ON A METHOD OF GETTING CONFOUNDED ARRANGEMENTS
IN THE GENERAL SYMMETRICAL TYPE OF EXPERIMENT

By K. RAGHAVAN NAIR,

STATISTICAL LADORATORY, CALCUTTA.

1. INTRODUCTION,

In randomised block or Latin Square designs when an experiment consists of all
combinations of two or more sets of treatment factors, the number of plots per block or per
row and column necessarily becomes large. In such factorial arranzerients a method
known as ‘Confounding® has been devised which enables the experiment to be conducted
with much fewer plots per block or per row and column than the number of treatment
combinations,

In confounded ar the of each replication are allotted to two or
more sub-blocks in sitch a manner that some or oll of the information is lost on unimportant
usually high-order i i between the different factors. That is to

say, if the plots of cach completely replicated block are divided into a set of sub-blocks in
such a manner that the comparisons between sub-block totals correspond to the comparisons
representing a set of high-order interactions, then the degrees of freedom corresponding
to this set of interactions will be confounded (mixed up) with sub-block differences. By
confounding different sets of degrees of freedom in cach replication we can recover some
information on all the comparisons. This is known as Partial Confounding. If the sanic
set of degrees of freedom is confounded in cach replication we get Tolal Confounding in
which all information is lost on this particular set of comparisons. In the former case it
may well happen, if the standard crror per plot is considerably reduced, that even those
comparisons that are partially founded are more ly determined than would
be the case in an or fully ortl 1 experiment.

Among the symmetrical types of factorial experiments, i.c., of n factors at p levels each
in all combinations, confounded desigus for the cases p=2 and p=3 have been discussed by
Barnard' and Vates® respectively.  Yates has also indicated that the cse of p=4, can be
deduced from the case p=2.

In this paper I have suggested a method of getting confounded srrangements in the
P type of experiment with the help of two systems of interchanges obtainable from a
p-sided byper-Graeco-Latin Square (used in the sense of completely orthegonalised squares).
It is known that a p-sided hyper-Gracco-Latin Squ.-m: exists when p is a prime or a power
of a prime. The method of getting conf d is d d in this
paper for the case of p=4, being the smallest among powers of primes. The confounded
arrangements in the ease of p=5 (a prime) have also been worked out, and will be given in
a subsequent paper. T have included the case =3 in this paper partly because Vates has
not explained in detail the method of getting the 3 designs, and partly to show lts
connection with the general case.
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2, CoMPLETELY ORTIIOGONALISRD SQUARES.

The sum of squares » .
% (xy-¥)
"=
between p* quantities xg (i, j=1, 2,.....p), With mean ¥, following the Normal Law
is said to have p*~— 1 degrees of freedom. This means that p*'~1 independent linear rela-
tions between these $* quantitics, cach iuvolvitg a single degree of frcedom, can be shown
to exist.* Following the algebraic identity,
Po1=p+Nr-n

it appears possible to arrange the p' values in p sets of p cach in p+1 different ways
orthogonal to one another, 3o that comparisons l-c!\vcen the p sels of a single arrangement
involve p—1 degrees of frccdom “This )l into p scts
of p cach has been found possible so far only when p is a prime or a power of a prime.
Nothing is known about other numbers except for p=6 in which case it has been definitely
sliown that this arrangement is impossible.”

(21) Hyper-Graco-Latin Squares,

‘The use of Latin square when p=2, of Graxo-Latin square when p=3 aod of hyper-
Grxco-Latin square for higher values of p very much facilitate the partition of the p*—1
degrees of freedom into p+1 orthogonal scts of p~1 dcgn-cs of freedom cach. R, A.
Fisher' uscs this method for rep ing the ! orth ised squares for
$=2,3,4,5 8and 9. We reproduce here the first three squares only (Table 1),

TanLk 1. CoMPLETELY ORTHOGONALISED SQUARES FOR p % p (p=2,3,4).

p=2 =y || p=t
Aa Bf Cy Aia B,f CY D8
By Ca AP BY A8 Dia GCf
CA AY Pa Cs DY A8 Bia

Dif Cia BE AY

In the 2x2 square cach of the Latin letters A, B occur once and oaly once in cach
row and column. In the 3x3 square cach of the Laotin letters A, B, C, and each of the
Greck letters a, 8, y occur once and only once in each row and column ; besides, cach
Latin letter occurs once and only once with each Greek letter and vice versa. In the
4'x 4 square each of the Latin letters A, B, C, D, the Greek letters a, 8, 7, 4 and the Latin
sufixes 1, 2, 3, 4, occur once and only once in cach row and column. Besides, each Latin
Jetter occurs once ond only once with each Greek letter and each Latin suffix, and cach
Greek letter occurs once and only once with cach Latin suffix. This method of denoting
thie orthogonalised squarces of a p-sided square by mcans of Latin letters, Greek lctters,
cte., has carned for it the nnme of a p-sided hyper-Grreco-Latin square,  We sce that there
are 1, 2 end 3 orih lised squares respectively for the 2, 3 and 4-sided squares which
together with the rows and columns in each case give the completely orthogonalised division
of the total degrees of freedom. In general a pesided square bhas p—1 orthogonalised
squares.

122



CONFOUNDED ARRANGEMENTS

(22) Two Systems of Interchanges.

The need for abandoning the hyper-Griceo-Latin square metbod of distinguishing the
p =1 orthogonalised squares is casily realised as we go to bigh vatues of p. I propose to
adopt a system of interchanges by which given the Latin squarg in the staudard position,
the remaining p—2 orthozonalised squores can be obtained simply by certain inlerchanges
of the rows or columns,

For p=2 there is only one orthogonalised square and so the question about interchanges
docs not arise.

For p=3 the Latin letters of the 3-sided Cracco-Latin square of Table | are in the
following standard position

1 2 3
2 3 1
3 1 2

and the Greek letters can be brought to the same standard position by an interchange of
the columns (rows) such that the positions 1, 2, 3 of the columns (rows) are occupied by
the columns (rows) I, 3, 2 respectively. That is to say, i hange the last two col
(rows).

For p=4, the Latin letters of the 4-sided hyper-Graeco-Latin square of Table 1 are
in the following standard position

1 2 3 4
2 1 4 3
3 4 1 2 v
4 3 2 1

and the Latin suffixes ond the Creck letters can be brought to the same standard position
by two interchanges of the columns (rows) such that the positions 1, 2, 3, 4 of the columas
{rows) are occupied by the columns (rows): 1, 4, 2, 3 ond 1, 3, 4, 2 respectively or in
other words by a cyclical interchange of the last three columns (rows).

‘The above system of interchanges for the 3x3 and 4 x4 squares will be referred to
on the following pages as the first system of interchanges for 3x 3 and 4 x4 respectively.

‘There is another system of interchanges which will be referred to as the second sysiem
of interchanges whiclt consists of interchanges of the numbers I, 2, 3,...... p of the first
column (row) of a p x p square in the standard position which will give the remaining p—1
columns (rows). It will be seen that for the 3x3 square the sccond system of interchanges
consists of the cyclical interchanges of the numbers 1, 2, 3. For the 4 x4 square the inter-
changes are non-cyclic being 1,2, 3,4;2,1,4,3,;3,4,1,2and 4,3, 2, 1.

Given the pxp hyper-Grreco-Latin square these two systems of interchanges are
uniquely determined. That these systems of interchanges are very powerful methods in
getting confounded arrangements will be clear when we discuss confounding for 3° and 4*

types of experiment,
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3. Usk oF ORTHOGONALISED SQUARES IN FACTORIAL EXPERIMENTS.

31) Two faclors at p levcls cach.
Ina hclonal experiment with two factors A ond I at p levels cach there are p*
i Suppose the td to be il din g ised blccks
of p* plots cach. The totals (i) of the experimental values of cach treatnicnt combination
over ils ¢ replications can be arranged in o p x p square form as in Table 2,

TAbLE 2. EXVERIMENTAL VALUES OF A TWO-FACTOR FXPERIMENT.

a a . . al . . ap
b | ta.  ta . . e . . n
& e ha B . t . . ™
& Iu hy . L] . ]
b |t ot . .ty . . te

The partition of the p*—1 degrees of freedom between treatments into main effects of
A ond B and their interaction AB is given in Table 3.

Tantk 3, PARTITION OF Tig DrGREXS OF FRERDOM FOR ‘TREATMENTS.

Souree of variation d.{,
Main effect (a) . 1
. (B) - 1
Interaction {ARB) -1
Between trestments -1

The main cffects of A and B correspond to comparisons among the columns and rows
respectively of the px p square in Table 2. The p—1 orthogonalised squares of this pxp
square will cnable the partition of the (p—1)! degrees of freedom of the interaction AB
into =1 orthogonal scts of p~1 degrees of freedom each. It is this possibility of splittiog
the interaction degrees of lrccdom into onhogonnl sets that finds far-reaching application
in the confounding of high-ord

32. Confounding in the General Sy trical Type of Experiment.

Ta 31 we considercd the case of two factors at p levels each. Let us now take up the
general case of n factors at p levels cach in all combinations, The treatment sum of squares
will now have p*—1 degrees of frecdors. It must be possible to divide the p° treatment
combinations in P sets of $°~1 each in (P14 P ...+ P+]) ways so that the com-
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parisons among the p scts of any one division involve p—1 degrees of frecdom orthogonal
to the rest. The highest [(n=1)""] order interaction betwecn all the factors has (p—1)*
degrees of frecdom. It is necessary for confounding of this interaction that the (p—1)2-!
orthogonal seis, of p~1 degrees of freedom cach, of this interaction should be identified out
of the total (p*~'+ pP—2+......+p+1) orthogonal sets. This identification is not diffcult
when p is a prime or a power of a prinie for in these cases px p hyper-Craco-Latin squares
are known to exist.

In any siugle replication p sub-blocks with $2-! plots in each can be made to confound
amy set of p—1 degrees of freedom out of the (p—1)"=! orthogonal sets of the (r—1)'® order
interaction. It will require (p—1)~! replications to confound partially all the comparisous
involved in the highest order interaction and thus recover information on cach set of p—1
degrees of freedom with cqual precision. It must however be observed that if n or p or
both are large a sub-block of p°-! plots may still be too big to materially incrcase the
precision of the experiment, so that further divisions will be desirable.  Such divisions will
affect not only the highest order interactions but lower orders as well.  Generally the main
effects of all factors and the interactions between pairs of factors (first order interactions)
are of great importance so that it is always welcome to keep these two treatinent effects
free from confounding. This can be cfiected if the p* combinations of each pair of factors
occur the same number of times in cach sub-block. A sub-block cannot therefore have
less than p* plots. It will be scen presently that in the p* type of experiment (n>2) the
minimum number of p]ols per sub-block should be pa=p+1 or p*, whichever is greater. Thus
" will be the mi for n not g p+1. Considering that we are mostlv
interested in the main cffects and first order mtcrachons, we should choose the minimum
possible size for sub-blocks, namely p*-P*! or p*, \\bnchcvcr is greater, so that the accuracy
of the whole i may be the

Let us first write down ss in Table 4 the p’ combinations of the first two factors
A and B in the form of a pxp square such that the columns and rows represent the

TARLE 4, COMBINATIONS OP A AND B LEVELS ARRANGED AS A SQUARE.

@ @ . .oa . N

b | @b @b . . oab . . e
b | abs o amb . . ab . . ok

b | ab ab . . oaby . . ok

by | adpaidy . . abdy . @by

levels of A and B respectively. This squarc has p—1 orthogonalised squarcs. By
arranging the p levels ¢, ¢n...p of a thind factor C in the forw of one of these
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xquares and by superimposing that on the square in Table 4 we get p* combinations of
the three factors A, B, C. such that all the p* combinations of every pair of factors
occur once in the square. A fourth fuclor D may now be introduced by aranging
its levels d,, dy, ... d, in the form of one of the remaining p—2 orthogonalised Lutin
wjuares and superimposing it on the (s, b, c)-square and so on till we exhaust alt
the p-1 ontl lised squares by including p+1 factors in oll. We thus get p' com-
binations of all the p+ 1 factors o that the p* combinations of every pair of factors occur
once in the square.  One of our sub-blocks will now consist of these p* combinations.

If the number of factors exceed p+1, first superimpose on the (a, b)-square of
Table 4, p—2 orthogonalised squares formed with the levels of =2 out of the n~2
factors excluding A ond B. The remaining n-p factors will make p*-P combinations.
These $°-P combinations can mow be split into p sets of $*—>=} cach such that within
each sct p' combinations of sny pair of these n—p factors will occur the same number of
times, mamely, p2-P=3 if n exceeds p+2. (If n=p+2 only two factors remain, the p*
contbinations of which should be divided into p scts of p cach such that within each set
koth factors appear at all their levels once). The p sets thus obtaimed may now be
marked $,, $3,...5% and then arrznged in the form of the (p~1)'" orthogonalised square
and superimposed on the square of Table 4, which is already occupied by combinations
of p factors. Each cell of our square las now piled up !"'" combinations of nll the
n factors. All the cells together contain pr-P! bi These binati
should be allotted to one sub-block. TFach replication will consist of pP=! or po-? sub-
blocks according as n is > p+1 or € p+1. The method of getting the remaining sub-
blocks depends on the second system of interchanges for a px p square. DBoth systems of
interchanges come into play when we seck to gc( a sct of replications giving balanced
partial founding of the founded 3

The cases considered in detoil in this paper are the confounding of 3* and 3* designs
in sub-blocks of 9 plots and of 4* and 4¢ desigus in sub-blocks of 18 plets. The method
that naturally suggested itself in getting the balanced replications of the 3' ond 4* designs
in sub-blocks of 9 ond 16 plots respectively is found to be dependent on the properties of
the 2x2 and 3x3 orthogonalised squares. We should therefore expect this method to
be general for getting the balanced replications of a p* design in sub-blocks of p* plots only
when p is such that a p-sided and a (p—1)-sided hyper-Grreco-Latin Square exist.  Thus
for p=7 the method fails.

4. Tug 3* Tyre ov EXFERIMENT.

4.1 Three faclors at three levels cach.

Let A, B, C be the three factors st levels denoted by (a,, a4, a5} ; (by, by, b,) and
(a,, €5, €,) respectively. The sccond order interaction ABC has 8 degrees of froedom.
With 3 sub-blocks of 9 plots cach, 2 d.f. belonging to ABC can be confounded in ons
replication.  For partially confounding all the 8 d.f. of ABC four balanced arrangements
cach consisting of 3 sub-blocks of 9 plots should be written down,

The 3x%3 square in the standard position can genernte three more squares by
performing the first system of interchanges {(3x3) on the rows ond columms. These ore
given in Table 5,
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Tantg S. Thg FOUR STANDARD 3% 3 SQUARES,

1 2
12 3 1 3 2
2 3 1 2 1 3
3 1 2 3 2 1

3 ¢
1 2 3 13 2
3 1 2 8 2 1
2 3 1 2 1 3

Keep the levels of C arranged according to these four squares making the columns aud
rows represent the A levels and'B levels respectively as in Table 6,

‘TabLg 6. Tug KEy SUB-DLOCKS OF 4 REPLICATIONS IN SUB-BLOCKS OF 9 PLOTS.

1 2 3 4

a @ @@ a5 | @@ oa|a @ oa

& & alea o afa o a o a e
b e oalaeaalaeaealaaaea

ba G aale | a6 o

These four squarcs represent the 9 combinations for one sub-block from each of the four
bal d replicati ‘The ining two sub-blocks of cach replication orc obtained
by performing the sccond systzm of interchanges (3x3) on the rows {columns) of cach
key sub-block. The four sets of 2 d.f. of ABC obtained by this method are denoted by
$1, &3, 52 ond 3, and Table 7 (following Yates) gives the levels of the three factors occurring
in each sub-block. A-and B arc taken as the first two factors and C as the third factor.

TasLe 7. 3' DESIGNS IN SUB-BLOCKS OF 9 PLoTS.

Levels of first " | . | " | .
and

second factors
Tevel of third factor

»
N
CRNOOL LN
N oo N
€010t Nt e G0 0D
TP IO TSP v
T
ORI N N o
N OO e e Lo b
DN
IS TT 7T
[T STy ey
[ TSI IST oY
00805 Co e 1o = 8
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4.2. Four faclors at threa levels cach.
Let A, B, C, D be the four factors at levels denoted by (ay, ay, 4,) ; (by, by, b))

{¢ss €5, @) and d,, dy, d,) respectively.  In sub-blocks of 9 plots, 8 d.f. get confounded in
one replication. These ave should expect (o he distributed aniong the scoond order Interac-
tions ABC, ABD, ACD, BCD and the third order interaction ALCD. The 8 df. con.
founded can be split into 4 scis of 2 d.[. cach. It will be found that these four sels
belong only to the second order interactions ABC, ABD, ACD and BCD. Thus sll main
cffcets, first onder and third order interactions remain undisturbed.

Take a 3% 3 square with the columas and rows representing the A ond B levels. The
C ond D levels should appear in the cells of this square in the form of two orthogonalised
Latin squares. ‘The four squares of Table 5 fall into two groups G, and G, so that squares
in one group are orthogonal only to the squares in the other group. C, consists of squares
1 and 4 and G, of squares 2 and 3. Taking for the C levels square | and for the D levels
square 2 we get n key sub-block of one replication (Table 8).

Tanie 8. Kav SOB-RLOCKS oF A 3* DasIGN IN SUB-BLOCKS OF 9 Prors.

- ay @

b el eds G
O I R
b o ol cdy

A ing the C levels ding to the two squares of G, and the D levels acconding
to the two squares of G, we get four squarcs of the type of Table 8. Next arrange the
C levels according to the squares iz G, and the D levels sccording to the squares in G,
We get in all eight squares of the type of Table 3. The method of their gencration is
clear from Table 9.

Tantx 9, SQUARES cOMNINED POR C AXD D LEIVELS 70 GET THE 8 Baraxced
RerLicattoNs.

[N0] Gy (d) [N O] G ()

.~ 0 e
-~ ke
[ I I Y
® w0 oW
- . o

The eight squares give the key sub-blocks of elght By p
the second system of interchanges on thie ¢ rows (columns) and the d rows (columns) of &
single square we get nine squarcs which are the nine sub-blocks of the replication of which
that square is the key sub-block,
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The treatment combinations of the nine sub-blocks of the replication of which the
square in Table B is the key sub-block are shown in Table 10.

Tamk 10. A 3' DESION IN SUR-HLOCKS OF O PLOTS CUNFOUNDING SFECOND
ORDER INTER\CTIONS,

Levels of first Levels of Lhind
an and

second factora fourth factors
11 1 169672834
12 2 591726348
13 |8 9185267483
21 4 6728341509
22 ] 7268348509 1
23 (8 2674839018
n (7 8341569672
32 8 3488901728
3 9 4839132467

The lzst nine col the nine sub-blocks. The key sub-block is given in the

first column. Table 10 is in the form of a 9x 9 Latin square with an internal pattern of
a 3x3 Latin square. It is cosy to sce that given the first column the remaining columns
can be formed with little effort. The key sub-blocks of the cight replications are given
in Table 11 so that by sticking to the pattern of Table 10 the rcader may himsclf generate

Tastg |1. KEv SUB-BLOCKS OF 9 PLOTS OF 8 REPLICATIONS OF A 3 DESIGN.

Levels of a and b ! "

1 2 3 4 1 2 3 4
- Levels of ¢ and d
1 1 1 1 1 1 1 1 1 1 1
1 2 2 5 L] 8 9 ] L] 8 L
1 3 3 ° 8 L] L] 9 8 [} 5
2 1 4 L) 8 ® 8 8 @ B L]
2 2 5 1 1 4 4 3 2 3 2
2 3 8 2 3 2 3 (] 4 7 7
3 1 1 8 1 5 L] e 5 1] 8
3 2 8 3 2 s 2 1 1 4 4
3 3 9 4 4 7 7 2 3 2 3

the remaining 8 sub-blocks of cach replication. The 8 d.f. between the nine sub-blocks
can be split into 4 sets of 2 d.f. cach by orrasging the sub-block numbers [ to 9 in %!:e
form of a 3x3 square, It will be casily recognised that the 4 scts of 2 a.f, of a replication
betong to the four second order interactions ABC, ABD, ACD and BCD. By referring to
Table 7 we can easily write down which of the four sets: s, 83, % So of the intcractions
ABC, ABD, ACD, BCD are confounded in cach replication. These are given in Table 12.
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TanLe 12, Skrs or Srcoxp ORDER INTERACTIONS CONPOUNDED,

1 n

Intere
action

1 2 3 4 1 2 3 4
ABC " L " - ” n L
ABD [ P A ) LR Y N N
ACD LI Y [T T e
BCD LN TR 1) [T TR TS

It will be scen from T:blc 12 that the same sct of each second order interaction is
founded in two i Since there arc only 4 sets of 2 d.f for a s:eoml order
interaction and since one sct is founded in every licati lete b can
be achiecved with four replications, So the fonr replications under I and I of Tablc 9
have to be reshuflled as shown in Table 13, yiclding two independent balanced scts I’ and

Tante 13. Two DALANCED SETS OF 4 REPLICATIONS.

r H
ARC | ABD| ACD ’ BCD ABC [ ABD, ACD ’ BCD

1 " " " . » " [ "

1 1
4 3 [ [ [ [ [ [ 3
2 " [ [ n (1) [ " [

n 1
3 [ " L " [ 5 [ "n

IV of four replications. It is instmctive to notice in Table 13 the formation of
a 2x2 Latin square by the numbers T and 11, Also the replications I, 2, 3, 4 under I and
11 if arranged in the form of a 2x2 square thus:

1 2

3 4
will show that lwo replications occurring in the same row or column confound the same
set of ABC or ADD interactions. It is necessary therefore 1o segregate the four replica-
tions of I and II in two groups taken diagonally =iz, 1 aml 4 ; 2 and 3. Thus in arriving
at Table 13 we ore obliged to make use of the properly of the 2x 2 Latin square in two
places.

5. TIg 4" Tvik oF FXIKRIMENT,

8.1. Three Jaclors al four levels cach.

The factors A, B, C rirc now at four levels each (0, a3 2,, 2,) cte. ‘There are 27 df.
belonging to the sccond order Interaction ABC- In sub-blocks of 16 plots one replication
will have 4 sub-blocks thus confounding 3 d.f. elonging to ADC. Nine replications are
needed for balanced partiol confounding.
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The 4 x 4 square in the slandard position can gencrate 8 more squares by performing
the first system of interchanges (4x4) on the rows and columns. These ore given in
Table 14, Kcep the levels of C arranged according to these 9 squares making the columns

Tanig t4. Tiux NINR STANDARD 4 x4 SQUARES.

1 2 3
1 2 8 4(1 4 2 3|1 8 4 2
lellzillllll
3 4 1 2,3 2 ¢ 118 1 2 4
4 3 2 1{4 1 3 2|4 2 1 8
4 8 ]
T 2 3 41 4 2 3|1 3 4 2
4 3 2 1|4 1 3 2)4 2 1 13
2 1 4 8|2 3 1 42 4 8 1
3 4 1 28 2 4 1|8 1 2 4
1 8 1]
1 2 3 41 4 2 8|1 3 4 2
3 4 1 2|3 2 4 1|38 1 2 4
4 3 2 1|4 2 3 2|4 2 1 3
2 1 4 3(2 8 1 4|2 4 8 1

and rows represent the A levels and B levels respectively. These 8 (a, b, c)-squares

T the kcy subeblocks of the 9 bal d licati The ining three
sub-blocks of cach replication are obtained by performing the second system of interchanges
on the rows (columns) of cach key sub-tlock. The 9 sets of 3 d. f. of ABC obtained thus
are denoted by 5,, $4,.........5 and Table 18 gives the levels of the three factors occurring
in cach sub-block of (he ninc replications, A and B are taken as the first two factors
and C as the third factor.

5.2. Four factors al four levels each.

Let A, B, C, D be the four factors at levels represcnted by (a,, a;, a,, a,) ctc. There
ore 27_d.f. belonging to cach of the second order interactions ABC, ABD, ACD and
BCD and 81 d.f. belonging to the third order interaction ABCD. In sub-Llocks of
16 plots, 15 d.f. get confounded among the 16 sub-blocks of a single replicotion. These
15 d. {. can be scparoted into 5 orthogonal scts of 3 d. f. cach. Four of these sets belong
one eachto ABC, ABD, ACD and B C D and the fifth sct to A BC D. For balanced
partial confounding of A B CD, 27 replications are neeessary. In this section a method
of gelting these 27 replications with 16 sub-blocks of 16 plots will be discussed and it
will also be shown that the 27 replications fall juto three scts of 9 replications, each sct
confounding with balance all the sccond order internctions,
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Taotg 15. 4' DESION IN SUB-ULOCKS OF 16 PLOTS CONFOUNDING StcOND ORDER

INTERACTIONS.

Levels S | N | EA ‘ 3. B [ | £ i ES | (S
nl;:;a

factors Level of third factor

11112 sq‘xzsclzad142:1423:42:13421:421341
12/2(2148(2143|2143/4182{41832|4132]{82124(3124¢|3120¢
13/3(3412(3412(3412|2324(232412314(4213(42183/4213
lll(821ll?l‘32132(1SZCIIITCIZCSIICQIIGIX
215211345213412231411;z|324124314213312|
22G12!49412(!21824!1128'2314(21314311342
23(7|4321|2143|1234(1423|8241|4132|3124(134¢2|2431
24({8(3412[/1234(2143{4132[2314|1423(13¢2(3124(¢213
31/ 2|3412(2143(¢321/3241|2314(41323124|2431|4213
!210(82112848112'2814!2(1142318(24213243l
$81111234|4821({2143|4132(1423/3241|2431(3124¢}134¢2
34012 (2148(3412|123414283/4132(2314|¢4213|1342(3124
4113(321)(1221(!'4182824!23!44113312(2(!1
4214 34124321';2:4‘14232:148241243113424213
13)52143123(:4!21'82414182142313422481312|
“ll. ll!l21438412'231(142341323124(2131312

Take a 4 x 4 square with the columns and rows representing the A and B levels. The
C and D levels should appear in the cclls of this square in the form of two orthogonalised
Latin squares. The 0 squares of Table 14 fall into three groups G,, G,, G, so that the
squares in any group are orthogonal only to the squares of the other two groups. G
consists of squarcs 1, 5, 9 ; G, of squares 2, 6, 7 and G, of squares 3, 4, 8. Arrange the
letters Gy, G,, G, in the form of o 3%3 Latin square in the standard pesition:—

G, G, G,
G, G, G,
G, G, G,

Allow the C fevels to be arranged according to the squares of the groups G,, Gy, G, of
the first column. For D levels choose the squares in the group of the second column
belonging to the same row as the group to which the square selected for the C levels
helong. This process will yield 27 (abed)-squares representing one sub-block from each
of the 27 replications that we need for kalancing the third order interaction ABCD. The
method of generation is clear from Table 16. (By choosing for D levels the squares
belonging to the gronps in the third column we have anotlrer st of 27 balanced replications.}
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TADLE 16. SQUARES COMBINED ¥OR C AXD D LEVELS TO GET THR
27 BuANCED REPLICATIONS.

1 ‘ n ur

Gie) G.(d)} Gile) Gl | Gale)  Gul)

CEIBOAW-
COCHAT -
~enauovaaw
SaNecowNN
Bawmsman
Emssame
T LIS

From cach of the 27 squarves, 1S squares miore can be gencrated by performing the
second system of interchanges (4 x4) on the ¢ rows (columns) and the d rows {columns).
Thus we get all the 18 sub-blocks of the 27 replications.

The treatment combinations of the 16 sub-blocks of one of these replications are
given in Table 17 for purpose of illustration. The fast 16 columns represent the 16

TABLE 17, A 4* DESIGN IN SUB-BLOCKS OF 16 PLOTS CONFOUNDING SECOND AND THIRD
ORDER INTERACTIONS.

Lavels of first

mn;nlum Levels of third and fourth factors

1 1)1 1 8 11 16 8 3 14 $ 10 13 4 7T 13 12 S5 2
1 2| 2 4 1 18 11 8 8 9§ 14 13 30 7T 4 12 15 2 5
1 303 11 18 1 6 14 9 8 3 4 7 10 13 5 2 15 12
1 4] 4 18 11 6 1 9§ M 3 8 7 4 13 10 2 5 12 13
2 1| 85 8 8 14 & 1 6 11 16 13 12 6 2 10 13 4 7
2 2|8 3 8 9 14 6 1 186 11 12 13 2 5 13 10 T 4
2 87 4 5 8 8 11 16 1 68 8 2 15 12 4 T 10 13
2 4| 8 ? 14 3 8 186 11 6 1 2 5 12 13 7 4 13 10
3 179 10 18 4 7 15 12 83 2 1 6 11 18 8 8 4 9
3 2|10 13 10 7 4 12 15 2 5 6 1 18 11 3 8 § M
3 3|11 4 T 10 18 5 2 15 12 11 18 1 & 11 9 &8 3
& 412 7 4 13 100 2 6 12 15 16 11 6 1 0O 14 8 8
4 1|13 15 12 5 2 10 13 4 7 8 3 14 6 1 6 11 18
4 2| 12 13 2 6 13 10 7 4 3 B8 9 11 6 1 186 1
4 3|13 8 2 13 12 4 7 10 13 M4 6 B 3 11 16 1 &
4 4)18 2 6 12 18 7 4 13 10 O 14 3 B3 16 11 6 1




[Pzt 1

TIIE INDIAN JOURNAL OF STATISTICS

ANKHVA:

S.

Vou. 4]

ST €L ST § @ € & @6 @ |z OT 3T ST ¥ st ¥ 9 L |E ¥ Zz T ¥ T £ » z  lstirv
L 8 9 T 2T Or ST ST M|Z ® » Z € ¥ T & ¥ |6 8 6 € F £T 9 § 9| (ST |2V
y z © ¥ z % v £ s|9 9 € 6 6 6 ST SI STT|¥L ST ST 9§ L 8 Or IT zI| [oF zy
OL IT Zt ML ST ST 9 L 8 |ST ST ¥ L 8§ 9 TT ZL OF|8 9 L TT OT IT 9T ¥ ST| ST IT ¥
€ » z s ¥ z € ¥ z|ex gL er § 8§ 9 6 6 6 (2T OT IT SL L ST 8 9 L | (¥ E
€ 6 6 SL € $T € € S |L ® 9 TIC T Of ST oL |z € » z g ¥ z & ¥ |[i;rjee
P €T 9t 9 L 8 Of IL 2|¥ T € ¥ £ € ¥ T € |gs S S 6 6 6 ST £ £r]|or|z g
8 9 L 2L O TI 91 #I ST|O0T 1t 2T %t St ot 9 L B |ST o » L 8 9 It 2t o) [efr ¢
Zt or 1T e st 8 9 L] ¥ T € » Z € ¥ Z st ST BT S 9 § 6 8 6 8 (v z
Z ¢ v T £ ¥ z © »|6 @ e %U ST ST 9 $ $ (L 8 9 VL IT Or St 9T | (2] 2
¢ & § ¢ 6 6 € ©T ST|¥ ST ST ® L 8 OL T 2Ag(¥ z £ ¥ Z € ¥ T ¢ 9|z z
SE 9T ¥ L @ 9 T ZT OK|® 9 L ZX OF L 9T BT SL[OT YI IT T ST SL 9 L ¢ gtz
9 L 8§ O 1t 2 M ST 9T (® L @ OT T 2T L ST ST|9 L B Or LI 2r X St 8t (¥ (v 1
ST ¥ ST W 9 2 2T O IX(SC ¥ ST € 9 L 2T O IX|ST X ST ¥ 8 L 2t O | (e T
TC ZT OC ST ST P £ 8 9 |IT IT OF ST OF O L 8 B [Ir ZT OF ST ST X L 8 9 z(z 1
+ T Tt v r T r T ¥t T x v v Tt t Tt Ttlr r ¥ Y T T T ¥ 1 [ R
P pu¥ )0 5347 ? e

e 8 L 9 ¢ v ¢ $ L 9 8 ¥ £ z 1|6 8 L 9 9 » £ T X
S qpuvp
1o w3y

*SI0Td 91 40 SAdONI-ANS
NI KOISHQ b V 4O SNOIVIILIY TWONVIVE L2 40 SN30Tm-00S ARY gl F1av],

14



CONFOUNDED ARRANGEMENTS

sub.blocks. ‘Tablle 17 is in the form of a 16 16 Latin square with an internal pattern of a
4 x4 Latin squore. It {s casy to sce that given the first column {i.e., the key sub-block)
the remaining columins can he formed with little offort. The key sub-blocks of the 27
replications are given in Toble 18.

Table 19 gives dclails obout the 5 sets of 3 4. §. founded in cach repli
The 27 sets of 3 d.f. of A B C D are classificd under three heads: X, Y, Z, there having

TAnR 10. Sivs oF SECOND AND TiIRD ORDER INTERACTIONS CONFOUNDED IN
THE 27 BALANCED REPLICATIONS.

1 1 m
(1234 567809(1234567869
ABC LA RCIEE PR N "
ABD 0 8 B B S B B B B B2 B B BB BB B M BN
ACD 6% 0 L 81 B B B Be| B B BB Bk kb BBkl A
BCD Bt B By S B B ) B B 8GR KRG LL LY
X [ [ = LY [ LIRS
ABCD Y | 8 o LAY [ n| & [ .
2 "os [ [N [ [y 3

9 sets in each. In fact we gre introducing X, Y, Z as slternative third factors to A and B
ond identifying the 9 sets of 3d.f. of ABX, AR Y and A B Z with the help of Table 15.
The levels of X, Y, 2 are defined in Table 20 where the numbers 1, 2, 3,.cveee .16 stand
for the CD combinations as marked in Table 21.

Tauste 20. Leveis or X, VY, Z.

X Y z

t.|l+d+ll+lﬂ 1+ 7T+12+ 24 5 1 +8+10+18

Hn2+8+12+ 18]y

2 +8+11+13|=2+7+ 9+ 16
l‘-}l+!+ P+ 14 y.|3+§+10+ld 2
x.‘

[
|
:a+c+n+n
|

4+ T+10+13|yH+6+ 9 +15(2 4+06+11+ 14

Tantg 21. Tug Coxminations op C axp D Lavers,

& & o [
|1 8 9 13
|2 6 10 u
da| 3 7T 1 15
d| ¢ 8 1 18
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While consulting Table 15, A and B were taken as the first and sccond factors for inter-
octions ALC, ABD, ABX, ABY and ADZ ; C and D werd taken os the first and sccond
factors for interactions ACD and BCD.

‘The 27 replicutions of Table 19 balance all the sccond and third order interactions.
Since the third order interaction is less important thon the second order interactions it
is useful to get scts of 9 replications which will balance all the second order interactions.
The ninc replications of any of the groups I, II and III of Table 19 may be arranged
in the form of o 3x3 square:

1 2 3
4 5
8 9

It will be found that the three replications of any row or column confound the same set
of ABC or ABD interactions. It is necessary therefore ta split the 9 replications under
I, II and IIT in 3 groups of 3 cach ding to the two orth 1 squares for 3x3.
The reshufMlings of the 27 replications vnder I, 1T and 11T to yield three sets of 9 balanced
replications were found possible in three independent ways. These are given in Tcebles
22 to 24. It is instructive to notice how the numbers I, IT, 11 arrange themsclves in the

Tastg 22. Sers I,, 11, ITL, OF £ REPLICATIONS BALANCING SECOND ORDER INTERACTIONS.

L I 1l
olalAfa
alm|o|o
< <|m

1 LTI T [

8 His 80 8 5 [

9 LT Y [ u [ [ ll

2 - N - n N - n hon

8 IT|m 8¢ m 80 (o 8 o 5 & Il 80 8e 32 3« 3

7 [ T N L N LI I TR N

3 [ A N = - ok b S " - LI TR T ~
4118 5 -0 5 ENIREY AR N A N (Il 6 & n

8 e f A B 3 L T » LI [

form of a 3x 3 Latin square in al] the three Tabks. Similar scts can be got from the other
27 balanced replications obtainable by keeping the D levels according to the last column
of the G-smuare.

It will be noticed how thronghout thix section we hod (o bring in the propertics of
the 3x3 Graco-Latin square,
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Tarie 23. Sers I, I, TII, o § REPLICATIONS BALANCING SECOND ORDER INTERACTIONS,

HY 1 ‘ nh
vle|lala] ascp vl|alala| arcop ula
®R(BNQ O[T miR vl @lm

_l=f=<i=i= x|y [ 2] [<]<|<|n|x|¥]2 <)<

1 LI N »N LU TR TR Y [ [

s[1{m % & & [ M 60 6w * |8

9 o h K B » L3 L) L LR

2 - Hh ot hon - " on u N - L

am LI T N Y Il& L N L

ks 6 M B B M L) [y " LU "IN TR TN N

s |6 won s wl a0 o6 M I
AU (8 & B s it & 8 s 5 CIRE L [

L) LU PO T ) = [ I N " LN T

Tastk 24. Se1s L, IL, III, O O REPLICATIONS BALANCING SECOND ORDER INTERACTIONS.

I Il e

ola a| ABCD v|a al aABCD

2|m|lolu L] (3N v ey

<|< x|y | 2z <|< =[x |Y |2
1 LI [ [T [N
6(1|m 8 & mom s s te &
8 E O TR N [y 5 % B on [ ("IN " o
2_ LTI N U P B L' "R T Y B ETI N U N
LY Y [ L|Ilsm 0 o8 ™ |1l [ "
] LN 5 [N TR M ) [y »” n o [y
I_ - N K [ B LI I . B TR PR P [
S|lt|s & & £ Mls 5 & 3 [ I 8 B & «
1 & G H &k [N TR I N Y [N PR O PR

8.3. Five Jaclors at four levels cach,

If there ore five factors A, B, C, D, E at four levels cach, snb-blocks of 16 plots can
be formed by arranging the levels of C, Dand E ding to the three orth lised Latin
squares of the 4x4 square whose columns and rows ore the A and B levels. One such
square s given in Table 25.

The 64 sub-blocks of a single replication are obtained by performing the sccond
system of interchanges 4x4) on the ¢ rows (columns), d rows (columns) and ¢ rows
{columns), Here there are 10 sccond order interactions cach with 27 o.f., 5 third order
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interactions cach with 81 d.f. and 1 fourth order interaction with 243 d.f. I have not

Tamk 25. A Kev Sun-ntovk or 18 T.ots oF A 4* CONFOUNDRD DESIGN,

ay LN ay i a
: ey —T.:l.n cudeer cwhey
—A..- culies culves cudves [N
& exhes culy e @iy
: cudets avdieq adey eudves

fannded licati 1i.

investigated how the €3 d.f. in a are d among these
interactions. There is reason to belicve that only 3 d.f. of ABCDE get confounded in
a single replication so that balancing of this interzution raquires 81 replications. A key
sub-llock of cach of these 81 replications can be easily obtained by adepting for the C, D
and E levels the squares of col 1,2and 3 ively of the G-square such that all
the three squares used in one key sub-block belong to the three groups of the same row:.
We will get from each row 27 key sub-tlocks. The 64 sub-blocks of a single replication
are obtained Ly performing the second system of interchanges (4x4) on the ¢ rows
(cotumins), the d rows (colwmns) and the ¢ rows {columns) of the key sub-block of that
replication. It has yet to be investigated how these 81 replicotions can be split into sels
which balance (say) only the sccond order interactions.

SUMMARY.

The paper enunciates the problum of confounding in the gencral symmetrical type of
experiment, of n factors at p levels cach and develops a methed based on two systems of
interchanges derivable from the p-sided hyper-Grreco-Latin square.  The working of this
method has been demonstrated in gelting confounded arrangemients for the #° type of
experiment in sub-blocks of p* plots, for p=3, n=3 and 4; and p=4, n=3, 42nd 5. Tn
getting balanced replications a method has been developed which works only when p is
such that p—1 also is cither a prime or a power of a prime.
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