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INTRODUCTION

Many of the statistical tests now in use are based on the assumption of normality in
the parent population, from which the ohserved samples are supposed to be drawn.
Though it is known that many of these tests remain valid even with moderate departures
from normality, it is necessary to develop exact tests of significance which are free from
the assumption of normality.

Recently a number of papers has heen published on such tests of significance. . R.
Thompson® and S. R. Savur* by working on the “Confidence Range* of the median from
any population have suggested methods for testing significance for two sampl:s.  The
use of ranks has been supgested by ITotelling and Pabst® in correlation study and is
advocated in analysis of variance hy Fricdman®. Last hut not least R, A. Fisher gave
an example in Section 2t of his hook ““Design of Experiments’ illustrating a method
hased on the principle of randomization, replacing the usual t-test which is appropriate
for normal samples. This idca of Fisher has been extended by Pitman®¢ to test comh-
tion co-cfficients and by Pitman” and B, L. Welch "1 to probl arising in domi;
block and Latin square designs where the principle of is usually foll

Fisher's primary object in developing his test by Randomization, in which the
assumption of normality can be avoided, was to test the significance of two paired or two
independent samples of equal size. In the former case he takes the modular differences
Id,), 14,1, . . .. Id.] of the n pairs of readings and ns, in the absence of any treatment
efect, the only values possible for any difference by randomization being plus or minus the
given magnitude, he gets 2* elements of a sub-population ; he then uses the mean-statistic
of these elements for testing the significance. In the second case! there are two independent
samples X,, X5, . . . Xa 80d ¥, ¥y, . . . ya. He pools the two samples and gets the
(20) 1/(n!)* possible pairs of samples, and uscs the diflerence of the mean-statistic of each
pair of samples.

It is clear that the distribution of the mean in both these cases has to be done by
laborious numierical work. Also, E. S. Pearson* has shown that this test will control the
second kind of ervor only if the statistic chosen is eflicient. But as our chicf object is
to avoid any assumption as to the form of the population, any discussion of eflicicncy of
the statistic used is meaningless. Instead of using the mean.statistic it is of some practical
importance to search for statistics whose distributi in the sub-populati btained by
the use of the principle of randomization are easily derivable.

In this paper are obtained the distribution of the p-th ranked individual in the first
type of problem and of the difference between the p-th ranked individuals in the second
type of problem. Some other distributions are also considered, Incidentally, some light
is thrown on Pearson’s point of view, namely, that even in the test by randomization the
statistic used should be efficient in order to control the second kind of crror.
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TRST BY RANDOMIZATION POR TWO PAIRED SAMPLES

Consider a randomized block experiment with {say) two varieties A and B, and n
replications. Let n, and b, be the yiclds of the A and B plols in the i-th block. Let us
start with the hypothesis of “‘no difference” in the yield of the two varicties. In this
case the observed viclds in the two plots might have been the same even if the varieties
were interchanged. The (A—D) difference in the i-th block can therefore have cither of
the two cqually likely values (asb,) or (bi-a,). This is true independently for the remain.
ing blocks. Let us demote the numerical magnitudes of the differences of the two plot
yields by 1d,l, M), . . .. ), ... . |ds]. The A-B difflerence in the i-th block iy
be cither d, or -d,. By rondomization therefore the set of (A—B) differences of a single
arrangement can have different values. \We may call this a sub-population of 2* elements.

In an actual experiment only one of these el s is obtained. ‘The other el t
are generated with the knowledge of the numerical values of the d's. If now we calculate
the mean of each of the 2° clements of n each, we get the distribution of the mean in
this sub-population. If the mcan of the clement actually ohserved falls heyond the s
per cent tail area of this distribution_we reject our null hypothesis of “no-difference.’
If we get another set of  {[di|}, we form another sub-population of 2* el (]
in each sub-population the same rule of rejecting the hypothesis at § per cent level is
followed, in the long run of our experience with all possible {|d. ) we will b2 con-
trolling the wrong rejection of the hypothesis tested, to § per cent of cases even in the
main population. Tnstead of the mean, any other statistic of location could be tested on
this principle, say. median, midpoint, geometric mean, cte.

Fisher has chosen the mean, for illustrating this method on Darwin’s data. The
calenlations involved were long and tedious for his case of 2'* (=32768) clements. No
general expression is available which can be applied whatever be the value of n and what-
ever the actual maenitudes of the  {]d.]}. Tt will he presently seen that the median
is a statistic whose distribution comes out verv easily for anv n and any set of valies
{ld} . Of course the median distribution differs according as n is even or odd. What
i8 needed is only to rank the observed {ld.|} according to mamnitude.

We can sunpose without loss of gensrality that [d.| is the f-th in rank, in ascending
order of magnitude. Let also the n differences he distinet avoiding all ‘tied-ranks’. Tn
the 2" elements that can he got by assigning a plus or a minus sign to the d's, the n-th
ranked variate in an element will gssume different values, the rank heing fixed from
smallest to largest. Tet us seec what the various values are that it can have and the
frequency attached to cach. Among the »® cl s of the sub fation the one got
by assigning the minus sign to all the valites stand at nne extreme and the one got by
assigning the plus sign to all the values, at the other extreme. In the former case the
p-th ranked variate is —dn.,s1 and in the latter +d,. The p-th ranked variate therefore
is distributed in tho range—dn.p to +d,, taking n+1 discrete values. The number
of clements in which+d,. { 1ZmZp) will be the p-th ranked variate is a-mCaope 2™
The number of clements in which—da.(1£m=n-p+1) will be p-th ranked variate is
2-0Cyot. ™74 T n i3 odd and equal to (2k+1) the mediam becomes the (k+1)-th
ranked. variate so that its distribution follows from the foregoing. The median takes
values in the range—dy,, and +dy,, with a symmetrical frequency distribution. The
frequency with which the median coincides with+dm and —dn (1SmZk+1) being

(a1-m G 2771,
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In Fisher's example the 15 paired differences actually observed were 49, -67, 8, 16,
6, 23, 28, 41, 14, 29, 56, 24, 75, 60 , -48, Median of this element is+24.

The 15 maguitudes arranged according to size are 6, 8§, 14, 16, 23, 24, 28, 29, 41,
48, 49, 56, 60, 67, 75. The frequency distribution of the median in the sub-population of
2" el got by il is given in Table 1,

Taseg [, FrrguaNcy Distrisurios of Mibias of PaireD Dirsiuences of DaRwIN'S DaTa.

Value Value
of Frequency of Frequency
Medion Median
—-29 2'= 128 +8 | wCul = 38432

~28 | Ci2'= 512 +8 [ nCh2= 3432
=24 | JCu2r= 1182 +14 [ nCu2’= 8168
=23 | wCi2'= 1020 | +18 |wCu2'= 2640
=16 | uCu2'= 2640 +23 | wCi2'= 1920
=14 [ nCu22= 3168 +24 | Cr2'= 1152

-8 |uwli2= 3432| +28 | Cu2t= 812

-8 [nCrd= 3482 +29 2'= 128
Tolat 32768

The probability of the median being 2 24 in sbsolute maguitude is 3584/32268 or 11 per
cent, From the s per cent level of significance the obscrved median accepts the null
hypothesis tested, namely of ‘“‘no-difference.” Fisher's test using the mean gave him a
probability of about §°26 per cent of getting a mean greater than the one observed. This
is just on the border of the region of acceptance of the null hypothesis.

Owing to the diflerence in definition of median when n is even (say 2k) its distribu-
tion in this case is not so easy as in the previous case. What we can do here is to get
the frequency with wbich a given pair of varieties becowe the central ranked variates,
k-th and (k+1)-th, of an element.

Let+d, and +dj be the central values of one of the elements, where i and j are in
the range 1 2i < jSk+1. The number of elements in which this happens is
m-jCiey 174, Also -4, and —d, occur with the same frequency. Now consider
the frequency with which +d,, —d, or =d,, +d, can become ceutral values. It is easily
seen that i con have only valve 1. The frequency with which +d, and -d, or ~d, and
+d, becotne central values 3s the same and etuals 5uojCuoy, where 1 <j S k+1.

‘The median therefore covers a range of k(k + 1) discrete values and has a symmetri-
cal frequency distribution. Ve cannot however arrange tbe values of the median, from
smallest to lowest, os this is not known iu the general casc. ‘I'his fact brings to our
nolice that the distribution is more oftcn multi-modal than not, the number of humps
depending on the magnitules in the data. For these reasons it will be better in even-
sized samples to consider only the distrilmtion of the k-th or (k+ 1)-th ranked individual.

‘The examination of the median in the case of n even, brings us to the interesting
problem of the distribution of the Range, and incidentally, of the Mid-point in ‘the gencral
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case of n even or odd. It is necessary in order to investigate these distributions, to get
the frequency with which a given pair of variates can become the biggest and the sinallest
variates of an clenient, It is clear that the extreme variates will be botli positive or both
negative ouly when all the variates are positive or negative. In this case naturally +d,,+d,
or=di,=ds become the extreme values and the freyquency of each is 1.

It is n)so scen that the extremc variates can be of opposite sign say d, and - d/i<j)
only when j=n. The frequency of this is 2!, Also—d, and +da occur as extreme
values with the sume frequency. The frequency distribution of the Midpoinl is therefore
as in Table 2.

Tasig 2, Distmisurion or Al XY or Pamip D

Greatest quency
+4. Mda—dass) 2
+da $da—duay) 27

—ds +4d. 3(d—a))

+d +d. 1d.+4)

—da —ds —Mdat+dy)

—d, +d, —iida—ay)

—-d +daoy

—d +da-y 2=

2

This is & symmetrical but U-shaped distribution. Since ~d, +ds or ~ds, +p,
as extreme vanates give the same value for the rangé namely d.+d, - the frequency of
this value of the range is 2!'. The distribution of the Range is thercfore J-shaped and is
given in Table 3.

Taatz 3. DISTRIBUTION OF RANGE OF PAIRED DIFFERENCES.

__Ramge | Frequescy
de+da-y 2
dotdeas 2
dotdy 2
da—dy 2

" Totl | 2

Of the various statistics whose distributions we have studicd, it is apparent that the
median individual in the case of an odd sample and one of the two central individuals
in the case of an even sample are convenient statistics to use in tests of significance of a
given set of differences based on the principle of randomization.
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TST BY RANDOMZATION OF TWO EQUAL BUT INDEPENDENT SaMPLES

Fisher' bhas recently given anm ill jon of the lication of the principle of

dowmization to two ind i samples of n observations each. Let the orginal
samples belong to two groups A and B, Our problem is to see whether the samples give
evidence of real difference between A and B with regard to centre of location (mean,
median, cte.) If the 2n observations are lumped togcther they can be split into two
groups of n cach and assigned to A and B in (2n)1/(n 1)* ways. For each of these ways
we can calculate a difference between the means or medians or amy other measure of
centre of location, of the two groups. \We thus get a sub-population of (2n)1f(n1)*
differences of the statistic studied. If the difference observed in the original two samples
is such that the probability of such a value or a greater value occurring in this sub-
population is (say) less than 0’05 we agree to declare that the original samples reject the
hypothesis of ‘‘no-difference’ tested.

If we choose the mean for this test it is easy to sce that the process is very lengthy
in gelting its distribution in the sub- lation of (2n)1/{n1)® differences. It has also
to be done ind dently on every ion. It will be seen presently that when n is odd
the distribution of the median diffcrences comes out very easily and is general,

Let n be even or odd. Let the pooled data of the two samples arranged according to

ding order of (algebraic) itude be X, X3 .« .« .+ . X;0. Let us confine our

attention to the p-th ranked variates of the two saroples, each of size n, that can be made

out of these zn observations in (an)1/(nl)* ways. Let us determipe the number of

sample pairs in whick x, and x,(i<j) will be the p-th ranked variates of the two
samples. This can be easily seen to be twice

141Gete 3101Chetp 3001Cacny

i and § being governed by the following inequalities
i>tzp
pZj S ntp

We have thus obtained the frequency distribution of the quantity [x,- x| occurring
as the difference between the p-th ranked variates of the two samples.

From this by putting s=2m+1 and p=m+1 we get the distribution of the differences
between the medians of two samples having equal but odd number of observations. The
frequency of x, and x, becoming the mediaus, thus giving a median difference |x,—x;|
is twice

11Ca ge1a1Catacr.  imas-1Can

If n=2m, the distribution of the median (defined as mean of the two central values)
is rather inconvenient to use. In that case it is perhaps good enough to study the
distribution of either of the two central values got by putting p=m or m+1 in the above
distribution,

This expression completely specifies the {requem:y d:smbuhon of the median
differences. Only, we cannot arrange the [ to itude of the
differcnces, as the latter {s not known in gneral. For a known set of observations this
can be done easily.
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L. S. PEARSON'S PRODIEM
I shall illustrate the distribution of the median differences on one of the examples
given by E. S. Pearson.* He took 5 cets of two samples of 7 individuals in cach from two
rectangular populations with different ccntres of location but having the same range.
They are reproduced in Table 4.

Tante 4. E. S, PrarsoN'S DEXPERIMANTAL SAMFLING DATA,

Experiment 1 I ur v v

Sample. 1 2 1 2 1 2 1 2 1 2

43 120 29 80 14 40 47 60 (34 47

69 107 27 12 a2 81 49 84 41 43
82 127 1] 88 m 41 49 100 41 13
19 124 27 40 87 69 23 83 85 (1]
83 41 58 88 23 40 52 a2 8 124
34 a7 92 50 2 48 67 98 32

Midpoint 57°00 | 8200 | 48'30 | 8250 | 44:30 | 7200 ( 3550 | 6800 | 3750 | 83'60
Mean 6043 | 9686 | 39°86 | BO'14 | 44'14 | 6320 | A1'ST | TOBT | 4171 | 487
Medisn 69°C0 | 120°00 | 2°00 | 86.00 | 32700 | 60°00 | 49°00 | 9000 | 41°00 | €800

He has virtually worked out the distribution of the differences of the mean andsof the
midpoint and shows that the test based on the midpoint rejects the hypothesis of “no-
difference”” (which is definitely known to be \vrong) more often than the test based on the
mean. This is because for r 1 the midpoint is an efficient statistic.
In samples of n{=2m+1) from a xed:mguhr faw o Zx = b the variance of the midpoiat,
mean and medjan sre respectively

b bt bt
a(m+1) (m+3) 12(zm+r)  4(am+3)

Since the median has the biggest variance its efficiency is less than that of the mean.
Accordingly if in Pearson’s examples we apply the median test we should expect according
to Pearson’s contention that it will aceept the wrong hypothesis we are testing, more often
than either the midpoint or the mean. I have perforined the test on all the 5 sets of two
samples, of 7 cach, he has used and have got results which confirm his arguments.

‘The distribution of median differences for the first set used by E. S. Pearson is given
in Table 5. The 14 observations according to size are 21, 14, 37, 41, 45, 69, 79, S2,
93, 107, 120, 122, 124, 127.

The pumber of pairs of samples under randomization having a median difference
equal to or greater than the difference in the observed pair is §52. The corresponding
frequencies for difference of midpoint and mean given by E. S. Pearson are go and 252
respectively. Thus the median accepts the wrong hypothesis in §52 cases while the mean
and midpoint accept in 252 and go cnses respectively. ‘The median accepts the wrong
hypothesis more often than the other two statistics,
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Tante S, Prequrxcy DisTriputton of BIxpiaN DirrkreNce or PearsoN's Exrranaey I,

Value of Median
Median
Sample A (B) | Sample B (A) Difference Frequency

i X j x; X=X
] 41 n | 120 k) 2.6 = 40
] a 10 | 107 66 |2..¢..0 = 80
] 4 [} [X] 32 [2..6.6 = g0
4 41 8 82 a 2.4 = 4
5 43 n | 12 k] 2.80..00 = 80
5 15 10 | 107 62 |2..0..Ci..Ci= 192
5 “ [] 93 48 |2..00..C. 0= 240
5 IH] 8 82 37 2.6.6 =160
6 69 1 | 12 51 2..6.6 = 80
6 6 10 | 107 38 2.0 a0 Ci= 200
] 69 [ 93 24 2 .,Cs . 4Gy .Gy = 400
] 6 8 82 13 2.0, =400
7 [ m | o120 a1 2 = 10
7 k) 10 | 107 28 2.6 .6 =160
7 1) 9 [X) 1 2.0 .0 =400
7 79 8 82 3 2.40.C =800

| | Total | 3432

Similar results have been worked out for all the § experiments and are summarized
in Table (6). The results of the mcan and midpoint are taken from E. S. Pearson’s paper.

Taote 6. Numser OF PAIRS OF SAMPLES, UNDIR RANDOMIZAYION, HAVING VALUES For Dirremsycs
BETWEEN MID-POINT, MEAN, AND MEDIAN AS CREAY AS, OR GRIATER YRAN
TRE O6STRVED PAIRS (E. S. PPARSON'S DATA),

Experiment bidpoint Mean Medinn
1 80 252 552
1 108 114 120
ur 282 >508 1512
v 82 40 200
v 108 168 120

For all the experiments we see that the test using midpoint os the centre of location
rejects the {wrong) hypothesis we are testing more often than those using mean or median.
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