STATISTICAL

Zy =02~
me Q== Z—~

[ Frdawm qaan
[UNITY IN DIVERSITY |

EXTENSIONS OF FRACTILE GRAFHICAL
ANALYSIS TO HIGHER DIMENSIONAL DATA

P.C. MAHALANOBIS
INDIAN STATISTICAL INSTITUTE

Tech. Report No.7/66 15 February 1966

Research And Training School

Indian Statistical Institute
203 Barrackpore Trunk Road, Calcutta 35, India



EXTENSIONS OF FHACTIIE GRAPHICAL AMNALYSIS
TC HIGHER DIMENSIOFAL DATL

by
. P. C. Mahalanobis
Indian Statistical Institute, Calcutta

INTRODUCTION

The technique of fractile graphical enalysis (FGA), in the form of
bivariate graphs, was developed and applied in the analysis of economic
data in a series of papers (Mahalenobis, 1958a, 1958b, 1960, 1062). The
wide applicability of this method was demonstrated in recent papers by
Linder (1063), Rhee Das (1956a,b, 1064) and others. Some conjectures made
by the author were studied in & number of thcoretical papers by Kawada
(1961), Kitagawae (1960), Mitrafenava (1961), Sethuramen (1961, 1963) and
Takeuchi (1961). The computational “spects through the use of electronic
computers were examined by Roy and Kalyanasundaram (1963). The object
of the present paper is to provide further theorctictl foundations of

FGA ané extend it to higher dimensional data,

9yn6§is of the problem. ILct us suppose that we wish to study the
differences in the distribution of per capita consumption of cereals
between two different regions or over time in a single region. It is a

comuon practice in such cases to compare the mean values, standard
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deviations and. other measures characterising the distributions. Such
overall comparisons may not be meaningful or completely informative
specially when differences in the consumption of cereals are not the

same for all 'comparable sub-sets' of the populations under comparison

(in two regions or at different points of time). Thus it may be pertinent
to ask whether there is eny differential increase in the consumption of
cereals between the 'poor' and ‘rich'‘'sections of .the populations. Such.
e problem lead us to define comparable subsets populations such 2s poor,
rich and so on. For this purpose we use a.suitable congomitant variable
such as per cepita income of an individuel.as on indication of economic
states. We note that absolute values of income at different times or in
different regions are not however, comparcble and therefore comparable
subsets cannot be defined as groups of individucls having the stme per
capita income. But groupe of individuals having the same relative economic
status. in the two populations, as defined by, rarks with respect to income
within a population, might be comperable., In cther situations thgre: may
be other ways of defining comparable subsets of the populations. After
choosing ¢ number of campareble subsets on the basis of & concomitant
varieble, we examine the difference in the distributions of a main veriable:
for every pair of compereble subsets. Fractile graphicel analysis is &

convenient technique by which the desired comparisons can be made through
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appropriate graphs drawn on the basis of sample data. The ectual computations
involved when there are one main variable and one concomitant variable are
briefly explained in section 2 and the generalizetions to cases with more than

one concomitant variable cre discussed in, other sections,

2, BIVARIATE FRACTIIE GRAPH'

A frectile graph in the case of twe dimensional date in defined as
follows. Let (Y, X) denote the two vericbles am (Y;,X), «vvy (YuXy)s
be N independent observations. One particular variate, say X, is selected
for renking the observations in ascending order, Replacing the X values

by renks and erranging the observations in ascending order of X, we obtain

(Y(l), 1), (Y(z),_ 2) , .._.,.‘.(1.{@), N) (2.1)

wheret.Y(i) is the Y wvalue agsociated with the X value of rarmk i.

Now divide the observations (2;1)_into a chosen number, g, of groups such
thet each group consists of . h = N/g consccutive observations, These are
called fractile groups. The ith fractile group representedvby[ i] consists

of the observations

(Yinyr i)s (Yihayr ih +1), v, (Yspop1)r 0+ B~ 1) (2.2)
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which are replaced by the pair
(fy704) (2.3)

where i represents the ith fractile group and Y[l] is any statistic

(such as the mean, median, maximum etc.) based on the Y values of the

observations in | i ],

Yiin) o7 Y(inape1)’ (2.4)

The g pairs

(Fq) 2 Doeees Oy 08) (2:5)

provide the fractile graph, by plotting Y'— i] against i, i =1, ..., g

and joining the successive points by straight lines.

The graph so obtained is represented by Gg. The fractile graph
for the entire population obtained by applying the procedure indicated
to all members of the population is denoted by ]; . As the smaple size

increases Gg will provide a consistent estimator of | .

Separation between graphs. Ta compare two froctile graphs .arising
VN (Ve IR AN AT T

out of independent samples from two different populations it is necessary
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to know how different graphs of parallel samples from the same population
can be. For this purpose we divide each sample inte two independent halves.
The graphs of the two half samples from the first population are denmoted by
Ggl and ng and that of the entire sample by Gg. Similarly we have the
corresponding graphs Gél’ GéZ and Gé for a sample from the second
population. We then choose & measure of separation ||A - B|| ‘between

ony two graphs A and B. To test the significance of the cbserved differ-

ence between Gg and Gé we may use a statistic of the type

i = 4 _E::_L I Gg'Gé ] ;.( J;H(;gl._ Gg2” + /;l ”Gél_Géz H)

e (246)

An overall measire of seperation proposed in the eerlier papers is the
area between griphs. The exact distribution of M is unkmown, but as
a first approximation M2 ‘may be considered as e variance retio on (e-1)

and 2(g-1) d.f.

‘The purpose of drawing the frectile graphs is not, however, to
end up in an overall comperison as provided by a statistic of the type
(2.6). The object is to compare the graphs at each fractile point or
at sets of consecutive fractile points and draw inferences. If necessary,
8 test of the type (2.6) may be used for.chescn:sections of the graphs

to exemine the significance of the observed differences.
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In practice a significance test is hardly necessary when there. is
a clear separation of the graphs indicated by the frectile points for
the two halves of one sample being completely above or.below those for
the other sample. The chance of cleat separation at eny fractile point
when there is no real difference is 1/6, which is reduced to 1/20~if
instead of two we have three parallel samples from each population,
There is, thus, & slight advantage in splitting each ‘sample into three -

sets and drawing three parallel graphs for each sample.

It may be readily seen that F.G.A. is different from the concepts
of Lorenz curve or specific concentration curve. A wrong statememt to
the effeet that a fractile graph is derivable from a Lorenz curve or a
specific concentration appears.in-a paper by Swamy.(1963) in Econometrika.
On the other hand, as shown'by Iyengar and Bhattacharya (1965) a fractile
graph is more general and:more ﬁseful than. concentration curves, Further
fractile graphs can be drawn in sifuations where concentration:curves are

not meaningful as demonstrated in a test for mermality by Linder (1963).

3. EXTENSION TC MULTIVALRIATE CASE

Let us consider observations N frem a (k + 1) variate distribution
and denote the variates by (Y,'Xl, - Xk)’ whereifxf, ooy X, oTE in

the nature of k concomitamt variables. There arc several natural ways
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of defining comparable subsets, We shall consider some of them.

i i i tions. An ob ati i
Higrarchicol group resking of sbeerystions; bn abservation ie
said to belong to the group ranking [ il""’ik] if it is in the i -th

fractile when ramked on Xk'considering only the observations belonging

to the group ranking [ il""’ ik-l] , which is similarly defined with
respect t0 [ i),000, jk-Z] , and so on, The group ramnking [ il] simply

defines the i -th fractile when ranked on Xl only. If the number of

1
fractiles considered for X, is .gj, then the number of observations in

the group [il,..., im»]-' is

n = l,ag!, ko

hm = '
€108y

Since im can. teke. the & velues, 1, «o0, g there are CORTEERT Y
possible group rankings and the vectors defining them are lattice points
in & k dimensional Ehclidean space. Every observation cen be uniquely

identified by a group ranking, Let Y [i i ]be a statistic, such as
k

1 LN
the mean, medien etc., of the Y values of the hk observations belonging

to the group ranking [il,..., ik] . We thus have a (k+l1) dimensional

vector

61

({[il... e i ey 4y )
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as a generalization.of (2.3). There are N/hk =8y ec0 B =6 veetors

of fractile points (3.1 ) which can be plotted in a (k + 1) dimensional

space.

As in the bivarjate case we need to define a measure of separation
between two, sets of fractile points corresponding to two different samples
(either parallel or from: different sources). Let us represent the fractile

points of another sample by,

(x b iy seey 1)
(oot ] 1 k

We suggest two ways of defining a graphical mcasure. It may be seen that

by fixing the coordinates , we have the conditional bivariate

ll,cun, lk-l
graphs gencrated by the pairs - (Y .- - _, ik =1y eeey o The area
lijeeety ]

between such bivaricte graphs for fixed can be measured,

11’ ...' lk-l
which is represented. by

a, i
11 soe k—l

The separation between the two sets of fractile points in the (k + l)w

dimensional space may be defined by

6 - G'|| = T e, ; (3.2)
l g g 11 ) lk-l
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where the summation in (3.2) is over all the combinations of (il"""ile-l)'

As in the bivariate case let ||G . = ngll be the separation between

gl
two parallel halves of one sample of size n and H(}é1 - Gézl |, that between
two parallel halves of another sample of size n' and IIGg N G&II, that
between two samples. Then to test the hypothesis that the samples belong

to two different populations we may use the statistic

4 fon'

- G
Vot leg - &

M= (3.3)

Jolle -6 ||+ /o6 -6 ||
& & &

Then LE ‘may be used-approximately as a variance ratio on k(gk - 1) and

2k (gk - 1) dofo

Another approach is to consider & simplex consisting of Zk points
(1.1 +j1, 12 +Jp g eeey ik + jk)

with (i_l,...., ik) as one corner, where each J, can take two possible values
0 or 1 and graduate the corresponding Y points by a ruled surface, ice.,

fit an equation of the type

Y=a+Zb, X +2 2 Cg g3 By Howen MK eee X
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The local surfaces fitted to.all the simplexes definc o surface over the

gy oo By lattice points, which may be called a fractile surface. "For two

samples, there are two fractile surfaccs and the volume between them, which
is the natural extension of the area in the bivariate case, may be defined
as the distance lng - Gé || ‘between two fractile graphd,_Gg and Gé

In this case Hz, where M is as defined in (3.3) with-the new definition

of separation as the volume between the fitted ruled surfaces (glol) e (g1)
and 2(g1-1) s (gk"l) d.f.

In the method of hierarchical renking and construction of fractile
surface, the results depend on the order in which the concomitent veriates
are considercd, But there may be 2 natural way of deciding the order of

the varietes in practice for obtaining comporable subsets.

Ranking by individuel variables. We define an obscrvation (xl""’xk)
LN 7 RSN T !

to belong to the group ranking

(il, 000y ik)

if x, belongs to the i,-th fractile group when ranked on. X elone; X
belongs to the i-th fractile group when rarked on X, alone. and s0. on.
In such a case the mumber of observations will not be the same for:each

group renking 8s in the eerlier methods. But the procedure is independent

of the order in which the concomitant varisbles are considered unlike in
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the earlier method. Since each fractile point is not determined on the
game number of observations measures of separation such as volume between

fractile surfaces will not have nice properties.

Reduction to a single concomitant. Another approach is fo.reduce
the k dimensional concomitant varisble to one dimension by considering
a suitable function, in which casc the-theory of bivariate graphs applies.
The reduction to onme verisble can be achieved by constructing a discrimi-
nent function; baseéd on the concomitant variables enly, between samples

to be compared. The discriminant function provides the best separation

with respect-to the concomitant variables and ranking based on the

discriminent function reroves the differences due to the concomitant

variables,

Practical applications of higher dimensional fractile graphical

analysis are ‘being considered end it is hoped to discuss them elsewhere,

In conclusion:I wish to thenk Dr. C. H. Rao for the useful

discussions I had with him during the preparation of this paper.
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