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InTRODUCTION.

The problem of lesting the significance of secular trend in a time series is one of
frequent occurrence in statistical studies. A time-series is only a particular case of a class
of samples in which only one single value of the dependent variate, say ¥, is available
for each value of the independent variate x. Prof. Mahalanobis has suggested that such
samples may be called single-valned samples for convenience of reference. Our general
problem then is to test the signifi of linear jion in the case of single-valued
samples.

The linear regrsssion equation is given by
y=a+b.(zx—-2) . (1)

where a=9=S(y)/N
b= S(y-9)(x-23)
S{x—3)7
In the case of large samples it is possible to test the significance of the coefficient of
1 7’, or of the regressi Micient b = 7 (5,/8¢) with the help of the respective
standard errors.

Difficulties arise however in dealing with small samples, especially when N is less
than say 30. In such cases it is convenient to use R. A. Fisher’s method of the analysis
of variance.

In this method the analysis rests on the following algebraic identity :—

Sxly=9)"= §[Suly=5)1+S[n(%~9)")
So[San(y = 5] + Sy [mal5’y = 51+ Sy (s - )] . @
where  §= obscrved general mean value of ‘y’,

Fy= obscrved mcan value 'y’ in the pth array,

¥,= cstimate of §, abtaincd by the linear regression cquation
no. of chscrvalions in pth array

summation for all values of » from 1 to N

= summation for all arrays from 1 to p

summation for all values of y within the pth array from | to p.
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It is convenient to show the analysis in the form of a table with the appropriate

degrees of freedom.

Factor of Variation | Degrees of Freedom | Sum of Squares | Estimated Variance
Deviations from
Lincar Regression p-2 Sy = 5] i
Lincar Regresions 1 S[m(ys—5)') 5
Between parrays p-1 Sy[mpl50~ $)] st
Within p-arrays N-p 5[Suly—=5)] s’
ToTAL . N-1 Sxly=5" '

When s,* is significantly greater than s.%, the linear regression may be considered
significant and not otherwise. Further when s, does not differ appreciably from s.? the
linear regression is also adequate, but when s,* is significantly greater than s¢* the
regression is non-linear,

“The analysis takes a very simple form in the case of single-valued samples when only
one value of ‘y’ is available for each value of ‘x’. Here my=1, N=p, ond the analgsis
of variance takes the following form.

Factor of Variation | Degrees of Freedom | Sum of Squares Lstimated Variance

Deviations from

Lincar Regression N-2 S(y-y)* 5t
Lincar Regression 1 S(y' -1 X
Tora .. N-1 Sly -5 5

)

Although s." cannot be estimated from such data, it is possible to calculate the
standard error of ‘b’ if we can assume that for each value of ‘x’ the values of ‘y’ are
distributed normally with the same variance, say o.’. Now {he best estimate
of o,* is given by S (y—y")*/(N-2) that is by 5,*. Writing the observed regression
vocflicient in the samples as b=S(x—32) (y—5)/S(x—3)* we get the standard deviation of &

_ S _ Sly-¥) ¥
H= 75— = \ (¥ =2) Se—3p ) . . o )]
1 8 is the population valuc of 5 then
(=B [(N=2).§
b— :
(b=8)/sn or SO=77"

U]
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has been shown by R. A. Fisher, to Le distributed in the same way as ‘Students’ z
(“Application of ‘Student’s’ Distribution,” Metron, Vol. V. No. 3, (1025), pp. 90—104].
Fisher has noted that this method is valid whatever may bo the distribution of x, provided
that y is nonmlly distributed with the same variance in each array, and the regression of
'y’ on ‘x’ is linear in the population sampled. Ile has olso given numerical examples
(Statistical Methods for Rescarch Workess, 4Uh edition, 1932, Example 22, pp. 127- 28) )
show how the i-table can be used for testing the signil of the reg

CONSTRUCTION OF TR TADLES.

1t will be noticed that in the present method the test of tlie significance of “b" ultimate-
ly reduces to Fisher's z-test, the value of z being given by

2=} log{s,?/s,"), or e't=s"/s" ... e (5°0)
Now 5'=8(Y -5F)'=b"S(x-2) . (5°1)
and 5'=S(y—3)'/(N-2)
=[Sty -~ b".S(x - 2] /(N-2) e (52
Therefore
M= st = bl (N -2)/(s," - bls) . (6)
Hence we get
' ot
b TR e+ N-2) o

We notice therefore that if we take the five per cent. (or one per cent.) value of z from
Fisher's z-table {Table VI, Statistical Methods for R h Workers, pp. 224-227) with
ny=1, and n,=N-2 we can i liately calculate the cor ling five per cent. (or one
per cent.) value of ‘b’ with the help of the above equation.

The calculation of these critical values of ‘b’ is further simplified by the fact that values
of ¢* have been given by P. C. Mahalanobis in his ‘Auxiliary Tables for Fisher’s z-test in
the Analysis of Variance’ (Ind. Jour, Agsi. Sc., Vol. I, Part VI, Dec., 1932, pp. 679-693).

Calling Mahalanobis's x as w (in order to prevent fusion with the Independ
variate}, we have u=¢", and hence

2 (i) i )

Table 1 (five per cent.) and Table 2 {one per cent.) give the critical values of ‘b*
calculated {rom the above formula for various values of the ratio (s,/s,) ranging from zero

lo one.

279



SANKHYA: THE INDIAN JOURNAL OF STATISTICS

Usg or Tig TAbLES.

Example 1. Let us consider an example given Ly G. C. Whipple (Vital Statistics,
ist edition, p. 374) showing the median age of the populat'on in U.S.A, from one Census
to apother,

MepiaN Aok oF PopuLation IN TiE UNITED STATEA

Year Madian Age

1800 160 N=12
160 o

o e S{x=2)1=N(N'-1)/12= 143

1830 17°2 Stx =) y-F)=1127

1810 179 ¢ v=3) i

1850 19:1 brS(x =) (y~F)/$(x~2)1=0"788

1860 197 ) 00-55

1870 204 Sly-fy=0088

1880 213 57 5 =8(y = §)'/5(x = 2)" =063

1890 210

1000 234

1910 214

The regression coeflicient is found to be (788, f.e. the median age increases at the
rute of (°787 years in 10 years, i.¢. at a rate of about 1 month per year. Can this rate be
vonsidered sigmificant ?

The test given by Fisher (Statistical Methods for Research Workers, pp, 123-131) ks
applied as follows.
S(y-3)"= 0058
b'S(x—-%)'= 8850

Sly=5"-bS(x =)= 208

Standard crror of b= v/ [(208/10) (1,/143)]=0-0381, And {=0758,/0288=2068 which
is significant.

With the help of the present tables the test is considerably simplified. \We simply
caleulate the quantity s,*/s*=063. Looking up Tables | and 2 we find.

Values of b
s'sd
5 pe. I pe.
060 4462 *5483
0'65 4144 *5707

Tlle observed vnlue 0'787 being greater than the ome per cent. value is definitely
‘Thus mere i ion of the present Table is sufficient, once s*,/s:" is calculated.
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Raxcr or Tug Tany,

1t will be noticed that ‘b* varies directly as (s,/s,) for a given value of N. Thus if
{s,/5:)" is increased 100 times, b will be increased only 10 times. For example for N =10,
we have

Values vf*d

5!
S pe. I pc.
‘05 0'1413 01710
500 1413 1-710
500°00 1413 1710

Similarly if {s,/5,)" is reduced to 1/400 of its value, b is reduced to 1/10.

Thus, for N=15

Values of y
s st
5pe. I pc.
05 ~5009 6249
0095 ‘0501 0625
-000005 +0050 ‘0062

It will be scen, therefore, that the Tables given here may be used wilh slight medifica-
tious for all ranges of {s,/s:)%
INTERTOLATION,

When N is given, b is a straight line funclion of {s,/s). Hence intermediate valoes
btained by linear interpolation, for any value of (s,/s:).

of ‘b’ can he

In example I, for example, we can use the following scheme for interpolation.

Values of b
s s ENES —
5 p.e. I p.c.
060 *7746 *4462 ~5483
065 8062 4644 5707
063 -7937 4572 5618
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For facility of calculation, values of (s,/5,) have been given in the Tables pext to
{s,/5:)", but interpolations would be seldom necessary in actual practice.

A few more examples will now be given to illustrate the use of the Tables for varions
ranges.

Example'z. Acreage under Rice in India from 1010-1020 to 1028-1920. (Statistical
“Abstracts for Brilish India, 1932, p. 400).

Yeur Acreage x =4
N= 9o
1920-21 781
2 207 S(x-3)'= 60
-23 806 Sx—1) (y-F= 15
iy m (x=2) (y-5)
25 703 b= 028
-26 802 _5
5 285 S(y-5)'=1904
28 766 5= 32
-29 81l

From Table 1 we get 5% values of ‘b* for 5,"/5?=030 aud 035. From which we
casily find the values of ‘b’ for 5,"/s,"=30 and 35.

s ansu;.:( b
*30 *3650
35 3942
30 3-650
35 3942

The observed regression (0-25) is clearly insignificant.

Example 3. Number of female scholars in recognised schools in India. (Statistical
Abstract for Brilish India, 1932, p. 363).

No. of
Year Female
Scholars N= 0
PR
191920 1249 Stx=3) %
21 1388 S(x—-2)(y-5)= 9173
22 1529
23 1771 b= 153
24 1914 S{y - §)=1419364
P 2110 (y-5)=
26 2205 ;' [5"=23656
27 2278
1027-28 2451
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¥rom the Table, we get for 5,7/s.* =008, the 5% valne of ‘b’ to be 0:1490. Ilence for
5°/5:" = 50000="05% 10*, we have the 5 per cunt, valne of b=0-1400x10°=149. For
8,%/5."=23656, the 5 per cent. value of b will Le fess than 149. The observed value of
b=153 may therefore Le considered significant. Interpolation is not necessary.  Dut if we
Like we con find the value of b cdrresponding to the value of (s,/6:)*=23056 by linear
interpolation, The 5 per cent. value of b=1026 and the | per cent. b=1228. The
observed regression (b=153) is thus definitely significant.

UxeQuar, INTERVALS

These Tables may be used even when x does not inerease by egual intervals, for us
already noted above the test is independent of the distribution of ‘x’, the only assumption
being that »’s are nonnally distributed with equal variance in each array of x.

Example 4. Relation between Ileight and Weight of Dry Fibre in Jute Varicty D89,
Dengal, 1933. (Unpublished Data from Dacca Farm, DBengal),

Ileight in | Weight of
inches Dry Fibre

97 41'5 N=15
99 355
26 17°0 S(x—2)"=2558
96 235 =
04 385 S(x=2)y-5)= 64565
97 380
1 4225 b= 025
[’} 38'75 =
135 s S{y—5)'=1101
1 X
"7 51°5
m 470
o8 425
09 450

From Table I, for N=1§ and 5,%/s,* =040, we fiud the 5 per cent. value of b=03250.
Hence the 5 per cent. value corresponding to s,/6.*=043 will be higher, so that the
observed regression coefficient =025 cannot be considered significant.

These Tables can of course also be used to test the significance of (b—f), where b is
the observed valtie of the regression coefficient, and £ is the corresponding population (or
expected) value,

With the greatest pleasure T acknowledge my indebledness to Prof. P. C. Mahalanobis
for his valuable suggestions and to Mr. Sudhirkumar Banerjee, Chicl Computer, Slatistical
Laboratory, for genern) assistance,
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Note by the Editor

One word of cnuuon iy necessary. In testing the significance of the regression

flicient we are substi an esti of the variance of y based ou the sample itself
for the population value of the variance., This introduces an uncertainty which increases
rapidly as the size of the sample is & 1. It is desirable to ber that the use

of the exact expressions developed in recent years for small samples cannot get over this
particular difficulty. Great caution is therefore needed in interpreting the significance
of regression coeflicients based on small samples.

The situation of course is entirely different when the population values of the standard
deviations and the correlation cwflicient may be considered as known. In this case the
exact distribution of the regression coeflicient ‘b° may be nsed with safety to test whether
the sample values are in bl with the population value.

1 ¢ is the correlation, and o, and o, the standard deviations in the parent populatios,
then the population value of the regression is f=g¢9y/a;, the varianice of ‘b* the regression
in samples of size N is 6,?=0,7(1 —¢*/o,* (N =3)), and the distribution of ‘b’ is given by

Za
= {v.'(l-p')_——, i
T"'(b-ﬂ) }

; The use of the above formula has been fully expluincd by Prof. Ka:l Pearson in
Biometric Tables, Part II, Table XXV, pp. exxvi-exxxi. It is useful to refer to the
following papers in this connexion.

Karl Pearson: “Further Contributions to the Theory of Small Samples (Biometrita,
Vol. 17, 1925, pp. 176-199).

U. Ronianowaky: *On the moments of standard derivations and correlation coefli-
cients in samples from norml lation'* (Metron, Vol. 5, 1025, pp. 3-46).

R. A, Fisher: ‘“The Goodness of Ft of Regression Formule and the Distribution of
Regression Co-efficients” (four. Roy. Stal. Soc. Vol. LXXXV, July, 1922, pp. 597-612).

For large samples (he relevant fornuke are given by Karl Pearson. *“On the Probable
Error of Freuency Constants, Part II'" (Biowmelrika, Vol. 8, 1913, pp. 1-10).

It is worth pointing out that in Pearson’s formula quoted in this note, &% o and ¢
represent population values of the two variances and the cocfficient of correlation, while
in Fisher's formula used in the text of the paper, s.%, &, and v represent the observed
values in lhe sample. In fact Pearson’s value o,(1-g?)/o?(N=3) is caual to the

h i or lation volue of Fisher’s expression 5(1—F)/s:(N-2).

P, C. M.

{March, 1934).
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