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1. INTRODUCTION

It is well-known that if A(:pXp)=X(pXn)Xi(in,xp) and
B(:pxp)=2X,; (:pXny)X[(: nyX p) are two p-variate sample dispersion matrices based
on n, and n, d.f. respectively which are independently distributed in Wishart’s form
with the same parameter matrix T and if the roots of the determinantal equation
|A—6(A+ B)| =0 be arranged in order of magnitude such that 0<6,<0,<8,... <6, <1,
then the joint distribution of the roots has been obtained by P. L. Hsu (1939) by
analytical methods and independently by S. N. Roy (1939) by the geometrical method.

The density function may be written as

» n rs
Fik, vy, v3) = O(k, vy, vy). T 6,37 '1—~6)17 "1 (6,~8)) . (L1)
{1 >4

r (vl+v,2+k+i _ l)

&
where  Ofk, v, v) = 72 f.‘m( ). n(nET) p{t=T)

k = min (p, m); vy =|m—p|+1 and vy = ny—pt1(ny>p)-

It is also observed by Hau (1939) that the same form gives the joint distribution
of Hotelling’s canonical correletions (1936) under the: hypothesis that the two sets of
variates are independent.

Let the variates =z, zy,...,z,; Tpits +o1 Zpyg fOllow & (p+g)-variate normal
distribution with the dispersion matrix

P q
? ( Iy Eu)
g\Ty T/,
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If now N atands for the sample size and the corresponding matrix of sum of
squarea and products in the sample i denoted by

P q
4 ( Sy 8y )
g\ 8, Su

then under the hypothesis H ( Z,,=0), the joint density function of the canonical
oorrelations whioh are defined as the square-roots of the roots of the determinantal
equation

191585 833 —08y | = 0
will follow the same distribution as (1.1) with
k=min(p,q), vy =Ip—ql+1land vy = N—p—q(N> p+9).

In the next section we shall, first of all, discuss the effect of addi.ng r extra
variates to the g-set (where ¢2>7).

2. EFFEOT OF ADDITION OF NEW VARIATES

If the variates 2;, Zy, ..., Zp; Zpi1s ++r» Tpyg fOrm & (p-+g)-variate normal popu-
lation with the dispersion matrix

4 q
D ( 2y Eu)
g\ Ty Ly
then the canonicel oorrelations in the population as defined by Hotelling (1938) will

be given by the square-roots of the p roots §; (0< 8, <6;< ... <6, <1) of the deter-
minantal equation

|Z4gTgs~ By —02y | = 0
where it is assumed that ¢>p.

Let now r extra variates be added to the g-set, so that now the variates
Ty Ty o1 23 Tpars Zgaar o Tpygs Tpposts oo Tpigie  JOTM & (p+q+r)-veriate normal
population with the dispersion metrix
P q r

2 2y Iy Iy

g ¥ Bn Zy

7 \Tyy By T4/

62



ON SOME PROBLEMS IN CANONICAL CORRELATIONS

q r
9 r 9 /2 Zp

Let Ajg = p(Zy5: Iy) and Agg = .o (20)
r\ Iy Iy

Then the canonical correlations in the second case are given by the square-roots
of the roots (0 <&, < P3< ... < 8, <1) of the determinantal equation
1A1pAgy™ A'yg—@Zy | = 0.
We now prove

Theorem 1: The addition of r exira variates to the g-sel can never decrease the
sum of the squares of the canonical correlations.

‘Proof : From the property of the roots of a determinantal equation it
follows evidently that

Z6; = tr (Zy5Zg 2102y 7Y,
(2.2)
Z0;= tr (Ayphp ™A' Zy 7).
Hence 0 —Z0; = tr (AypApg ™ Appyy = — Ty Ty 1 By ™)
= tr [(Arafpy A1~ 2y Zgy 1 1) 2y 1) e (23)

First of all, we should show that the matrix (Aj; Az A"y, —Z,35,,71%",) is

q r
g/74 B
non-negative definite. For this purpose, let Ag™! = (

) where Ay, is defined
r\B ¢

in (2.1).

Now following the method of Hotelling (1943) for finding the inverse of a
matrix we have

q r q r
g /2y Zu 4 B g/I O
GEHeolh e
r \ Ty Iy B C r\0 I
Now on solving the equations for 4, B, C in (2.4) , we have
A = Bpq By By Q71853 gyt
B = —%,%,Q,
and O = By 1 Ty B gy 5y 18,Q 71,
where Q = (Bgg—E'ss Zog? Zas) - (2.6)

(assuming, of course, that Q should be non-singui&r)-
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It may be noted that 0Q = I, so that C = Q.

Hence Ay Ay Ay =

4 B\ [T,
cmena(4 ) ()
B Cc) \¥y,

LTS NP YR 0 Y YR YR ol YR ML) XSV
=20 T Ty o B @1 3+ 23 1T +
R RZTLXTa MR I Y ) TN e (2.68)
Thus Ay A g — BTy 1Ty
= DQD'—E,,Q D — D1+ By Tyg e +
RR TR N IR I N . @
where D = £,,%,071%,, and Q as defined in (2.5).
But D XTI ZTE R T R X YU 0
= BTy 4+ Ty 1 0 Dy sy
= I8 Q4 gy 1 E50)Q0 1Ty = Z,,071T o (2.8)
Substituting (2.8) in (2.7), we have at once
Apehag A g =Ty Ty ™%y

=(2,,2‘,,,—12,,—2,,)(2‘.,,—E',,E,,—lzﬂ)-l(zl,z,,-\zn_z,,)'. . (29)

But the matrix (Eg—E'p5Te, " Z) ! must be always non-negative definite.

Thus matrix (2.0) is non-negative definite and X, ;-1 is non-negative definite.
But since the trace of a non-negative definite matrix can never be uegative,
we must have from (2.3) Ze,—Z6,>0 or, Z¢;>T4,

Honce the theorem is proved.

Further, since the trace of & non-negative definite matrix is zero when and
only when the matrix is a null matrix, it follows :

Corollary 1: The necessary and sufficient condition for T¢, = Z6, is that
Ay Ay = 0Ty 71T,
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We also prove

Theorem 2: The necessary and sufficient condilion for the sum of the squares
of the canonical correlations to remain the same in both situations (that is, before and after
the addition of r exira variates to the q-set) ia that all the partial canonical correlations in
the population between the p-sel and the r-sel after eliminating the effect of the g-set,
should vanish.

Proof: The partisl canonical correlations in the population between the
p-set and the r-set, after eliminating the effeot of the g-set are given by the roote of
the determinantal equation

TORD 0 R 000 YRR 0 ) YUY IR MPO PR ¥ R
— (ST ) =0 . (2.10)

a8 deflned by A. C. Das (1848).
Now, from (2.9), (2.10) reduces to the form

[(AggAgg A’y —E1aZgg B 1) — P (E—DpaZey 2 ) |= 0. .. (211)
Hence the necessary and sufficient condition for all ¥;’s to vanish is that
AppAgg A g = TpgZe .
The theorem follows then, at once, from the corollary to Theorem 1.
Thus we reach the following interesting conclusion.

Testing the hypothesis as to whether the addition of » extra variates to the
g-set, does not increase the sum of the squares of the canonical correlations is equi-
valent to testing that all the population partial canonical correlations between the
p-set and the r-set vanish for the fixed g-set.

The hypothesis H(E¢, = Z6,) can be easily tested using the null distribution
of the partial canonical correlations as obtained by A. C. Das (1948). Now instead
of adding r extra variates to the g-set (where ¢ 3> p) if we add to the p-set, the number
of canonical correlations will not remain the same. After the addition it will be ¢
or p+r according 88 ¢ p+r or ¢ > p+r respectively.

In the case where ¢ > p+r the difference in the sums of the squares of the
ocanonical correlations is equal to

(A By Ayt — By Ty ) . 212)
» r
?fIZy Iy P r
where n= and Ay =gy Za).
r\Zy 2y
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But in virtue of the relations tr (AB) = tr (B4) and tr{(A4B) = trd+trB,

(2.12) reduces to the form
t(Ap Ay A = B 0By 1 20g) By 71 . (223)

Now proceeding exactly as in the previous method it can he proved easily that
Theorems 1 and 2 also hold for both the cases: (i) ¢ < p+r, (i) g 2 p+r.
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