﬁ values of pg, py. O pg for the corresponding curves e
16 H-aH 1 1° o/0 0/0 example, rule numbered 25 (Table 1I) has a \!Vﬂﬂ“}‘“l o
17 H—=a 1 1 0/0 0/0 for the grammar (FG);. This means that its Wﬂshm(
}: '; - zx i } g;g g;g dependent on the gentleness of the curve in the sennsfk
20 J - KHK 1 1 0/0 0/0 the gentler the curve, the greater the weight of the 1%
2 K-5b na(B) ra(B)  g(B)2 35(B)2 Fractionally Fuzzy Grammar Approach: For -
2 K—b Bo(b) kald)  go(8)/2 g4(B)/2 8./h, values to different production rules we hﬂ;eull,,l
ntz 1 1 0/0 0/0 guided by the criteria laid down by DePalma and Y2
indld ! ! /0 /0 which are as follows:
. o L e clss
First, a rule which cannot help to dASUHS“l;Sh::Id (hed
. . from another can be given the value 0/0, and WU %
. Guidei h M
C. Some lines and Observations have no effect on the final membership assuping >
It should be noted that for all the grammars used in the rule i, for which h, % 0, is also applied. i ffect <
first stage (as also in the second stage), we have used the Second, a rule for which A, is small has little fhm ok
same production rules but of course, with different values the final membership of any string generaled by
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Third, any rule for which A, is large has a large effect on
the finel membership of any string generated by using that
r“ll:'ourlh. if rule i is used, the fuzzy membership of the
string is changed in the direction towards the value g,/h,
by the application of rule i. Thus if g,/h, is close to zero,
it is decreased. _

Finally, 3 rule which is used in all the strings can be
given 8 membership value which could serve as a starting
point from which we could subtract by rules with g,/h, = 0
and to which we could add by rules with g,/h, = 1.

For some of the rules, the g-values have been made
dependent on pg OF pp OF pevalues by means of nonde-
creasing integer-valued functions g,(b) defined, for i =
S, F.G as

&i(b) = nt[hx p,(5)].

it () = i [ w(8)] < 3

=1 +int[hxu,(b)], ®)

where int[x] = integer part of x, x being any real number,
and h is the corresponding hvalue.

Another issue of concern to us is whether the absolute
dimensions of the subject and hence those of the epiphysis
and the metaphysis may affect the results of the classifica-
tion. The magpification or reduction of a given image of
the epiphysis will cause two types of changes:

1) the straight line segments in the image will increase/
decrease in length; and

2) the curves in the image will become gentler and
sharper, or both.

The first is taken care of in the grammars by means of
production rules of the type given by rules 9 and 10 for
Stage 1 and 16 and 17 for Sitage 2. Changes of the second
type will, in general, change the weights of those rules
which depend on pg, py, or p; values. However, the
relative values of the weights remain unchanged, and hence
the final outcome is not affected.

Finally, we would also like to point out that although in
Tables I1 and III the membership values of certain produc-
tons are taken to be zero and one, we consider this to be
an t_)vﬂsimpliﬁcnliun of the situation. It would be more
realigtic 1o bave for such rules membership values which
are close (o 2ero or one. This entails that they be estimated
wxlh_v.hc help of a large number of samples with known
Classification, however. In other words, supervised learning
Is required.

otherwise

D. Some Practical Considerations

The classification algorithm as described before has
hc‘“{ developed on the basis of the description given in
f:cuor_- 11 [2] for the different stages. As far as possible,

€ minor variations in pattern that are quite likely to
occur have been d for in the gr
“'HOWchr,_ in E_racu‘ac. due 0 the limitations of the

ing on

a
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and contour extraction) algorithms, it is quite tikely thay
we may encounter situations in which the above algorithm
will need some modifi for hine identification of
different stages. For instance, in the cases of C, and C,
(though it is very unlikely for C;), we may obtain an
edge-detected image in which the contours representing the
epiphysis and the metaphysis are partly joined. In soch a
case, we skip the method of primary classification in Step
1 and proceed from Step 2 for final classification.

V. IMPLEMENTATION AND RESULTS

Fig. 4 shows an edge-detected version of an 128 X 145
dimensional image of radius of 10-12-year old boy [4].
These are d using intensification
operator along with S and » membership functions. The
computer-based description of the relevant contours (with
a 90° clockwise rotation of the image) after a) octal code
rep ion, b) hing to remove the spurious wig-
gles, and c) segmentation [1], is as follows.

1) Starting Point of Contour; (22,1)
End of Contour: (129,1)
Description of the Contour:
Ly Agass Ly Agsa L Aoz L Aozm
Lys Aosss Ly Aoan Ly Avass Ly Aosan
Agan L Aosmi
2) Starting Point of Contour: (24,1)
End of Contour: (119, 1)
Description of the Contowr:
Aorm Ly Aoy Ly Aosua Lz Aoams Lz
Aoasg Lo Aosus Ls Aosra Aoan Aorn
Ly Agrz Ly Aome L2 Aosu Agsa Le
Agzes Ly Aoass L Aosu Agess Aosan
Apssg Aoms Aorn Aoam Ao 2 Aoas
Ly Aoais Ls Aoam L Aoy Ly Aorm Lai
3) Starting Point of Contour: (22,64)
The Contour is Closed
Description of the Contour:
Ly, Aoss Ls Aoan L Aoesr La Agse Ly
Apm Aozes Aoms Ao L Aosss:

Here, L, A, and A denote the straight line, clockwise arc,
and counterclockwise arc, respectively. (This was the nota-
tion used in [1] to denote what we have called a, b, and b
in this work.) Suffices of L and A represent the number of
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TABLE IV
Parc- AND pc-VALUES OF ARCE IN STRINGS V. ¥1. 51 13 Ja

String e AND - VALUES OF ARCS IN THE STRINOS
Pae 0.860 0272 0.662 0598 0272 0.765 0.816 0272 0.765
r pe 0039 0852 0228 0323 0.852 0.110 0068 0852 0.110
Pare 0272 0816 0.765 0.662 0.272 0.765 0.860 0.816
» pg 0852 0.068 0.110 0.228 0.852 0.110 0.039 0.068
Pae 0860 0765 0.662 0662 0.816 0.860
e pe 0039 0110 0228 0228 0.068 0.039
pue 0816 0598 0.598 0272 0272 0.765 0272 0.765 0816
» pe 0.068 0323 0323 0.8%2 0852 0.110 0.852 0.110 0.068
Bae 0272 0765 0.598 0.662 0.816 0.765 0.765
» pe 0852 0110 0.323 0.228 0.068 0.110 0.110
TABLE V

LisT OF LEFT-MOST DERIVATIONS OF STRINO y AND THEIR EVALUATIONS

Membership of String in

Lefumost Deri

of String (FG)y; (FG)y

of Derivati
(FFG),; (FFG)y L(FG);;

L(FG)y L(FFG);; L(FFG)4,

8) (2)AXSXTX16)'°(1T) 0 0110 0156
(15)(8)(16)’(17)(18)(21)
ATNSHTHIE) (1 TXAXS)
{10)16)5(1 TX23X18)X21)
QLAXSHINIBN2LXTHIT)

b) XAXSXTN16)°17KLS) O
(BX16)F(1TX1BY22X1T5)
(TN16)> (1 TX4X 5K 10X 16)
(LTHBXISN2AX15X(13)
QABYAXSKNT)

L] (2)(4)(5)53)(16)’“(17)(13) 0
@216 (ITYISHTNLTNS
(TY(16)" (LTY(ANSK10X16)
(ATX23X1BY2IX14X5X9)
ABQINTXLT)

d) (2)(4)(5);8)(16)“'(17)(18) 0
(22X16) (LTX1SXTRLTKS,
(TK16)" (1 TY4XSX10X16)
ATY23IN1BY21X1SK13)X18)
QIS

0.110 0.281

0.21%

0.110

0.110 0.281

0.594

079

0 0.110 0.281 0.719

0.656

0.719

line units and the degree of arcness p,, of the arc 4,

spectively. To explain the ing of the descriptions
given above, let us consider for example, the contour
number (3).

The starting point is given as (22, 64), which means that
the Jocation of the point at which the scan of the contour
begins with respect to the coordinate (m, n)-axis shown in
Fig. 4, is (22, 64). As the contour is closed, the end-point of
the contour is the same, i.e., (22,64). The contour starts
with a line segment of eleven units followed by a clockwise
curve whose degree of arcness is 0.86 and so on, and
finally it terminates with a clockwise curve having p,. =
0.765. Since we are interested only in the epiphysis and
metaphysis, other contours of the image (Fig. 4) are not
considered.

From this image pattern we find that the contours
representing the epiphysis and the metaphysis are partly
joined. So we proceed directly from Step 2 of the al-
gorithm. Here we have the string corresponding to the

palmar and dorsal surface
y = a"ba*baba*ba 'bbbbab. ©
arcs i8

The values of p,. and g for the sequence of g

this ‘string are given in Table IV. The values of x5
for these arcs are computed, with (5) and (8). . g5

The different derivations for the string y given 'm’(r)blt
well as their corresponding evaluations are given 12 é'lm o
V. As is evident from the table, the string is classified
C,,; that is, the input image (Fig. 4) is identified byf e
approaches as being in stage F as far as maturity ©
radius is concerned.

Let us consider again the contours of different I'
Fig. 4. These are seen to have some staircase lines. w‘beﬂl
and minor arcs of two to three pixels which hﬂ"; e
generated during its edge~detection process [4). To < pand
primitives, four different smoothers were used bdc:ighl 8
whose purpose was to make the contours as str:

egions i0
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TABLE V1
EVALUATION OF DERIVATIONS OF 3. J;. ¥y, ya AND THEIR MEMBERSHIP VALUES

Bvaluation of Derivation

Membership of String in

String  Derivation  (FG)y, (FG)ay (FFG)y; (FFG)a L(FQ)y; L(FG)a L(FFG)y, L(FFG),,
1 0 0.110 0.267 0.733
0 0.110 267
N 2 0 0068 027 073 o 07m
1 0.039 0 0.636 0.182
" 0039 0712 0636 1
2 0o om o462
1 0068 0  O07M4 0387
2 0 0068 0188 0625
3 [1] 0.068 0313 0.750
3 0 01O 0250 0688
5 0 0.148 0.375 0.813
s 0 0110 0250 0688
,., 7 0 0110 0375 0813 068 0148 0714 0813
8 0 omno 0375 0813
9 0068 0 0807 0250
10 0 0110 0375 0813
1 0 0068 0250 0688
12 0 0068 025  0.688
13 0068 0 0643 0286
1 0068 0 0458 0042
I 2 0 0110 0346 0885 0068 0110  0.4580.885
3 0068 0 0488 0042

possible by eliminating such undesirable elements. The
string y (9), in fact, corresponds to such a smoothed
(approximated) version of the contour of the palmar-dor-
sal surface. ’

Therefore, if there is any such variation in contour
pattern that might occur because of the inherent variabitity
of the classes, these can either be removed or be reduced
preatly leaving behind some gentle curves (i.e., some gentle
urve may remain in the straighter part even after smooth-
ing) during their primitive extraction operation. Such pos-
sibilities have also been accounted for in the grammars.
Fo{ example, the string y may take one of the following
s')’g::.lpforms (artificially generated), among others, for

1) 3, = a*ba’ba®ha*ba’bababab

D) y, = a"'ba*ba’ba’baba’h

3) yy = a"ba%ha*ba’ba>bbbabb

9 s = a*bba*ba®ba'%bbh.
se:u";lh“: strings also, the values of p,,. and pg for the
heiy d":.:ro arcs are given in Table IV. The evaluations of
memh, erent derivations as well as the corresponding

erships are shown in Table V1. To Limit the size of

Wl,}ali::;:ﬁ d;tgéls of their parses are not shown. In each
proaches. g is identified as undergoing Stage F by both

VI Discussion

Two gj
i i;!;ﬂferen} Syntactic recognition algorithms based on
for dentis Tactionally fuzzy grammars are developed here
ing the ying Stages of bone maturity from X-ray images
,h“% . Primitives extracted in the earlier work {1). Of
d Overpgfoaches, the fractionally fuzzy one has a slight
e other because of the following reasons [14).

With a parsing algorithm that requires backtracking, it is
not just sufficient to keep track of the derivation tree alone
when a fuzzy grammar is being used. The fuzzy value at
each step must also be remembered at each node, so that
the memory requirements are greatly increased for mamy
practical probl (This, incidentally, places a fuzzy
grammar at a disadvantage with respect t0 a non-fuzzy

t00.) With a fractionally fuzzy grammar, bow-
ever, backtracking poses no problems, as we only need to
subtract the g and h values for the rule being eliminated
from the respective running totals.

A second drawback of fuzzy grammar in pattern recog-
nition is the fact that all strings in L(FG) can be classified
into a finite number of subsets by their membership in the
language. The number of such subsets is strictly limited by
the of productions in the gr With a frac-
tionally fuzzy grammar, this problem does not arise.

An algorithm for recognizing maturity using osdinary
grammars had also been reported [22] by the authors. In
that approach, the sets of sharp, fair, and gentie curves
were sharply defined by means of thresholds on the u .
values. Separate grammars were defined for the different
classes using the same three-stage hierarchical procedures.
In the present algorithms, the sets of sharp, fair, and gentie
curves have been treated as fuzzy subsets so that, ir
general, any arc can have nonzero (but not equal) member-
ships in all three. The incorporation of the element of
fuzziness in defining sharp, fair, and gentle curves in the
present algorithms has enabled us to work with a smaller
number of primitives. By introducing fuzziness in the
physical relations among tbe primitives, it has also been
possible to use the same set of production rules and
nonterminals at each stage.

However, for a given stage, the different production
rules of the single grammar used therein are given different
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weights for the classes considered ap that stage, to reflect
the characteristics peculiar to that class. The grammars
are, in general, ambiguous, but different parses of a single
string may have distinct weights generally, depending upon
the weights of the rules in the parse lists. The degree qf
belonging to the language corresponding to a given class is
taken to be equal to the largest of the weights, for that
class, of its different parses. The string is finally assigned
to a class to which its degree of membership (belonging) is
maximum. Therefore, we may need to parse an input
string with only one grammar at each stage, unlike the case
of the nonfuzzy approach [22] where we may have to parse
each string by more than one grammar in general, at each
stage. However, this has to be balanced against the fact
that the grammars used here are not as simple as the
corresponding nonfuzzy grammars [22). Furthermore, lbese
grammars need not be unambiguous, whereas non-ambigu-
ity is an absolutely ry requi; t for the nonfuzzy
approach.

In this connection mention must be made of the attri-
buted grammars [23] to tackle similar situations where the
patterns are having shapes slightly differing in details for
different classes. The local shape information of the palmar
and dorsal surfaces of X-ray image was used in extracting
primitives {1] and in the present work the global structural
information is incorporated by the weighted production
rules. These two steps are combined into one in case of
attributed grammar, i.e., the production rule is used to
guide the primitive extraction. In atiributed grammars,
semantic information about the shape of a curve is borne
by the attributes, namely direction, curve length, total
angular change, and degree of declination. Since the infor-
mation carried by primitives is of a high order, the produc-
tion rules can be made simple. In our method, semantic
information is carried in the ks g and pg values of a
curve and in the length of a line segment.

It is to be mentioned here that the descriptions of the
different stages of maturity are standard and are taken
from the book of Tauner et al. [2). They have emphasized
the point that samples from the same stage may exhibit a
great deal of variation. In developing the grammars, we
bave taken into account all such variations, In fact, the
noisy versions (Section V) of the input string generated
antificially also takes ifto account those considerations.
The robustaess of the algorithm has been exhibited by the
correct classification of the noisy inputs. Furthermore, the

recognition ambiguity (as seen from Figs. 2 and 3) lies-

mostly between classes E and F, and we have considered

patterns from Stage F to demonstrate the rob:
e I ustaess of the
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