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An EÆient and Fast Algorithm for Estimating theParameters of Sinusoidal SignalsSwagata NandiIndian Statistial Institute, New Delhi, IndiaDebasis KunduIndian Institute of Tehnology, Kanpur, IndiaAbstratA omputationally eÆient algorithm is proposed for estimating the param-eters of sinusoidal signals in presene of stationary errors. The proposed es-timators are onsistent, and they are asymptotially equivalent to the leastsquares estimators. Monte Carlo simulations are performed to ompare theproposed one with the other existing omparable methods. It is observedthat the proposed estimator works quite well in terms of biases and meansquared errors. The main advantage of the proposed method of estimationis that the estimators an be obtained using only �xed number of iterations.Some real data sets have been analyzed for illustration purposes.AMS (2000) subjet lassi�ation. Primary 62F10. 60K40.Keywords and phrases. Sinusoidal frequeny model, least squares estimators,approximate least squares estimators, onsistent estimators, asymptoti dis-tributions, iterations, onvergene.1 IntrodutionWe onsider the following model:y(t) = pXj=1 [Aj os(!jt) +Bj sin(!jt)℄ +X(t); t = 1; : : : ; N: (1.1)Here Ajs and Bjs are unknown amplitudes and none of them is identiallyequal to zero. The !js are unknown frequenies lying stritly between 0 and�, and they are distint. The error random variables X(t)s are stationarylinear proesses, and they satisfy the following assumption.



284 Swagata Nandi and Debasis KunduAssumption 1: The error random variables X(t)s have the followingstruture. X(t) = 1Xj=�1a(j)e(t � j); (1.2)where e(t)s are independent and identially distributed (i.i.d.) random vari-ables with mean zero and �nite variane �2 and a(j)s are real numbers suhthat 1Xj=�1 ja(j)j <1: (1.3)The number of omponents p is assumed to be known. The problem isto estimate the unknown parameters Ajs, Bjs and !js, given a sample ofsize N , namely y(1); : : : ; y(N). In this paper, we mainly onsider eÆientestimation of !js, even though the estimation of the linear parameters isalso very important.Estimation of frequenies in presene of additive noise is a very importantproblem in the time series analysis and in the area of statistial signal pro-essing. Starting with the work of Fisher (1929), this problem has reeivedonsiderable attention. Brillinger (1987) disussed some of the very impor-tant real life appliations of this partiular problem, see Kay and Marple(1981) also. Stoia (1993) provided an extensive list of referenes up to thattime and see Kundu (2002) for some of the reent referenes.The optimum rate of onvergene an be obtained by the least squaresestimators, and their onvergene rate is Op(N�3=2). Here Op(N�Æ) meansN ÆOp(N�Æ) is bounded in probability. The periodogram estimators (with-out the onstraint of Fourier frequeny) also provide the best possible rate,and they are asymptotially equivalent to the least squares estimators. Find-ing the least squares estimators tends to be omputationally intensive as thefuntions to be optimized are highly non-linear in parameters. Thus, verygood (lose enough to the true value) initial estimates are needed. Sev-eral tehniques are available in the literature, for example Pisarenko (1973),Chan, Lavoie and Plant (1981), whih attempt to �nd omputationally ef-�ient frequeny estimators. However, these proedures produe estima-tors having onvergene rate Op(N�1=2). The periodogram maximizer overFourier frequenies does not generally provide good initial estimates with theonvergene rate is Op(N�1), see for example Rie and Rosenblatt (1988),whereas an initial estimate of the onvergene rate Op(N�1�Æ) (Æ > 0) isneeded for most of the iterative tehniques to work.



Sinusoidal frequeny estimation 285In this paper, we propose a new iterative proedure similar to the proe-dure of Bai et al. (2003). The method uses a orretion term based on PN (j)and QN (j) to be de�ned in Theorem 3.1, whih are funtions of the datavetor as well as the available frequeny estimator orresponding to the j-thomponent. The forms of the funtions PN (j) and QN (j) are motivated bythe least squares method. It is observed that if the initial guess is aurateup to the order O(N�1), then our three step iterative proedure produesfully eÆient frequeny estimator, whih has the same rate of onvergeneas the least squares estimators. In the proposed method, we do not use the�xed sample size available for estimation at eah step. At �rst step, we usea fration of it and at the last step, we use the whole data set by graduallyinreasing the e�etive sample sizes.The rest of the paper is organized as follows. Two di�erent estimatorsand their properties are disussed in Setion 2. The proposed algorithm ispresented in Setion 3. Simulation results and analysis based on some realdata are presented in Setion 4, and �nally the onlusion appears in Setion5. All the proofs are provided in the Appendix.2 Estimation ProeduresThere are mainly two di�erent methods of estimation of the unknownparameters. We will briey disuss both of them below.2.1. Least Squares Estimators. The least squares estimators (LSEs) ofthe unknown parameters an be obtained by minimizing the residual sum ofsquares, namely,R(A;B;!) = NXt=10�y(t)� pXj=1 [Aj os(!jt) +Bj sin(!jt)℄1A2 ; (2.1)with respet to A = (A1; : : : ; Ap), B = (B1; : : : ; Bp) and ! = (!1; : : : ; !p).Note that R(A;B;!) an be written as follows.R(A;B;!) = R(�;!) = [Y �X(!)�℄T [Y �X(!)�℄ ; (2.2)



286 Swagata Nandi and Debasis KunduwhereY=[y(1); : : : ; y(N)℄T , �=[A1; : : : ; Ap; B1; : : : ; Bp℄T , !=(!1; : : : ; !p)Tand X(!) is an N � 2p matrix of the form
X(!) = 26666666664

os(!1) : : : os(!p) sin(!1) : : : sin(!p)os(2!1) : : : os(2!p) sin(2!1) : : : sin(2!p)... : : : ... ... : : : ...os(N!1) : : : os(N!p) sin(N!1) : : : sin(N!p)
37777777775 : (2.3)

From (2.2), it is lear that � an be separated from !. Therefore, by usingthe separable regression tehniques of Rihards (1961), the LSE of � an beobtained in terms of !. For �xed !, the LSE of � an be obtained as�̂(!) = �XT (!)X(!)��1XT (!)Y: (2.4)If we substitute �̂(!) in (2.2), we obtainQ(!) = R(�̂(!);!) = YT �I�PX(!)�Y; (2.5)where PX(!) = X(!) �XT (!)X(!)��1XT (!)is the projetion matrix on the olumn spae spanned by the matrix X(!)for a given !. Therefore, the LSE of ! an be obtained by minimizing (2.5)with respet to !. If !̂ minimizes (2.5), then the orresponding estimatorof the linear parameter � an be obtained as�̂(!̂) = �XT (!̂)X(!̂)��1XT (!̂)Y: (2.6)Most of the speial purpose algorithms, for example the methods proposed byBresler and Maovski (1988), Kumaresan, Sharf and Shaw (1986), Kunduand Kannan (1994) and Smyth (2000) attempt to minimize (2.5), whihnaturally saves omputational time.2.2. Approximate Least Squares Estimators. An alternative way to es-timate the frequenies is to maximize the periodogram funtion. The peri-odogram funtion I(!) an be de�ned as follows.I(!) = ����� 1N NXt=1 y(t)e�i!t�����2 : (2.7)



Sinusoidal frequeny estimation 287The periodogram estimators obtained under the ondition that frequeniesare Fourier frequenies, provide estimators with onvergene rate Op(N�1).When this ondition is dropped, the estimators obtained by �nding p lo-al maxima of I(!) ahieve the best possible rate and are asymptotiallyequivalent to the LSEs. So it is alled approximate least squares estimators(ALSEs) in the literature. A frequeny � is a Fourier frequeny if it is of theform � = 2�k=N , for some integer 1 � k � N=2. Let us denote the ALSEof ! = (!1; : : : ; !p) as ^̂! = (^̂!1; : : : ; ^̂!p). It is known that !̂ and ^̂! are bothonsistent estimators of ! with the following asymptoti distribution:N3=2(!̂ � !)!Np �0; 24�2�� ; (2.8)N3=2(^̂! � !)!Np �0; 24�2�� ; (2.9)where � is p� p diagonal matrix as follows.� = diag � 1�21 ; : : : ; p�2p� : (2.10)Here j = ����� 1Xk=�1a(k)eik!j �����2 and �2j = A2j +B2j :The LSEs of Aj and Bj are estimated using (2.6) and ALSEs, say ^̂Aj and^̂Bj that are obtained as^̂Aj = 2N NXt=1 y(t) os(^̂!jt); ^̂Bj = 2N NXt=1 y(t) sin(^̂!jt): (2.11)These expressions are used in Setion 4.2 to estimate the linear parameters.Thus, aording to (2.8) and (2.9), both the LSEs and the ALSEs produefrequeny estimators whih have onvergene rate Op(N�3=2). In this paper,we have onsidered the eÆient estimation of non-linear frequeny parame-ters, and we do not disuss anything related to the rate of onvergene of thelinear parameters. In the next setion, we desribe a method whih produesfrequeny estimators and whih have the same onvergene rate as the LSEsor the ALSEs.



288 Swagata Nandi and Debasis Kundu3 Proposed AlgorithmGiven a onsistent estimator ~!j, we ompute !̂j using (3.1) for j =1; : : : ; p as follows. !̂j = ~!j + 12N2 Im�PN (j)QN (j)� ; (3.1)where PN (j) = NXt=1 y(t)�t� N2 � e�i~!j t; (3.2)QN (j) = NXt=1 y(t)e�i~!j t; (3.3)and Im[.℄ denotes the imaginary part of a omplex number. We an startwith any onsistent estimator ~!j and improve it step by step using (3.1).The motivation of the algorithm is based on the following theorem.Theorem 3.1. If for j = 1; : : : ; p, ~!j � !j = Op(N�1�Æ), where Æ 2(0; 1=2℄, then (a) !̂j � !j = Op �N�1�2Æ� if Æ � 1=4; and(b) N3=2(!̂ � !)!Np �0; 24�2�� if Æ > 1=4:Proof. See in the Appendix. 2We start with the maximizer of the periodogram over Fourier frequeniesand improve it step by step by the above reursive algorithm. The mth stepestimator !̂(m)j is omputed from the (m�1)th step estimator !̂(m�1)j by theformula !̂(m)j = !̂(m�1)j + 12N2m Im�PNm(j)QNm(j)� ; (3.4)where PNm(j) and QNm(j) an be obtained from (3.2) and (3.3) by replaingN and ~!j with Nm and !̂(m�1)j respetively. We repeatedly hoose Nmsuitably at eah step as follows.� Step 1: With m = 1, hoose N1 = N0:8 and !̂(0)j = ~!j, the maximizerof the periodogram estimator at the Fourier frequenies. Note that



Sinusoidal frequeny estimation 289~!j � !j = Op(N�1) = Op(N�1�1=41 ). Substituting N0:81 and !̂(0)j = ~!jin (3.4), and applying part (a) of Theorem 3.1, we obtain!̂(1)j � !j = Op(N�1�1=21 ) = Op(N�1�1=5):� Step 2: Withm = 2, hoose N2 = N0:9. Compute !̂(2)j from !̂(1)j . Sine!̂(1)j � !j = Op(N�1�1=5) = Op(N�1�1=32 ) and 1=3 > 1=4, thereforeusing part (b) of Theorem 3.1 , we have!̂(2)j � !j = Op(N�3=22 ) = Op(N�1�7=20):� Step 3: With m = 3, hoose N3 = N and ompute !̂(3)j from !̂(2)j andapply part (b) of Theorem 3.1 again, we haveN3=2 �!̂(3) �!�! Np(0; 24�2�):Therefore, it is observed that if at any step, the estimator is of the or-der Op(N�1�Æ), then the method provides an estimator whih improves theorder to Op(N�1�2Æ) if Æ � 1=4, and if 1=4 < Æ � 1=2, then it providesthe eÆient estimator. We obtain the initial estimator by maximizing theperodogram funtion, de�ned in Setion 2, under the ondition that the fre-quenies are Fourier frequenies. This way, using varying sample sizes, weget an estimator with rate of onvergene Op(N�1�Æ) for some Æ 2 (0; 1=2℄.This an then be used as an initial estimator beause the Theorem 3.1 needsa starting value of order Op(N�1�Æ) to work. With the inreasing num-ber of iteration, more and more data points are used to obtain an eÆientestimator. The method provides an eÆient frequeny estimator from therelatively poor initial estimate of the periodogram maximizer. We wouldlike to mention it again that the initial estimator used here is not the ALSE(ALSE is obtained without any onstraint on the frequenies) and so is notasymptotially equivalent to the LSE.For multiple sinusoidal model (p�2), the LSEs of !j and !k for j 6=k areasymptotially independent. We observe the same for the proposed estima-tors also, and the proposed algorithm does not involve joint estimation of thefrequenies in ase p> 1. This is due to the fat that the orretion fatordue to the frequeny !j is 12N2 Im h PN (j)QN (j)i, whih does not depend on !j.There are several iterative proedures available in the literature to es-timate the parameters of sinusoidal frequeny model. In the proposed al-gorithm, the novelty lies in its implementation. Basially, it is an iterative



290 Swagata Nandi and Debasis Kundusheme, whih needs starting estimates of order larger than Op(N�1) towork. But the existing non-iterative proedures and the periodogram maxi-mizer at Fourier frequenies give estimates of orders Op(N�1=2) andOp(N�1)respetively. So, following the theory, one annot use them diretly as start-ing estimates. To overome this problem, we inrease the sample size step bystep, in eah iteration, starting from a sub series of the observed time seriesto N , the available data points. We would like to mention here that thisvarying sample size tehnique may be used in some other existing algorithms,and thus one may have a bound in the number of iterations required.4 Numerial Experiments and Data Analysis4.1. Numerial Experiments. In this setion we present some numer-ial results to observe how the proposed method works for di�erent samplesizes and for di�erent error varianes. We use the random deviate generatorRAN2 of Press et al. (1993). All the programs are written in FORTRANand they an be obtained from the orresponding author on request. Foromparison purposes, we onsider two di�erent models.� Model 1: y(t) = 2 os(0:5t + �=4) +X(t).� Model 2: y(t) = 2 os(0:5t + �=4) + 2 os(1:5t + �=3) +X(t).In both ases, the error random variable X(t) is of the formX(t) = �(t) + 0:75�(t � 1);where f�(t)g is a sequene of i.i.d. Gaussian random variables with meanzero and variane �2. Note that Models 1 and 2 are equivalent to (1.1).We onsider N = 100, 200, 300, 400, 500 and � = 0.25, 0.50, 0.75,1.00. For eah sample, we estimate the frequeny/frequenies based on theproposed method and using the optimization algorithm desribed in theNumerial Reipes (Press et al., 1993), and from now on, we will name thisalgorithm as the NR algorithm. In all ases, we onsider the initial guessesas the periodogram maximizer at the Fourier frequenies. For NR algorithm,we also use the true parameter values as the initial guesses. In Tables 1 and2, NR-1 and NR-2 represent the NR algorithms when the initial guesses arethe periodogram maximizers at the Fourier frequenies and the true valuesrespetively.



Sinusoidal frequeny estimation 291Table 1. The average estimates and the orresponding square root of themean squared errors of the frequeny based on 1000 repliations arereported within brakets below for Model 1. The true parameter valuesand the square root of the asymptoti standard deviations are reportedwithin brakets below.� Methods N = 100 N = 200 N = 300 N = 400 N = 500Proposed 0.499859 0.500032 0.500047 0.500025 0.500015(1.0202e-3) (3.6663e-4) (2.0306e-4) (1.3188e-4) (9.4561e-5)NR-1 0.499982 0.499985 0.500002 0.500023 0.5000110.25 (1.0209e-3) (3.6691e-4) (1.9582e-4) (2.6448e-4) (1.7661e-4)NR-2 0.499982 0.499985 0.500002 0.499995 0.499999(1.0209e-3) (3.6640e-4) (1.9561e-4) (1.2559e-4) (8.9925e-5)Parameter 0.50000 0.50000 0.50000 0.50000 0.50000(1.0390e-3) (3.6735e-4) (1.9996e-4) (1.2988e-4) (9.2933e-5)Proposed 0.500004 0.500056 0.500067 0.500028 0.500020(2.0303e-3) (7.3551e-4) (3.9971e-4) (2.6045e-4) (1.8794e-4)NR-1 0.499963 0.499974 0.500008 0.500041 0.5000260.50 (2.0557e-3) (7.3874e-4) (4.0039e-4) (4.1028e-4) (3.2738e-4)NR-2 0.499962 0.499968 0.500005 0.499986 0.499999(2.0540e-3) (7.3523e-4) (3.9090e-4) (2.4881e-4) (1.7869e-4)Parameter 0.50000 0.50000 0.50000 0.50000 0.50000(2.0781e-3) (7.3470e-4) (3.9992e-4) (2.5976e-4) (1.8587e-4)Proposed 0.500144 0.500081 0.500087 0.500032 0.500024(3.0846e-3) (1.1119e-3) (5.9713e-4) (3.8959e-4) (2.8199e-4)NR-1 0.499944 0.499968 0.500031 0.500080 0.5001100.75 (3.1072e-3) (1.1176e-3) (6.1652e-4) (5.7175e-4) (5.6810e-4)NR-2 0.499941 0.499955 0.500012 0.499982 0.500000(3.1073e-3) (1.1039e-3) (5.8358e-4) (3.7506e-4) (2.6569e-4)Parameter 0.50000 0.50000 0.50000 0.50000 0.50000(3.1171e-3) (1.1021e-3) (5.9988e-4) (3.8964e-4) (2.7880e-4)Proposed 0.500274 0.500103 0.500107 0.500034 0.500028(4.2552e-3) (1.5036e-3) (7.9654e-4) (5.1962e-4) (3.7739e-4)NR-1 0.499924 0.499954 0.500042 0.500092 0.5001701.00 (4.1922e-3) (1.4924e-3) (8.2129e-4) (7.3619e-4) (8.8899e-4)NR-2 0.499915 0.499950 0.500009 0.499984 0.499992(4.1932e-3) (1.4732e-3) (7.7078e-4) (5.0181e-4) (3.4860e-4)Parameter 0.50000 0.50000 0.50000 0.50000 0.50000(4.1561e-3) (1.4694e-3) (7.9984e-4) (5.1951e-4) (3.7173e-4)We repliate the proedure 1000 times and report the average estimatesof the frequenies and the orresponding square root of the mean squarederrors. For Model 1, the results are reported in Table 1. For Model 2, theresults are reported in Tables 2 and 3 for the frequenies 1 and 2 respetively.



292 Swagata Nandi and Debasis KunduTable 2. The results for Model 2 and Frequeny 1.The average estimates and the orresponding square root of the meansquared errors based on 1000 repliations are reported within braketsbelow for different methods. The true parameter values and the squareroot of the asymptoti standard deviations are reportedwithin brakets below.� Methods N = 100 N = 200 N = 300 N = 400 N = 500Proposed 0.498501 0.499772 0.499956 0.499974 0.499984(1.8158e-3) (4.3695e-4) (2.0758e-4) (1.3586e-4) (9.7147e-5)NR-1 0.500752 0.501329 0.501600 0.501760 0.5015210.25 (2.0860e-3) (2.1688e-3) (1.7190e-3) (1.8096e-3) (1.6729e-3)NR-2 0.500004 0.500006 0.500003 0.499999 0.500001(8.3956e-4) (2.3704e-4) (1.1027e-4) (6.7066e-5) (4.6175e-5)Parameter 0.50000 0.50000 0.50000 0.50000 0.50000(1.0390e-3) (3.6735e-4) (1.9996e-4) (1.2988e-4) (9.2933e-5)Proposed 0.498758 0.499829 0.499992 0.499988 0.499995(2.4060e-3) (7.6718e-4) (4.0428e-4) (2.6662e-4) (1.9149e-4)NR-1 0.500482 0.501004 0.501658 0.501770 0.5015330.50 (2.2384e-3) (1.9270e-3) (1.7658e-3) (1.8255e-3) (1.7268e-3)NR-2 0.499987 0.499993 0.500003 0.499998 0.500002(1.6752e-3) (4.6894e-4) (2.2325e-4) (1.4013e-4) (9.3547e-5)Parameter 0.50000 0.50000 0.50000 0.50000 0.50000(2.0781e-3) (7.3470e-4) (3.9992e-4) (2.5976e-4) (1.8587e-4)Proposed 0.499025 0.499884 0.500029 0.500001 0.500005(3.2762e-3) (1.1363e-3) (6.0565e-4) (3.9899e-4) (2.8746e-4)NR-1 0.500334 0.500938 0.501680 0.501781 0.5013430.75 (2.9161e-3) (1.9315e-3) (1.7624e-3) (1.8509e-3) (1.7870e-3)NR-2 0.499989 0.499997 0.500007 0.499999 0.500001(2.5281e-3) (7.2823e-4) (3.4500e-4) (2.1034e-4) (1.4190e-4)Parameter 0.50000 0.50000 0.50000 0.50000 0.50000(3.1171e-3) (1.1021e-3) (5.9988e-4) (3.8964e-4) (2.7880e-4)Proposed 0.499299 0.499936 0.500066 0.500013 0.500015(4.3669e-3) (1.5323e-3) (8.0922e-4) (5.3199e-4) (3.8481e-4)NR-1 0.500227 0.500950 0.501689 0.501776 0.5011151.00 (3.6166e-3) (1.9464e-3) (1.7830e-3) (1.9094e-3) (1.9016e-3)NR-2 0.499914 0.500001 0.500019 0.499998 0.500002(3.3998e-3) (9.7823e-4) (4.9387e-4) (2.7539e-4) (1.9273e-4)Parameter 0.50000 0.50000 0.50000 0.50000 0.50000(4.1561e-3) (1.4694e-3) (7.9984e-4) (5.1951e-4) (3.7173e-4)We also report the true parameter values and the orresponding asymptotistandard deviations of the LSEs for omparison purposes.



Sinusoidal frequeny estimation 293Table 3. The results for Model 2 and Frequeny 2.The average estimates and the orresponding square root of the meansquared errors based on 1000 repliations are reported within braketsbelow for different methods. The true parameter values and the squareroot of the asymptoti standard deviations are reported withinbrakets below.� Methods N = 100 N = 200 N = 300 N = 400 N = 500Proposed 1.500400 1.500302 1.500098 1.499993 1.499978(8.9044e-4) (4.1304e-4) (1.8984e-4) (1.0151e-4) (7.6678e-5)NR-1 1.502041 1.501075 1.498575 1.500006 1.5009660.25 (2.9637e-3) (3.2403e-3) (1.5957e-3) (2.7695e-4) (1.0921e-3)NR-2 1.499981 1.500011 1.500005 1.500000 1.499999(6.2126e-4) (1.8723e-4) (8.3067e-5) (5.1740e-5) (3.5315e-5)Parameter 1.50000 1.50000 1.50000 1.50000 1.50000(7.9103e-4) (2.7967e-4) (1.5223e-4) (9.8879e-5) (7.07518e-5)Proposed 1.500557 1.500356 1.500116 1.500001 1.499987(1.7092e-3) (6.7421e-4) (3.4650e-4) (2.0325e-4) (1.4821e-4)NR-1 1.501921 1.501033 1.498587 1.500020 1.5010040.50 (4.3563e-3) (4.8358e-3) (2.2669e-3) (3.8784e-4) (1.5696e-3)NR-2 1.500025 1.500028 1.500005 1.500001 1.499998(1.4955e-3) (4.4035e-4) (1.9885e-4) (1.2016e-4) (7.9629e-5)Parameter 1.50000 1.50000 1.50000 1.50000 1.50000(1.5821e-3) (5.5934e-4) (3.0447e-4) (1.9776e-4) (1.4150e-4)Proposed 1.500722 1.500417 1.500133 1.500008 1.499995(2.5747e-3) (9.6144e-4) (5.1238e-4) (3.0629e-4) (2.2244e-4)NR-1 1.502171 1.500854 1.498706 1.500039 1.5010420.75 (5.6615e-3) (6.2034e-3) (2.7460e-3) (4.6992e-4) (1.9444e-3)NR-2 1.499998 1.500037 1.500007 1.499997 1.499998(2.5762e-3) (7.4791e-4) (3.4162e-4) (2.0314e-4) (1.3635e-4)Parameter 1.50000 1.50000 1.50000 1.50000 1.50000(2.3731e-3) (8.3901e-4) (4.5670e-4) (2.9664e-4) (2.1226e-4)Proposed 1.500887 1.500475 1.500153 1.500014 1.500004(3.4886e-3) (1.2648e-3) (6.8424e-4) (4.1088e-4) (2.9817e-4)NR-1 1.502087 1.500857 1.498709 1.500022 1.5010471.00 (7.0993e-3) (7.5094e-3) (3.1600e-3) (5.4387e-4) (2.2575e-3)NR-2 1.499982 1.500044 1.500005 1.499997 1.499998(3.8856e-3) (1.1272e-3) (5.2067e-4) (3.0229e-4) (2.0151e-4)Parameter 1.50000 1.50000 1.50000 1.50000 1.50000(3.1641e-3) (1.1187e-3) (6.0894e-4) (3.9552e-4) (2.8301e-4)The following points are observed from this experiment. In most of theases, for Model 1, all methods work almost in an idential manner. Thesquare root of the mean squared errors in most of the ases are quite lose to



294 Swagata Nandi and Debasis Kunduthe asymptoti standard deviations. Interestingly, for sample sizes 400 and500, the square root of the mean squared errors are quite higher than theorresponding asymptoti standard deviations for the NR-1 algorithm. Sineit is known (see Rie and Rosenblatt, 1988) that for large sample sizes theleast square surfae has several loal minima, it seems that there are loalminima lose to the periodogram maximizers and the onventional algorithmonverges to some loal minimums rather than the global minimum. On theother hand, it is lear from the mean squared errors that starting from thetrue values, NR algorithm onverges to the global minima. For Model 2,the performanes of the proposed and NR-1 algorithms are quite di�erent.Although the initial guesses are same for both of them, the performaneof the proposed algorithm is muh better than that of the NR-1 algorithmin terms of the lower mean squared errors. The performane of the NR-2 algorithm is very good, having slightly lower mean squared errors thanthat of the proposed one in several ases. It is not surprising beause ituses the true values as the initial guesses. Moreover, the performane ofNR-2 algorithm indiates that NR algorithm works very well provided thestarting estimates are quite lose to the true parameter values. The proposedalgorithm produes fast and eÆient frequeny estimators quite e�etivelyfrom the periodogram estimators even when multiple sinusoids are present.4.2. Data Analysis. In this subsetion, we illustrate the proposed algo-rithm with three real data examples. We analyze the widely used variablestar data and two short duration voied speeh signals. We estimate thefrequenies using the algorithm desribed in Setion 3, and the linear pa-rameters are then estimated by approximate least square tehnique using thefrequeny estimates (as given in (2.11)). Two voied speeh data, namely\eee" and \uuu" are analyzed. In eah data set, 512 signal values sampledat 10 kHz frequeny are available. We have used the mean orreted datain eah ase for this analysis. The data sets \eee" and \uuu" are displayedin Figures 1 and 2, and their periodogram funtions in Figures 3 and 4.The plots in Figures 1 and 2 suggest that the signals are non-stationaryand there exists strong periodiity. The number of omponents are estimatedfrom the peridogram plots. For both data sets, we estimate p as 4. Asdesribed in Setion 3, the periodogram maximizer at the Fourier frequenies2�j=N , j = 1; : : : ; N are used as initial estimates for the frequenies. Then,using the three-step algorithm, we �rst estimate the frequenies and thenthe linear parameters. The estimated parameters (Âk; B̂k; !̂k); k = 1; : : : ; 4for both \eee" and \uuu" data sets are listed in Table 4. Using these point
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Sinusoidal frequeny estimation 297Table 4. The parameter estimates for different data sets.Data Set: \eee"A1 893.430237 B1 1115.15039 !1 0.227799729A2 611.317688 B2 511.464569 !2 0.114047945A3 575.300537 B3 401.475098 !3 1.46539402A4 347.595306 B4 -51.168354 !4 1.80787051Data Set: \uuu"A1 8.92728806 B1 1698.65247 !1 0.228173435A2 -584.679871 B2 -263.790344 !2 0.112697937A3 -341.408905 B3 -282.075409 !3 0.343263A4 -193.936096 B4 -300.509613 !4 0.4577021Data Set: \star.dat"A1 7.48262215 B1 7.46288395 !1 0.216232359A2 -1.85116708 B2 6.75062132 !2 0.261817634A3 -0.807285547 B3 0.0688061789 !2 0.213608354estimates, we obtain the predited signal for both data sets. The preditedsignals (solid line) along with observed (dotted line) data sets are plotted inFigures 5 and 6 for \eee" and \uuu" data sets respetively. The �tted valuesmath quite well with the observed series.Next, we onsider an astronomial data set, whih represents the dailybrightness of a variable star on 600 suessive midnights. The data isolleted from Time Series Library of StatLib (http://www.stat.mu.edu;Soure: Rob J. Hyndman). The observed data is plotted in Figure 7, andits periodogram funtion in Figure 8. This is a well-known data set used inthe study of multiple frequeny model (1.1). From the periodogram plot,it seems that number of omponents p = 2. However, with p̂ = 2, we seethat the periodogram plot of the residual series gives evidene of anothersigni�ant omponent (plot is not provided here). This third omponent isnot visible in the periodogram plot of the original series (Figure 8), as the�rst two frequenies are dominant due to the large absolute values of theassoiated amplitudes. Also, the �rst one is quite lose to the third oneas ompared to the available data points to distinguish them. So we haveonsidered p̂ = 3 and then estimated the other parameters. The parameterestimates of this data set, (Âk; B̂k; !̂k); k = 1; : : : ; 3 are also given in Table4. Similarly as before, the observed (solid line) and the estimated values(dotted line) are plotted in Figure 9. In Figure 9, it is not possible to dis-tinguish the estimated one from the observed series. So the performane ofthe developed algorithm is quite good for the data sets onsidered here forthe analysis.
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Sinusoidal frequeny estimation 2995 ConlusionsIn this paper, we propose a new 3-step iterative proedure to estimatethe frequenies of sinusoidal signals from an initial estimator, whih hasthe rate of onvergene Op(N�1). There are several algorithms available inthe literature for estimating the parameters of sinusoidal frequenies. It isknown that all the non-iterative algorithms produe estimators whih haveonvergene rate Op(N�1=2) and most of the iterative algorithms have theonvergene rate Op(N�3=2). The performane of any iterative algorithmheavily depends on the stopping riterion as well as on the maximum numberof iterations. The estimators, whih an be obtained by the proposed 3-stepproedure, do not have those de�ienies. The performane of the estimatorsis also quite good and for multiple sinusoids the proposed one is betterthan some of the existing estimators. The algorithm is basially a iterativealgorithm, but at the same time sine the number of steps is �xed, it an beimplemented like non-iterative proedures, and so it an easily be used foron-line implementation purposes.Finally, we should mention that our proposed method works, unlike anyexisting methods, even if the initial estimators have the onvergene rateOp(N�1=2). In this ase, the proposed method takes seven steps to onvergeto the estimator whih has the optimum onvergene rate Op(N�3=2).AppendixProof of Theorem 3.1.QN (j) = NXj=1 y(t)e�i~!j t= NXt=1 " pXk=1 fAk os(!kt) +Bk sin(!kt)g+X(t)# e�i~!jt= NXt=1 " pXk=1�Ak2 �ei!kt + e�i!kt�+ Bk2i �ei!kt � e�i!kt��+X(t)# e�i~!jt= " pXk=1�Ak2 + Bk2i � NXt=1 ei(!k�~!j)t#+ " pXk=1�Ak2 � Bk2i � NXt=1 e�i(!k+~!j)t#+ NXt=1 X(t)e�i~!j t:



300 Swagata Nandi and Debasis KunduNow we would like to study the behavior ofPNt=1 e�i(~!j�!k)t for di�erentk and j, when ~!j � !j = Op(N�1�Æ). Note thatNXt=1 e�i(!k+~!j)t = Op(1) for all k; j = 1; : : : p;NXt=1 ei(!k�~!j)t = Op(1) for all k 6= j = 1; : : : p;and NXt=1 ei(!j�~!j)t = N + i(!j � ~!j) NXt=1 ei(!j�!�j )t= N +Op(N�1�Æ)Op(N2)= N +Op(N1�Æ);where !�j is a point between !j and ~!j. Choose L large enough suh thatLÆ > 1. Therefore, using Taylor series approximation of e�i~!jt up to theL-th order termsNXt=1 X(t)e�i~!j t = 1Xk=�1a(k) NXt=1 e(t� k)e�i~!j t= 1Xk=�1a(k) NXt=1 e(t� k)e�i!j t+ 1Xk=�1a(k) L�1Xl=1 (�i(~!j � !j))ll! NXt=1 e(t� k)tle�i!jt+ 1Xk=�1a(k)�(N(~!j � !j))LL! NXt=1 je(t� k)j;where j�j < 1. Sine P1k=�1 ja(k)j <1,NXt=1 X(t)e�i~!j t = Op(N1=2) + L�1Xl=1 Op(N�(1+Æ)l)l! Op(N l+1=2)+Op �(N:N�1�Æ)L:N�= Op(N1=2) +Op(N1=2+Æ�LÆ) +Op(N1�LÆ) = Op(N1=2):



Sinusoidal frequeny estimation 301Therefore,QN (j) = �Aj2 + Bj2i ��N +Op(N1�Æ)�+Op(1) +Op(N1=2)= N2 h(Aj � iBj) +Op(N�Æ)ias Æ 2 (0; 1=2℄.PN (j) = NXt=1 y(t)�t� N2 � e�i~!jt= 12 pXk=1Ak NXt=1 �t� N2 �hei(!k�~!j)t + e�i(!k+~!j)ti+ 12i pXk=1Bk NXt=1 �t� N2 �hei(!k�~!j)t � e�i(!k+~!j)ti+ NXt=1 X(t)�t� N2 � e�i~!j t= pXk=1 "�Ak2 + Bk2i � NXt=1 �t� N2 � ei(!k�~!j)t#+ pXk=1 "�Ak2 � Bk2i � NXt=1 �t� N2 � e�i(!k+~!j)t#+ NXt=1 X(t)�t� N2 � e�i~!j t:Sine for k; j = 1; : : : ; pNXt=1 �t� N2 � e�i(!k+~!j)t = Op(N) for all k; j;NXt=1 �t� N2 � ei(!k�~!j)t = Op(N) for k 6= j;



302 Swagata Nandi and Debasis Kunduand NXt=1 �t� N2 � ei(!j�~!j)t= NXt=1 �t� N2 �+ i(!j � ~!j) NXt=1 �t� N2 � t�(!j � ~!j)22! NXt=1 �t� N2 � t2� i(!j � ~!j)33! NXt=1 �t� N2 � t3ei(!j�!�j )t= N2 + i(!j � ~!j)N(N + 1)(N + 2)12�(!j � ~!j)24 N2(N + 1)(N + 2)Op(N�1�Æ)� i6(!j � ~!j)Op(N�2�2Æ)Op(N5)= O(N) + i(!j � ~!j)Op(N3) + (!j � ~!j)Op(N3�Æ)+i(!j � ~!j)Op(N3�2Æ)= O(N) + i(!j � ~!j)N3 hOp(1) +Op(N�Æ) +Op(N�2Æ)i ;where, !�j is a point between !j and ~!j. Moreover,NXt=1 X(t)�t� N2 � e�i~!j t= 1Xk=�1a(k) NXt=1 e(t� k)�t� N2 � e�i~!j t= 1Xk=�1a(k) NXt=1 e(t� k)�t� N2 � e�i!j t+ 1Xk=�1a(k) L�1Xl=1 (�i(~!j � !j))ll! NXt=1 tl�t� N2 � e(t� k)e�i!j t+ 1Xk=�1a(k)�(N(~!j � !j))LL! NXt=1 �t� N2 � je(t� k)j(here j�j � 1)



Sinusoidal frequeny estimation 303= 1Xk=�1a(k) NXt=1 e(t� k)�t� N2 � e�i!j t+ 1Xk=�1a(k) L�1Xl=1 Op(N�(1+Æ)l)l! Op(N l+3=2)+ 1Xk=�1a(k)Op(N�LÆ)Op(N5=2)= 1Xk=�1a(k) NXt=1 e(t� k)�t� N2 � e�i!j t+ 1Xk=�1a(k)Op(N5=2�LÆ):
PN (j) = 1Xk=�1a(k) NXt=1 e(t� k)�t� N2 � e�i!j t+ 1Xk=�1a(k)Op(N5=2�LÆ)�iN324 (~!j � !j)(Aj � iBj)(1 +Op(N�Æ)):Therefore,!̂j = ~!j+ 12N2 Im�PN (j)QN (j)�= ~!j+ 12N2 Im"P1k=�1 a(k)PNt=1 e(t� k) �t� N2 � e�i!jt +Op(N5=2�LÆ)N2 [(Aj � iBj) +Op(N�Æ)℄�iN324 (~!j � !j)(Aj � iBj)(1 +Op(N�Æ))N2 [(Aj � iBj) +Op(N�Æ)℄ #= !j+Op(N�Æ)(~!j � !j)+24N3 Im"P1k=�1 a(k)PNt=1 e(t� k) �t�N2 � e�i!j tAj�iBj #: (5.1)



304 Swagata Nandi and Debasis KunduNow Im"P1k=�1 a(k)PNt=1 e(t� k) �t� N2 � e�i!j tAj � iBj #= 1A2j +B2j "�Aj 1Xk=�1a(k) NXt=1 e(t� k)�t� N2 � sin(!jt)#+ 1A2j +B2j "Bj 1Xk=�1a(k) NXt=1 e(t� k)�t� N2 � os(!jt)#= 1A2j +B2j � "�Aj 1Xk=�1a(k) NXt=1 e(t� k)�t�N2 �fsin(!j(t�k)) os(k!j)+ os(!j(t�k) sin(k!j)g+Bj 1Xk=�1a(k) NXt=1 e(t�k)�t�N2 �fos(!j(t�k)) os(k!j)� sin(!j(t�k) sin(k!j)g#= Xj (say):Note thatVar� 24N3=2Xj� = 24�2 jP1k=�1 a(k)e�ik!j j2(A2j +B2j ) = 24�2 j�2j ; j = 1; : : : ; p;(5.2)and for j 6= k, Cov � 24N3=2Xj ; 24N3=2Xk�! 0: (5.3)Therefore, if ~!j �!j = Op(N�1�Æ) and Æ � 1=4, then from (5.1), !̂j �!j =Op(N�1�2Æ). If Æ 2 (1=4; 1=2℄, then from (5.1)-(5.3) and using the CentralLimit Theorem of the linear proess (Fuller, 1976, page 251, see also Hannan,1971 and Kundu, 1997), it follows that N3=2(!̂ �!)! Np(0; 24�2�).Aknowledgment. The authors would like to thank the referee for valu-able omments and also the Editor, Professor Arup Bose for enouragement.
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