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SUMMARY. Let {X,(t)} be a sequence of stochastic processes with continuous paths.
In this note, the asymptotic distribution oi a suitably chosenr root of X,(t)=- ¢ is investigated.
This leads to asymptotic distribution of M-estimates.

1. INTRODUCTION

Let F, be the empirical distribution function (d.f.) corresponding to a
sample of size n from a d.f. F. Let {, be a solution of Ap (t) = 0 where

Ap(t) = [ Yle, H)dF ().

An M-estimate T',, (of ¢,) corresponding to the kernel function ¥ is a solution
of the equation
A (£) = 0. o (1)

Under certain conditions on the function F, the asymptotic distribution of
T, can be obtained (See Boos and Serfling (1980) and Serfling (1980) Chapter
7). Instead of equation (1.1) one may have a more general form of equation

X,t)=0 .. (1.2)
and a solution & of (1.2) as a estimate of a unknown parameter §. We call

this estimate § a geneoralized M-estimate (of #). The estimate 7 of Nguyen,
Rogers and Walker (1984) is of this type. Basu, Ghosh and Joshi (1988)

(henceforth abbreviated as BGJ) obtained the asymptotic distribution of T
above. In doing so, BGJ implicitly developed a technique which has wider
applicabilities. In this note we consider the equation (1.2) where {X ()} is
a stochastic process with continuous sample path and show how one can study
the asymptotic distribution of § by explicitly writing down the techniques
of BGJ and developing them further.

A related problem of asymptotic behaviour of One-Step M-estimates
can also be tackled using the above mentioned techniques.
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2. PRELIMINARIES AND NOTATIONS
Let {X,,(#)} be a sequence of stochastic processes having continuous sample
paths with t¢(a,b) and let 6 be the parameter to be estimated, 6 ¢ (a b).
Let O(—o0, o) be the space of continuous function on (— oo, o) ; let C(—o0,00)
be endowed with the topology of uniform convergence on compacta (u.c.c.).
For details regarding weak convergence, tightness etc. in C(—o0, o) see Sen
(1981).

For fe C(—o0, 0), let

S5 =t :5() = 0}
and define functions 7, and 7', as
Ty(f) = sup {t : f(t) = 0} if Sy #¢ and Sy is bounded above

=c otherwise (c is & constant)
To(t) = inf {t : f(t) = 0} if Sy ¢ and Sy is bounded below
=c otherwise

Define a stochastic process W, (.) on C(—oo,00), & process obtained by
rescaling #nfX ,(.) (for some B> 0) at 6, by
W, (k) = X, (6+n~* k) if |h| < log »
= nfX,(0+n2 log n) if b >log n
= nfX,(0—n? log n) if h < —log n. e (2.)
Equation (1, 2) may have multiple solutions ; we use an estimate 0. of
0 to overcome this difficulty.
Let
8, =n® (logn)’ and y = 1/2
(The arguments in the proof of Theorem 2.1 can be modified so as to work
with any y > 0).
Let 8, be such that
P(]8.—6] < 8,)> 1 as n—> 0. e 2.2)

With ¢, = %n" (log n)t let

I, =[0.—¢,, O+e ) {t: X,.(t) = O}
Now we define our estimate § of 0 ;
8 = a point in I, closest to & if I, # ¢

= 0, otherwise.
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Condition (2.2) for 8, may be too demanding ; at the end of Section 3 (see
Lemma 3.1) we indicate how to obtain 8, satisfying (2.2) when a consistent
estimate of @ is available.

3. MAIN RESULTS

Proof of Theorems 3.1, 3.2 and 3.3 was essentially contained in the treat-
ment of the special case considered in BGJ, though without mentioning the
results explicitly ; for the sake of completeness, below we give sketches of
the proofs as well.

Theorem 3.1. Let W(.) be a stochastic process on C(—o0, 0) such that
() Wal)> W)

(it) W(h) = 0 has a unique solution, say, a r.v. Y ;

(¢s) Ty and T, are continuous w.p.1[W(.)] and P(Y =c) = 0.

Then nf(0— 0)-"-; Y.

Remark 1. In what follows we take § = 1/2; all the statements of
the results can be modified by replacing 4/%# by nf and can be proved
analogously.

Proof. Let
A(ln) = {l T (Wn())’ < (log n)lls’ i= 1’2}’
AR = (T (W,(.)) # o} (N{ToW,() # ¢},
49 = (10, 6] < 8,}

3
and D, = () A9.
lm]

It is easy to see that
P(A9)—>1 as n—> o0 for 1 =1,2,3
and hence
PD,)> 1 as n—> o, .. (31

Note that on D,, W, (k) =0 for at least one f between —(logn)/3 and
(log n)'/® and hence by (2.1)

X,() = 0 for at least one ¢ between
0—(log )3 and 0-(log n)/® .. (3.2)
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Now note that there exists a n, such that for all n > n,
{18:—6] < n~12 (log n)"/2}

> {0—n172 log n < By—e, < O—n-12 (log m)Y/s
and
6+n-12 (log n)3 < Bp+-¢, < 6-4+n~22 log n} ... (3.3)

In view of (2.1) definition of 8, (3.1) and (3.3) we have for all n > ng
on D,,
W, (/7 (8—6)) = 0 and the set {h: W,(h) = 0} is bounded.
Thus for all » > n, on D,,
Ty Woa(.)) < V/BO—0) < Ty(W,())- e (3.4)
Note that continuity of 7',—T, (w.p.1 [W(.)]) follows from continuity of
T, and T, ; using continuity of 7,—T, along with (i) and (ii) we have
Ty (W o) = To W) > 0. . (35)
Proof of the theorem is now completed by using (3.1), (3.4). (3.5) and the
fact To(W,() > Y.

It may be noted that the rescaling technique used above is due to Prakasa
Rao (1968, 1986).

Note that the conditions of Theorem 3.1 are in terms of W,(.) ; Theorem
3.2 below gives conditions on X, (.) which ensure condition (i) above.

Theorem 3.2. Let for some € > 0, as a stochastic process on C[6—2e,

0+2¢),
w
VXL ()—X()) > G()
where G(.) is a stochastic process on C[60—2¢, +4-2¢] and X(.)e C[0—2¢, 6-42€]
18 such that
(¢) X(t) 18 non-random

(i) X@) =0

(iii) right and left derivatives of X(t) at 6, X(G—I—) and X(0—) respec-
tively, exist.

Then hypothesis (i) of Theorem 3.1 holds with

Wh) = hX(0—)+@0) if h< 0

= h X(0+)+G0O) if h> 0.
A2-19
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Proof. Let
Y,() = n2(X,()—X(.)

and W,,(.) be the process obtained by rescaling Y,(.) at 8 (see (2.1). Note
that, using tightness of Y ,(.), given &, 9 > 0 and ¢ > 0 we can get n, such

P(| Win(h)—W1a(0)| > €) K 9 ¥ n 2 mg

ie. Wya(h)— Wy, (0)D 0.
Now note that w
Wln(o) = Yn(a)_) G(a)
Thus Wln(h)g GQ(0) for every fixed h.

Convergence of finite dimensional distributions of W,,(.) (as a process in
C[—j, j]) can now easily be established ; its tightness follows easily by using
tightness of Y, (.). Thus writing

G()=GFO)wp.1
we have, as a process in C(—o0, o).
Win()> Ga(.). . @37

Now note that
Wln(h) = Wn(h)"'Xln(h)

.where W, (k) is as in (2.1) and
X 1a(h) = n/2 X(04n—1/2h) if k| <logn
= n'2 X(0+n"Y2% logn) if h > logn
= n12 X(0—n~Y2 logn) if A > —log =.
Let ]
X,(h) = hX(O+) ifh>0
=hX@6—) if h<O.
It is easy to see that for a fixed j > 0
sup | X, (h)—X,(k)| > 0 as n— 0
1Ml <3

and weak convergence of W ,(.) as claimed in the theorem follows.
Corollary 3.1. Let the hypothesis of Theorem 3.2 hold and further let G(6)

be a normal r.v. with mean zero and variance o2(6) > 0 and let X (6+) and X @—)
be both nonzero and of the same sign. Then the hypothesis of Theorem 3.1 hold
and hence its conclusion with

P(Y < t) = ®(t| X(6—)| [o(6)) for t < O

= ®(t| X(6-+)|/0(6)) for t > 0
where @ is standard normal d f.
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Proof. TFirst we show that (ii) of Theorem 3.1 holds.
Let X(6+)> 0 (and hence X(6—)>0) If (at & w)G(6) > 0 then

W, (k) = 0 has a unique solution namely h = ¢ hence Y (at such ¢ w) is
X(6—-)
equal to — @ . Using similar arguments, we have
X(0—)
G(9) . :
= — f GO)X@O-)>0
Foo | 00Xe-)>
G(0) . -
=— = if GO)X(@0+)<L0
X061 0) X(6+) <

Thus (ii) of Theorem 3.1 holds and also P(Y < ¢) is as claimed.
Now note that a sample path (at a w) of W(h) is a line cutting X —axis at
Y(w). Let fe C(—o0, ) be such a line and let {f,} be a sequence in C(—c0, o)
converging to f (in the topology of u.c.c.) ; it is easy to see that

Ts(f,) > Ti(f) as n— oo for ¢+ = 1,2

Thus (iii) of Theorem 3.1 holds.

Given a consistent estimate 8, of § and set up of Theorem 3.2, the following
lemma shows how to get §, satisfying (2.2).

Lemma 3.1. Let the hypothesis of Theorem 3.2 hold and further let X(t)

be monotone in a neighbourhood of 0 and X (0+) and X(0—) be both monzero.
Then, given a consistent estimate 8, of 6 we can get a estimate 8, satisfying (2.2).

Proof. Let 8, be defined as below
0, = solution of X, (f) = 0 nearest to 8§, if X,(t) = 0 for at least one ¢
= 8, otherwise.
Fix a ¢ > 0 such that (3.1) holds and assume that X(t) is non-increasing
in [0—3€, 0+3 €] so that X(B—l—) and X(B-—) are both negative.

UsingW,(.)> W(.) it is easy to see that for given 7, > 0 and 9, > 0
3 K > 0 and n, such that for all n 2> n,

Plinf W, b <-—m, sup W,k >771} <l—7, .. (38)
[~ K,K) [—K, K]
Define By, for 1 = 1, 2, 3 and 4 as below
B,,, = {X,(¢) changes sign at least once in
[0—n22 log n, 0+4n"22 log n]},
By = {0—¢ < b, < 6+46},
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B, = inf X, (6)> 0} and
on {[o—ae, 0—n-1/2 (log)!/3) o) }

B, = su X, () <0
" {[0+n-‘/’(logrr’o)1/“, 0-+3¢} ) <0}

4
Note that on () By, we have
f=1

|8:—0] < n—272 (log n)'2.
Hence it is enough to show that for s = 1,2, 3 and 4
P(Bin ) 1. ... (3.9)

Note that (3.9) can be proved for + = 1 by using (3.8) and also for ¢ = 2 by
using the consistency of 8.

Now note that

inf . VAX()—X()— inf  G()

[6—3e, [0—3¢, 6]
hence
P{ inf VX, ()—X()) > —(log n)s }_> 1
[0~ 3¢, §—n~2/3(log n)!7]

and using the decreasing nature of X(.), we have

P { Inf vV X, (B) > v/n X (0—n12 (log n)V/2) }—> 1
[6— 3¢, 6—n-213(log n)t/3]

—(log n)t3.
Now (3.9) follows easily for ¢ = 3 and using similar arguments also for ¢ = 4.
Similar arguments applied to +/n(X(.) —X,(.)) give us (3.9) in the case
when X(.) is non-decreasing there by completing the proof of the lemma.

4, APPLICATION TO M-ESTIMATES

One can apply the results of Section 3 to obtain the asymptotic distri-
bution of M-estimates. In this regard refer to Boos and Serfling (1980) and
notations used there. The following theorem is in the spirit of their Theorem
3.2 and can be proved easily using the results of Section 3.

Theorem 4.1. Let (i)—(v) below hold.

(1) Y(z,t) and Ap(t) are continuous functions of t for t in a neighbourhood
of t, (here Ap(t) = [ Y(x, t) dF (x) and Ap(ty) = 0)
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(%) [z, t) dF(x) < o for all t in a neighbourhood of t,.

(¢13) Ap(t), as a function of t, is monotone in a neighbourhood of t, and
Ap(to+) and Ag(ty—) are nonzero.

() For same € > 0, as a stochastic process on Clty—e, ty+€], Y n(t)—u-; G(t)
where

1
V) = = 2 X1, ) —Ar(t)),
a(t) N (Y (X4, t)—Ap(t))
() Ag (T,) =0 and T, ¢,
Then
(T, —t)—> T (4.1)
where
P(Y < y) = Q| Az(ty—) | [o(ty, F)) for y < O
= O(y| Ap(ty+) | /o(ty, F)) for y > 0
and

oity, F) = [ Y* (x, to)AF (x)— A (to)-
Remark 2. Conditions needed for Theorem 3.2 of Boos and Serfling
(1980) and those needed for Theorem 4.1 above are not comparable.

Remark 3. If, instead of (v) of Theorem 4.1, we are given a consistent
estimate of ¢, then using Lemma 3.1 one can get a 7', such that P(A 7, (Th)

= 0)- 1 and (4.1) holds for T,.
Remark 4. Let F, denote the continuous version of empirical d.f. and let

for 0 <p<1, & and .fp denote, respectively solutions of F(z) = p and
F,(x) =p. If F is continuous in a neighbourhood of £p and F'(¢ép+) and
F'(¢ép—) are nonzero then using Theorem 4.1 we get asymptotic distribution
of fp.
5. ONE-STEP M-ESTIMATES

In the set up of M-estimation, given a 4/n- consistent estimate of £, one
can define a one-step M-estimate of #, and obtain its asymptotic distribution
(see Serfling, 1980, Chapter 7), Bickel (1975) and Welsh (1988)). One-step
procedure can also be developed for the equation (1.2).

Let the conditions of Theorem 3.2 hold and further let X(t) be continuously
differentiable at 6 with X(8) 0.
Let 8, be such that

V7 (0,—8) = 0,(1). . (6.2)
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Define a one-step estimate 8, of 8 by

0 = X,(8,)+0,—8,) X8,
Note that . p
VX o (0,)—X(8))+ /7By, —6) X(6)—> 0. .. (5.3)

Using (3.7) we have for every K > 0,

w
sup Wy,(h) > sup Gy(h) = G(6)
(-, ] (~E, K]

and

w
inf W, (h)—> inf Gy()=G(0).
[-K, K] [-K, K]

Hence using (5.2) we have

VA (8 —X(0)> 6(0).

Now using (5.3) we get w .
VA(lB,—6)— G(6)/(—X(9)).
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