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SUMAMARY. Tho density snd the distribution function of cquivariance multivariate normal
samplo are derived. The distribution function of tho maximum of samplo is also derived and tho
table for it is givon.

1. INTRODUOTION

The purpose of this paper is to givo the distribution of the maximum of an equally
correlated sample from a normel wni . As an application wo shall give the distribution
of the statistic for the testing of outlying observation. The table necessary for the
calculation of the distribution of the maximum value has been calculated on a small scale
in the Indian Statistical Inatitute. The scale of the table was decided for the sake of
another application, confidence interval for the extreme value in future observations.
The confidence interval for it is discussed in Kudb (1954).

2. THBE DERIVATION OF THE DISTRIBUTION

Let (%, 2y, ..., 7y) be distributed normally with & common mean value zero and a
common variance 0%, and- we assume that they are equally correlated with correlation
coefficient p. As the correlation matrix should be positive, we should have p > 1/N—1.
As the variance-covariance matrix is

1 1 P 1, 0
A= .‘. =(1_P)a.g ., +pa’ . ass : ,
p 1 o 1 i1

we have the characteristic function
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As this geries is domi 1 by an exp tial function, we can take the inverse Fouriop

transformation term by term.
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Let f(z) ho an integrablo function, p{!) be its Fourier transform, and f(x) bo differen-
tiable up to n-th order. Then wo can casily verify that the Fourier transform of the »-th
dorivative of f(z) ia (—s?)"g(t). Hence the density function of (z,, zy, ..., z5) is given by

TG E L
1 ) [ N
e M (\/\—pa)'

d normal distribution function. There.

where F*"'(z) in the n-th derivative of the
foro the distribution funotion of (z,. Zy, ..., Ty) is

P =3 OB (7 Prampoen 5L (2 ).
K=o

n 4. Lay=2K

p("ﬂ) (\/l—pﬂ)

Let a, (z) = ”l‘ F™ () and then we have

Flz). zy ..., zy) =Z (2K)' (W') ((1—pha2yt+»

Aytnat... .n,-!!

(yi2
" \viTp o
Iy
¥ \/1—p ol
In case z, = 2y = ... = Ty = z, it has a special expreasion :

Pz, ..., ) = Pr(max 7 < 2) 5 ; (2’5” ) {(1—p)at}t+» A"“(\/l—p a_)

where A, g (z) are defined in recurrent ways,

A @=as @), g )= £ a(0) Auin i (D).

3. TaBLzs

The tables were calculated in the following way. At first we tabulated a, (r) up
to the seventh decimal place. Then A, g(z) were "tabulated by I.B.M. machines. The
relations

%4 %4 Tax
A ~xl7) =2 Anrx (=) = a; (X)
were used for check purpose at each stage of caloulation and the bers were listed

upto the fifth decimal place. To ine the Y ther tabulation was carried out
for z =3 with ten decimal places, and there was found no discrepanocy.
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SAMPLING DISTRIBUTION FROM A NORMAL POPULATION

TABLES OF Ay, (X)

X 0 2 4 ] %
Neal
1.8 0.96407 07108 ~.00)42 00136 —.00017
1.0 97124 06234 —.00317 00140 —~.00016
2.0 07723 .05390 — 00450 035 — 00012
EN 08214 04018 ~ 00543 00124 — 00008
2,2 08610 03002 ~ 00608 00108 — 00005
2.3 .D8028 03258 ~.00022 00000 — 00002
2.4 .99180 02087 ~.00818 00070 00001
2.8 L0870 .02101 —.00603 L6005 00003
2.6 00534 01760 —.00333 50034 00004
2.7 .09653 01407 —.00503 00019 00005
2.8 L9074 .01108 —~.00437 00008 00005
2.9 00813 .00803 —.00380 —.00004 00005
3.0 09885 .00605 —.00332 — 00011 00004
3.1 09903 00008 —.00270 —.00010 00004
3.2 90031 .00381 —.00230 ~.00010 00003
3.8 .09052 .00284 —.00187 —.00019 00002
3.4 09060 200 —.00140 —.00010 00002
3.5 09077 .001563 —.00118 —.00018 0001
Ne=2
1.8 0.92043 .18077 00696 00808 —.00074
1.0 .04330 11678 L0048 .00362 —.00063
2.0 06502 .10261 —.00208 .00361 —.00040
2.1 .DA45O .08878 ~.00033 00343 —.00034
2.2 .97230 .07570 —.00867 00306 —.00020
2.3 97867 .08385 —.01009 .00268 —.00008
2.4 88367 .05280 —.01074 .00208 00001
2.5 .98762 04324 —.01078 00164 .00007
2.6 .90070 .08407 —.01036 .00108 .00012
2.7 .99308 02708 —.00860 00086 ,00018
2.8 99490 .02204 —.00885 00032 .00014
2.9 99627 .01710 —.00761 .00008 .00013
3.0 .09730 .01326 —.00854 —.00013 .00011
3.1 .99807 .01011 —.00652 —.00026 .00009
3.2 .60863 .00762 —.00467 —.00038 .00007
3.3 09008 00568 —.00372 —.00087 00005
3.4 .90038 .00419 —.00208 —.00087 .00004
3.5 90053 .00305 —.00285 —.00038 .00002
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TABLES OF Ay,x (X) (continued)

Ll o 2 4 8 8
Ne=3
1.8 0.89604 —.18010 .02277 .00873 —.00172
1.0 .01030 —. 16387 .01248 .00632 —.00154
2.0 .93320 —.14614 .00373 .00805 —.00124
2.1 .04736 —.12704 —.00321 00000 —.00088
2.2 .06887 —.11011 —.00833 .007163 — 00064
2.3 00817 —.00326 ~.01178 00486 —.00026
2.4 97661 —.07181 —.01376 .00305 —.00003
2.8 08149 —.08400 —.01457 .00302 .00011
2.8 .98608 —.05103 —.01447 00214 .00021
2.7 . 08964 —.04150 —.01372 .00189 00025
2.8 .992356 —.03289 —.01265 .00077 .00026
2.9 00441 —.02660 —.01114 00028 00023
3.0 .09606 —.01983 —.00986 —.00007 00020
3.1 80710 —.01518 —.00818 —.00030 .00017
3.2 90794 —.01141 —.00880 — . 00045 .00013
3.3 99865 —.00851 — 00566 —.00052 .00010
3.4 .90899 —.00628 —.00445 —.00064 .00007
3.8 . 99930 —.00458 —.00351 —.00052 . 00004
N=4

1.8 .86384 —.21891 04393 .00235 —.00204
1.9 . 88099 —.20410 02847 .00599 —.00286
2.0 .91208 —.18485 .01477 .00808 —.00241
2.1 .93043 —.1638) .00346 .00879 —.00180
2.2 . 04664 —.14235 —.005625 .00861 —.001)7
2.8 95779 —.12146 —.01142 .00767 —.00081
2.4 .98761 —.10191 —.01532 .00828 —.00018
2.5 .97539 —.08420 —.01735 .00489 00011
2.6 98149 —.06855 —.01790 . 003565 .00029
2.7 .98620 —.05604 —.01739 . 00287 .00037
2.8 ,98082 —.04361 —.01818 .00139 00039
2.9 .89256 —.03412 —.01451 . 00084 .00036
3.0 .98461 —.02637 —.01267 ,00008 00081
3.1 90814 —.02018 —.01079 —. 00029 .00026
3.2 .98725 —.01519 —.008980 —.00053 .00020
3.3 .00807 —.01188 —.00738 —.00086 .00014
3.4 .00865 —.00836 —.005691 —.00069 .00010
3.5 .90007 —.00610 —.00467 —., 00068 .00008
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SAMPLING DISTRIBUTION FROM A NORMAL POPULATION

TABLES OF 4 2 (X) (consinued)

Eo 0 2 4 6 8
Neab
1.8 88280 — 26105 08864 —.00168 —.00409
1.9 .B0443 —.23704 04832 00496 — . 00441
2.0 .80131 —.21001 .02043 00017 —.00306
2.1 .91381 — 19882 .01323 o117 —.00310
2.2 .93289 —.17242 .00033 01145 —.00211
2.3 .94762 —. 14824 —~.00816 .01064 —.00120
2.4 .05008 —~.12512 —~.01540 00898 — 00047
2.5 .96033 —.10884 —.01015 .00700 .00003
2.6 97601 —.08484 —.02008 00524 00036
2.7 98278 — 06830 —.02083 .00358 00050
2.8 .98729 —.06422 ~.010561 .00220 00055
2.9 .99071 —.04248 —-.01771 .00112 .00061
3.0 .99327 —.032868 —.01657 .00032 00045
3.1 .89517 —.02511 —.01333 —.00023 .00038
3.2 89687 —.01896 —.01118 —. 00057 .00028
3.3 09759 —~.01416 —.00815 —.00076 .00020
3.4 .90832 —.01044 —.00736 —.00083 .00014
3.5 90884 —.00762 —.00883 —.00083 00000
Nm=g
1.8 .80288 —.27428 .09530 —.00864 —.00481
1.9 83061 —.26588 .07098 .00182 —.00600
2.0 .87103 —.24886 04701 .00889 —. 00680
2.1 89740 —.22621 .02568 01264 —.00477
2.2 .91943 —.20045 .00817 01424 .00330
2.8 93736 —.17367 —.00612 01384 ~.00205
2.4 95181 —.14748 —.01484 .01188 —.00003
2.5 .06332 —.12204 —.02002 00969 —.00014
2.6 97238 —~.10079 —.02282 .00720 .00087
2.7 .97088 —.08186 —.02846 .00601 .00083
2.8 98417 —.08471 —.02257 .00817 .00071
2.9 .98888 ~.06078 —.02074 .00171 00068
3.0 .90198 —. 08038 —.01838 . 00064 .00059
3.1 99421 —.08008 —.01582 —.00011 00048
3.2 00588 —.02878 —.01328 —.00058 00087
3.8 90710 —.01697 —.01002 —.00085 .00027
3.4 .99708 —.01258 —.00881 —.00008 .00018
3.5 90881 —.00014 —.00808 —.00007 .00012
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TABLES OF Ay » '(X) {continued)

FE 0 2 4 [} 8
N=1
1.8 .77403 —. 28033 .12275 —.01859 —~.00472
1.9 .B1660 —.28820 .00542 —.00360 —.00738
2.0 .86122 —.27463 . 06890 .00724 —.00780
2.1 .B8140 —.25302 04043 L01384 —.00878
2.9 R —.22651 .01802 01808 —.00602
2.3 92730 —. 10778 . 00055 01672 —.00317
2.4 -04401 ~. 18804 —.01195 01407 —.00150
2.5 .05733 —. 14149 —.01908 .01231 —.00043
2.8 06782 —.11840 —.02433 -0uudy —.00033
2.7 97698 — U421 — . 02585 .00664 —.00073
2.8 .08225 —.07500 — . 02637 00429 .00088
2.9 . 08701 — . 0Bl _ .02300 -0u242 . 00UBE
3.0 L0030 —.U4575 —.02108 .00103 -00076
3.1 -09325 —.03502 —.01824 . 00008 00062
3.2 .00520 —.02847 —.0i537 — . 000508 L0047
3.3 99662 —.01078 —.01287 —.000V1 .00034
3.4 00764 —.01400 —.0lo24 —.0ul08 00024
3.5 .90837 —.01086 —.00812 —.00111 .00015
N=38

1.8 . 74622 —.20087 -14071 —.03137 —.00344
1.9 .79208 —.30540 -12081 —.01159 —.00828
2.0 83186 —.28057 . 08863 .00372 —. 00980
2.1 .86571 —.27706 L05712 -01366 —. 00900
2.2 .89404 —.26084 .02068 .01861 —.00897
2.3 .01736 —.22080 .00773 .01967 - . 00400
2.4 .03627 —.18958 —.00838 .018158 —.00247
2.5 .95139 —. 16862 —.01809 .01522 — . 00088
2.8 96331 —.13168 —.02624 -01179 .00022
2.7 .97260 —.10887 —.02785 .00846 00031
2.8 .97974 —.08535 —.02791 .00567 -00104
2.9 .08B17 —.08717 —. 02629 .00325 .00105
8.0 98026 —.06214 —.02368 .00151 .00003
3.1 .00229 —.08004 —.02081 .00020 .00076
3.2 00452 —.08021 —.01743 —.00050 -00059
3.3 00614 —.02258 —.01440 —.00008 .00043
3.4 .99781 —.01868 —.01168 —.00118 .00029
3.5 99814 —.01218 —.00926 —.00124 .00019




SAMPLING DISTRIBUTION FROM A NORMAL POPULATION
TABLES OF Ay, (X) (coninued)

2" 0 2 4 8 8
Nw=od
1.8 11041 —~.30852 .17530 —.04689 .00088
1.9 .76038 —~.31707 . 14889 —.02108 —.00838
2.0 .81208 ~.31488 11188 —.00169 —.onet
2.1 85024 ~.29864 .07540 .01224 —.01140
2.8 .88161 —.27201 04204 .01087 — 00021
3.8 90752 —.u1 .01631 .02287 —.00831
2.4 92860 —.20040 —.00370 .02188 — 00857
2.5 84548 —.17702 —.01736 .01828 —.00144
2.6 95882 ~. 14886 — 02588 .01438 .00002
2.7 969238 —.11938 —~.02045 01045 .00083
2.8 911U — 005850 —.03018 .00898 .00120
2.9 .98838 —.07527 —.02882 ,00418 .00125
3.0 .98792 —.06840 —.02818 .00208 .00112
3.1 .99183 04484 —.08281 .00057 . 00092
3.2 99383 —.03304 —.01046 —.00041 .00071
3.3 00566 —.02637 —.01812 —.00009 . 00052
3.4 .98697 —.01875 —.01308 —.00127 .00035
8.5 89781 —.01388 ~.01088 —.00136 .00028
N=10

1.8 .69350 —.30187 .10874 —.08415 .00381
1.0 AT *—.32010 LT —.03484 —.00748
2.0 . T0448 —.32079 .13490 —.00905 —.01304
2.1 83508 —.31780 09407 00045 —.012386
2.2 86936 —.20889 .05759 .02084 —.o1171
2.3 89779 —~.26251 .02618 .02473 —.00883
2.4 92008 —. 22842 .00208 02446 —.00402
2.5 .93861 —.18400 ~.01483 .02141 —.00218
2.6 95485 —.18181 —.02581 .01709 —.00027
2.7 96587 —.18160 —.03085 .01259 00084
2.8 144 —.10858 —.08231 .00858 .00184
2.9 .98150 —.08330 —.08119 .00531 00144
3.0 98688 — 08480 ~ 02880 00268 .00182
3.1 99087 —.04072 —~.02616 .00089 .00109
3.2 90315 —~.08768 —.02145 —.00020 . 00084
8.3 99518 —.02817 —.01781 —.00089 .00081
8.4 89664 —.02082 —.01448 —.00185 00043
8.8 .90768 ~.01531 ~.01151 —.00148 .00027
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4. AN APPLICATION

Let z; (=1, 2, ..., N,+N,) be independently and identically distributed as N(m,a?),

Ny N
whore & is known oud m is unknown to us. Let z;, = moax z;and Z = 't N\ +N,.
i i=1

The statistic (xy, —E£)/o have boen proved to be optimum in & cortain senso for the testing
of on outlying observation, under such a circumstance as we know a priori there
may be only one observation among z(8 = 1,2,..., Ny) which is from another normal
population with a same variance and a greater mean valuey{Kund5, 1056).

In case N, = 0. the distribution was given by Mackeoy (1935), at first, and then
Nair (1948) and Grubbs (1050) gave another form of it and tabulated the tables of this
distribution.

As y =z —2 (i = L, 2, ... N)) arc equally correlated we have

pr(fur<a) o U vy ) Aws

The convergence is found to he quicker as A increases.
The following is the comparison of vur approximation with the values given by
Grubbs for ¥, =0, A =18, 25 and 3.5.

1.8 2.5 3.5
Grubbs  upproxima- Grubbs  approximn. CGrubbs  approxima-
Lion tion tion
N=3 05877 95038 .B9870 -D9642 00987 1.00000
N= ¢ L2480 L925330 Lop222 -HY200 - 0998y L0908
N =5 -89037 . 80060 .DR703 .UB6YL L09977 .90978
N= 4 85846 . 80675 98151 Lh8l46 09082 90063
N= 7 . 82341 82364 07580 . 09045 09045
N= 3 L70130 .70155 R RUIEN .80027
N=1 .76048 . 76058 L08412 . 00908 . 99008
N =10 .73083 ©.73071 .95823 .09888 D087
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