isid/ms/2007/07
June 20, 2007
http://www.isid.ac.in/~statmath/eprints

A matrix approach to construct magic rectangles of
even order

J. P. DE Los REYES
AsHISH DAS
CHAND K. MIDHA

Indian Statistical Institute, Delhi Centre
7, SJSS Marg, New Delhi-110 016, India






A matrix approach to construct magic rectangles of even order

J. P. De Los Reyes® , Ashish Das®! and Chand K. Midha®

*The University of Akron, Department of Statistics, Akron, OH /4325, USA
B Indian Statistical Institute, Stat-Math Division, New Delhi 110016, India

Abstract

Magic rectangles are well-known for its very interesting and entertaining combinatorics.
In a magic rectangle, the numbers 1 to mn are arranged in an array of m rows and n
columns so that each row adds to the same total M and each column to the same total NV .
In the present paper we provide a new systematic method for constructing any even by even
magic rectangle. The method proposed is extremely simple as it allows one to arrive at the
magic rectangles by simply carrying out some matrix operations. It is also seen that the magic

rectangles of lower orders are embedded in a magic rectangle of higher order.

Keywords : magic rectangles; magic constants.

1. Introduction

Magic rectangles are well-known for its very interesting and entertaining combinatorics. A
magic rectangle is an arrangement of the numbers 1 to mn in an array of m rows and n
columns so that each row adds to the same total M and each column to the same total NV .
The totals M and N are termed the magic constants. Since the average value of the numbers
is A= (mn+1)/2, we must have M =nA and N = mA . The total of all the numbers in
the array is mnA =mM =nN . If mn iseven mn+1 is odd and so for M =n(mn+1)/2
and N = m(mn+ 1)/2 to be whole numbers n and m must both be even. On the other
hand if mn is odd then m and n must both be odd, by simple arithmetic. Therefore, an
odd by even magic rectangle is impossible. Also, it is easy to see that a 2 x 2 magic rectangle
is impossible.

For an update on available literature on magic rectangles we refer to Hagedorn (1999) and
Bier and Kleinschmidt (1997). Such magic rectangles have been used in designing experiments.
For example, Phillips (1964, 1968a, 1968b) illustrated the use of these magic figures for the
elimination of trend effects in certain classes of one-way, factorial, latin-square, and graeco-
latin-square designs. As highly balanced structures, magic rectangles can be potential tools for
use in situations yet unexplored.

In the present paper we provide a method for constructing any even by even magic rectan-

gle. The construction involves some simple matrix operations. The method has been shaped in
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form of an algorithm that is very convenient for writing a computer program for constructing
such rectangles. Furthermore, it is also presented in a ready-to-write form since the magic
rectangles of lower orders are embedded in a magic rectangle of higher order.

In Section 2 we construct magic rectangle of sides m and n with 2p =m < n = 2q.
The proofs related to the construction is given in the appendix. In Section 3 we illustrate our

construction method through some examples of magic rectangles.

2. The construction

For any given positive integers p and ¢ with p < ¢, we first define the following matrices:

0 2 2 3 0 1 03 1 2
Qe:(?) 1>’Qa:<1 o)’Qb:<3 2) andQ:(?, 0 2 1)'

We also define A to be a p x ¢ matrix with elements being the sequence of numbers from

0 to pg—1 as given by

0 1 2 g —1
1 2 s 29 —1

Ao q q+ q+ q
p-1qg (p—1g+1 (p—1)¢g+2 --- pg—1

The matrix A can also be expressed as A = 1p®5;+ 1ﬁ]®qsp where ® denotes the Kronecker
product symbol, 1; represents a t x 1 column vector of all ones and s, =(012 --- t—1) is
a row vector of order ¢ with elements being the sequence of numbers from 0 to ¢ —1.

Let I; be an identity matrix of order ¢t and K; a square matrix of order t given by,

1
Ky = ((kij)) with kjj =1 if i4+j=1t+1, otherwise k;; = 0. Then, let X:A®<0>—i—

0
o (7).

We define next, two matrices B and C' such that their sum is the required magic rect-
angle.

Let B bea 2p x 2¢ matrix given by

B— 1p®(Q€ Qa 1,«1%3®(Qb‘Qa)‘Qe) for ¢ odd,
- (1pl) ®Q for ¢ even.

Note that, when ¢ = 3, B reduces to 1, ® ( Qe | Qq ‘ Qe ) It is easy to verify that

Bly, = 3qla, and 15,B = 3ply, , i.e., the row sums of B are 3¢ and the column sums are

equal to 3p .
Finally, let C' be a 2p x 2¢ matrix given by

C=(v| KoL ),



where YV = 4(X ® 15) + 12p1/2q = ( Yi ‘ Y, ) and for j = 1,2, the matrix Y; is of order
2p X q .
Again, it is easy to verify that the row sums of C' are 2¢(2pg—1) and column sums are equal
to 2p(2pg—1) .

To conclude, since R = B+ C consists of the 4pq distinct numbers from 1 through 4pq ,
it is a 2p x 2g magic rectangle with magic constants M = q(4pg + 1) and N = p(dpg+1) .

The proofs related to the construction is given in the appendix.

3. Remarks and some illustrative examples

In this section we first indicate some of our observations. This is followed by examples
of magic rectangles of orders 6 x 8, 8 x 8, 6 x 10, 8 x 10 and 10 x 10 . We observe the

following points.

(i) Any magic rectangle of order 2p* x 2¢ is embedded in a magic rectangle of order 2p x 2¢
where p* <p. Let R= (R; | R2) be a magic rectangle of order 2p x 2q where for j =1,2,
the matrix R; is of order 2p x q. Then in order to get a magic rectangle R* of order
2p* x 2q , one simply needs to take the first 2p* rows of R; (call the resultant matrix of the
rows, R} ) and take the last 2p* rows of Ry (call the resultant matrix of the rows, R% ).
Then R* = (R] | R3) . In other words, R* = {([2p-

where 0, denotes a a x b matrix of all zeros.

02p*72(p—p*))R1 | (0217*,2(13—17*) | Lop)Ra}

(ii) The method proposed here allows us to arrive at the magic rectangles by simply carrying
out some matrix operations. This makes it very convenient to write a program for generating
magic rectangles using standard packages like SAS, MATLAB or MAPLE.

(iii) Though we have, without any loss of generality, taken 1 < p < ¢, the construction method
proposed here also holds for p >¢ > 1.

We now provide some examples.

Magic rectangle of order 6 x 8. Here p =3, g =4 . Therefore,

o 1 2 3
3 2 1 0
01 2 3 4 5 6 7
A: 4 5 6 7 7X: )
7T 6 5 4
8 9 10 11
8 9 10 11
1 10 9 8
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8x 8. Here p=4, g=4.
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Magic rectangle of order
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10 x 10 .
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17 17 13 13 9 89 8 85 81 81
21 21 25 25 29 69 73 V3 Tv 07
37 37 33 33 29 69 65 65 61 61
41 41 45 45 49 49 53 53 57 57
57 57 53 53 49 49 45 45 41 41
61 61 65 65 69 29 33 33 37 37
YT 73 73 69 29 25 25 21 21
81 81 &8 8 89 9 13 13 17 17

W O W O W O w o w o
— N O~ N R N~ NN
=N R N R N E N RN
S W O W O W o w o w
W O W O W O w o w o
N~ N~ NN R N~ N
=N R N RN E N RN
S W O W O W o w o w
W O W O W O w o w o
N R N RN RN N

13 7 8 9 9 95 96 97 99
20 18 14 13 12 91 86 85 84 82
21 23 27 28 30 70 75 76 Y7 79
40 38 34 33 32 70 66 65 64 62
41 43 47 48 49 50 55 56 57 959
60 58 54 53 52 51 46 45 44 42
61 63 67 68 69 30 35 36 37 39
80 78 T4 73 T2 31 26 25 24 22
81 83 87 8 89 10 15 16 17 19
100 98 94 93 92 11 6 o5 4 2

Magic rectangle of order 8 x 10. Here p =4, ¢ = 5. To illustrate the embedding property
of magic rectangles, we derive the 8 x 10 magic rectangle from the 10 x 10 magic rectangle

constructed above. From point (ii) of the remarks, we have



13 7 8 9 70 75 16 Y7 79
20 18 14 13 12 70 66 65 64 62
21 23 27 28 30 50 55 56 57 59
40 38 34 33 32 51 46 45 44 42
41 43 47 48 49 30 35 36 37 39
60 58 54 H3 52 31 26 25 24 22
61 63 67 68 69 10 15 16 17 19
80 78 74 73 72 11 6 S5 4 2

Finally, magic rectangle of order 6 x 10 (p =3, ¢ =5 ) follows from the embedding property
of magic rectangles. To get the 6 x 10 magic rectangle we may use either of the above

constructed magic rectangles of orders 10 x 10 or 8 x 10 .

1 3 7 8 9 50 55 56 57 59
20 18 14 13 12 51 46 45 44 42
21 23 27 28 30 30 35 36 37 39
40 38 34 33 32 31 26 25 24 22
41 43 47 48 49 10 15 16 17 19
60 58 54 53 52 11 6 5 4 2

The 6 x 10 and 8 x 10 magic rectangles could also be constructed directly (without us-
ing embedding property of a higher order magic rectangle) following our general method of
construction.

Appendix

Proof for row and columns of B .

i) The row sums, Bly, = 3qlg, since for ¢ odd, (Qe | Qu | Qe)ls = 912, {15 ®
2
(@b | Qa)}lag-3) =3(¢ —3)12 and for g even, Q1ls =61,.

ii) The column sums, 15,B = 3pl,, since 15Q. = 15Q, = 15Q, = 315 and 15Q = 31} .

Proof for row and columns of C' .

i) The row sums, Cly, = 2¢(2pg — 1)13, since for ¢ odd,

g—1)2%+q
Yil, =4¢%(s, @ 12) + 1, ® ( ;
11q q(p 2) P q(3q_1)_1
q(3¢—1)—1
Yol, = 4¢%(sp, @ 12) + 1, ® and
q (p ) p (q_1)2+q

( Y| (K, @ L)Y ) Log = 4¢*{(sp+ Kpsp) @12} +2¢(2¢— 1)1z = {4¢°(p—1)+2¢(2¢—1) }13, .



Similarly, for ¢ even, the row sums hold since

-1
}/1111 :4q2(3p®12)+1p® < q(q ) ) ,

q(3q — 1)
3¢—1

Yolg =4¢%(sp @ 12) + 1, ® < 43¢ = 1) ) and
q(q—1)

( Y| (K, L)Y ) log = 4¢*{(sp+ Kpsp) @12} +2¢(2¢—1)12, = {4¢°(p—1)+2¢(2¢—1) }13, .

ii) The column sums, 15,C' = 2p(2pg— 1)1, since 1,A = W%—i—ps; ; 19, X = p(pg—1)1;

and 15,Y = 2p(2pq — 1)15, .

Proof for distinct numbers in R from 1 through 4pq .

Note that every consecutive pair of rows in Y7 and Y5 lead to sets of four identical num-
bers. From one set to another the numbers increase by 4. The full set of numbers look like
1,5,9,...,4pg—3 . It is now sufficient to observe that every consecutive pair of rows in B has
sub-matrices involving the numbers 0,1,2,3 and each of these numbers gets added to each of

the sets comprising the four identical numbers.
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