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Abstract. We take a unified approach to central limit theorems for a class of irreducible
multicolor urn models with constant replacement matrix. Depending on the eigenvalue,
we consider appropriate linear combinations of the number of balls of different colors.
Then under appropriate norming the multivariate distribution of the weak limits of these
linear combinations is obtained and independence and dependence issues are investi-
gated. Our approach consists of looking at the problem from the viewpoint of recursive
equations.
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1. Introduction

In this article we are going to study irreducible multicolor urn models. As an illustrative
example we first start with an irreducible four color urn model, describe the evolution
and state the results. This is done in the next three paragraphs. We will then proceed to
generalize the results to the irreducible multicolor situation.

Consider a four-color urn model in which the replacement matrix is actually a stochastic
matrix R in the manner of Gouet [9]. That is, we start with one ball of any color, which is
the 0-th trial. Let Wn denote the column vector of the number of balls of the four colors
up to the n-th trial, where the components of Wn are nonnegative real numbers. Then a
color is observed by random sampling from a multinomial distribution with probabilities
(1/(n + 1))Wn. Depending on the color that is observed, the corresponding row of R is
added to W′

n and this gives W′
n+1. A special case of the main theorem of Gouet [9] is that if

the stochastic matrix R is irreducible, then (1/(n + 1))W′
n converges a.s. to the stationary

distribution π of the irreducible stochastic matrix R (it should be carefully noted that the
multicolor urn model is vastly different from the Markov chain evolving according to the
transition matrix equal to the stochastic matrix R). Suppose the nonprincipal eigenvalues
of R satisfy λ1 < 1/2, λ2 = 1/2, λ3 > 1/2 respectively, which are assumed to be
real (and hence lie in (−1, 1)), and ξ1, ξ2, ξ3 be the corresponding eigenvectors. Using
πξi = πRξi = λiπξi it is seen that (1/(n + 1))W′

nξi → 0. Thus central limit theorems
are the next interesting statistical results.

In this article we consider the joint limiting distribution of (Xn, Yn, Zn) where

Xn = W′
nξ1√
n

, Yn = W′
nξ2√

n log n
, Zn = W′

nξ3

�n−1
0

(
1 + λ3

j+1

) . (1)
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Special cases of this result are known from Freedman [7], Gouet [8], Smythe [11] and
Bai and Hu [5]. Freedman [7], as well as Gouet [8], consider two color urn, so that there
is only one eigenvector and the corresponding nonprincipal eigenvalue can be one of the
three types. Smythe [11] considers multicolor urn, but all the nonprincipal eigenvalues (or
their real parts) are assumed to be less than 1/2. Recently Bai and Hu [5] have considered
the case when all the nonprincipal eigenvalues (or their real parts) are less than or equal
to 1/2. In this article we consider the joint limit when eigenvalues of all the three types
occur. Analogous results for multitype branching processes are known, for example from
Athreya [1, 2], and the recent paper by Janson [10] contains functional limit theorems
as well as an extensive discussion of related results and applications. The limit theorems
for urn models can be derived through an embedding of the urn model into a branching
process (the Athreya–Karlin embedding) and applying the limit theorems of branching
processes in the above-mentioned articles and the references therein. In particular, Athreya
and Karlin [3], Athreya and Ney [4] and Janson [10] employ this embedding procedure
and derive the results for urn models in various forms. We take a fresh look at this central
limit problem for urn models directly through recursive equations with diagonal drift. The
interesting feature is, which will be clear from the proof, the differences in the rates of
the differences of the three components. Thus we get a direct Markov chain analysis of
the problem without invoking the techniques from branching processes. Also the recursive
equations with diagonal drift and multiple rates may be of independent interest since the
rates 1/

√
n and 1/

√
n log n, particular to urn models, may be replaced with other rates. The

main feature of these rates that we use is that an appropriate ratio, like
√

n0/
√

n0 log n0,
goes to zero as n0 goes to infinity (see for example (13) and (14)).

For the above four color set up the main result is as follows.

Theorem 1.1. (Xn, Yn, Zn) converges in distribution to (X, Y, Z) where X, Y, Z are inde-
pendent, X and Y are (independent) normals with zero means. The convergence of Zn to
Z is also in the almost sure sense.

The variances of X and Y are identified in the proof. The proof indicates EZ = 0 and
gives some idea about the variance, but does not say anything about the distribution of Z.
Some features of this Z in a two-color case are discussed in Freedman [7]. For the above
urn model, we also need to point out the connection of Theorem 1.1 with a class of results
in the literature. These results consider norming the vector (Wn −EWn) and not the linear
combinations from the eigenvectors. Now the eigenvectors ξ1, ξ2, ξ3 and the principal
eigenvector u = (1, 1, 1, 1)′ span R

4, so that any linear combination can be expressed in
terms of them. But W′

nu = n+1, so its effect cancels out after the expectation is subtracted
and we are left with the linear combinations corresponding to ξ1, ξ2, ξ3. These results in
the literature divide (Wn − EWn) by the largest rate, and in the case the real part of the
nonprincipal eigenvalues is less than or equal to 1/2 (actually the rate in that case may
be different from

√
n log n as will be clear in the later sections) which derive asymptotic

normality (see for e.g. [5]).
We have stated the theorem for the four color model for the sake of notational simplicity

in the proof. The theorem also extends to situations (with more than four colors) where there
are more than one eigenvalue(s) of any one or more of the three types. These extensions
involve the same technique, but require more calculations related to the Jordan form of the
replacement matrix. So we have sketched some of these extensions in separate sections.
These sections discuss the main theorem in increasing generality along with development
of suitable notation, and we have indicated the generalizations inside these sections. First,
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all the eigenvalues are considered to be real, the Jordan form thus involves only real vectors.
Next, the eigenvalues can be complex, so the Jordan form involves complex vectors and we
deal with the real and imaginary parts of these vectors. Another interesting feature of these
later sections dealing with the Jordan form is the role of nilpotent and rotation matrices.
The final result is given as Theorem 5.1 along with subsequent discussion of asymptotic
mixed normality for Re(λ) = 1/2.

The proof of Theorem 1.1 for the above four color set up is given in the next section. It
employs an iteration technique involving conditional characteristic functions (an example
of these iterations occurs in Example 2, pp. 79–80 of [6]). We have written this proof in
detail, however the proofs for the generalizations of the main theorem are only sketched
in later sections as the ideas are the same.

2. Proof of Theorem 1.1

A quick guide through the proof is through equations (3), (10), (11), (13), (14), (17), (18)
and (19) and the discussions following them.

We first collect a few computational details. The column vector of the indicator functions
of balls of different colors obtained from the n + 1-st trial is denoted by χn+1. It is clear
that E{χn+1|Fn} = (1/(n + 1))Wn, where Fn denotes the σ -field of observations up to
the n-th trial. This notation leads to

W′
n+1ξi = W′

nξi + χ ′
n+1Rξi = W′

nξi + λiχ
′
n+1ξi . (2)

For the purpose of iteration we shall use a decomposition of the components of the Markov
chain (Xn+1, Yn+1, Zn+1) illustrated with the first component as follows:

Xn+1 = E{Xn+1|Fn} + (Xn+1 − E{Xn+1|Fn}).
The first term will be expressed in terms of Xn and the second term is the martingale
difference that will play an important role in our proof in analogy with the calculations for
the central limit theorem for i.i.d. random variables.

To write the first term in terms of Xn (Yn, Zn respectively) we shall use the following
approximations

(1 + 1/n)−1/2 = 1 − 1

2n
+ O

(
1

n2

)
,

log n

log(n + 1)
= log n

log n + 1/n + O(1/n2)

= 1

1 + (1/n log n) + O(1/n2 log n)
,

√
n log n

(n + 1) log(n + 1)
=
{

1 − 1

2n
+ O

(
1

n2

)}{
1 − 1

2n log n
+ O

(
1

n2

)}

= 1 − 1

2n
− 1

2n log n
+ O

(
1

n2

)
,

�n−1
0 (1 + λ3/(j + 1)) ∼ nλ3

�(λ3 + 1)
.
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Using these and the conditional expectation of (2) it follows that:

E{Xn+1|Fn} = Xn

(
1 − 1/2 − λ1

n

)
+ XnO(1/n2),

E{Yn+1|Fn} = Yn

(
1 − 1

2n log n

)
+ YnO(1/n2),

E{Zn+1|Fn} = Zn, (3)

the second of which crucially uses λ2 = 1/2. Now let us look at the martingale difference
terms which are

M1,n+1 = Xn+1 − E{Xn+1|Fn} = λ1
χ ′

n+1ξ1√
n + 1

− λ1

n + 1

√
n

n + 1
Xn,

M2,n+1 = Yn+1 − E{Yn+1|Fn} = λ2
χ ′

n+1ξ2
√

(n + 1) log(n + 1)

− λ2

n + 1
Yn

√
n log n

(n + 1) log(n + 1)
,

M3,n+1 = Zn+1 − E{Zn+1|Fn} = λ3
χ ′

n+1ξ3

�n
0

(
1 + λ3

j+1

) −
λ3

n+1

1 + λ3
n+1

Zn. (4)

It will be seen that the part involving χ ′
n+1ξi plays a significant role in the second moment

calculations.

2.1 Main idea of the proof

Now we are ready to start the proof of Theorem 1.1.

Step A. Using (3) and the inequality |eix − 1| ≤ |x| for real number x, and remember-
ing that |W′

nξi | ≤ cn, so that Xn/
√

n, Yn/
√

n, Zn/n1−λ3 are bounded, we can expand

eit1XnO(1/n2)+it2YnO(1/n2) to get

∣∣∣∣E{ei(t1Xn+1+t2Yn+1+t3Zn+1)|Fn}

− e
i{t1
(

1−
1
2 −λ1

n

)
Xn+t2

(
1− 1

2n log n

)
Yn+t3Zn}

E{ei(t1M1,n+1+t2M2,n+1+t3M3,n+1)|Fn}
∣∣∣∣

≤ (|t1||Xn| + |t2||Yn|)O(1/n2)

≤ const
1

n3/2
, (5)

for n sufficiently large, say n ≥ n0.
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Step B. Now we want to approximate E{ei(t1M1,n+1+t2M2,n+1+t3M3,n+1)|Fn} by

e− t21
2 λ2

1
〈π,ξ2

1 〉
n+1 − t22

2 λ2
2

〈π,ξ2
2 〉

(n+1) log(n+1) . (6)

We use the inequality
∣∣eix − 1 − ix + 1

2x2
∣∣ ≤ const|x|3 along with the observation that

the martingale differences of (4) are bounded by const/
√

n, const/
√

n log n and const/nλ3

respectively (we approximate �n
0(1 + λ3/(i + 1)) ∼ nλ3 ). This gives

∣∣∣∣E{ei(t1M1,n+1+t2M2,n+1+t3M3,n+1)|Fn}

−
(

1 − 1

2
E{(t2

1 M2
1,n+1 + t2

2 M2
2,n+1 + t2

3 M2
3,n+1

+ t1t2M1,n+1M2,n+1+t1t3M1,n+1M3,n+1+t2t3M2,n+1M3,n+1)|Fn}
)∣∣∣∣

≤ const
1

n3/2
(7)

for n ≥ n0.
To achieve (6) a detailed study of the terms of (7) is necessary. We have given the

complete formulas, but to follow the proof one can start from the argument following
(8) and come back to (8) as necessary. We denote by ξiξj the vector whose components
are products of the corresponding components of ξi and ξj , and similarly ξ2

i denotes the
vector whose components are products of the corresponding components of ξi and ξi .
Remembering that χn+1 consists of indicator functions of observations of balls of different
colors, we get

E(M2
1,n+1|Fn) = λ2

1
〈π, ξ2

1 〉
n + 1

+
⎧
⎨

⎩
λ2

1

〈
W′

n

n+1 − π, ξ2
1

〉

n + 1
− λ2

1
n

(n + 1)3
X2

n

⎫
⎬

⎭
,

E(M2
2,n+1|Fn) = λ2

2
〈π, ξ2

2 〉
(n + 1) log(n + 1)

+
⎧
⎨

⎩
λ2

2

〈
W′

n

n+1 − π, ξ2
2

〉

(n + 1) log(n + 1)
− λ2

2
n log n

(n + 1)3 log(n + 1)
Y 2

n

⎫
⎬

⎭
,
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E(M2
3,n+1|Fn) = λ2

3
〈π, ξ2

3 〉
(
�n

0

(
1 + λ3

j+1

))2

+

⎧
⎪⎨

⎪⎩
λ2

3

〈
W′

n

n+1 − π, ξ2
3

〉

(
�n

0

(
1 + λ3

j+1

))2
− λ2

3

(n + 1)2
(

1 + λ3
n+1

)2
Z2

n

⎫
⎪⎬

⎪⎭
,

E(M1,n+1M2,n+1|Fn) = λ1λ2
〈π, ξ1ξ2〉√

n + 1
√

(n + 1) log(n + 1)

+
⎧
⎨

⎩
λ1λ2

〈
W′

n

n+1 − π, ξ1ξ2

〉

√
n + 1

√
(n + 1) log(n + 1)

−λ1λ2
n
√

log n

(n + 1)3
√

log(n + 1)
XnYn

⎫
⎬

⎭
,

E(M1,n+1M3,n+1|Fn) = λ1λ3
〈π, ξ1ξ3〉√

n + 1
(
�n

0

(
1 + λ3

j+1

))

+
⎧
⎨

⎩
λ1λ3

〈
W′

n

n+1 − π, ξ1ξ3

〉

√
n + 1

(
�n

0

(
1 + λ3

j+1

))

−λ1λ3

√
n

n + 1

1
n+1

(n + 1)
(

1 + λ3
n+1

)XnZn

⎫
⎬

⎭
,

E(M2,n+1M3,n+1|Fn) = λ2λ3
〈π, ξ2ξ3〉

√
(n + 1) log(n + 1)

(
�n

0

(
1 + λ3

j+1

))

+
⎧
⎨

⎩
λ2λ3

〈
W′

n

n+1 − π, ξ2ξ3

〉

√
(n + 1) log(n + 1)

(
�n

0

(
1 + λ3

j+1

))

−λ2λ3

√
n log n

(n + 1) log(n + 1)

1
n+1

(n + 1)
(

1 + λ3
n+1

)YnZn

⎫
⎬

⎭
. (8)
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If σ 2 ≥ 0, then we know that
∣∣1 − σ 2

2 − e−σ 2/2
∣∣ ≤ const σ 4. Using this on the constant

terms of the first two equations of (8) we get
∣∣∣∣1 − 1

2
t2
1 λ2

1
〈π, ξ2

1 〉
n + 1

− 1

2
t2
2 λ2

2
〈π, ξ2

2 〉
(n + 1) log(n + 1)

− e− t21
2 λ2

1
〈π,ξ2

1 〉
n+1 − t22

2 λ2
2

〈π,ξ2
2 〉

(n+1) log(n+1)

∣∣∣∣

≤ const
1

(n + 1)2
. (9)

Step C. Combining (5), (7) and (9) we get the following basic inequality:
∣∣∣∣∣∣
E{ei(t1Xn+1+t2Yn+1+t3Zn+1)|Fn} − e

i

{
t1

(
1−

1
2 −λ1

n

)
Xn+t2

(
1− 1

2n log n

)
Yn+t3Zn

}

×e− t21
2 λ2

1
〈π,ξ2

1 〉
n+1 − t22

2 λ2
2

〈π,ξ2
2 〉

(n+1) log(n+1)

∣∣∣∣∣∣

≤ const
1

n3/2
+ Rn, (10)

where we use Rn to denote the sum of the other constant terms and random terms from
the right of (8) which have not been used in (9) (this is also multiplied by exponentials of
imaginary quantities, but those are bounded by 1 and will not make any difference). We
also use the notation

Cn = − t2
1

2
λ2

1
〈π, ξ2

1 〉
n + 1

− t2
2

2
λ2

2
〈π, ξ2

2 〉
(n + 1) log(n + 1)

.

We then condition again on Fn−1 and iterate backwards. While doing so, in the exponent
the coefficients of ti change as above, we get a sum of Cn−j ’s in the exponent, and
following iteration of (10) on the right we get a sum of conditional expectations of Rn’s and
const

∑n
n0

1/(j +1)3/2. Note that the iteration from n+1 to n has changed the coefficient
of Xn and Yn, and these are assumed to be incorporated in Cn−1 and Rn−1, and so on. Rn−j

also involves terms like eCn−j+1+···+Cn , but it will be seen from Steps 1 and 2 in the next
section that these terms are bounded uniformly and will be absorbed in the ‘const’ term in
(18). We should mention here that the constant term in (5), (7) and (9) and finally (10) can
be taken independently of this iteration because during the iteration the coefficients of t1
and t2 decrease.

The main idea of the proof is to iterate the (conditional) characteristic function backwards
up to a sufficiently large n0, and first make n → ∞. This will make the sum of Cn’s
independent of n0, and the sum of the conditional expectations of the Rn’s given Fn0 will
be bounded by a random variable (which depends on the fixed n0). Taking expectation
of the conditional characteristic function we get the characteristic function. Then we let
n0 → ∞, and a further argument gives us the characteristic function. Before we do this
we provide a few ingredients of the proof in a separate subsection. However the reader
may take a look at §2.3 at this point for an idea of the completion of the proof leading to
the factorization of the characteristic function.
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2.2 Important limits and estimates

So assume we have iterated backwards up to a sufficiently large n0. For ease of exposition
we divide the calculations into a few steps. In Step 1 we concentrate on the nonrandom
terms corresponding to t2

1 and t2
2 , which gives the form of the characteristic function

corresponding to Xn and Yn. In Step 2 we consider the other nonrandom terms, and in
Step 3 we handle the random (second bracketed) terms. Steps 2 and 3 contribute to the
sum of Rn’s.

Step 1. The calculations here will go into Cn. They come from the first (nonrandom)
terms of the first two equations on the right of (8). Because of the presence of the term
(
1 −

1
2 −λ1

n

)
in the characteristic function, it is seen that after iterating backwards up to n0,

the (nonrandom part of the) coefficient of −(1/2)t2
1 is

n∑

n0

fn−j+1λ
2
1
〈π, ξ2

1 〉
j + 1

,

where

fn−j+1 = �n
i=j+1

(

1 −
1
2 − λ1

i

)2

.

As n → ∞, the above sum goes to

λ2
1〈π, ξ2

1 〉
∫ ∞

0
e−(1−2λ1)xdx. (11)

This can be seen from the following calculation. The above sum is bounded by
∑n

1 fn−j+1λ
2
1

〈π,ξ2
1 〉

j+1 , and we can write

n∑

1

fn−j+1
1

j + 1
=

n0−1∑

1

fn−j+1
1

j + 1
+

n∑

n0

fn−j+1
1

j + 1
.

Fixing n0 sufficiently large as we make n → ∞, the first sum on the right goes to zero,
but the terms of the second sum after approximating the product by an exponential give

lim
n→∞

n∑

j=n0

e−(1−2λ1)
∑n

j+1
1
i

1

j + 1
=
∫ ∞

0
e−(1−2λ1)xdx.

Similarly because of the presence of
(
1 − 1

2n log n

)
in the characteristic function, after

iterating backwards up to n0, the (nonrandom part of the) coefficient of − 1
2 t2

2 is

n∑

n0

gn−j+1λ
2
2

〈π, ξ2
2 〉

(j + 1) log(j + 1)
,

where

gn−j+1 = �n
i=j+1

(
1 − 1

2i log i

)2

.
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As n → ∞, the above sum clearly goes to

λ2
2〈π, ξ2

2 〉
∫ ∞

0
e−xdx. (12)

Thus, irrespective of n0, the (nonrandom part of the) coefficients of − 1
2 t2

1 and − 1
2 t2

2 go to
constants as n → ∞. At this point note that as we made n → ∞ the coefficient of Xn0

in the characteristic function t1
√

fn−n0+1 goes to zero and similarly for the coefficient of
Yn0 , which is t1

√
gn−n0+1. Thus, fixing n0, as we let n → ∞, the characteristic function

does not have Xn0 , Yn0 and the nonrandom part of the coefficients of − 1
2 t2

1 and − 1
2 t2

2 go to
constants independent of n0. This takes care of the sum of Cn−j ’s, j = n0, n0 + 1, . . . , n,
as we make n → ∞.

Step 2. The calculations here will go into the upper bound for the sum of Rn’s. The
(nonrandom part of the) coefficient of −(1/2)t1t2 is

n∑

n0

hn−j+1λ1λ2
〈π, ξ1ξ2〉√

j + 1
√

(j + 1) log(j + 1)
, (13)

where

hn−j+1 = �n
i=j+1

(
1 − 1

2i log i

)(

1 −
1
2 − λ1

i

)

.

Clearly

hn−j+1 ≤ �n
i=j+1

(

1 −
1
2 − λ1

i

)

,

and combining the
√

j + 1 of
√

(j + 1) log(j + 1) with the other
√

j + 1, it is seen that
the term (13) is less than

1
√

log(n0 + 1)

n∑

n0

�n
i=j+1

(

1 −
1
2 − λ1

i

)

λ1λ2〈π, ξ1ξ2〉. 1

j + 1
,

which goes to

1
√

log(n0 + 1)
λ1λ2〈π, ξ1ξ2〉

∫ ∞

0
e−( 1

2 −λ1)xdx (14)

as n → ∞. Actually here in the expansion of (1 − 1/(2i log i))(1 − ((1/2) − λ1)/i) the
important contribution comes from 1 − ((1/2)−λ1)/i, which can later be compared with
the comments following Theorem 5.1.

The coefficient of −(1/2)t1t3 is (we approximate �
j

0(1 + λ3/(l + 1)) ∼ jλ3 ),

n∑

n0

fn−j+1λ1λ3
〈π, ξ1ξ3〉√
j + 1jλ3

,
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where

fn−j+1 = �n
i=j+1

(

1 −
1
2 − λ1

i

)

.

Following the argument of the previous paragraph, as we let n → ∞ this coefficient is
less than

1

n
λ3−1/2
o

λ1λ3〈π, ξ1ξ3〉
∫ ∞

0
e
−
(

1
2 −λ1

)
x
dx. (15)

Similarly as n → ∞, the (nonrandom part of the) coefficient of −(1/2)t2t3 is less than
√

(n0 + 1) log(n0 + 1)

n
λ3
o

λ2λ3〈π, ξ2ξ3〉
∫ ∞

0
e−x/2dx. (16)

Also note that when we iterate backwards the coefficient of Zn0 is still t3 and keeping n0

fixed as we let n → ∞ the (nonrandom part of the) coefficient of − 1
2 t2

3 goes to

∞∑

n0

λ2
3

〈π, ξ2
3 〉

(j + 1)2λ3
. (17)

Thus, fixing n0, the sum of −t1t2, −t1t3, −t2t3, − 1
2 t2

3 , multiplied by their respective (con-
stant part of the) coefficients, is bounded by a constant Fn0 as we let n → ∞. The exact
form of Fn0 is easily obtained from (14), (15), (16) and (17), however for us the important
observation will be Fn0 → 0 as we later make n0 → ∞.

Step 3. The calculations here will go into the upper bound for the sum of Rn’s. We now
concentrate on the random terms. First note that

sup
n0≤n<∞

∥∥∥∥
W′

n

n + 1
− π

∥∥∥∥ ,

where ‖.‖ denotes the maximum, is a bounded random variable that converges to 0 a.s.
Also Xn/

√
n = W′

nξ1/n is bounded by a constant and converges to 0 a.s. as n0 → ∞,
hence the same holds for

sup
n0≤n<∞

X2
n/n.

These two observations show that when we iterate backwards the random terms in the
coefficient of −t2

1 /2 contribute a random variable less in absolute value than

const

{
sup

n0≤n<∞

∥∥∥∥
W′

n

n + 1
− π

∥∥∥∥+ sup
n0≤n<∞

X2
n

/
n

} n∑

n0

fn−j+1
1

j + 1
. (18)

The ‘const’ term here is an upper bound for eCn−n0 +···+Cn and all the terms in Step 2 are also
to be multiplied by this. Recall that fixing n0 as we make n → ∞, the sum

∑n
n0

fn−j+1
1

j+1
converges to an integral (see (11), so that the above sum is bounded by a constant for all
n), showing that as we make n → ∞ keeping n0 fixed, the contribution of the random
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terms to the coefficient of −t2
1 /2 is bounded by a bounded random variable. This random

variable is constant times the conditional expectation of the random term in (18) given by
Fn0 , and its expectation converges to 0 using the dominated convergence theorem as we
later make n0 → ∞ (see (19) and (20)).

Similarly, for the other terms involvingYn andZn, we use that
√

log n/nYn andZn/n1−λ3

are bounded random variables. Then exactly as in the previous paragraph and following
the calculations leading to (11), and the other coefficients (12), (14), (15) and (16) we see
that fixing n0 as we let n → ∞, the contribution of the random terms is bounded by a
bounded random variable, say the conditional expectation given by Fn0 of a certain Gn0

(whose expectation goes to 0 almost surely as we later make n0 → ∞).

2.3 Completion of proof

Let us now write Hn0 = Fn0 + Gn0 , that is the remainder term is bounded by the sum of
a constant and a random term uniformly in n. Notice that Hn0 is actually F∞ measurable
and in the calculations what we really use is its conditional expectation given by Fn0 .
Combining Steps 1, 2 and 3, and fixing n0 as we make n → ∞, we get from (10) and the
previous subsection

lim sup
n→∞

|E{ei(t1Xn+t2Yn+t3Zn)|Fn0} − eit3Zn0 e− σ2
1
2 t2

1 − σ2
2
2 t2

2 |

≤ E{Hn0 |Fn0} + const
∞∑

n0

1

j3/2
, (19)

with σ 2
1 and σ 2

2 coming from (11) and (12) respectively. Taking expectation and
using |EV | = |EE{V |Fn0}| ≤ E|E{V |Fn0}|, for any integrable random variable V ,
we get

lim sup
n→∞

|Eei(t1Xn+t2Yn+t3Zn)−Eeit3Zn0 e− σ2
1
2 t2

1 − σ2
2
2 t2

2 |≤EHn0 + const
∞∑

n0

1

j3/2
.

(20)

Now Zn is a martingale, and in the appendix we show that Zn is L2-bounded, so that Zn

converges to some Z a.s. In the calculation so far n0 is arbitrary. We now let n0 → ∞,
recalling that the nonrandom Fn0 converges to 0 and that the bounded random variable
Gn0 also converges to 0 almost surely from Step 3, to get the limiting characteristic
function

Eeit3Ze− σ2
1
2 t2

1 − σ2
2
2 t2

2 .

This shows that Z is independent of X, Y , and that X and Y are independent
normals. �

3. Case of real vectors

In the previous sections we have considered linear combinations corresponding to eigen-
vectors. To consider general vectors we need the Jordan form of the irreducible replacement
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matrix. For simplicity we assume that there are only three real eigenvalues. However now
there exists a nonsingular matrix T such that

T−1RT =

⎛

⎜⎜⎜⎜
⎝

1

	1

	2

	3

⎞

⎟⎟⎟⎟
⎠

,

where

	i =

⎛

⎜⎜⎜⎜⎜
⎝

λi 1 0

0 λi 1

. . .

λi

⎞

⎟⎟⎟⎟⎟
⎠

.

Let us consider the case of 	1. Let the dimension be d1. Then the vectors ξ1 =
(1, 0, 0, . . . )′, ξ2 = (0, 1, 0, . . . )′, . . . , ξd1 = (0, 0, . . . , 1)′ transform according to the
equations 	1ξ1 = λ1ξ1, 	1ξ2 = ξ1 + λ1ξ2, 	1ξ3 = ξ2 + λ1ξ3, . . . , i.e. in matrix form
	1(ξ1, ξ2, . . . , ξd1) = (ξ1, ξ2, . . . , ξd1)	1. Denoting the matrix of ξi’s for the three
matrices 	1, 	2, 	3 by 
1, 
2, 
3 respectively (and necessarily adding 0’s for the other
components) we have

⎛

⎜⎜⎜⎜
⎝

1

	1

	2

	3

⎞

⎟⎟⎟⎟
⎠

(u : 
1 : 
2 : 
3) = (u : 
1 : 
2 : 
3)

⎛

⎜⎜⎜⎜
⎝

1

	1

	2

	3

⎞

⎟⎟⎟⎟
⎠

,

where u denotes the vector (1, 0, · · · ) of dimension 1 + d1 + d2 + d3. It may be noticed
that (u : 
1 : 
2 : 
3) is the identity matrix written in a suitable form.

In our case we have to work with not the above matrix of 	i’s, but the stochastic matrix
R. In that case, using the above mentioned Jordan decomposition of R, we have to use the
vectors T(u : 
1 : 
2 : 
3), and the equation

RT(u : 
1 : 
2 : 
3) = T(u : 
1 : 
2 : 
3)

⎛

⎜⎜⎜⎜
⎝

1

	1

	2

	3

⎞

⎟⎟⎟⎟
⎠

.

As R has principal eigenvalue 1 corresponding to the eigenvector 1 consisting of 1’s, we
have Tu = 1. This implies a trivial limit for W′

nTu/(n + 1). However the limits for the
other linear combinations corresponding to W′

nT
i, i = 1, 2, 3, are nontrivial and are
discussed in the next three subsections. For simplicity with a slight abuse of notation we
shall use the same notation 
i to denote T
i .

Notice that we can write 	i = λiIi + Fi where Fi is a nilpotent matrix. The presence
of this nilpotent Fi changes our calculations in the previous section at certain places and
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we will discuss how. We first note that W′
n+1
i = W′

n
i + χ ′
n+1R
i = W′

n
i +
χ ′

n+1
i	i (remember the abuse of notation mentioned before). We give the most important
contributions, the higher order terms have been ignored for notational simplicity.

3.1 λ1 < 1/2

For notational simplicity from now on we shall restrict ourselves to the highest order terms
significant for the results to hold, and this will be denoted by the notation ∼. For λ < 1/2,
the approximation

√
n/(n + 1) ∼ (1 − 1/(2n)) gives

E

{
W′

n+1
1√
n + 1

∣∣∣∣Fn

}
∼ W′

n
1√
n

(

I1 −
1
2I1 − 	1

n

)

, (21)

leading to the product terms when iterating backwards. On the other hand, the approximate
form leading to the explicit computations for the conditional characteristic function comes
from

W′
n+1
1√
n + 1

− E

{
W′

n+1
1√
n + 1

∣∣∣∣Fn

}
∼ 1√

n + 1

(
χ ′

n+1 − W′
n+1

n + 1

)

1	1. (22)

As before the most important contribution in the conditional covariance comes from the first
term of the right-hand side of (22) after removal of brackets. Notice that E{χn+1χ

′
n+1|Fn}

consists only of diagonal terms and is thus approximately (using the strong law and the
dominated convergence theorem) Dπ , meaning the diagonal matrix with components of
π , namely π1, π2, . . . , as diagonals. This gives for the conditional covariance of (22) the
approximate expression

1

n + 1
	′

1

′
1Dπ
1	1.

This when iterated backwards with terms coming from (21), leads to the limiting covariance
matrix of the asymptotically normal W′

n
1/
√

n, given by

lim
n→∞

n∑

n0

1

j + 1
�n

i=j+1

(

I1 −
1
2I1 − 	1

i

)′
	′

1

′
1Dπ
1	1�

n
i=j+1

(

I1 −
1
2I1 − 	1

i

)

=
∫ ∞

0
e
−
(

1
2 I1−	1

)′
s
	′

1

′
1Dπ
1	1e

−
(

1
2 I1−	1

)
s
ds, (23)

which can be compared with (11) for the case of eigenvector ξ1.

3.2 λ2 = 1/2

In this case the norming for the central limit theorem is
√

n log2d2−1 n, where d2 is the
dimension of 	2. The reason for the 2d2 − 1 power will be clear towards the end. First
note the approximation

√
n log2d2−1 n

(n + 1) log2d2−1(n + 1)
∼
(

1 − 1

2n

)(
1 − 2d2 − 1

2n log n

)
.
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With this we get

E

⎧
⎨

⎩
W′

n+1
2
√

(n + 1) log2d2−1(n + 1)

∣∣∣∣Fn

⎫
⎬

⎭

∼ W′
n
2√

n log2d2−1 n

(
1 − 1

2n

)(
1 − 2d2 − 1

2n log n

)
+ W′

n

n + 1


2	2√
n log2d2−1 n

= W′
n
2√

n log2d2−1 n

(
I2

(
1 − 2d2 − 1

2n log n

)
+ F2

n

)
, (24)

where we have crucially used the form of 	2 to cancel the 1/(2n)’s occurring with opposite
signs. This F2 plays an important role in the computations later explaining the 2d2 − 1
power. On the other hand, the martingale terms for the covariance computations come from

W′
n+1
2

√
(n + 1) log2d2−1(n + 1)

− E

⎧
⎨

⎩
W′

n+1
2
√

(n + 1) log2d2−1(n + 1)

∣∣∣∣Fn

⎫
⎬

⎭

∼ 1
√

(n + 1) log2d2−1(n + 1)

(
χ ′

n+1 − W′
n+1

n + 1

)

2	2. (25)

This gives for the conditional covariance of (25) the approximate expression

1

(n + 1) log2d2−1(n + 1)
	′

2

′
2Dπ
2	2.

This when iterated backwards with terms coming from (24), leads to the limiting covariance

matrix of the asymptotically normal W′
n
1/

√
n log2d2−1 n, given by

lim
n→∞

n∑

n0

1

(j + 1) log2d2−1(j + 1)
�n

i=j+1

(
I2

(
1 − 2d2 − 1

2i log i

)
+ F2

i

)′

× 	′
2


′
2Dπ
2	2�

n
i=j+1

(
I2

(
1 − 2d2 − 1

2i log i

)
+ F2

i

)
, (26)

F2 being nilpotent. In the above products only a few terms will be nonzero. The consid-
eration of the limits of the nonzero terms will explain the log2d2−1 n term in the norming.
We shall now use exponentiation to simplify the calculations. Observe that

�n
i=j+1

(
I2

(
1 − 2d2 − 1

2i log i

)
+ F2

i

)
∼ �n

i=j+1e− 2d2−1
2i log i

I2+ F2
i

= e−∑n
i=j+1

2d2−1
2i log i

I2+
∑n

i=j+1
F2
i ∼ e

− 2d2−1
2 log log n

log(j+1)
I2+F2 log

(
n

j+1

)
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= e− 2d2−1
2 log log n

log(j+1) I2 e
F2 log

(
n

j+1

)

= e− 2d2−1
2 log log n

log(j+1) I2

[
d2−1∑

k=0

(
F2 log

(
n

j + 1

))k/
k!

]

. (27)

A summand of (26) is thus approximated using (27) as

1

(j + 1) log2d2−1(j + 1)
�n

i=j+1

(
I2

(
1 − 2d2 − 1

2i log i

)
+ F2

i

)′

× 	′
2


′
2Dπ
2	2�

n
i=j+1

(
I2

(
1 − 2d2 − 1

2i log i

)
+ F2

i

)

∼ 1

(j + 1) log2d2−1 n

[
d2−1∑

k=0

(
F ′

2 log

(
n

j + 1

))k/
k!

]

× 	′
2


′
2Dπ
2	2

[
d2−1∑

k=0

(
F2 log

(
n

j + 1

))k/
k!

]

. (28)

When we sum (28) from n0 to n and make n → ∞, only the highest powers of F2 survive,
as can be seen from the following calculation (by considering (log n − log(j + 1))m for
m < 2d2 − 2) which is done for the highest power only

1

log2d2−1 n

n∑

j=n0

1

j + 1

(log n − log(j + 1))2d2−2

((d2 − 1)!)2

∼ 1

log2d2−1 n

∫ log n−log n0

0

u2d2−2

((d2 − 1)!)2

= 1

(2d2 − 1) ((d2 − 1)!)2

(
(log n − log n0)

2d2−1

log2d2−1 n

)

→ 1

(2d2 − 1) ((d2 − 1)!)2
. (29)

Thus the limiting covariance matrix obtained from (26) becomes

1

(2d2 − 1) ((d2 − 1)!)2
(F ′

2)
d2−1	′

2

′
2Dπ
2	2F

d2−1
2 . (30)

3.3 λ3 > 1/2

We expect to get an L2-bounded martingale sequence. Notice first that E{W′
n+1
3|Fn} =

W′
n
3

(
I3 + 1

n+1	3
)
. Hence the martingale sequence we work with is

Zn = W′
n
3

{
�n−1

0

(
I3 + 1

j + 1
	3

)}−1

= W′
n
3A−1

n . (31)
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The following calculation is similar to the calculation in the Appendix and we have used
some approximations for notational convenience. Zn satisfies the following equation:

Zn+1 − Zn = W′
n
3

((
I3 + 1

n + 1
	3

)−1

− I3

)

A−1
n + χ ′

n+1
3	3A−1
n+1

∼ − 1

n + 1
ZnAn	3A−1

n + χ ′
n+1
3A−1

n An	3A−1
n

∼ − 1

n + 1
Zn	3 + χ ′

n+1
3A−1
n 	3, (32)

noting that An, A−1
n and 	3 commute. To prove L2-boundedness consider

EE{Zn+1Z′
n+1|Fn}. Using the martingale property and the above decomposition it fol-

lows that

E{Zn+1Z′
n+1|Fn} ∼ ZnZ′

n − 1

(n + 1)2
Zn	3	

′
3Z′

n

+ E{χ ′
n+1
3A−1

n 	3	
′
3(A

−1
n )′
′

3χn+1|Fn}

≤ ZnZ′
n

(
1 − β

(n + 1)2

)

+ Tr{
3A−1
n 	3	

′
3(A

−1
n )′
′

3E{χn+1χ
′
n+1|Fn}}, (33)

where β denotes the minimum eigenvalue of 	3	
′
3 and we have used properties of the

trace of a matrix. Approximating E{E{χn+1χ
′
n+1|Fn}} by Dπ , further expectation of the

above inequality gives

EZn+1Z′
n+1 ≤ EZnZ′

n

(
1 − β

(n + 1)2

)

+ const Tr {
3A−1
n 	3	

′
3(A

−1
n )′
′

3Dπ }. (34)

We need to find the order of the last matrix so that the above equation can be iterated as in
the one dimensional case of the Appendix, giving L2-boundedness of Zn. We show this
by showing that the terms of A−1

n are O(n−λ3 logd3−1 n). First note that

An = �n
1

(
I3 + 1

j + 1
	3

)

= �n
1

(
I3

(
1 + λ3

j + 1

)
+ 1

j + 1
F3

)
. (35)

Using the commutativity of I3 and F3 and the fact that Fd3
3 = 0, An can be approximated as

An ∼ eλ3 log nI3+F3 log n
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Hence

A−1
n ∼ e−λ3 log nI3 ×

[
d3−1∑

k=0

Fk
3 (− log n)k

/
k!

]

∼ n−λ3 logd3−1 n
F

d3−1
3

(d3 − 1)!
. (36)

Thus, A−1
n = O(n−λ3 logd3−1 n), the terms of A−1

n (A−1
n )′ are O(n−2λ3 log2d3−2 n). With

this we now go back to (34) to prove L2-boundedness using 2λ3 > 1.
Then the analysis of §2 proceeds to show independence of the weak limits (strong limit

for Zn). We may state the analogue of Theorem 1.1 as follows:

Theorem 3.1. In case all eigenvalues are real, we consider the linear combinations cor-
responding to the columns of T as identified at the beginning of §3. The weak limits of
the normalized linear combinations corresponding to eigenvalues λ < 1/2, λ = 1/2 and
λ > 1/2 are independent.

For the different eigenvalues all of which are less than 1/2, there may be dependence
among the weak limits coming from the Jordan blocks for different eigenvalues (see The-
orem 5.1 later). For real λ = 1/2 there is only one Jordan block (the situation for complex
λ with real part 1/2 is somewhat different). For λ > 1/2 the weak limits coming from the
Jordan blocks corresponding to different λ’s may be correlated. One instance of this limit-
ing covariance has been computed in the Appendix although we cannot say definitely that
the limit is nonzero.

4. Complex eigenvalues

For complex eigenvalues we consider another canonical form which is similar to the Jordan
canonical form. This form comes from considering the real vectors coming from the real
and imaginary parts of the complex vectors corresponding to the complex Jordan form.
Special cases of this decomposition has been studied in Smythe [11]. We first consider
three types of eigenvalues, one of each type as before (i.e. with real part less than 1/2,
equal to 1/2 and greater than 1/2). There exists a nonsingular matrix S such that

S−1RS =

⎛

⎜⎜⎜⎜
⎝

1

	c1

	c2

	c3

⎞

⎟⎟⎟⎟
⎠

,

where

	ci =

⎛

⎜⎜⎜⎜⎜⎜
⎝

Bi I

Bi

. . .

. . . I

Bi

⎞

⎟⎟⎟⎟⎟⎟
⎠
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and

Bi =
(

λir λic

−λic λir

)

.

I is a 2-dimensional identity matrix and rest of the elements are 0. Let the dimension of 	ci

be 2dci . As before we partition the matrix SI (this I has dimension 1 + 2(dc1 + dc2 + dc3))
into a vector of ones and Si , i = 1, 2, 3 with number of columns in Si equal to 2dci . These
vectors give us the linear combinations.

Notice that, here we can write

	ci = λirIci + λicCci + Fci,

where Ici is an identity matrix of dimension 2dci , Cci is a block diagonal matrix of the
same dimension as 	ci . Each block, say Di , is of dimension 2, where

Di =
(

0 1

−1 0

)

.

Fci is a nilpotent matrix of order dci , i.e., F
dci

ci = 0 and dci is the least such integer.
First observe that the rotation matrix Di satisfies D2

i = −I, D3
i = −Di, D

4
i = I, . . . ,

where I is the identity matrix of the same dimension as Di . Also, it is to be noted that the
matrices Ici , Cci and Fci commute with each other. Thus,

ek1Ici+k2Cci+k3Fci = ek1Ici ek2Cci ek3Fci

= ek1Ici[cos(k2)Ici + sin(k2)Cci]

[
dci−1∑

j=1

(k
j

3F
j
ci)

/
j !

]

.

(37)

We will mention briefly how the proof of Theorem 1.1 go for the complex roots with
the presence of the nilpotent matrix and the rotation matrix. We note that W′

n+1Si =
W′

nSi + χ ′
n+1RSi = W′

nSi + χ ′
n+1Si	ci . We give the most important contributions, the

higher order terms have been ignored for notational simplicity.

4.1 λ1r < 1/2

In this case, since
√

n/(n + 1) ∼ (1 − 1/(2n)), it is to be noted that

E

{
W′

n+1S1√
n + 1

∣∣∣∣Fn

}
∼ W′

nS1√
n

(

Ic1 −
1
2Ic1 − 	c1

n

)

. (38)

Now iterating backwards we get the product terms as before. Thus,

W′
n+1S1√
n + 1

− E

{
W′

n+1S1√
n + 1

∣∣∣∣Fn

}
∼ 1√

n + 1

(
χ ′

n+1 − W′
n

n + 1

)
S1	c1. (39)

As before the most important contribution in the conditional covariance comes from the
first term of the above. Notice that E{χn+1χ

′
n+1|Fn} consists only of diagonal terms and
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is thus approximately (using the strong law and the dominated convergence theorem) Dπ .
This gives for the conditional covariance of (39) the approximate expression

1

n + 1
	′

c1S
′
1DπS1	c1.

This when iterated backwards with terms coming from (38), leads to the limiting covariance
matrix of the asymptotically normal W′

nS1/
√

n, given by

lim
n→∞

n∑

n0

1

j + 1

{

�n
i=j+1

(

Ic1 −
1
2Ic1 − 	c1

i

)′

×	′
c1S

′
1DπS1	c1�

n
i=j+1

(

Ic1 −
1
2Ic1 − 	c1

i

)}

=
∫ ∞

0
e
−
(

1
2 Ic1−	c1

)′
s
	′

c1S
′
1DπS1	c1e

−
(

1
2 Ic1−	c1

)
s
ds, (40)

which can be compared with (11) for the case of eigenvector ξ1. From the calculation in
(37), it can be seen that

e
−
(

1
2 Ic1−	c1

)
s

= e
−
(

1
2 −λ1r

)
s
Ic1[cos(sλ1c)Ic1 + sin(sλ1c)Cc1]

[
dc1−1∑

j=1

(sFc1)
j

/
j !

]

,

which is an integrable function, and hence (40) is finite.

4.2 λ2r = 1/2

In this case the norming for the central limit theorem is
√

n log2dc2−1 n, where 2dc2 is the
dimension of 	c2. From the calculation of the covariance matrix the reason for the 2dc2 −1
power of the the logarithm will be clear. The approximation

√
n log2dc2−1 n

(n + 1) log2dc2−1(n + 1)
∼
(

1 − 1

2n

)(
1 − 2dc2 − 1

2n log n

)

leads to

E

⎧
⎨

⎩
W′

n+1S2
√

(n + 1) log2dc2−1(n + 1)

∣∣∣∣Fn

⎫
⎬

⎭

∼ W′
nS2√

n log2dc2−1 n

(
1 − 1

2n

)(
1 − 2dc2 − 1

2n log n

)
+ W′

n

n + 1

S2	2√
n log2dc2−1 n

= W′
nS2√

n log2dc2−1 n

(
Ic2

(
1 − 2dc2 − 1

2n log n

)
+ λ2c

n
Cc2 + Fc2

n

)
, (41)
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where the form of 	c2 is used to cancel the 1/(2n)’s occurring with opposite signs. We
later discuss the role of Cc2 and Fc2 in the computations that explains the power of the
logarithm. Notice that the computation of the covariance matrix depends on the martingale
terms

W′
n+1S2

√
(n + 1) log2dc2−1(n + 1)

− E

⎧
⎨

⎩
W′

n+1S2
√

(n + 1) log2dc2−1(n + 1)

∣∣∣∣Fn

⎫
⎬

⎭

∼ 1
√

(n + 1) log2dc2−1(n + 1)

(
χ ′

n+1 − W′
n+1

n + 1

)
S2	c2. (42)

Thus, the approximate expression for the conditional covariance of (42) is found as

1

(n + 1) log2dc2−1(n + 1)
	′

c2S
′
2DπS2	c2.

Iterating backwards with terms coming from (41) leads to the limiting covariance matrix

of the asymptotically normal W′
nS2/

√
n log2dc2−2 n, given by

lim
n→∞

n∑

n0

1

(j + 1) log2dc2−1(j + 1)

{
�n

i=j+1

(
Ic2

(
1 − 2dc2 − 1

2i log i

)
+ λ2c

i
C′

c2 + Fc2

i

)′
	′

c2S
′
2DπS2	c2

×�n
i=j+1

(
Ic2

(
1 − 2dc2 − 1

2i log i

)
+ λ2c

i
Cc2 + Fc2

i

)}
. (43)

We shall now use exponentiation to simplify the calculations. Observe that,

�n
i=j+1

(
Ic2

(
1 − 2dc2 − 1

2i log i

)
+ λ2c

i
Cc2 + Fc2

i

)

∼ �n
i=j+1e− 2dc2−1

2i log i
Ic2+ λ2c

i
Cc2+ Fc2

i

= e−∑n
i=j+1

2dc2−1
2i log i

Ic2+
∑n

i=j+1
λ2c
i

Cc2+
∑n

i=j+1
Fc2
i

∼ e
− 2dc2−1

2 log log n
log(j+1)

Ic2+λ2cCc2 log
(

n
j+1

)
+Fc2 log

(
n

j+1

)

= e− 2dc2−1
2 log log n

log(j+1) Ic2 e
Cc2λ2c log

(
n

j+1

)

e
Fc2 log

(
n

j+1

)

= e− 2dc2−1
2 log log n

log(j+1) Ic2

[
Ic2 cos

(
λ2c log

(
n

j + 1

))

+Cc2 sin

(
λ2c log

(
n

j + 1

))][dc2−1∑

k=0

(
Fc2 log

(
n

j + 1

))k/
k!

]

.

(44)
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Combining the contribution of the term in (44) to the two sides of (43) we get

1

(j + 1) log2dc2−1(j + 1)
�n

i=j+1

(
Ic2

(
1 − 2dc2 − 1

2i log i

)
+ λ2c

i
Cc2 + Fc2

i

)′

× 	′
c2S

′
2DπS2	c2�

n
i=j+1

(
Ic2

(
1 − 2dc2 − 1

2i log i

)
+ λ2c

i
Cc2 + Fc2

i

)

∼ 1

(j + 1) log2dc2−1(j + 1)
e−(2dc2−1) log log n

log(j+1)

×
[

dc2−1∑

k=0

(
F ′

c2 log

(
n

j + 1

))k/
k!

]

×
[
Ic2 cos

(
λ2c log

(
n

j + 1

))
+ C′

c2 sin

(
λ2c log

(
n

j + 1

))]

× 	′
c2S

′
2DπS2	c2

[
Ic2 cos

(
λ2c log

(
n

j + 1

))

+Cc2 sin

(
λ2c log

(
n

j + 1

))][dc2−1∑

k=0

(
Fc2 log

(
n

j + 1

))k/
k!

]

= 1

(j + 1) log2dc2−1 n

[
dc2−1∑

k=0

(
F ′

c2 log

(
n

j + 1

))k/
k!

]

×
[
Ic2 cos

(
λ2c log

(
n

j + 1

))
+ C′

c2 sin

(
λ2c log

(
n

j + 1

))]

× 	′
c2S

′
2DπS2	c2

[
Ic2 cos

(
λ2c log

(
n

j + 1

))

+Cc2 sin

(
λ2c log

(
n

j + 1

))][dc2−1∑

k=0

(
Fc2 log

(
n

j + 1

))k/
k!

]

(45)

Now observing that the terms involving sine and cosine are all bounded, one finds that
except the coefficient of the highest power term of Fc2 i.e. Fdc2−1

c2 , the coefficients of other
terms go to zero when n → ∞. Observe that the highest power terms of Fc2 would be mul-
tiplied by cos2

(
λ2c log

(
n

j+1

))
(i.e. (1/2)

[
1+cos

(
2λ2c log

(
n

j+1

))]
), sin2 (λ2c log

(
n

j+1

))

(i.e. (1/2)
[
1 − cos

(
2λ2c log

(
n

j+1

))]
), or, terms such as sin

(
λ2c log

(
n

j+1

))
cos
(
λ2c log

(
n

j+1

))
(i.e. (1/2)

[
sin
(
2λ2c log

(
n

j+1

))]
), separately. Thus, the highest power terms of
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Fc2 with sine function give the coefficient

1

log2dc2−1 n

n∑

j=n0

1

j + 1

{
(log n − log(j + 1))2dc2−2

((dc2 − 1)!)2

× sin(2λ2c(log n − log(j + 1)))

2

}

∼ 1

log2dc2−1 n

∫ log n−log n0

0

u2dc2−2

((dc2 − 1)!)2

sin(2λ2cu)

2

= O

(
(log n − log n0)

2dc2−2

log2dc2−1 n

)
→ 0 (46)

(seen by integration by parts) as n → ∞. Similarly, with cosine function, it gives

1

log2dc2−1 n

n∑

j=n0

1

j + 1

{
(log n − log(j + 1))2dc2−2

((dc2 − 1)!)2

×cos(2λ2c(log n − log(j + 1)))

2

}

∼ 1

log2dc2−1 n

∫ log n−log n0

0

u2dc2−2

((dc2 − 1)!)2

cos(2λ2cu)

2

= O

(
(log n − log n0)

2dc2−2

log2dc2−1 n

)
→ 0 as n → ∞. (47)

Now, the terms that involve multiplying by 1/2 only, give

1

log2dc2−1 n

n∑

j=n0

1

j + 1

(log n − log(j + 1))2dc2−2

((dc2 − 1)!)2

∼ 1

log2dc2−1 n

∫ log n−log n0

0

u2dc2−2

((dc2 − 1)!)2

= 1

(2dc2 − 1) ((dc2 − 1)!)2

(
(log n − log n0)

2dc2−1

log2dc2−1 n

)

→ 1

(2dc2 − 1) ((dc2 − 1)!)2
(48)

as n → ∞. Thus, adding two of these terms one obtains the limiting covariance matrix
from (43) as

1

(2dc2 − 1) ((dc2 − 1)!)2

× (F ′
c2)

dc2−1
(

1

2
	′

c2S
′
2DπS2	c2 + 1

2
C′

c2	
′
c2S

′
2DπS2	c2Cc2

)
F

dc2−1
c2 .

(49)

Notice that it does not involve λ2c.
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4.3 λ3r > 1/2

Here also, we show that W′
nS3A

−1
n is an L2-bounded martingale sequence, where An =

�n−1
0

(
Ic3 + 1

j+1	c3
)
. Notice first that E{W′

n+1S3|Fn} = W′
nS3
(
Ic3 + 1

n+1	c3
)
. Hence

the martingale Zn satisfies the following equation

Zn+1 − Zn = W′
nS3

((
Ic3 + 1

n + 1
	c3

)−1

− Ic3

)

A−1
n + χ ′

n+1S3	c3A−1
n+1

∼ − 1

n + 1
ZnAn	c3A−1

n + χ ′
n+1S3A−1

n An	c3A−1
n

∼ − 1

n + 1
Zn	c3 + χ ′

n+1S3A−1
n 	c3, (50)

since An, A−1
n and 	c3 commute. To prove L2-boundedness, first observe

E{Zn+1Z′
n+1|Fn} ∼ ZnZ′

n − 1

(n + 1)2
Zn	c3	

′
c3Z′

n

+ E{χ ′
n+1S3A−1

n 	c3	
′
c3(A

−1
n )′S′

3χn+1|Fn}

≤ ZnZ′
n

(
1 − βc3

(n + 1)2

)

+ Tr{S3A−1
n 	c3	

′
c3(A

−1
n )′S′

3E{χn+1χ
′
n+1|Fn}}, (51)

where βc3 denotes the minimum eigenvalue of 	c3	
′
c3. Approximating

E{E{χn+1χ
′
n+1|Fn}} by Dπ , further expectation of the above inequality gives

EZn+1Z′
n+1 ≤ EZnZ′

n

(
1 − βc3

(n + 1)2

)

+ const. Tr{S3A−1
n 	c3	

′
c3(A

−1
n )′S′

3Dπ }. (52)

We now find the order of the last matrix so that the above equation can be iterated as in
the one-dimensional case of the Appendix, giving L2-boundedness of Zn. We show this
by showing that the terms of A−1

n are O(n−λ3 logd3−1 n).

An = �n
1

(
Ic3 + 1

j
	c3

)

= �n
1

(
Ic3

(
1 + λ3r

j

)
+ λ3r

j
Cc3 + 1

j
Fc3

)
. (53)

Using commutativity of Ic3, Cc3 and Fc3 and the fact that F
dc3
c3 = 0, An can be approxi-

mated as

An ∼ eλ3r log nIc3+Cc3 log n+Fc3 log n
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Hence

A−1
n ∼ e−λ3r log nIc3[cos(−λ3r log n)Ic3 + sin(−λ3r log n)Cc3]

×
[

dc3−1∑

k=0

Fk
c3(− log n)k

/
k!

]

∼ nλ3r logdc3−1 n
F

dc3−1
c3

(dc3 − 1)!
. (54)

Thus, A−1
n = O(n−λ3r logdc3−1 n) and from (52) one gets L2-boundedness of Zn since

2λ3r > 1.
Then the analysis of §2 proceeds to show independence of the weak limits (with strong

limit for Zn). We may state the analogue of Theorem 1.1 as follows:

Theorem 4.1. In case eigenvalues are complex, we consider the linear combinations
corresponding to the columns of S as identified at the beginning of §4. The weak limits of
the normalized linear combinations corresponding to eigenvalues Re(λ) < 1/2, Re(λ) =
1/2 and Re(λ) > 1/2 are independent.

For the different eigenvalues all of which have real parts less than 1/2, there may be
dependence among the weak limits coming from the (modified) Jordan blocks for different
eigenvalues (see Theorem 5.1 later). For Re(λ) = 1/2, there may be different (modified)
Jordan blocks corresponding to different Im(λ). However, inside Re(λ) = 1/2, the weak
limits coming from (modified) Jordan blocks of different dimensions are not independent,
in general. For λ > 1/2, the weak limits coming from the Jordan blocks corresponding
to different λ’s may be correlated (similar to the real eigenvalue case computed in the
Appendix), although we cannot say definitely that they are.

5. General case

In the general case we decompose the replacement matrix into a (modified) Jordan form as
in the previous two sections. That is, corresponding to real eigenvalues we take the form
as in §3, and corresponding to complex eigenvalues by considering the real and imaginary
parts of vectors we take the form as in §4. Without loss of generality, we can now consider
only the real parts of the eigenvalues, and the linear combinations will come from the
(modified) Jordan form.

There are now three types of blocks: for Re(λ) < 1/2, for Re(λ) = 1/2 and the last
type is for Re(λ) > 1/2. According to our previous notation, there exists a nonsingular
matrix M such that

M−1RM =

⎛

⎜⎜⎜⎜
⎝

1

G1

G2

G3

⎞

⎟⎟⎟⎟
⎠

,
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where

Gi =

⎛

⎜⎜⎜⎜⎜
⎝

	i,1

	i,2

. . .

	i,ni

⎞

⎟⎟⎟⎟⎟
⎠

and 	i,j s are either of the form of 	i as in §3 or 	ci as in §4. Also notice that, for
each i = 1, 2, 3, there is a positive integer 0 ≤ ki ≤ ni such that 	i,1, . . . , 	i,ki

blocks
correspond to real eigenvalues and the rest of the ni − ki blocks correspond to complex
eigenvalues. It can be observed that k2 ≤ 1, and it is also assumed that the blocks inside
G2 which have the same dimension (i.e. same d2 or dc2) are arranged next to one another
and put into the same subblock.

Let us recall that the linear combinations come from the columns of MI which we write
with an abuse of notation as (1 : M1 : M2 : M3). With appropriate normalizations they
decompose into the following three classes, independent in the limit.

Theorem 5.1.

(1) Re(λ) < 1/2: For the linear combinations corresponding to columns of M1, the
normalization is

√
n and the limit is normal. The covariance is given by (40) with G1

replacing 	c1 (and M1 replacing S1) and we have to use the decomposition of G1
combining the features of the real and the complex cases.

(2) Re(λ) = 1/2: Recalling the arrangement inside G2, in this case the linear combi-
nations correspond to columns of M2. For the subblock of G2 having dimension d2
or dc2 for the original 	2,k’s (of the same dimension), the normalization for the cor-

responding columns of M2 is
√

n log2dc2−1 n (or
√

n log2d2−1 n as appropriate) and
the limit is normal. The limits for different subblocks are not independent, in general,
and for each subblock the covariance can be found from (30) and (49) by decompos-
ing the subblock of G2 combining the features of the real and the complex cases (and
replacing S2 by the column submatrix of M2 corresponding to the subblock of G2).

(3) Re(λ) > 1/2: For the linear combinations corresponding to columns of M3,

W′
nM3A

−1
n is an L2-bounded martingale sequence, where An = �n−1

0

(
I3 + 1

j+1G3
)
,

and I3 is an identity matrix of the same dimension as G3. The covariance between
some of the components of the (almost sure) limit may be nonzero (although we cannot
say definitely), even though rates are different.

To summarize parts one and two of the above theorem, observe that (1/
√

n) is the
only normalization for part one, i.e., for W ′

nM1 and (not necessarily zero) covariances are
obtained between different Jordan blocks in this part. Whereas, for part two, let us take
M2 = [M2,1 : . . . : M2,n2 ] where M2,j ’s correspond to different Jordan subblocks. Then

W ′
nM2Pn2 = (W ′

nM2,1, W
′
nM2,2, . . . , W ′

nM2,n2

)

⎛

⎜⎜⎜⎜⎜
⎝

Pn2,1

Pn2,2

. . .

Pn2,ni

⎞

⎟⎟⎟⎟⎟
⎠
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is asymptotically normal with covariance matrix given below, where Pn2,j is a diagonal

matrix of dimension pmj with each entry as (1/

√
n log2dmj −1 n). Here dmj equals to d2j if

it corresponds to a real eigenvalue (as in §3), and it is dc2j if it corresponds to a complex
case (as in §4), whereas pmj equals to d2j if it corresponds to a real eigenvalue, and it is
2dc2j if it corresponds to a complex case as in §4). This is a case for asymptotic mixed
normality. In this case, typical entries of the limiting covariance matrix of W ′

nM2Pn2, say
V2, can be seen in (30) and (49) as follows:

V2(j, l) = 1

(dmj + dml − 1) ((dmj − 1)!(dml − 1)!)

× (F ′
mj )

dmj −1
(

1

2
	′

mjM
′
2,jDπM2,l	ml

+1

2
C′

mj	
′
mjM

′
2,jDπM2,l	mlCml

)
F

dml−1
ml ,

where 	mj is the subblock of G2 corresponding to M2,j .

6. Appendix

Suppose Un and Vn are normalized linear combinations corresponding to eigenvectors
ξ3, ξ4, with eigenvalues λ3, λ4, respectively both of which are real and greater than 1/2.
We want to show that the limit of EUnVn exists. This technique has been used in the proof
of Lemma 3.1 of Freedman [7]. Un and Vn satisfy the following equations:

Un+1 − Un = λ3
χ ′

n+1ξ3

�n
0

(
1 + λ3

j+1

) −
λ3

n+1

1 + λ3
n+1

Un,

Vn+1 − Vn = λ4
χ ′

n+1ξ4

�n
0

(
1 + λ4

j+1

) −
λ4

n+1

1 + λ4
n+1

Vn. (55)

Using the martingale property it follows that

E{Un+1Vn+1|Fn} = UnVn

(

1 −
λ3

n+1

1 + λ3
n+1

λ4
n+1

1 + λ4
n+1

)

+ λ3λ4

�n
0

(
1 + λ3

j+1

)
�n

0

(
1 + λ4

j+1

)
〈

Wn

n + 1
, ξ3ξ4

〉
,

EUn+1Vn+1 = EUnVn

(

1 −
λ3

n+1

1 + λ3
n+1

λ4
n+1

1 + λ4
n+1

)

+ λ3λ4

�n
0

(
1 + λ3

j+1

)
�n

0

(
1 + λ4

j+1

)
〈
E

Wn

n + 1
, ξ3ξ4

〉
. (56)
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Notice that by the dominated convergence theorem and the strong law, E Wn

n+1 converges

to 〈π, ξ3ξ4〉. Iterating the above equation and using �n
0

(
1 + λ3

j+1

) ∼ 1
�(λ3+1)

nλ3 , we get
(remembering λ3, λ4 > 1/2) that EUnVn converges, although we cannot definitely say
that the limit is nonzero. In particular, the same technique yields the L2-boundedness of
Zn of §1.

Acknowledgements

We thank the referee for reading the original manuscript carefully, correcting some of our
mistakes, and suggesting a number of improvements.

References

[1] Athreya K B, Limit theorems for multitype continuous time Markov branching processes.
I. The case of an eigenvector linear functional, Z. Wahrsch. Verw. Gebiete 12 (1969)
320–332

[2] Athreya K B, Limit theorems for multitype continuous time Markov branching processes.
II. The case of an arbitrary linear functional, Z. Wahrsch. Verw. Gebiete 13 (1969) 204–
214

[3] Athreya K B and Karlin S, Embedding of urn schemes into continuous time Markov
branching processes and related limit theorems, Ann. Math. Statist. 39 (1968) 1801–1817

[4] Athreya K B and Ney P E, Branching processes (1972) (New York-Heidelberg: Springer-
Verlag)

[5] Bai Z D and Hu F, Asymptotic theorems for urn models with nonhomogeneous generating
matrices, Stochastic Process. Appl. 80 (1999) 87–101

[6] Basak G K, Hu I and Wei C, Weak convergence of recursions, Stochastic Process. Appl.
68 (1997) 65–82

[7] Freedman D A, Bernard Friedman’s Urn, Ann. Math. Statist. 36(3) (1965) 956–970
[8] Gouet R, Martingale functional central limit theorems for a generalized Polya urn, Ann.

Probab. 21(3) (1993) 1624–1639
[9] Gouet R, Strong convergence of proportions in a multicolor Polya urn, J. Appl. Probab.

34(2) (1997) 426–435
[10] Janson S, Functional limit theorems for multitype branching processes and generalized

Polya urns, Stochastic Process. Appl. 110(2) (2004) 177–245
[11] Smythe R T, Central limit theorems for urn models, Stochastic Process. Appl. 65 (1996)

115–137



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize false
  /OPM 0
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /&_NearSighted-Normal
    /AbadiMT-CondensedLight
    /AdobePiStd
    /AdobeSansMM
    /AdobeSerifMM
    /AGaramond-Italic
    /AGaramond-Regular
    /AGaramond-Semibold
    /AGaramond-SemiboldItalic
    /Aldine401BT-BoldA
    /Aldine401BT-BoldItalicA
    /Aldine401BT-ItalicA
    /Aldine401BT-RomanA
    /AmerTypewriterITCbyBT-Bold
    /AmerTypewriterITCbyBT-Medium
    /AMUDHAM
    /Anna
    /AntiqueOlive-Bold
    /AntiqueOlive-Compact
    /AntiqueOlive-Italic
    /AntiqueOlive-Roman
    /ArchitecturePlain
    /ArialAlternative
    /ArialAlternativeSymbol
    /Arial-Black
    /Arial-BlackItalic
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /AvantGarde-Book
    /AvantGarde-BookOblique
    /AvantGarde-Demi
    /AvantGarde-DemiOblique
    /AvantGardeITCbyBT-Book
    /AvantGardeITCbyBT-BookOblique
    /AvantGardeITCbyBT-Demi
    /AvantGardeITCbyBT-DemiOblique
    /AvantGardeITCbyBT-MediumOblique
    /BaaBookHmk
    /BaaBookHmkBold
    /BaskervilleBE-Italic
    /BaskervilleBE-Medium
    /BaskervilleBE-MediumItalic
    /BaskervilleBE-Regular
    /Baskerville-Bold
    /Baskerville-Normal
    /Baskerville-Normal-Italic
    /Benguiat-Bold
    /Benguiat-Light
    /BernhardBoldCondensedBT-Regular
    /BernhardFashionBT-Regular
    /BernhardFashionHmk
    /BernhardModernBT-Bold
    /BernhardModernBT-BoldItalic
    /BernhardModernBT-Italic
    /BernhardModernBT-Roman
    /BernhardMordern
    /BethsCuteHmkBold
    /BoogieWoogieHmk
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /Bookman-Demi
    /Bookman-DemiItalic
    /Bookman-Light
    /Bookman-LightItalic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolFive
    /BookshelfSymbolFour
    /BookshelfSymbolOne-Regular
    /BookshelfSymbolThree-Regular
    /Boton-Italic
    /Boton-Medium
    /Boton-MediumItalic
    /Boton-Regular
    /Boulevard
    /Broadway-Normal
    /CaflischScript-Bold
    /CaflischScript-Regular
    /CalistoMT
    /CarmineTango
    /CaslonNo540SwaD-Ital
    /CaslonOpenfaceBT-Regular
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchL-Bold
    /CenturySchL-BoldItal
    /CenturySchL-Ital
    /CenturySchL-Roma
    /CenturySchoolbook-Thin
    /Chancery-Bold-Bold
    /Chancery-MediumItalic-Medium-Italic
    /Chancery-Medium-Medium
    /CheltenhamBT-Bold
    /CheltenhamBT-BoldItalic
    /CheltenhamBT-Italic
    /CheltenhamBT-Roman
    /ChrisHmk
    /CMB10
    /CMBSY10
    /CMBSY5
    /CMBSY6
    /CMBSY7
    /CMBSY8
    /CMBSY9
    /CMBX10
    /CMBX12
    /CMBX5
    /CMBX6
    /CMBX7
    /CMBX8
    /CMBX9
    /CMBXSL10
    /CMBXTI10
    /CMCSC10
    /CMCSC8
    /CMCSC9
    /CMDUNH10
    /CMEX10
    /CMEX7
    /CMEX8
    /CMEX9
    /CMFF10
    /CMFI10
    /CMFIB8
    /CMINCH
    /CMITT10
    /CMMI10
    /CMMI12
    /CMMI5
    /CMMI6
    /CMMI7
    /CMMI8
    /CMMI9
    /CMMIB10
    /CMMIB5
    /CMMIB6
    /CMMIB7
    /CMMIB8
    /CMMIB9
    /CMR10
    /CMR12
    /CMR17
    /CMR5
    /CMR6
    /CMR7
    /CMR8
    /CMR9
    /CMSL10
    /CMSL12
    /CMSL8
    /CMSL9
    /CMSLTT10
    /CMSS10
    /CMSS12
    /CMSS17
    /CMSS8
    /CMSS9
    /CMSSBX10
    /CMSSDC10
    /CMSSI10
    /CMSSI12
    /CMSSI17
    /CMSSI8
    /CMSSI9
    /CMSSQ8
    /CMSSQI8
    /CMSY10
    /CMSY5
    /CMSY6
    /CMSY7
    /CMSY8
    /CMSY9
    /CMTCSC10
    /CMTEX10
    /CMTEX8
    /CMTEX9
    /CMTI10
    /CMTI12
    /CMTI7
    /CMTI8
    /CMTI9
    /CMTT10
    /CMTT12
    /CMTT8
    /CMTT9
    /CMU10
    /CMVTT10
    /ComicSansMS
    /ComicSansMS-Bold
    /CopperplateGothic-Bold
    /CopperplateGothicBT-Bold
    /CopperplateGothicBT-BoldCond
    /CopperplateGothicBT-Heavy
    /CopperplateGothicBT-Roman
    /CopperplateGothicBT-RomanCond
    /CopperplateGothic-Light
    /Cottonwood
    /Courier
    /Courier-Bold
    /Courier-BoldOblique
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /Courier-Oblique
    /CourierStd
    /CourierStd-Bold
    /CourierStd-BoldOblique
    /CourierStd-Oblique
    /Critter
    /CS-CharterBT-Bold
    /DesertDogHmk
    /Dingbats
    /EnglischeSchT-Bold
    /EnglischeSchT-Regu
    /EstrangeloEdessa
    /EUEX10
    /EUFB10
    /EUFB5
    /EUFB7
    /EUFM10
    /EUFM5
    /EUFM7
    /EURB10
    /EURB5
    /EURB7
    /EURM10
    /EURM5
    /EURM7
    /EuroMono-Bold
    /EuroMono-BoldItalic
    /EuroMono-Italic
    /EuroMono-Regular
    /EuroSans-Bold
    /EuroSans-BoldItalic
    /EuroSans-Italic
    /EuroSans-Regular
    /EuroSerif-Bold
    /EuroSerif-BoldItalic
    /EuroSerif-Italic
    /EuroSerif-Regular
    /EUSB10
    /EUSB5
    /EUSB7
    /EUSM10
    /EUSM5
    /EUSM7
    /ExPonto-Regular
    /FirstGrader
    /FrancineHmk
    /FranklinGothic-Medium
    /FranklinGothic-MediumItalic
    /FultoonHmk
    /FuturaBlackBT-Regular
    /FuturaBT-Bold
    /FuturaBT-BoldCondensed
    /FuturaBT-BoldCondensedItalic
    /FuturaBT-BoldItalic
    /FuturaBT-Book
    /FuturaBT-BookItalic
    /FuturaBT-ExtraBlack
    /FuturaBT-ExtraBlackCondensed
    /FuturaBT-ExtraBlackCondItalic
    /FuturaBT-ExtraBlackItalic
    /FuturaBT-Heavy
    /FuturaBT-HeavyItalic
    /FuturaBT-Light
    /FuturaBT-LightCondensed
    /FuturaBT-LightItalic
    /FuturaBT-Medium
    /FuturaBT-MediumCondensed
    /FuturaBT-MediumItalic
    /Futura-CondensedExtraBold-Thin
    /Futura-CondensedLight-Thin
    /Futura-Condensed-Thin
    /FUTURAK
    /FuturaLtCnBT-Italic
    /FuturaMdCnBT-Italic
    /FUTURAS
    /Futura-Thin
    /Gallery
    /Garamond
    /Garamond-Bold
    /Garamond-BoldCondensed
    /Garamond-BoldCondensedItalic
    /Garamond-BookCondensed
    /Garamond-BookCondensedItalic
    /Garamond-Italic
    /GaramondITCbyBT-Bold
    /GaramondITCbyBT-BoldItalic
    /GaramondITCbyBT-Book
    /GaramondITCbyBT-BookItalic
    /Garamond-LightCondensed
    /Garamond-LightCondensedItalic
    /Garamond-Medium-Italic
    /Garamond-Normal
    /Gautami
    /GenoaRoman
    /Geometric231BT-BoldC
    /Geometric231BT-RomanC
    /Geometric415BT-BlackA
    /Geometric415BT-BlackItalicA
    /Geometric415BT-LiteA
    /Geometric415BT-LiteItalicA
    /Geometric415BT-MediumA
    /Geometric415BT-MediumItalicA
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Giddyup
    /Giddyup-Thangs
    /GillSans
    /GillSans-Bold
    /GillSans-BoldItalic
    /Goudy
    /Goudy-Bold
    /Goudy-BoldItalic
    /Goudy-ExtraBold
    /Goudy-Italic
    /GraphicLight
    /GREEKC__
    /GRMK10
    /GRMK12
    /GRMK8
    /GRMK9
    /GweetHmkBold
    /HavixHmk
    /Helvetica
    /Helvetica-Bold
    /Helvetica-BoldOblique
    /Helvetica-Oblique
    /Hobo-Thin
    /Humanist521BT-ExtraBold
    /Humanist521BT-Light
    /Humanist521BT-Roman
    /Humanist521BT-RomanCondensed
    /Humanist521BT-UltraBold
    /Humanist521BT-XtraBoldCondensed
    /ICMEX10
    /ICMMI8
    /ICMSY8
    /ICMTT8
    /ILASY8
    /ILCMSS8
    /ILCMSSB8
    /ILCMSSI8
    /Impact
    /JPBR8R
    /KuenstlerScript-Black
    /LASY10
    /LASY5
    /LASY6
    /LASY7
    /LASY8
    /LASY9
    /LASYB10
    /Latha
    /LCIRCLE10
    /LCIRCLEW10
    /LCMSS8
    /LCMSSB8
    /LCMSSI8
    /LINE10
    /LINEW10
    /Lithos-Black
    /Lithos-Regular
    /LOGO10
    /LOGO8
    /LOGO9
    /LOGOBF10
    /LOGOSL10
    /LSANSUNI
    /LucidaConsole
    /LucidaHandwriting-Italic
    /LucidaSans
    /LucidaSans-Bold
    /LucidaSans-BoldItalic
    /LucidaSans-Demi
    /LucidaSans-DemiItalic
    /LucidaSans-Italic
    /LucidaSansUnicode
    /Mangal-Regular
    /MatisseITC-Regular
    /MezzMM
    /MicrosoftSansSerif
    /Minion-BoldCondensed
    /Minion-BoldCondensedItalic
    /Minion-Condensed
    /Minion-CondensedItalic
    /Minion-Ornaments
    /MinionPro-Bold
    /MinionPro-BoldIt
    /MinionPro-It
    /MinionPro-Regular
    /MSAM10
    /MSAM5
    /MSAM6
    /MSAM7
    /MSAM8
    /MSAM9
    /MSBM10
    /MSBM10A
    /MSBM5
    /MSBM6
    /MSBM7
    /MSBM8
    /MSBM9
    /MTEX
    /MTEXB
    /MTEXH
    /MT-Extra
    /MTGU
    /MTGUB
    /MTMI
    /MTMIB
    /MTMIH
    /MTMS
    /MTMSB
    /MTMUB
    /MTMUH
    /MTSY
    /MTSYB
    /MTSYH
    /MTSYN
    /MVBoli
    /Myriad-Bold
    /Myriad-BoldItalic
    /Myriad-Italic
    /MyriadPro-Bold
    /MyriadPro-BoldIt
    /MyriadPro-It
    /MyriadPro-Regular
    /Myriad-Roman
    /Myriad-Tilt
    /NeedALilly
    /NewBaskerville-Light
    /NewsGothic
    /News-Gothic-Bold
    /NewsGothicMT
    /NewsGothicMT-Bold
    /NewsGothicMT-Italic
    /News-Gothic-Normal
    /NimbusMonL-Bold
    /NimbusMonL-BoldObli
    /NimbusMonL-Regu
    /NimbusMonL-ReguObli
    /NimbusRomNo9L-Medi
    /NimbusRomNo9L-MediItal
    /NimbusRomNo9L-Regu
    /NimbusRomNo9L-ReguItal
    /NimbusSanL-Bold
    /NimbusSanL-BoldCond
    /NimbusSanL-BoldCondItal
    /NimbusSanL-BoldItal
    /NimbusSanL-Regu
    /NimbusSanL-ReguCond
    /NimbusSanL-ReguCondItal
    /NimbusSanL-ReguItal
    /Nueva-BoldExtended
    /Nueva-Roman
    /NuptialScript
    /OCRAbyBT-Regular
    /OCRAExtended
    /OCRB10PitchBT-Regular
    /OfficinaSans-Bold
    /OfficinaSans-BoldItalic
    /OfficinaSans-Book
    /OfficinaSans-BookItalic
    /OfficinaSerif-Bold
    /OfficinaSerif-BoldItalic
    /OfficinaSerif-Book
    /OfficinaSerif-BookItalic
    /OkrienHmk
    /Optima
    /Optima-Bold
    /Optima-BoldItalic
    /Optima-Italic
    /OriginalGaramondBT-BoldItalic
    /OUP1
    /Palatino-Bold
    /Palatino-BoldItalic
    /Palatino-Italic
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Palatino-Roman
    /ParisNormal
    /Poetica-ChanceryI
    /PopplLaudatio-Italic
    /PopplLaudatio-Medium
    /PopplLaudatio-MediumItalic
    /PopplLaudatio-Regular
    /Raavi
    /RMTMIB
    /RMTMIH
    /RMTMUB
    /RMTMUH
    /rsfs10
    /rsfs5
    /rsfs7
    /Sanvito-Light
    /Sanvito-Roman
    /Shruti
    /SouvenirITCbyBT-Demi
    /SouvenirITCbyBT-DemiItalic
    /SouvenirITCbyBT-Light
    /SouvenirITCbyBT-LightItalic
    /Souvenir-Light
    /SplintHmk
    /StandardSymL
    /StarbabeHmk
    /SuccotashHmk
    /SurferItalic
    /SurferNormal
    /Sylfaen
    /SYLFAEN
    /Symbol
    /SymbolMT
    /SymbolProportionalBT-Regular
    /Tahoma
    /Tahoma-Bold
    /Technical
    /TechnicalItalic
    /TechnicalPlain
    /TektonMM
    /TempusSansITC
    /Times-Bold
    /Times-BoldItalic
    /Times-BoldOblique
    /Times-Italic
    /TimesNewRomanPS
    /TimesNewRomanPS-Bold
    /TimesNewRomanPS-BoldItalic
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-Italic
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Oblique
    /Times-Roman
    /Times-RomanSmallCaps
    /Times-Sc
    /Times-SCB
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /TrotsLight-HMK
    /TT0140M
    /TT0141M
    /Tunga-Regular
    /TwizotHmk
    /Univers
    /Univers-Bold
    /Univers-BoldItalic
    /Univers-Italic
    /Upsilon
    /URWBookmanL-DemiBold
    /URWBookmanL-DemiBoldItal
    /URWBookmanL-Ligh
    /URWBookmanL-LighItal
    /URWChanceryL-MediItal
    /URWGothicL-Book
    /URWGothicL-BookObli
    /URWGothicL-Demi
    /URWGothicL-DemiObli
    /URWPalladioL-Bold
    /URWPalladioL-BoldItal
    /URWPalladioL-Ital
    /URWPalladioL-Roma
    /Utopia-Italic
    /Utopia-Regular
    /Utopia-Semibold
    /Utopia-SemiboldItalic
    /VAGRounded-Black
    /VAGRounded-Bold
    /VAGRounded-Light
    /VAGRounded-Thin
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /Viva-BoldExtraExtended
    /Viva-Regular
    /WallowHmk
    /Webdings
    /Westminster
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /WNCYB10
    /WNCYI10
    /WNCYR10
    /WNCYSC10
    /WNCYSS10
    /WoodtypeOrnaments-One
    /XYATIP10
    /XYBSQL10
    /XYBTIP10
    /XYCIRC10
    /XYCMAT10
    /XYCMBT10
    /XYDASH10
    /XYEUAT10
    /XYEUBT10
    /YearbookSolid
    /zapfchancery-Thin-Italic
    /ZapfDingbats
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages false
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


