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Abstract

Magic rectangles are well-known for its very interesting and entertaining combinatorics. In
a magic rectangle, the integers 1 to mn are arranged in an array of m rows and n columns
so that each row adds to the same total M and each column to the same total N . In the
present paper we provide a simple and systematic method for constructing any even by even

magic rectangle.
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1. Introduction

Magic rectangles are well-known for its very interesting and entertaining combinatorics. A
magic rectangle is an arrangement of the integers 1 to mn in an array of m rows and n
columns so that each row adds to the same total M and each column to the same total N .
The totals M and N are termed the magic constants. Since the average value of the integers
is A= (mn+1)/2, we must have M =nA and N =mA . The total of all the integers in
the array is mnA =mM =nN . If mn iseven mn+1 is odd and so for M =n(mn+1)/2
and N = m(mn + 1)/2 to be integers n and m must both be even. On the other hand
if mn is odd then m and n must both be odd, by simple arithmetic. Therefore, an odd
by even magic rectangle is impossible. Also, it is easy to see that a 2 x 2 magic rectangle is
impossible.

For an update on available literature on magic rectangles we refer to Hagedorn (1999) and
Bier and Kleinschmidt (1997). Such magic rectangles have been used in designing experiments.
For example, Phillips (1964, 1968a, 1968b) illustrated the use of these magic figures for the
elimination of trend effects in certain classes of one-way, factorial, latin-square, and graeco-
latin-square designs. As highly balanced structures, magic rectangles can be potential tools for
use in situations yet unexplored.

In the present paper we provide a method for constructing any even by even magic rect-
angle. The construction involves some simple steps. The method has been shaped in form
of an algorithm that is very convenient for writing a computer program for constructing such

rectangles.
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In Section 2 we construct magic rectangle of sides m = 2p and n = 2¢. The proofs
related to the construction is given in the appendix. In Section 3 we illustrate our construction

method through some examples of magic rectangles.

2. The construction

We construct magic rectangle of sides m = 2p and n = 2¢ for given positive integers p
and ¢ . We consider separately the cases (i) at least one of p, ¢ is even, and (ii) both p and

g are odd. Throughout, for z > 0, [z] stands for the largest integer contained in z .

Case A: At least one of p, ¢ is even. Without loss of generality, let p be even.

Step Al. Write the mn consecutive integers from 1 to mn with first column having integers
1,2,...,m ; second column having integers 2m,2m—1,..., m+1 ; third column having integers
2m 4+ 1,2m + 2,...,3m ; forth column having integers 4m,4m — 1,...,3m + 1; and so on,
(n — 1) -th column having integers (n —2)m + 1,(n —2)m +2,...,(n — 1)m ; n-th column
having integers nm,nm — 1,...,(n — 1)m + 1. We would call this a serpentine format for
writing the mn consecutive integers in n columns.

Step A2. For 1 < j <gq,swap the middle p elements of j -th column with the corresponding
middle p elements of the (n+ 1 — j) -th column.

Case B: Both p and ¢ are odd.

Step B1. Same as Step Al.

Step B2. Consider the first 2[¢/2] columns. For 1 <i¢ <p, swap the 2[g/2] elements in the
i -th row with the corresponding 2[q/2] elements in the (m 4 1 — ) -th row.

Step B3. For 1 < j < 2[¢q/2], swap any p elements of j-th column with the corresponding
p elements of the (n + 1 — j) -th column. In particular, we may take the first p elements of
the columns for swapping.

Step B4. Swap the middle p — 3 elements of ¢-th column with the corresponding middle
p — 3 elements in the (¢ + 1)-th column. Also, for ¢ = 1,3, swap the element in the
{t+ (p — 3)/2,q} -th position with the element in the {t+ (p — 3)/2,q + 1} -th position.

The proofs related to the construction are given in the appendix.

3. Some illustrative examples

In this section we provide some examples of magic rectangles of orders 10x8 and 10x14 .

Magic rectangle of order 10 x 8 is the transpose of magic rectangle of order 8 x 10. So, we

construct a magic rectangle of order 8 x 10. Here p =4, g =5 . Therefore,



Step Al gives

and the desired magic rectangle,

Magic rectangle of order
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and Step B3 gives
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Proof for the case when at least one of p, q is even.
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i) Without loss of generality, let p be even (since a magic rectangle of order n x m is the
transpose of magic rectangle of order m x n and visa verse). The snake format of generating

the columns ensures that the row sums are constant.

ii) After Step Al, for 1 <j <n, the j-th column sum is m(m +1)/2 + (j — 1)m? and the
sum of the middle p elements in the j columnis m?j/2—m(m—1)/4 . Also, for 1 <j <gq,
the j-th column sum is less from the magic constant N = m(mn + 1)/2 by a quantity
(n+1-2j)m?/2 and for ¢ +1 < j < n, the j-th column sum is more from the magic
constant N by a quantity (2j —n —1)m?/2. Thus, in Step A2, for 1 < j < ¢, the swap of
the middle p elements between j and (n + 1 — j) -th columns increases and decreases the

respective column totals by the desired amounts and thus reduces it to a magic rectangle.

Proof for the case when both p and q are odd.
i) Upto Step B3, the proof follows on lines similar to Case A.

ii) After Step B3, certain elements between the two middle columns are swapped. The ¢ -th
column sum is m(m+1)/2+ (¢—1)m? which is less from the magic constant N by a quantity
m?/2 . Similarly, the (g + 1) -th column sum is m(m + 1)/2 + gm? which is more from the
magic constant N by a quantity m?/2 . It is easy to see that the swap carried out in Step B4
increases and decreases the respective column totals by the desired amounts, thereby ensuring

a magic rectangle.
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