ON TIPPETT'S '*RANDOM SAMPLING NUMBERS,"
By K. RAGHAVAN NAIR
STATISTICAL, LARORATORY, CALCOTTA.

INTRODCCTION,

In a foreword to Tippett's "Randoin Sampling Numbers” (Tracls for Compulers
No. XV, Camb. Univ, Press, 1927), Karl Pearson laid emphasis on the importauce of
testing istical thcories by ling experiments. How Tippelt’s numbers could be
put to use for this purpose was illusirated by means of examples.

Till the ndvent of these numbers the work of sampling wns being carried out by
drawing of balls or tickets from & bag., Karl Pearson drew pointed sttention to the fact
that the latter method, besides being 1z2borious, failed to yield perfectly random samples
when the number of samples required was large,

‘These numbers have been largely used with remarkable sucecss, in the Deparlment of
Applicd Statistics, University College, London and elsewh for il
experiments, but whether they are perfectly random has not yet been established. In fact
Karl Pcarson concluded the forcword with a warning to users of Tippett's numbers against

g jud on (their d It will be pertinent in this
connexion 1o quolc a remark of Karl Pcarson® on bis experience with Tippett’s numbers :

"This caution is not given wholly inadvisedly. I have not mysel? made much use of
Tippett's numbers, but recently I obtained in 100 trials three such unustal samples that
only one should have occurred in 1,000,000 trials.”

P. C. Mabalanobis® had also noted that ccrt:un improbable results were obtained in
using Tippett’s numbers for verifying g of the Dstatistic, He had
suggested however that such discrepancies were probably due to using the same random
devintes in diflerent combinations, and not to a lack of randomness on the part of Tippett's
numbers.

Probability intcgral tables have been published for most of Pearson's curves and so
using Tippett’s numbers large scale sanpling can be done for populations conforming to
these curves of distribution. Individual workers in the past have prepared for their own
use, samples of various sizes from many of these populations, but have not published them
in a form that might prove beneficial to future workers. P. C. Mahalanobis, with the
co-operation of three others, published an exhaustive table of ‘random’ samples from the
Normal population for the 10,400 Tippett’s numbers read horizontally only'. After
choosing o convenient size for class intervals, all the 10,400 values were thrown iato
a single frequency distribution nod were likewise formed 26 and 104 frequency distribu-
tions of sizes 400 and 100 respectively. These 131 frequency distributions were tested for
‘goodness of fit’ with the theoretical normal curve. They obtained satisfactory values for
P{x*) thereby “confirming the random ch of Tippeit's nembers.” For the single
sample of 10,400 the first six moments were caleulsted ond it was found they were very
close to the expected values.

The P(x) test adopted by them becomes inappropriate when we wish to test for
randomuess, samples smaller than size 100. It is the case of small samples that has been
examined in this paper. The appropriate test used is deseribed later.

Narorg or TIPPETT's NUMRERS.

‘Tippett formed his numbers by taking 41,600 digits ot random from Ceusus Reports
and combining them by fours to give 10,400 numbers.
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By mcaus of Tippett’s numbers it is possible to get samples from populations with
kuown probability integrals. If Tippett's 10,400 numbers are each preceded by a decimal
point, they can be looked upon as forming a system of probability iotegrals ; and, with
the Lelp of a table of probability integrals of the population from which the samples sre
required to be drawn, we can ﬁm.l the (outspondmg values of 10,400 individual variates
belonging to the sampled 1! in iate upits. If it is samples of
five thot we want, we hove to group the 10,400 values by fives, or if it is samples of ten
that are requirad, we have to group them by tens, and so on. It must be noted, however,
that os the size of the samples increases, the number of samples available deervases. Thus
only 104 independent samples of size 100, and only 26 independent samples of size 400,
can be obtained from a system of 10,400 values. To remove this limitation, Karl Pearson
suggested (hat “we may read our numbers backwards or take the last two figures of one
colum with the first two of the next, or read the four figures diagonally, ete., ete.'

SAMILING PROM CONTINUOUS POFULATION,

If the sampled population is actually rey d by a curve its
probability integral will toke oll values between O and 1. So, while sampling from such
a population all values of the probability integral between 0 and 1 must be given equal
fepresentation.  In using Tippett’s numbers it, however, becomes necessary in practice to
limit values of the probability integral to four decimal places. Theoretically a truly
random sample from the population will in general contain many individuals represented
in the table of probability integrals by figures which run to 5 or more decimal places. All
sich individuals are excluded when we make use of Tippett’s numbers.

This limitation of Tippett's numbers is not perhaps sufficiently recognised while taking
larze sampkes. For, here each sample is given as a frequency distribution within a limited
aumber of class intervals, and we are not concerned with the exact value of every individual
variate in cach sample but only with the group to which it bclongs But this simphﬁnuon
is not possible in the case of small samples, where ping is not id irabl
The present position of sampling technique can be well described in the words of Hotzinger
and Church?® :—

“At present no really satisfactory method has been devised of sampling from 3
population which was actually represented by a smooth frequency curve, and not by a
serics of discrete frequency groups . . . . The necessity of subdividing a sampled popula-
tion into a limited number of frequency groups before actual sampliog can be performed.
is one of the greatest difficulties that arise fn sampling."

Owing to the rapid development of the “theory of small samples’ in men( years, much
use is however being made of Tippett’s bers either for verification of distribution laws
derived analytically, or for discovering mew laws through empirical means based on the
results of sampling. Tt is the object of this paper to describe the method used and results
obtaiged in an iuvestigation on the reliability of Tlppells numbers when used in the

y way for ling from
‘Trig TEST POR RANDOMNESS.

In Biometrika Vol. XXV, pp. 379 el seq. Karl Pearson had developed a new statistical
test which he calls the P(L) test “for determining whether a sample of size », supposed to
have been drawn from a parent population having a known probability integral has probably
been drawn ot random.”

The P(k) test supersedes the P(x?) test in that the former is applicable to small samples
where grouping is not possible. It is also frce from certain assumptions which are inevit-
able in the latter test. Karl Pearson had later shown® that the P(k,) test could also be used
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as an alternative test of ‘goodness of fit’ for large ‘grouped’ samples and was inclined to
the view that it was probably a more stringent test than the ordinary P(x?) test, since the
former avoided the clubbing togetber of terminal frequencies.

The P(A;) test was evolved by Pearson from the following considerations : —

We have a sample of n variates x,, x,, ...... xs token from a population following a
given or supposed law of distribution of which we know the probability integral. Let the
values of this for our n sample variates x,, x,, -..... xa be respectively p,, Pa, ...... Pa-
These probabilities follow a rectangular distribution. If we take A,=p, x py % ...... x pa (the
probability of the occurrence of the particular independent set of probabilities
Puy bay o £x) then the frequency distribution of 4, is given by’

4 = oy (-t T

and the probability P(s) of o combination occurring with a probability value as great as,
or greater than 4, is given by

P = J‘ (~loga Ay dh,

=01 l) !
- _1okgyo e
=1 (n—l W )
(or if Q(4) be the probability of a lower combined probability occurring Q%) =1 -P(3) )
where I(p, u) is the function tabled in the Tables of the incomplele T'-funclion.

Now, the proof of this test depends on p,’s (s=1, 2,...n) being all measured in the
same direction and since there is no reason why we should choose one end rather than the
other, we must find p=1—p, and calculate Vo=(1—-p)1—p)...(1=p). We have
thus two series of probability integrals associated with a particular sample, gziving us two
P(1,)’s and two Q(4,)’s. Since we must judge of a sample by the test which is the more
stringent, i.e., that in which the probability of a more improbable result occurring would
be the smaliter, we have to select the smaller Qf4,) as the criterion for judging the
randomness of the 1

For mpid application of this test, tables of values of P{,) and —log,.t, for n=2 to

. 30 have been provided by Miss F. N. David.!

A very remarkable property of the P(4) test is that it is essentially a test of
randomness. ‘That is to say, the individuals x,, xa,......xn constituting the sample need
not all be drawn from the same parent population, but may be taken from a number of
populations, one or more from cach. If they are drawn at random from their respective
populations their probability integrals $,, Pu...... o calculated from the appropriate
ponilation curves of frequency, will all be random samples from a rectangular distribution
and may be combined to serve as a random sample of n from such a distribution. The
P{2.) test is accordingly a test of randomness.

APPLICATION OF P(X,) TEST To TIPPETT’S NUMBRERS.

Tt has been pointed out already that Tippett’s numbers, each preceded by a decimal
point, may be recarded as a system of probahility integrals belonging to that population
from which we wish to take random samples. ‘Tippett’s numbers accordinely supply the
$'s with which the x’s are found from probabhility integral tables. If Tippett's numbers
were really a random collection these integrals formed out of them must behave as a
random sclection of individuals following the rectangular distribution. The x’s will he
random only if the p’s are random.
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FRreQUENCY DiSTRIBUTION oF P(X,,).

TABLE 2.

TIPPETT'S RANDOM SAMPLING NUMBERS
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It follows therefore that the randomness of Tippett’s nunibers in connexion with its
use in pling from i f 'y curves can be judged by means of the P(4)
test.

The modus operandi is now quite clear. Since the quantitics cnlered in Miss David's
tables are =log, A and P(4) for n=2 to 30, we have first of all to prepare tables of
—log,p corresponding to the 10,400 numbers of Tippett. Since cach number consisted
only of four digits the ordinary four-figure logarithin tables could conveniently be used.
By adding values of —log,up by n's we can then get —log,Je. Since we are concerned
here not with the testing of an isolated sample but of a Jarge number of samples it was
felt unnecessary to caleulate both &, and 2y,

The present investigation was confined /to samples of sizes 5, 10 and 25. The 2080
valies of —log,4;, the 1040 valucs of —log,,4,. and the 416 valucs of —log,ut,s were
obtained directly. By means of Miss David’s tables corresponding interpolated valnes
of P(1,), P(1,,) and P(4,,) were then calculated, but have not been reproduced here owing
to lack of space,

P(4) being in itself a probability integral, it must follow the rectangular Taw of
distribution. The volues of P(4,), Pl1,,) and P(l,,) observed on cach of the 26 plates of
‘Tippeit's Numbers were first thrown into twenty frequency groups (class interval =005).
These are shown in Tables 1, 2, and 3. The “‘goodness of fit'" test of the right hand
marginal totals with expectations of 104, 52 and 208 respectively in each class gave the
following values for 1* and P(y’) with 19 degrees of freedom :—

’ P | Piag) | P ()

x? | 25'04 £5°18 24°00

P(x?) | 07348 0138 0198

Judging from the five per cent. level of significance, the observed distributions of
the three P(1)'s may be considercd probable samples from a rectangular population.

A *'goodness of fit” test of the abserved frequency distributions of the three P(4)'s
on cach of the 26 plates should be more illuminating. To ensure the validity of the
P(x?) test, the class intervals had to be widened to 0-20 in the case of P(L,), to 0°25 in the
case of P(4,,) and to 0'50 in the case of P(A,,)), The 26 values of x* obtaimed for each of
them and the appropriate degrees of freedom are entered in Table 4.

TADLE 4. OnSERVED VALUES OF 1’

TO) T Phud [ Pl PO T_POu J P
D. F. 4 3 1 D. P 4 3 ]
Plate: 1| 128 140 025 | Plte; 13| 400 2.60 025
2| 380 240 025 18 118 400 100
3| 7138 900 225 17| 338 0.60 000
4| o038 400 025 8| 318 380 225
6| 428 260 100 19| 7180 080 028
6| 113 500 028 20| 225 180 400
7, 880 2°00 228 211 080 1:00 025
8| 238 260 023 22| 081 220 023
8| 550 040 025 23| 281 360 100
10| 18t 080 100 24 830 380 223
1| 688 160 000 23| 180 060 000
12| 288 440 025 26| 1338 180 €00
13 450 3'80 025
u 288 140 €00 ) Total x2...1 10483 11.80 28 00
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It will be scen that Plate 26 gives the highest value for 2* in all the three cases. In
the case of P(1,,) the biggest value of 1" viz. 400 occurs thrice in 26 cases whereas by
chance such a value should occur in less than five per cent. of cases only. Plate 26 con
be considered on the whole unsatisfactory.

Because of the additive property of 1* the total x* given at the bottom of Table 4
should be distributed with 104, 78 and 26 degrees of frecdom respectively. None of them
is significantly large.

“The present investigation shows that for samples of size §, 10 and 23, we may consider
to be random, Tippett’s numbers as they have been actually used for sampling experiments,
within the limitations imposed by the use of four decimal figures in the probability integrals,
Greater precision is, of course, to be expected if we use 6 or 8 figure numbers formed from
‘Tippett's nambers, but there are other considerations which will not always permit of such
refinements in practice.
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DiscusstoN ox K. R. NAIR'S PAPER.

Proressor R. A. FIsmER remarked that the P(L,) test did not necessarily give a more
stringent test than the P(x') lest, for judging the goodness of fit. For example, it is
conccivable that for a given set of observations (x,,-xy, - ) 0 number of parent curves
could be found yiclding the same 4,. Tt will not be possible by means of the P(&) test to
choose the best fitting among these curves.

Prop. P. C. ManALANODIS thought the P(X,) test had one advantage, namely, that it
could be used in the-case of small samples which was not possible with the P(x®) test. For
judging the goodness of fit of Jarge samples he supposed there was not much to choose
Detween the two tests as pointed out by Prof. Fisher. But in the present paper the P()
test had heen used not to judge the goodness of any fitted curve, but merely to test the
randomness of o sample on the assumption that the population form was known. In fact as
the ‘random numbers® had entered in the, celculations merely as values of a probability
integral, the work was independent of the form of the parent population.
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