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TABLES FOR L-TESTS.
By P. C. MAHALANOBIS.

INTRODUCTION.*

E. S. Pearson and J, Neyman® have recently considered the problem of testing whether
a number of given samples all belong to the same normal population or sre statistically
differentiated in their mean values or variabilities. ‘They have considered three cases:—

(1) The hypothesis H, that the samples belong to normal populations having the
same mean value and the same standard deviation,

(2) 'The hypothesis H, that the samples come from populations having the same
standard deviation, it being immaterial whether the mcan values are equal or unequal.

(3) The hypothesis Hj that the mean values are appreciably equal, it being assumed
that the standard deviations are also equal.

They have given three different statistics which I am calling L,, I,, and L, to test the
above three hypotheses respectively.

Let n,, my and s be the size, the mean value and the variance of the ™ sample
Then

n.m=3 (x), n.52 = S (x—m)? e (1)

where S represents a summation for all n, values of x. Let there be k such samples.

The average variance s,* within all samples is defined by

N = 2 (n), N.s?=Z2 (n,.s)) w (2
where N is the total number of individual observations available, and = represents a summa-
tion for all k samples.

Finally the general mean, m,, and the general variance, s.* are defined by

N, =28 (x), N.5?=2S (x—m,)? v (3)
where =S represents a summation for all N values of x.

It will be noticed that s,® is the ‘total’ variance, and s the mean variance ‘within
samples’ ordinarily used in the analysis of variance.

The working formulas take a sample form when the size of the sample is the same for
all samples, i.e.

n, =1, .o =M =1, N=mnk

- @

*Discnssed at a meeting of the Indian Statistical Institute held in the Presidency College, Calcutta,
on Friday the 10th December, 1932.

14¢0On the Problem of k Samples.” Bulletin de ’Académis Polonalse des Sciences et des Letlres,
Série A, 1931, pp. 460-481.
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Pearson and Neyman’s formulas can in this case be written in the following form:—

_ Esit s B pesenes 5l g""
Lo= gs.’ P T J— so* - (8
2 % O3 2 ) 1k
L -
L,=52/s. e (7)

s=(522 5% 537 erereenns S )

log (s&)=(1/k) [log 5,* + log s;3* + cevevrncee log si?] . (81)
log Ly=log (s*)—log (so?) - v (51)

log L,=log () —log (ss?) ... . (61)

log Ly=log (s:%)=log (s}) ... e (7)

1t will be noticed that
log Ly=log L,+log L, or  L,=(L,). (L)) . (9)

The significance of Ly, I, and L, can ke stated in words. If hypothesis H, is true,
that is, if all k samples are drawn from a population having the same mean value and the
same variance than L, will be approximately equal to unity. On the other hand if L, is
appreciably less than unity, we should conclude that either the mean values or the vari-
abilities or both are different in the different samples.

In the same way if hypothesis H, is true, that is, if the k samples are drawn from
populations having the same standard deviation, then the value of L, will be sensibly equal
to unity. Thus if L, is appreciably less than unity, it would be reasonable to infer that
the standard deviations of the different samples are not equal. (For the purposes of this
test, it is immaterial whether mean values are identical or different).

Finally if hypothesis H, is true, that is, if the samples come from populations having
the same mean value, (it being also assumed that they also have the same variability) then
the value of L, will be equal to unity. Thus when L, is appreciably lower than unity the
mean values cannot be considered to be equal.

It can be easily shown that L,=(1—n?) where n is Karl Pearson’s correlation ratio.
Further it can be shown that

k-1

L,=1 —_— ., 22 - s e (10)
=1 {‘ TNk ¢ } (

where z is the function used in Fisher’s test for the analysis of variance. It will be noticed

L= (N—-Ek)[(N—1), as z=> O and L,=> 0, as z=» o . (10.4)

The statistic Ly thus simply furnishes an alternative form of Fisher's z-test, and need
not be considered here further.
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The exact distributions of L, and L, are not known, but Pearson and Neyman have
shown that on certain assumptions the * moinent.coefficient, w’, for L, and L, can be
obtained approximately by the following equations,

Writing N=n.k, a=(n—1)/2, g=a+(p/k), d=(N-1)/2, and e=N-k)/2, we have
s (Lo) = k*. [T(g)/T(@)]* . [T(d)/T(d+)] (11)
s (Ly) = R [T(g)/T(@)]* . [T(e)/T(e+p)] . (12)

Putting p=1, 2, 3, and 4, it is thus possible to get the mean value t=n%),
the variance (=p,) and also B,=p,*/p,* and B,=p,/n,* for any assigned value of n and k.
The probability of occurrence of I, can then be obtained by quadrature, but the process
will be extremely troublesome. Pearson and Neyman have, however, shown that on certain
plausible assumptions the 5%. and 1% points for L, and L, can be obtained approximately
in the following way. = One pair of values of n, and n, are calculated for both L, and L,
with the help of equation (13). The corresponding 5% and 1% values of z are next found
by interpolation from Fisher's z-table (Statistical Methods for Research Workers, 4th
edition, 1932, Tables V and VI). Finally the 5% and 1% values of L are obtained Ly
using these interpolated values of z in equation (14).

= 21-p4) (=4
I"z - (.“"1)z

L= ”z/(”z"‘ ”1-32')

2y (=)

n; f"z—(:”"])z ey o (13)

n=

(t4)

Construction of the Tables.

Writing N=n.k, a=(n—-1)[2, b=a+(1/k), c=a+(2/k), d=(N-1)/2, and
¢=(N-k)/2 in equations (11) and (12), and
A =k.[T(b)/T(a)]¥ B = k*[T(c)/T(a)]* o (15)
and putting p=1, and 2 for i, 1’y respectively we get the following valucs : —
#i(le) = Ald , #3(Lo) = B/d.(d+1) . (16)
¥i(Ly) = Ale , #3(ly) = Ble(c+1) .. - 17

We have used values of n=2, 3, 4, 5, 10, 15, 20, 30, 40, 50 and k=2, 3, 4,
5, 10, 20, 25, 50.

‘T'he values of a will therefore vary from 0'5 to 24'5, and hence of b from 0'52 to 250,
and of ¢ from 0-54 to 25-5. The values of log T'(a), log T'(b), and log I'(c) can thercfore be
directly obtained from Tracts for Computers* No. IX except for 9 values between 0 and 1
which can be easily calculated with the help of the same table,

It was thus easy to obtain the values of #’; and ', and hence the value of py=p'y— (i,)%,
Here ', reprecents the mean value of L, and vy the standard deviation of L. These
values are given in Table 1 (for L,) and Table 2 (for L,).

*log I'(x) from x=1 to 509 by intervals of ‘01 by John Brownlee Edited by Karl Pearson,
Cambridge University Press, 1923.
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Fhe next step was to calculate n, and n, with the help of equation (13). This work
was done on a Brunsviga machine retaining 7 decimal places in ', and ws. The corres-
ponding values of 5% and 1% z were then determined by harmonic interpolation from
Fisher’s Tables!,

Finally I, was calculated from equation (14) which can be put more convenijently in
the form:—

L=1/[1+(n,/n,). ¢"] o (140)

This equation lends itself easily to the use of a table of Addition-Substraction
logarithms§, which gives log (a+b) directly from knowledge of log (a) and log (b).
Putting a=1 or log (a)=0, and b=(n,/n,) . €* it will be noticed further that

log L. = — log (1+b) wiv v (142)
log (b) = log (n,) — log (ny)+ 22. log (e) .. (143)

I'ne 5% and 1% values of L, and L, are given in Tables 3, 4, 5, and 6.

In an earlier paper Pearson and Neyman gave a short Table of the 5% and 10% values
of a connected statistics AH for k=2, i.e., for two samples with n (the size of the two
samples) =5, 10, 20, 50 and 0. ‘This Table has been reproduced as Table XXXVII(b)
on pp. 223-224 of Tables for Statisticians and Biometricians, Part II, edited by Karl
Pearson. But AH=I.", when n,=n,=n, and we find that the values tabled here agree
satisfactorily with the values given by Pearson and Neyman for n=10, 20, and 50 for the
5% point, and n=5, 20, and 50 for the 1% point. I am unable to reconcile the discre-
pancies in the valuest for n=5 for the 5% point, and for n=10 for the 1% point.

In using the present Tables it is necessary to remember that equations (13) and (14)
can ouly furnish approximate results. Neyman and Pearson are of opinion (p. 478) that
the approximate values may be inadequate for practical purposes when n=2, and n=3.
Also the value of n must not be too large (p. 475). The approximate character of the
results probably explains the anomalies in the values of L, and L, for n=2 and n=3.

Apart from the theoretical consideration discussed above, the uncertainties of interpola-
tion in the z-tables (especially for large values of #, and #,) introduce appreciable errors.
It is not unlikely, therefore, that the values given in the present tables are in error to the
extent of two or three units in the third place of decimal. I am having this question
examined carefully ; I have retained four figures for the present pending such scrutiny.

“R. A. Fisher, “Statistical Methods for Research Workers” Oliver and Boyd, 4th edition, 1982.

§Addition-Substraction Iogarithms to Five Decimal Figures by L. M. Berkeley. White Book
and Supply Co., New York City, 1830,

tFor n=5, the §% point from Neyman and Pearson’s value of AH is 0'4411 against 0'4424 in the
present Table, and for n=10, the 1%, point is 0-5863 against 0-5870 in the present Table.
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S - |
a-’s usa ‘ars uvap ‘as usa| ‘as uBdI ‘as uBIW A
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TABLES FOR L-TESTS
TLLUSTRATIONS.

Example 1. Five samples of ten observations each are given in the following Table.
It is desired to test whether all the five samples may be considered to have been drawn
from the same universe,

(1 ) (8) (4) (5)

107°87 110°31 109°71 111°09 111°03
109°64 108°89 110°29 111°06 11174
109°67 110°67 111°43 108 93 109°16
109°84 112°69 109°93 111°27 10832
10968 110°60 109°49 110°43 1127
111°24 109°86 109°65 10865 109°59
108°96 110°36 111°28 109°33 110°06
111°22 111'87 110°26 111°00 110°72
110°00 111°64 110°56 110°39 109-82
109°70 109°42 11034 109°41 109°66

The variances for each sample are directly calculated, and the logarithms entered in
tabular form as shown below.

Sample Variance (s2) log (s2)
1 0°8626 1'93580

2 1°3060 011594

3 0°3571 i'58787

4 0°8783 1°94362

5 0°9880 i'99475
Sum 44220 i*57798
Mean 0'8844 i'91560

e mean variance within samples is thus s,*=0-8344. Also since s° is the geometric
mean of the variances, log (s¢?)=191560. Further the general variance, (5 =009512,
Hence log (52)=1901560, log (s.*)=194664, log (s,°)=197827. We then have

log (Lo)=log (ss) —log (s.*) =1'91560 -1-97827=1-03732
log (L,)=log (s.?)—log (so°) =191560—1-94664 =1-96895
log (La)=log (s:.%) ~log (s.?) =i"94664 — 07827 =1-06837
We get finally: L,=08656,  L,=09310,  L,=09298.
From Table 3, we find that for n=10, k=5, the 5% point for L,=07057, and from
Table 4, the 1% point for L,=06367. The observed value of L,=08656 cannot be

considered significantly less than unity. The samples may, therefore, be considered to
have been drawn from the same universe.

The test for L, also naturally fails. From Tables 5 and 6 we find that the 5% and
1% points for L, are 0:8025 and 0-7350 respectively, while the observed value is 0:9310.
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The analysis of variance given below shows the absence of any heterogencity in mean
values. This is corroborated by the high value of L,=09298,

Variation D.F. Sum of Squares | Variance

Between samples ... 4 84318 0°8353

Within samples 45 44°2187 0°9826
Total ase 49 47°5600 .

The data actually represented random samples (drawn with the help of Random
Numbers*) from the same normal population with a mecan value of 110, and standard
deviation=1,

Example 2. Consider a second set of 5 samples of size 10 each.

0} () (3) 4) (5)

207°87 21231 21871 217°09 219°03
209°64 210 89 214°29 217°06 219'74
209'67 212°67 215°43 214'93 217°16
209°84 214°69 213°93 217°27 216°32
209°68 212°60 213°49 216'43 21927
210°24 211°36 21365 214°65 217°59
20896 212,36 214°56 21593 218°06
211°22 21387 21528 217°00 218°72
210 00 213°64 214°26 216'39 217°62
209'70 211°42 214°34 215'41 217°66

The variances within samples are given below. The value of s,2=9'3800.

Sample Variance (s?) log (s2)
1 0°6610 i'82020

2 1°3060 0°11594

3 0°3871 158782

4 07718 188750

5 1°0043 0°00186
Sum 4°1302 1°41332
Mean 0°8260 1°88266

The L-statistics are then easily calculated.

log (s¢?) = 1'88267 log Lo=%'91046 Lo=0°0814
log (sa2?) =1'01698 log L1=1"96569 L1=09240
log (s.?) =0'97220 log La=%'94478 L2=00881

The observed value of L,=00814 is far below the 1% point (0-6367) showing the
existence of heterogeneity.

‘The observed value of L,=0'9240 on the other hand is considerably higher than the
expected 5% value 0:8025. The variances, therefore, may be considered to be significantly
same in all the samples,

*Tracts for Computers No. XV, Random Sampling Numbers by L. H. C. Tippett (Edited by Karl
Pearson, Cambridge University Press, 1927).
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The heterogeneity of the samples is then clearly due to differences in mean values,
and Fisher’s z-test can be legitimately applied in this case. The analysis of variance
is given below.

Variation D.F. Sum of Squares Variance

Between samples ... 4 427°6984 106°9246

Within samples ... e 45 41°3011 0.9178
Total e 49 468°9995 o

2=2'8789, x=118'68.

The ratio of the variances is x=5,2/5,>=118'68 while the 19 value of the ratio is less
than 4018.§ The differences between samples are clearly significant,

The samples were actually drawn from populations with mean values 210, 212, 214, 216
and 218 respectively but with the same variance o*=1.

Example 3. Consider a third example,

) () () 4 (5)

50°62 49°12 54'35 55°16 49°79
4717 50°87 54°22 58°69 51'20
51°32 5429 45'72 45'79 50°06
55°38 49'79 55'08 41°'61 51°30
51'20 48°48 51°73 56°33 | 48'78
48°'71 48'9% 44'58 47°94 50°56
50°72 51°69 49'73 50°28 50°08
5378 5385 53'98 58°58 51'06
58'29 5077 51°55 48°08 49°39
48°83 51°03 47°63 48731 52°62

The variances within samples one given below. The value of 5,>=96339.

Sample Variance (s2) log (s?)
1 '1°1004 0°04155
2 52386 0'71922
8 3°4949 0°54343
4 12:9813 1°11332
5 25°0678 189912
Sum 47°8830 3°81664
Mean 95766 076333

The I-statistics now become:—

log (sg?)=072333 log Lo=1'78952 Lo=05489
log (sa2) =0°98121 log L1=1'74212 L1=0'5522
log (s02) =0'98380 log La=1'99741 L2=0'9340

§This is obtained from “The Auxiliary Tables for Fisher's z-test’ (Ind. Jour. Agricultural Science,
Vol. II, Part 6, December, 1932, pp. 679—693) published by theq present writer.

The observed value of z=2-3789, while the 1% value is less than 0-6954 for n,=4, n,=30 (R. A.
Fisher: Statistical Methods for Research Workers, 4th edition, 1932. Table VI, p. 224).
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Both L, and L, are significantly less than unity. “I'hc samples are clearly differen-
tiated, and the variances of the different samples must also be considercd different. The
high valuc of L, suggests that the mean values are not differentiated, and Fisher’s z-test
fails completely as will be seen from the analysis of variance.

Variation D.F. Sum of Squares | Variance

Between samples ... as 4 2'8682 07171

Within samples - e 45 478'8302 10°6407
Total e 49 481°6984 e

It will be noticed that the variance between mean values is actually less than the
average variance within samples.

The hypothetical populations from which the samples were drawn had the sanie mean
value 50, but the standard deviations were cqual to 1, 2, 3, 4, and 5 respectively.

Example 4. We shall consider another example.

) (2) ® ) (5)

34979 352 62 85312 360°33 363°16
851°20 84977 85487 36022 366°69
35006 853'32 35829 351'72 353°79
851-30 857°38 33379 36108 319°61
84878 85320 852'48 357'73 36433
85056 85071 85294 35058 355'04
85008 385272 355°69 855 73 85828
35106 835°73 857°85 359°98 361°58
849°89 355°29 854'77 357°55 356°08
852°62 350°83 855'03 353°63 35631

The variances within samples are found tobe the same as in Example 3, but the gcneral
variance so*=17-5428. So that we now have:—

log (s¢?) =0°72333 tog Lo=i'47923 Lo=0"3015
log (s42) =0°98121 log Li=i"74212 L1=05522
log (s02) =1°24410 log L2=1173711 L2=05459

Both L, and L, are significantly less than unity. The 2-test is also positive as shown
helow.

Variation D.F. Sum of Squares Variance
Between samples ... 4 898°3082 99°5771
Within samples wos 43 478°8302 10°6407
Total e 49 877°1384 oo

z =1'1181 & =9'86.

1The observed value of 2 is 11181, while the 1% per cent. value is less than 06354,
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The samples arc clearly differentiated both in their mean values and in their variabi-
lities. Actually they were drawn from the following populations :—m, =350, o,=1;
my;=352, 0,=2 ; m,=354, 0,=3 ; m;=356, o,=4 ; and m, =358, o,=§,

Example 5. The results given below were obtained by Mr. K. V. Joshi of the
Cotton Research Laboratory, Surat, in his experiments on the effect of the applica-
tion of manures in different months on the production of ‘‘Buds,” ‘“Flowers,” “Bolls,”
and the ratio of “Flowers: Buds,” ‘““Bolls: Flowers,’” and ‘‘Bolls: Buds’ in the Cotton
plant in Surat.*

DaTa RELATING TO THE COTTON PLANT (SaMPLES OF 20)

Bups FrLowers I BoLis

Mean Variance Mean Variance ‘ Mean ! Variance
Control 5 254'0 | 16000°25 99°3 1466°85 816 | 129°01
July—manure e 880°2 7077°80 188°6 11074°05 89°'7 | 7089
August—manure 257°8 6791'42 1187 1875°89 847 | 104°28
General w12 | 1877978 1189 | 405578 1 853 ‘ 11515

Frowers : Buns BoLLs : FLowers BoLus: Bins

Mean Variance Mean Variance Mean Variance
Control 89°0 104°65 81°'9 18'00 12°4 879
July—manure i 86°5 109°65 28°6 26°05 10°4 11°09
August—manure o 46'1 89°26 29°2 20°88 18°5 l 4'58
General . 40'5 101°48 209 2478 1271 ! 10°08

The calculated values of L,, L,, L, and z are given below.} Here n=20 and k=3.
The 5% and 1% points are also shown for comparison. §

Lo L Ia z
Buds 06771 0'9046 07486 11207
Flowers 05684 0°6000 0 9478 0°2215
Bolls 0°8802 0'9788 0°8908 0°5718
Flowers : Buds 0°7558 08088 0°8409 08250
Bolls: Flowers 0'8741 079465 0 9286 0°4183
Bolls : Buds 0'7579 0°0287 08176 0°9179
5% values 0'8450 0'8980 “m"{ 0°5764
1% values 0°7900 0°8476 (0°8508, 0°8065

*P. C. Mnhalanobis : “Effect of Fertilizers on the Variability of the Yield and Rate of Shedding
of Buds, Flowers, and Bolls in the Cotton Plant in Surat” (Ind. Jour. Agri. Science, Vol. III, Part I,
Vebruary, 1983).

Bignificant values are shown in heavy type.

§The 8% and 1% points for L, were obtained indirectly from the corresponding 6% and 1%
points for z and give only approximate values for purposes of comparison.
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The L-test shows that there is no appreciable effect in the case of ‘“Bolls,” and the
proportion of ““Bolls: Flowers,” while differences in “Flowers,” “Bolls’ and the pro-
portion of “Flowers: Buds,” and “Bolls: Buds’ are significant. The L,-test next shows
that in the case of “Flowers' the variabilities are appreciably affected, but there is no
effect on the mean values. Finally, the z-test revcals that the differentiation in the case
“Buds,”” “Flowers: Buds,” and ‘““Bolls: Buds’ arise through a change in mean values
(but not in variabilities).

GENERAL PROCEDURE.

The above examples suggest the following systematic procedure,

(1) First apply the Lo-test. If the test is negative, i.e., if L, is found to be sensibly
equal to unity (i.e., not significantly different from 1) then the samples may be considered

to have been drawn from the same population having the same mean value and the same
standard deviation.

(2) If the Ly-test is positive, i.e., if L, is significantly less than unity then the
samples. must be considered to be statistically differentiated,

(3) In this case next use the L,-test. If L, is sensibly equal to unity, then the
variabilities may be considered to be equal. Fisher’s z-test (which can be now used with
safety) should be next applied and would reveal the diffcrences in mean values.

{4) On the other hand if L, is significantly less than unity, the variabilities cannot
be considered to be the same. If the z-test is also positive, then the samples must be
considered to be differing in toth mean values and variabilities.

(5) Finally when the existence of differentiation in either mean values or variabi-
lities has been detected, the analysis may be pushed further by a comparison of the different

samples in pairs with the help of (a) Fisher's {-test for mean values, and (b) the z-test for
variabilities,

CONCLUSION.

There are certain definite advantages in the usc of the L-statistics in case of more
than two samples. The Lo-test shows immediately whether there exists any significant
differcntiation in either mean values or variabilitics. The use of the IL,-test and the
z-test would then locate the causc of diffcrentiation. Further the use of the f-test (for
mean values), or the z-test (for variabilitics) require the splitting up of the whole group
of k samples into k(k—1)/2 pairs for purposes of comparison, so that k(k—1)/2 separate
results are obtained in each case some of which may be in agreement while others are
discrepant. The L, and L, (and L,) tests on the other hand refer to all the k samples

taken together, and each of them furnish a kind of over-all criterion for the group of
samples as a whole.

The heavy work of computation in preparing the present Tables was done by Mr.

Jitendramohan Sen Gupta, B.Sc., and the results were checked by Mr. Subhendu Sekhar
Bose, M.Sc., and other workers of the Statistical Laboratory, Presidency College, Calcutta.
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