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1. Introduction. Let (2, S, P) be a probability measure space. Let Xi(w),
Xs(w), - -+ be a sequence of B-measurable random variables in X which are inde-
dependently and identically distributed with common distribution u(-). Here X
i8 & separable complete metric space and B is the class of all Borel subsets. Let
u(n, o, -) be the empirical probability measure of X (w), X2(w), -+, Xa(w),
namely, the probability measure that assigns masses 1/n at cach of the points
Xi(w), Xo(w), -+, Xo(w).

Let f(r) be any measurable real-valued function on ¥ with f exp (8f(x))u(dx)
< = for all s. It has been shown by Cramér (3], Chernoff (2], Bahadur and
Ranga Rao [1), ete. that

(1) (1/n) log Plw: | f(z)u(n, w, dz) — [ f(x)u(dz)| = & — log o(f, €)
where, if E(g) = [ g(z)u(dz) for any function g,
p(f, €) = max [inf,zq exp [—se — sE(f)]E(e”),

(2) . /
inf, g0 exp [se — sE(f)E(e)}.

Now let ¥ be a separable Banach space and let

(1) fexp (s||z]| )u(dz) < e« for all s and

(it) [ z*(z)u(dz) = O for each continuous linear functional z* on X. Sethura-
man [6] (Theorem 7) has shown that

(3) 1/nlog Piw: [[(1/n)(Xi(w) + +++ + Xa(w)|| 2 ¢ — log o(%.", ¢)

where ¥,* = |z*: ||z*]| = 1} and for any collection, 5, of functions p(3, ¢) =
supy.s o(f, €).

Now, let X be the space D[0, 1| of all real valued functions z(¢) on {0, 1] with
the properties

(i) z(t — 0) and z(! 4+ 0) exist for0 < ! < 1 and z(t) = z({ + 0)

(ii) z(¢) is continuousat{ = Oand { = 1.
We endow this space with the J,-topology of Skorohod [7] and it becomes a
separable complete metric space. (See Section 2 for more details.) Let ||z]] =
8upogrg1 [£(¢)]. The main result of this note, proved in Section 3, can now be
stated.
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Tueorewm 1. Let [ exp (sl|lzl)u(dx) < = for all s. Then
(1/n) log Plw: supogig1 |J z(D)u(n, w, dz) — [ z(t)u(dz)| = e
— log p(G, €)
where g = {g:g =g, 0SSt S lorg = gl,O <t < 1] where

(4)

g(z) = z(!), 0151
g.(x) =21 —=0), O0<(<1I

We remark that (1), (3), and (4) are strengthenings of the corresponding
results on the strong law of large numbers (SLLN) under the added assumption
of the existence of the moment generating function. The SLLN for real-valued
and Banach-valued random variables are well known and need no references.
The SLLN for D0, 1]-valued random variables was given by Ranga Rao [5).

2. Preliminaries. The J;-topology of Skorohod on ¥ = D[0, 1| is defined as
follows:

A sequence r, converges to z if there is a scquence {X,}, of 1-1, continuous
transformations from [0, 1] to [0, 1] such that

supogi gt [|Za(Xa(8)) — 2(O)] + Nat) — 1]] — 0.
Kolmogorov [4] and Skorohod {7] have shown the following:
(i) With this topology ¥ becomes a separable complete melric space.

(ii) A set K in X is compacl if and only if for each 6 > 0 lhereisaé = 6(A, 9)
such that

[8upocics |2(1) — x(0)| + supis<ic lz(1) — z(1)]
+ 8UPacr<crr<h<ats fMin ([2(h) — z(l2)], l2(f2) — z(L))}] <6
and |z(t)] < M, te]0, 1] for all xin K.

This implies that if 0 = &y < &, < --- < & = 1is a partition, 3, of [0, 1) with
max; (L — &) < 8(K, 8) then either |x(t) — x(l:)] < Bor|z(t) — 2(Lin)] < 8
whenever {, = ¢ < t;y, and for all r in K. In any case for each ¢ in [0, 1| there is
an integer 7 such that
(6) [2(t) — z(t)] = |2(t) — x(tiaa)| + 6
for all x in K.

The plan of the proof of Theorem 1 is as follows. I'rom (6) we note that for
any compact set KX € ¥ and 8 > O, there is a §(K, 6) such that if 3 =
(o, ly, - -+, &) i8 & partition of [0, 1] such that max; ({11 — ;) < 8(K, 8) then
sup, |J z(Ou(n, », dz) — [ 2()u(dz)]

= max; | z(t)e(n, w, dz) — [ z(t)u(dz)|
+ max; [ [2(4) ~ z(t)l(n(n w, dz) + u(dx))
+ 4fex 2l (u(n, o, dz) + u(dr)) + 26.

(5)
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The purpose of Lemmas 3 and 4 is to show that 3 can be chosen more carefully so
that the contribution of the second term on the right hand side is small. Lemyma
2 shows that K can be chosen so that the contribution of the third termy can be
neglected. Lemma 6 is to show that the arbitrary but positive 8 can be made to
tend to 0 without affecting the results. A few elementary considerations outlined
in Lemma 5 help to evaluate the contribution of the first term precisely. This
would complete the proof.

LemMa 1. Lel vy and v; be two probabilily measures on (X, B) with _[ llzlvi(dz)
and [ [x|lv(dz) finite. For any compact sel K C X and 8 > O there is a number
(K, 0) suchthatif3 = (b, by, - -+ , k) is a partition of [0, 1] with max, ({iy — 1))
< 8(K, 8), then

suPogigt | (tIn(dz) — [ z(t)n(dz)|
< max; |f 2(t)n(dz) — [ z(L)v(dz))
+ max; [ |2() — z(u)[(n(dz) + va(dz))
+ 4fx lzll(n(dz) + v:(dz)) + 20

where K’ is the complement of K.
Proor. The lemma follows immediately from (6).
LEmma 2. Let

Jn(z) = |zl fzeKa
=0 fzrxekK,
where |K..|, m = 1,2, -- -, is an increasing sequence of compac! sels whose union

is a supporl for u. Then
(8) (1/n) log Plw: [ fm(z)u(n, w, dz) 2 v} — log o™ (fn, ¥)

where

(7) p*(fm, ¥) = infiyaexp (—sy)E(e’),
(b) liMpaw p"(fm, ¥) = O for each v

and
(e) liMpaw E(fn) = 0.

Proor. The first part of this lemma is just another version of (1). (b) follows
from the fact that E(e”’™) — 1 for each s. (¢) is trivial.

LEMMA 3. Given any n and s > O there exisls a parlition 34(s), of [0, 1] such that
3= (lo, b, -, L) is any subpartition of 3,(s), then

(a) max; || exp [s{z(t:) — 2(Lin)u(dz) — 1] < »
and
(b) max; [ [z(4) — z(tu)|u(dz) < 7.



LARGE DEVIATIONS OF THE MEAN 283

Proor. Part (b) of this lemma has been established by Ranga Rao (5| (Lemma
2). Part (a) is proved in an analogous fashion.
The following, which is an immediate consequence of Lemma 3, is stated with-

out proof.
LemMa 4. Let fu..(z) = |z(u) — z(v)|. Given n and v > O there exists a parti-
tion 3, of [0, 1) such that if 3 = (Lo, b, -+, k) i3 @ subpartition of 3, , then
(R) max; P‘(Il-‘-’wl ’ ‘Y) = n
and
(b) max; E(fi;.1,,,) = n

where p*(f, v) is as defined in (7) in Lemma 2.
The following lemma is trivial.

LEMMA 5. Let {X,:}, 1 = 1,2, -+, k be k sequences of random variables with
lim, (1/n) log P{|Xail Z ¢ = log pi(e), i=1,2, -,k
Then, for any 62,63, -+, 8 > 0 with D50 < e
(a) limsup (1/7) log P{|Xan + Xu2 + -+ + Xau| 2 ¢
< log [max [pi(e — 2_56.), pa(62), -+, ;e(6e)]]
and

(b) lim sup (1/n) log Plmax, [X,. = ¢ < log [max; p(¢)).

An important lemma that we shall need is the following:

LEMMA 6. Let § be a class of measurable functions on X with the properlies

(a) every sequence in § has a subsequence that converges lo a funclion f in §
almost everywhere (u),

(b) there is a function g such that [f(z)| S g(z) for all f in § and E(exp (sg))
< w for all s. Then p(F, ¢) is continuous from the lefl al each ¢ > 0.

Proor. This assertion is essentially Lemma 3 of Sethuraman [6].

3. Proof of Theorem 1. Let [6.] and |n1.] be twosequences of positive numbers
tending to zero; vy, ¥2 be two positive numbers with vy = y, + v: < eand [ K.}
be an increasing sequence of compact subsets of ¥ whose union is the support of
p. Let 3n = (Imoy tmi, =, lm,) be a subpartition of the partition 3,,.,, of
[0, 1] with max; (bmii+ry — Imi) < 8(Km, 8m) wWhere 3, .4, and §(Kn, 6.) are as
defined in Lemmas 4 and 1, respectively. We then have from Lemma 1

Zn(w) = 8upsgig | 2(Ou(n, w, dx) — [ 2(t)u(dz)|
= max; [ z(tnu(n, o, dz) — [ 2(tm)u(dz)|
(8) + mu.x.-f |2(tmiisn ) = 2(tn ) (8(N, w, dz) + u(dz))

+ 4f . 2l (u(n, o, dz) + u(dz)) + 26,

Znam(w) + Zn2m(w) + Zasm(w) + 20m, (say).
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Now,

lim sup, (1/n) log Plw: Za am(w) 2 v3] S log pam(7va)
where linin ps.m(7:) = O according to Lemma 2,

lim sup, (1/n) log Plw: Za2m(w) Z v2} < log p2.m(72)
where limy,, pz.m{712) = 0 according to Lemmas 4 and 5, and

lim sup, (1/n) log Plo: Z, m(w) = 6] = log p1.m(8)
where

pr.m(8) = max; p(ge.., 8) = (G, 68)

according to (1) and Lemma 5. Using Lemma 5 once again

lim sup, (1/n) log Plw: Z.(w) = ¢ = log p(G, ¢ — 7).
Using Lemma 6, we have
(9) lim sup, (1/n) log Plw: Z,(w) 2 ¢] < log p(G, ¢).
And, from the obvious inequality

Za(w) Z |f 9(2)u(n, w, dx) — [ g(z)u(dz)|

for each g in G, we also have
(10) lim inf, (1/n) log Plw: Za(w) 2 ¢ = log p(G, ¢).
Theorem 1 now follows from (9) and (10).

4. Some remarks.

(i) Let F(t) be any distribution function on [0, 1]. Let Yy(w), Ya(w), -+ be a
sequence of independent random variables with the common distribution func-
tion F(t). Define

Xi(t, w) 0 t < Yi{w)

=1 t 2 Yi(w).

It is easy to show that X,(-, w) is & random variable on (X, B). We note that
8uPogeg | 2(Ou(n, o, dr) — [x()wu(dz)| = supiges [Fall) — F(2)|

where F,(t) is the empirical distribution function of Y(w), -+, Y.(w). We
therefore deduce from Theorem 1, that

(1/n) log P{|Fs(t) — F(1)] 2 ¢ — log (G, ¢),

a result previously shown in a more general form in Sethuraman ((6], Theorem 3).

(ii) Let ¥ = C[0, 1] the space of continuous functions on [0, 1]. Both (3) and
(4) can be applied to ¥ since it is a Banach space and also a subset of D[0, 1|.
The limits of
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(1/n) log P{w: Bupogigi || 2(t)u(n, w, dz) — [ z(t)u(dz)| 2 ¢

80 obtained would be log (%.*, ¢) and 5(G, ¢) from (3) and (4), respectively,
which of course must be equal. Of these, the second would be easier to compute
since it involves taking & supremum over & smaller set than for the first.
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