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Abstracr.  In ihis paper, we analyze the transitional dynamic properties of a growth
madel of 2 dual econsmy in which dualism lies in the mechanism of human capital
accumulation of two wypes of individuals, We derive the conditions under which the
saddle path converging to the steady-state growth cquilibrivm point s unigue und the
conditions under which equilibrium groavth path may b indeterminate.
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1. INTROOUCTION

With the cnergence of the new” grovwh theory, human capital accurmlation and its
rale an econmmic growth has become u major area ol rescarch in macroceonomics. 'The
litcralure starts with the seminal paper of Lucas (1988} which shows that prowih rale
ol per capia income depends on the growth rate of human capital which aguin depends
on the time allocation ol the individuals for acquiring skill, Since then maoy emingnt
economisls have deall with the issoe of human capital accurmulation and growth.

Lawever, these endogenous growth models do nol provide appropriate [ramewaork
for analysing the problems of growth of less developed countrics.  Less developed
cconmnies are often characterized by the existence of opulence and poverty side by
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side. Rich imdividuals stay in contrast with the poor individuals who consume whatewver
they earn and thus do net have anylhing G suve and invest o build up physical and hu-
man capilal. This eo-cxistence of rich and poor individuals Teads o dualism in the less
developed conntries.

There eaists a substantial theoretical literature dealing with the dualism and in¢ome
iequalities i less developed countries,' However. none ol the cxisting models focuses
on the dualism im the mechanism of human capital lormation of twa different classes of
people. Tn a less developed economy, the stock of human capttal of the poor individ-
nals 15 far lower than that of the fch individugls, Also there exists a difference in the
mechanism of human capital accumolation of the rich and the poor individuals. On the
one hand, there are rich families who can afford to speod a lol of time and resources
[oor sehooling of their children, On the other hand, there are poor families who have
neither time nor resources to spend lor cducation of their children. The opportunily cost
of schooling of their children is very high because they can alternatively be emploved
as child labour. However they receive support from exogenous sources, Government
sets up free public schools and introduces various schemes of paying book grants and
schalarships to the meritorions studenls coming from the poar familics. The rich indi-
viduals whe are the ownoers of irms or industries open NGO s or give donations to them.
These NGOs provide Iree or subsidized edocational service to the poor. Government
meels the cost of public education program through taxes imposed on rich individoals.
50 the efficiency enhancement mechanism for the wealthier individuals and the pour
individnals are different, While the rich individuals can boild up their human capital on
their own, the poor individuals need the suppont of exogenous sources in accumulating
their human capital.

There are subslantial evidences that privale individuals and firms provide voluntary
services fo educanon. Corporate giants like The Coca-Cola Company, Ametican Fx-
press, General Electric Company. Bank of America, Nokia Corporation, Chevron Tex-
aco Corporation are members of CECP (Conunittee to Encourage Corporate Philan-
thrapy) and arc providing various services including education to the underprivileged
communities of both developing and developed countries, ‘Timberland Co. teports that
95 % of its emplovees have in wial contributed some 30, 000 service hours in 13
counwrics.  ‘Make a Conneetion” program vndertaken by Nokia is active in 1% coun-
trics inclwhing countrics of South Aftrica and Latin America, This program focuses on
developing non academic skills like co-operation, communication skills, comilict man-
agement ew”, Menchik and Weisbrod (1987) report that according to a recent survey,
owver B million adults in the US volunteered 8.4 hillion hours of labour to organization
in | %80; and other estimates of the number of volunteer workers. relying on non-survey
methads, place velunteer labour as high as 8 percent of the libour force. In India,
Tilan, Broadeom, Infosys Foundation, Asea Brown Boverd, Siemens Lid, Yahoo.com

I I'his includes the wark uf e Lewis (1954), Ranis aod Fel (1961 Sen 1%, Diadl £ 1969, Todaro
{19630, Benabou 11994, 1596a, 199%ak).
1 Shuree: Various newsletters muhlished by CECP
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are among the maoy corporales who are [ulfilling part of their sociat responsibilities
by linking up with Akshays Paira Foundalion  a Bungalore bused non prolic organi-
sation that provides mud day meals to unprivileged children im schools 10 amd around
Bangalore. ABB India has identified education as a key area for secial and community
development activitics and helping the wachers of a govr. schonl of a village close 10
Peenvi, Bangalore, to muke their Tessoms more meaninglul and elfeclive’ Confeder-
ation ol Indian Industries (CII) has initiated a program in various pars of India under
which raiming is imparted to the unskilled labour; and a certificate recognising the skall
acguired by the labourer s given. These are pure privale scolor initiatives,

In the present puper, we develop a growth model of an cconamy in which boman
capital accumulation is viewed as the source of economic growth and in which dif-
lerence exists in the mechanism of human capital accumulation of the two types of
individuals—the rich und the poor. The poor individoals lag behind the rich individ-
uals in terms of initial endowment of humuan capital and in terms of the efficiency of
the human capital accumulation technology. The rich individoals not only allocate their
labour time between production and their owmn skill acouwmulation but also allocale o part
af their labaur time to the training of the poor people.* We have assumed the prescnce
of extemnul elliet of their human capital on production as well as on the human capital
accumulalivn of the poor individuals.”

Analysis of trunsitiony] dynamic properlics ol the growth models have received sub-
stantial attention in recent years. A nwmber of studies have analyzed the transilional
dynamic propertics in Urawa-Locas model. Xie (1994 considers the Lucas (1988)
mudel (3 exgmine global swwbililty properties and shows that the Locas (1988) mode)
containg multiple equilibna in the presence ol strony exlernal ellicls on producbon.
Benhatab and Perli (1994) does the local stability analysis and come 1o similar resyles,
In this paper, we do the local stability analysis of our more geoecal model and derive
some interesting wansivional dynamic results. We can show thut the cxlermaliy o pri-
duction with g sociy] TRS production technology can not caplan mulople equilibria in
thiz model. For this we need externality and increasing returny in 1he human cupiral
areurnulation lunclon. Tle result seems (0 be interesting becanse it is conteary ta that
prbtained froom Xic (1994 and Itom Benhabib and Perla §19%d3,

The rest of the paper is orgunized ws follows, Scotion 2 presents the basic model.
Section 3 presents the trunsitiona] dynemic analysis ol the basic model.  In Section

* Sevree: Vurious issues ol Business India.

+ This soduntay allocation of labour §ime o the fraining ot the porr individual can net be suppomed
in o word where the contribution comes mainly in the form of wa payment. However we have mentioned
evidences of volunury concrbutions o,

5 Thers exjss a large theogerical literasirs in hoth urban sconnmics and in macrncconomics that has con-
sidered external offects emanating from human capitul in explaining crowth of cities, relipiens and councres
e Glaeser and Mure (19930, Glaeser (1997, Perl (20021, Clocone and Perl 120025, Tn seme ather Tireralure,
iLis Teund that education penerates very linle externalities, ¢.p Rudd (200, Acemaglo and Angrist C24HED,
horctti (200F3] vighrty points oo thar the cmpirical lircratues on the subject i5 still vory young and mnse work
iz needad belore e can draw comvineing canclusions showt the size of human capital cxiernalitics.
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4, we axtend the basic model introducing social IRS property in the human capital
gecunubation function. Concluding remarks are made in Scelion 3.

20 THE BASIC DUAL ECONOMY MODRL

Wo comsider an ceonomy with two Lypes ol individuals—ihe tich yund the poor indi-
vidugls. The poor individuals Tig behimed the nich individoals in teoms of initial endow-
ment of human capital and in terms of the efficiency of the human capital accumulation
Lechnology, Al workers are cmployed 1o a single aggregative scetor that produces o sin-
gle pood. By human capilad we mean the sel of specialized skills or efficiency level of
the workers that accunmlate over time. The mechanisms of human capital accumulation
are different for two rypes of individuals, There is external effect of human capital of the
rich individuals oo the production and on the human capital accumulation of the pooe
mdividuals. Population siee of cither ype of individual is normabised wo unity, All indi-
viduals belonging to esch group are assumed to be identical. There is full employment
of bath types of labour and the labour market is competitive.

The single production sector is owned by the rich individuals and they employ the
o individuoals as wage labourers. Rich individuals and poor mdividoals form different
tvpes of human capital which are imperfectly substitute. A rich individual allocates “a®
(ruction of the toral non-leisore ime in production. Let Hg and He be tue skill level of
Lthe representative rich and poor individual (worker) respecuvely.

The prowdoction function tukes the form:

¥ = r‘lfﬂHn}nH;-l e HRFR HJI;-'F {Il:l

whered} < o -- |. Here Hy and Hp represent the average level of lninan capital of all
the individoals belonging to the rich (R} group and w the poor (P) group respectively.
ep = Uand ¢ p = (are the paramelers representing the magnitode of the extemal eifcet
af their human capital on production respectively, Production function satisfies CRS in
ternys of private inpurs bur shows social IRS if external effect is taken into consideration.
¥ suands for the level of ourput.

The representativis rich individoal (worker) owns the advanced wepe of homam capital
and his income is given by w¥. {1 — oY is the wage income of the poor workers
becaose the labour marker is competitive. 'The rich household and the poor household
both consume whatever they earn and heonce the individuals do not save (or investy. So
there is no accomualation of physical capital in this model and so capital dogs nat eoler
as an input in the production function.® So, we have

Cp =uwl; (2

and
Cp =11 —w)¥. {3
Here Cp und Cg are the level of consumption of the representutive poor worker and
the representative rich worker respectively, The representative rich household (worker)

B lhouph it is wssumed Tor simplicity, it i a serious limitation of the cxercise.
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muximizes discounted proeseol value of wility over the infinitg Lime horizen with respect
tir the labour ime allocation vanables. His instantaneons utility function is given by

-l

C
L) = | i

a =0 (1)
Here o = 1 is the constant elasticicy of marginal ulility of consummplion.

2.0 hferenee in the mechanion of homan capital acowmplation

Mechanism of the burman capital accurmulation of the rich mdividoal is gssumed o
be similar W that i Luocas (1988). The rale at which his homan capiral is formed is
proportional o the labour time or effort devoted to acquire skill.

Hence

Hy = mbHy (5

where & is the fraction of the non-leisure time devoted to acquiting his own skill level
Here 3 = & = 1t and mois a positive constant representing the productivity parameter
of the human capital formation function of the rich individuals,

However the mechanism of human capital formation for the two classes ol individuals
are dilferent The skill formation of a poor person tikes place through the training
proeram conducted by the rich individuals who want to make them maore efiicient and
productive, Every rich individual spends {1 — a — A) [ruction ol its labour time in this
traioiog. Just for sienplicily if is assumed Lthat the poor people has surplos labour time
and they improve their skill in leisure Gme {n the evening or in slack season). So they
dir ot have W devote any Traction of non-leisure time for leaming.” The additional
skill aciquired by the representative poor worker is assumed e be a linear homogenecus
functicn i terms of the efforr level of the vich person and ol the il devel already
ircained by the poor person,

However, we assume that there exists a positive exlernal clicel of the averuge skill
level of the rich iodividual on the hurnan capita] scemmalacon of the poar individuals.
Henee we huve

Hp ={{l —a—hYHpPPHp' ? Y H" ()

Here ) = & - | and p is the parameter representing the mapnimade of the external
effecr on the skill formation of the poor individuals. The aceomulation function of Hp
salisfics private DRS and social CRS. However, aceumulation function of Hy given by
cyudtion {57 satislics CRS a the privawe level as well as at the social level, In the models
of Tamura {13313, Eaton and Eckstein (1997), Lucas {2004) etc. the human capital
accumulation technology is subject o ecxtemal effects, In the models of Eaton and
Ecksrzin {1997} und Tamura (1991) average human capital is affecting human capital
gecomulation wehnology where as in the model of Lucas {2004} human capital of the
leader affects the human capiral accomulation of all uther individuals. [ eader 15 the
person with the highest akill level. ln our model the rch individual has already attained

© Thes is i simplilying assumplion. Tlewever. 0T the time devoted for oresduction and human capital
accurmulativn by the pour individuals are assemed u be exogenonsly given, that will wield the game resulr,
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high tevel of human capital and the poor is lagging hehind, The rich individuals and
the pour individuals are assumed to be identical within their respective groups. So it
is justified Lhal the hurman capital of the rich individoal should have extemal effect on
the paor mdividua?'s hieman capital accumulation wechnology: amd it should nol be the
ather way roind.

3. CGROWTIIIN THE HOUSEHOL FCONOMY

3.8 The oprimization problem
The objective of the representative rich individval is to maximize the discounted
present valoe of utility over the inhimite tme horizon, The objective funetional i3 piven

by:
e
-'F.‘.f — f I.'r[CR}E‘ 'Wdf .
4

This % tor be maximized with respect to g and # subject to the cquations of maotion
given by

.F.I;R =mhHg;

Hp = {(1 —a — biHg Hp' 7Y Hg¥ |
and given the initial values of Hg und Hp. Here U (Cg) is given by equation §4) and
¥ is given by equation (1). Here p is the constant posttive discount rate. The control
variables are g and fwhere @t < g = 1,0 <& = 1,0 =g + b < 1. The state variables
arc f g and fip. The current value Hamiltonian is given by

(-1 —i

H = ]' B 4 apmbHg+hplil —a— b Hg) He! 7Y HRY
=

where Ay and Ap are co-state variables of Hy and Hporespectively represepting the
shudow prices of the human capital of rich individuals and of the human capital of poar
individuals, Cg 5 given by the cquation {2). The representative houschold can net
internglizc the exlemalitios.

3.2 The Oprimalioy Conditions
(A  The first order conditions necessary for this optimization problem with respect
Loy the contral variables o and & are given by the following:

9 1Y HP
() el —Apb———— =0 (7
& & i 5 i1 —a— &) )
and
He
Apmilg —dph—m— =10 2]
ellig el ——r (8)

(B7  Time derivatives of the co-state vanables satisfying the optimum growth path
are given by the following:
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] il Hp
hp = phpg — ey ) @t — — Apntl — Api—: b
r= Py ] PR Fi He [
und
; ¥ Hp
e — ghp —ile@Y) "ol —o)— —Ap(l — 8 — w1 — . [}
AP T A ’Ih‘p APl ¥ He )

{Cr Selving the system there will be family of time paths of state and ¢ostate vari-
ables sutislying the given inital condition. The member of Lhis lamiby that satisfics Lthe
tramsversality condilions given by

lim e M Ap(tIHe(ty = lim ¢ ™apitiHptrr =1
Pl V) [ 4
is the optimal path.
Usimy cquations (7) and (8 we have

. ;
¥y "o — = ApmHp: {1n
i
and using equations (7}, (&) and (9) we have
)
_—Hr,rj—m. 2]
Ag

Mo, from cquation (107 and equation (7). we have,

JL'p A0l —aar X
— =g —— (1l ==y {13
g wil —a— I

A3 The transitienre) dyramics

We now tun to analyse the transitional dynamic properties aronnd the sceady state
cyuiliboum poiol. We derive the equations of motion which deseribe the dynamics of
the sysizm. We delime ;= ﬂ“ and x — {1 & &) Using equations {5) and {0) we
lave

= mil —a —xj— T i1}

LI B

Differentiating the log of hoth sides of the equation (11) with respect w time and then
wsing cqeations (13, (3%, (12} we get
i I
— = —|m—p— [ =l gl —ai}
i | —w(]l —ah (133
wil —g—xim+{l —w+epdl - anis ¥
Similarly dillerentiating the log of both sides oF cquation (8 with respect to time and
then nsing couations (31, (6), (121, (13} we gat
x ! el —ohd .
=—=—|m - ilipes Kb -5 pwmil —e x|l (16}
x (1 —a o
The dynamics of the system is now described by the differential equations (143, 115),
{167, They solve for the time path of the variables 2. x and o
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300 Sready state equilibrinm
Fouating the growth rates of 2, &, & equal i zemo we gel the steady state equilibrium
values ol Lhe respective varables deooted by 2% v ™ and g, Frawm equation (143 we huve

:I_.'-. oL ':lr-"':'

w—k

P =imil - " aFix
Subsnmting z* from equation { 17} into cquation ¢85 and seitin o — () we have,
2 | Yq L.

o0
1=l —a¥l+ep+egh

mil —a® —x*) =

{1%)

Equarien (18) shows that %:j
:j—k varies positively (negatively) withep, eg il o = (=11

50 the rate of human capital accumulation of the rich individuals is independent of
the degree of exlernality in the human capital accumulation of the poor individuals. The
value OF sl should be lass than the highest possible value of the growih raw of human
capiral, m, and for this the restriction required is
_ i
m{l +ep+epl
It the abowve condition is salisficd then the condition for positive mib 15 alse satisiied
shnee we have assumed o > po We also find thae the growth rue of Hg is positively
affected by the external clfects in the production sector if o = 1 and is negatively
allecled by the external effects present in the production sectar if o = 1.

The steady state equilibriom rate of growth of income is denoted by x; and it can he
shown that

Is independent ol p but dependemt on e p, 6 whena + 1.

oo | -

¥ bt eg repdim—p)

Y o [l—=(l—adl+ep+egl]

Hence g s always positively alfected by e g and ¢ p.

Mg that, i there is no extermality, e ey = 0, 6p — Qand » — 0 then we have

x:

mh = b :
iF
Ty rhus case income and human capital of both type of individuals grow at the comman
vate b, Uhis is the prowth rate obtained in Lucas (198%) model in the absence of
exnterndl eflect on producion.

Substituring z” trom cquation (17} in cquation (16) and setting : = 0 we have,

i b mfl — (1 —adil +ep +eg)
¢ (m— p)

= — {1 =& =" 14
{1 — i) ! *}]1 =)

Lsimg equations (1) and ( 19) we can solve for v® which 15 given by
K=
[ —mi] —aM]l +ep +epd)bil —arim — o)

[adp —m(l o)l +ep+erdl+im— o8 +ay)lm(l (1 o)l -epteq)]
(20)
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Now cquations §17, (181 (19) and (200 show that the valoes ol 2%, & and o are
uniquely deiernmined given the pre determined values of the parameters. a” and 27 ane
given by the following expressions:
a® —
afp—mil —aglt+eptegl+id+yim—piHo—ml —mi{l +ep +e;,g]|}_
[efe =70l +ep Fepit+im— 218 Fapilmll (1 - a¥l +ep +epl)
and

- |: m—p :h-.s} g 210

X
[ =01 —oMl+ep+erll
where £7 is given by the equation (20). Using equation {18) wa have
e E—(l—a)il+ep—ep!
1=l -l +ep +eg)
Also using equations (18) and (19 we have

A=)

i ! —mil — )] fep + egl
{m— o

]

If we assume # = pand o > | = then using the cxpressions of {o% —x™)

and {1—} it can he gusily shown that 0 = a2* 4+ 3% = | and {a*/x*} = 0. Hence
O« x* < Land{ = ¢ = 1. Equarion (21) now clearly shows that z* = { in this case.
S0 we have the following proposition,

PrROPOGSTTION | Ifm = p = mi{l —a {1 4+ €p + eg) then the steady slate prowth
eguitibeinmm of this model v unigee satisfving O < a* x* < Land 2% = O

33420 Urnigueness of the saddle path

MNuexr question is regarding the woigueness ol the saddle puth converging 1o the sweady
state eyuilibrum poinl. Nole thal il is o system of 3 differential equadons. Tninal values
of the vurahle, z, 18 historically given; and those of other rwo variahles £ and ¢ can be
chosen by the controller. 5o if the roors are real then in order to get the unique saddle
path converging to the steady state equilibrium poinl we necd exactly one lalenl root of
the Jucobisn matrix 1o he negative and the other two to be positive.

llere the Jacobian marix corresponding o the sysiermn ol dilferential equations {14),
§16), €13Y s ziven by the following:
s A A K
dz @x  da
ar @r 94
9z ix  aa

da  ta  da
dr  dx  da
where, the elements of the Jacobian matrix evaluawed at the steady-slale cquilibrium

vulues of the varahles are piven in Appendix (A
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The characteristic equation of the J matrix is given by
[f — i =0
where A 15 an eigenvalue of the Jacobian matrix with elements heing evalualed at the
steady state equilibrium values. The three charatersie roets can ha solved from the
Cruulicon
wgil VP heh ekt by =0

whers
ap=—1,
Iy = Trace of 1,
dr 8% didd  Badn  dxda  dida AL 0x
B 955z T9adx Toxda " Bxd4  Bida drix’
and

f = Determinant of J

Clearly ap 15 negative. We can derive that

ma*s(l — d]x‘qa_ | :-'7'[3--;1'][5 b

wlil =811 —all — o)}
This is negative if

fa* +x0) =) dep +epd - 17,

7 =

[(1 =¥l +ep +ep) =170
which is always true hecanse m{l —a* — x7} = Gand m = o by assurmption. 5o the
neparive determinant of Jf implies that either all the three roots are negative or only one
rivot of f is negarive with other two roots being positive. S0 we havee 1o loak ut the sipn
of f which is wace of J. 10 Ay = 0, then all the roots cun notl be negative. Hence, only
ene lalend oot 15 nesative and the other twn are positive.
Now it can ba show that,

1—&—1 [T—= Al —aiier | £xl)

: + mu

{1 & 1wl —a))
Mol —a¥ — x*) = Dand it m = p1hen equation (18] shows that

by — il + x4 mx

Il —il4+ep4+eglil —a)=10; and henee I —t 4 g1l o) =0
and | —all —a) = 0 Ablo (] -4 — v} = 0, by assumption.
30, by is always positive, Hence, in this case, there is unique saddle path converging
to the steady state equilibrivm point. So we have the following proposilion:

PROPOSITION 2. There exives wnigue sadidle path converging w the sready stae
equilibrivm point whatever be the magnitude of the external effect on produciion.

30 far woe huve considered the case of three real roots. However, by = {0 may imply
A possibility of one nepative latent root and two imaginary latent roors. Since fy = (L
the sum of the two imaginary latent roots is positive.” In that case wo, we should have

8 & nurnerical example i given n the Appendix (B



GUPTA & CHAKRABOKRTY: HUMAN CAPNTAL ACCUMULATION, RCONOMIC GROWTH 53

only one saddle puth converging to Lhe equilibrivm paint. Gther trajectonas may maove
cyvizlically aronnd the cquilibrion point. However, they will not converce.

The above mentioned result is important. We consider o produclion funclion satis-
Fring private CRS and soctal IRS, bui the prosence of this sgenesale cxleral efleer of
hurman capital on production can not explain moltiple equilibria in this mode] whalever
be the magnitude of this external cflect. Xie (1994}, Beohabib and Perli (1994) e,
have shawn that the socin) TRS property of the production technology may explain in-
deterrninacy of equilibria in Lucas (1988) model. We now tumn to provide the inluitive
explanations ol the result summarized in the above mentioned proposition, Since entire
income is consumed and there 15 oo accumulation of phvsical capital. economic growth
is explained only by the accumulation of two human capital inputs. In g standard growth
maodel, social [RS property of the production technology helps to raise the investment
o physical capital al a very high rule because the agent makes the cansumption-savings
allocation rationally. With no scope of physical capital W accurnulate over ume the s0-
cial TRS property of the production technology loses its sharpness, The human cupital
secumulation funciions do not exhibit increasing retums to scale, Here the accumu-
Vatian function of Hg shows CRS at the private as well as at the secial level; and the
accumulation function of Hp shows private DES and social CRS. Without increasing
retums in the production wehnology of the accumulable inpns, we can not explain
muitiple equilibria or indeterminacy. Tn the next seclion, we show the possibility of
indeterminacy introducing social IRS in the human capital accumulation function ol the
pooy individoals.

A INCREASING RETURNE TO SCALLE IN THE HUMAN CABFTTAL
ACCOMULATION EUSNCTLEN

In this section we take iota account the possibility of increasing retumes o scule in Lthe
human capilal securalaion lunction of the poor individuals. [ence the equation (63 15
modified as tollows:

Hp = {(l - a -BYHe Hp' "1 Hg" (6L
Here G < 8 = 1, {1 - § -3} = O; and 32 = {1 is the parumeler reprosenting the
magnitide of the external eftect on the skill formation of the poor individuals, TF 2 =
¥ then the human cupital accumulation funciion of the poor individual satisfies social
IRS and privare DRS. If v = y7 then the accumulation function ol A e salislics private
DRES and social CRS. 1 0 = 3y then the accumulation function of Hp satisfies private
DRS amd social DRSS, We use the same definition of x; and 2 is defined as fallows:
= Hp V1 jp #r

The equaticns of motions are now given by the fallowings,

£

= (§ +p0mil —a— 1) — (5 + x5, LI4E)

] fane
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a 1
v e — —[m g N =l tegil—aill —a—xm
a 1 @il )
+1il —a+epd(]l — a3, (I5E)
and
A 1 all —whd 4 .
- = - — = kIl =d-mil —a — s I6E
=l ﬁim o & ( velm(l —a — x) (I6E)
The steady state equilibrinm values of the respective variahles, denoled by 2%, x* and
e, can be ohtained {rom the following cquations,

T L o ¢ e
= 0 4 }’I]'mt] o T x i (ITED
m(] —a" —x*) = i, e
[1 O U OO DI (RN . ”73—}
=}
§ w{d + 1) mil — Ay) 3 :
= — [l —d =4 195
“ 6{1—a3c5+m[ m—p) "]}x ' L
and
—mA /] — A
PN /5. .11 st o | (20E)
i _w[-!:--l ¥1) f_n[]—Aﬂ sy [
Al —wld+20[ (m—p) v
where
A= —nj[{a Fap) 4 Cleme i H,}r‘-’ﬁ tr)
(4 +KI}'
We assume m = 5. 50 the condition for 0 = m(] — o® — x™) < m can be wrillen ax
old 4} —
i1 S5 = 2 E
S & T R R Y G1H

This condition ensures that O < x*, a® < |

Huera also the determinant of the Jacobian matrix is given by
a1 "D":}.Z-*‘I’j ]zt.':
| ==ahi= - a” £ x Al e 4 gl =1
|f] = by u[]—di{l—a[]—o‘a}{ E 4+ i { gH=1)
didd Ml —adl - w +epl]| = 0.

However, the trace of J may not be positive. Here
1 —4&— V=il -0l t¢
bp = mida +x) + m.r:[—"ﬂ;I + - [ {— -l—!E” 4
{1-=45& {]—m{l—:ﬂ&
The growth rate af 1y is positive. So
I — {1l —Fie +eg) =)
8o, by s positive i {1 — 8§ — p2) = 0. We have assumed that (§F — & — ) s pasitive,
o the sufficient condition for Ay to be positive is »2 = . If this is the case then
there is nnique saddle path converging to the steady state equilibrium point. We have
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considered the case ol 3 = 2 in the provicus section. However, if there 1s 1ncreasing
retoms o scale in the human capiral acewmulation Tunction ol poor mdividoals and 7
po is snliiciently farge then (1 — & 32) may be negative. Hence by may be negative,
W burh Traee wod Determingnt of S are negative then all the latent roots of f may be
negative. 50 we et possibility of indeterminuey ol the cquilibmium growth path in this
case. Yo dwrn o derive the condicon for indeterminacy in fhe next subsection.

A1 Foasibitity of indeterminacy

Indeterminacy of the equilibrivm growth path will arise it maore than one chaructar-
islic rool is negative. Since the deternunant is always negative all the three roors are
Loy be nepative for this. Lo this subsection we are considering the possibility of having
three negative roots. According 1o Descarle™s rule if all the coeflicients of an equation
are of samea sign then oo root can be positive. In this model, ap und & ol the cubic
characteristic equation are always negative.

Trace of the Jacobian matrix can be written as

byp=2mia™ +x*) —mx* B M ¢ ER :
01— 8 | —wll —m)

For simplicity we assume e g = 0. Hence using equation (19E) we tind that the negative
sign of the Trace of the Jacobian matnx implics that

]_-fr-;m[ » S11 — b8 + )
n {I

L }MJ}
& 208 + 11} 5 =
(s )] t ¥i NS ) PR

4+ 2l
il )
i{t [ | &y [5".Vlf|]

Using the reswriction (21E) and the above mentioned restriction we have the necassary
condition” for indeterminacy ol the equilibrium growth path which is given by
Ly < il —a) < ¥y,

5o we have the following proposition.

PROPOSITION 3. Whern €5 — 0 the indeterminery of e cquilifeiom graw’ path
fy passifle v i X = {1 —a) = X

3, CONCLUSION

Existing endogenous growth medels dealing with the role of human capita] accumu-
lation oo ceonomic arowih have not considerad dualism in the nature of human capital
fommuation among dilferent ¢luss of people. On the other hand the models which have
considered dualism in less developed countries do not consider the aspect of human
capital accurnulation and endogenous growth, This paper amempts o bridge the gap.
In this paper we have analyveed the model of an cconomy with vao diflerent class of
individuals in which groweth stems from human capital accumuolation and the dualism

Y IF lual Trace and Determinant of the Tacobian marrix e negative then the sufficient eondizion for
indztzrmonacy is that a should be negative. The exprezsien of o is denived in Appendixgton
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gxists in the nature of human capiral accumularion of two types of individuals. Like
Luocas (1988) and Benhabib and Perli (19%4) we analyee the steady slale cguilibriom
and the ransitional dynamic properties ol the madel and pot. specia] emphasis on the
role of extemalities. We consider the role of externality in the production function as
well as in the human capital accuomulation function ol the poor individuals.

We derive some interesting transitional dynamic properties of this maodel. Exiemngl
cllects on prsduction and the social increasimg retums w seale property of the produc-
tion tzchnology can not explain the indeterminacy of equilibriom growth path if there
is constant retumns in the hwman capital accunmulation. We badly need strong exiemal
effects and social increasing returns on human capital accwnulation Lo cxplain the in-
determingey of the equilibrium growlh path. This is an interesting result becouse Xie
(1994, Benbatab and Perli (1994 have shown that a strong external effects on pro-
duction alone can explain indeterminacy in Lucas (198581 model without introducing
extemality and increasing retums in the human capital aceumolation function,

The madel, in this paper, fails o consider many important features of less developed
econagmies. The present model does not consider the problem of rural-urban migration
and the prablem of marketable surplus. Tt does not deal with the wade problems and
the problem of international factor mobility. We do nol even consider the problem
ol physical capital accumuolation; and hence assume that entire income s consamead,
[gmoring the rale of physical capital scewmulation on economic growih s 3 very serious
limitanon of 3 dynamic model. However, the analysis becomes very complicared and
no meaningful results can be drawn when accumulaton of physical cupita] beeomes
endogeoouns W e present analysis. Our purpose is o [ocus on e doalism i the
hurmen eupit] secumulation in g less developed coonomy. In order 1o keep the analysis
itherwise simple, we do all kinds of abstirction—a staclard practice often followed in
theoretical literature.
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APPENDIX (A)

The elements of Tacobian matrix in the steady stute cquilibium are given as follows:

Az o
r. = _{3+}r}.t*b£¢.¢. ¥ :
iz
Al T
:'_ = —mzt — rS_I"J |E.n,-r_/| I
ox
LA
da
b (1 —oedd T
— = et —— (™Y
&z wil — &) K
i £ —(l —ed— 136 4.2 5. )
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dy (l } o
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i (= +epd(l _”J{a'i‘}":lx*ﬁ'ﬂ*z'i_y_l’ .
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il V=i —aiie tegdt () - bepdl - adie™ 5 e
e T e e e T ¥ 7 bR
i {|—0:{l—r_r]] [I—{I[]—G:I} :
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A e M1 =1l —aHe —exl
E = M =
it I — il —m))

APPENDIX (13)

We consider the possihilily of two positive characlerislic roots being complex con-
Jugates. This s well known that an equation ol an odd deerce musi have o l2ast one
riil Toot, opposite In sign to that of the last term, the leuding lerm heing positive. The
charateristic equation 15 given by

ml:'--! +b[]-;'~) +ahrbh =0

whers ap = —1. If we divide the both sides of the equation by ey, A being neg-
ative. the last lerm heeomes positive. 5o there exists one negative real roor, There
caists possibility that other two roots are complex number with positive real parts.
Tracel(d) = 0 = Derif) ensures that the two roots are not purely imaginary und they
have positive real part, Consider the following numerical specifications, For instance,
letm =2, o =030 =20 =078=04v =02, ep = 001, £p = 0.2, Under
this specification,f] — a® — x7) = (L 384613385, ;—: = 1283, x* =0.045. a* = (L.57.
2" = 5. 14 and three eigen values are —0.7669, 1,92 and | 42,

As another example, again lel, m = 2, p =03, o =3, ¢ =074 = 04 = 0.2,
£p = L, g = (1.2, Under this specification {1 — a* — x*) = 0125, ‘f: = 21.14
vt =03, 0% = 072, 2% = 2.9 and three eigen values are — 05411, 18817 —0L.05214
and 1.BB17 — 0L05214 In both the caamples, there exists a4 unique saddle path wiil
converge W the steady stte monotonically since the stable (negative) toot s real, The
diverging trujectorices, on the other hand, is moootonic in twe lira example where all
the roots are real and is eyclical in the secomd example where two roots we complex
corjugates, wilh positive real part.

APPENDIX ()

Mobe that

didi  dida  dadD Axda #uGa ATk

dp = R e O AT P
dx 4z Aedx di da dxda Hziae  #Ex

and the elements ol the Jacobian matrix in the steady state equilibriom are given by the
followings:

E s5s

— =—(F "

il
ik . .
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