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Abstract
We apply Grenander’s method of sieves to the problem of identification or estimation of the
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1 Introduction

Stochastic models for modeling long-range dependence has been the subject of investigation re-
cently and it is interesting to study whether the theory developed for continuous time stochastic
systems driven by a Brownian motion has an analogue for the systems driven by a fractional
Brownian motion. Statistical inference for diffusion type processes satisfyving stochastic dif-
ferential equations driven by Wiener processes have been studied earlier and a comprehensive
survey of various methods is given in Prakasa Rao (1999a). Inference for a general class of semi-
martingales is reviewed in Prakasa Rao (1999b). Since a fBm is not a semimartingale, there has
been a recent interest to study similar problems for stochastic svstems driven by a fractional
Brownian motion. Le Breton (1998} studied parameter estimation and filtering in a simple
linear model driven by a fractional Brownian motion. In a recent paper, Kleptsyna and Le
Breton (2002) studied parameter estimation problems for fractional Ornstein-Uhlenbeck pro-
cess. This is a fractional analogue of the Ornstein-Uhlenbeck process, that is, a continuons time
first order autoregressive process X = {X;, 1 = 0} which is the solution of a one-dimensional
homogeneous linear stochastic differential equation driven by a fractional Brownian motion
(fBm) WH = {WH t > 0} with Hurst parameter H € [1/2,1). Such a process is the unique

Gaussian process satisfying the linear integral equation

t
(1. 1) X, =&f Xods+aWH t > 0.
1]



They investigate the problem of estimation of the parameters 8 and o2 based on the observation
{X.,0 < 5 < T} and prove that the maximum likelihood estimator O is strongly consistent
as T — oo, Maximum likelihood estimation for a more general class of stochastic differential
equations driven by a fBm were studied recently in Prakasa Rao (2003a,b). Sequential esti-
mation of the drift for fractional Ornstein-Ullenbeck type process was investigated in Prakasa
Rao (2003c). We now discuss the problem of nonparametric estimation or identification of
the "drift” function #(¢) for a class of stochastic processes satisfying a stochastic differential
equation

(1. 2) dX; = () Xedt +dWH Xy =1,t =0

where 7 is a gaussian random variable and {W/} is a fBm . We use the method of sieves
and study the asymptotic properties of the estimator. Identification of nonstationary diffusion

models by the method of sieves is studied in Nguyen and Pham (1982).

2 Preliminaries

Let (2, F, (Fi), P) be a stochastic basis satisfying the usual conditions and the processes dis-
cussed in the following are (Fp)-adapted. Further the natural fitration of a process is under-
stood as the P-completion of the filtration generated by this process. Let WH = {I'Tv"f” 2 =0}
be a normalized fractional Brownian motion with Hurst parameter H € (0,1), that is, a Gans-

sian process with continuous sample paths such that Wi = 0, E(W/) = 0 and
1
(2. 1) EWwAwH) = E["’w N B P | S 1% N o

Let us consider a stochastic process Y = {Y,, ¢t = 0} defined by the stochastic integral equation
t t
(2. 2) Y= f C(s}ds+f B(s)dwH t >0
0 0

where ' = {C(t).t = 0} is an (F;}-adapted process and B(t) is a nonvanishing nonrandom
function. For convenience we write the above integral equation in the form of a stochastic
differential equation

(2. 3) dY; = C(t)dt + B(t)dWH t = 0

driven by the fractional Brownian motion W# . The integral

(2. 4) L ' B(s)awH

is not a stochastic integral in the Ito sense but one can define the integral of a deterministic
function with respect to the fBM in a natural sense(cf. Norros et al. (1999)). Even though the
process Y is not a semimartingale, one can associate a semimartingale Z = {Z;, ¢ > 0} which
is called a fundamental semimartingale such that the natural filtration (Z;) of the process &
coincides with the natural filtration (};) of the process ¥ (Kleptsyna et al. (2000)). Define,
for 0 < g < t,

3 1
(2. 5) ki = 2HT (5 — H)D(H + 3),



(2. 6) ky(t,s) = kﬁl.-a’-lf—”{t o R}%—H‘
2ZHT(3-2H)(H + %}

(2:7) A = :
[ - 1)
(2. 8) wh = ﬁﬁlt?_w,
and t
(2% M zf ke (t, s)dWH £ > 0,
1]

The process MY

al. (1999)), and its quadratic variance < M}/ >= wf!. Further more the natural filtration of
the martingale MY coincides with the natural fitration of the fBm W¥, In fact the stochastic

is a Gaussian martingale, called the fundamental martingale (cf. Norros et

integral
!
(2. 10) f B(s)dwH
i

can be represented in terms of the stochastic integral with respect to the martingale M¥. For

a measurable function f on [0, 77, let
f d [t 1 1

L Ki(t,s)=—-2H— | firyirf2(r —s)¥-2dro<s <t
H ds

where the derivative exists in the sense of absclute continuity with respect to the Lebesgue
measure(see Samko et al. (1993) for sufficient conditions). The following result is due to
Kleptsyna et al. (2000).

Therorem 2.1: Let M be the fundamental martingale associated with the fBm W# defined
by (2.9). Then

t i
(2. 12) f fls)dw? = f KL (t,8)dMH t € [0,T)
1] 1]

a.s [P] whenever both sides are well defined.

Suppose the sample paths of the process {%,t = (0} are smooth enough (see Samko et al.
(1993)) so that
C(s)

(2. 13) Qu(t) = f}t”f': kn(t,5) g ds t € 0,7]

is welldefined where w'! and ky are as defined in (2.8) and (2.6) respectively and the derivative
is understood in the sense of absoulute continuity. The following theorem due to Kleptsyna et
al. (2000) associates a fundamental semimartingale 2 associated with the process Y such that
the natural filtration (Z;) coincides with the natural filtration ()}) of Y.

Theorem 2.2: Suppose the sample paths of the process Qg defined by (2.13) belong P-a.s to
L2([0,T], dw') where w" is as defined by (2.8). Let the process Z = (Z;,t € [0,T)]) be defined
by

(2. 14) Z, = f"t ky(t, s)B~1(s)dY,



where the function ky(t, s) is as defined in (2.6). Then the following results hold: (i} The

process & is an (J; ) -semimartingale with the decomposition
t

(2. 15) 7, = f Qu(s)dw + MY
1

where M is the fundamental martingale defined by (2.9), (ii) the process ¥ admits the

representation

t
(2. 16) Y, = f KB(t, 5)dZ,
1]

where the function K7 is as defined in (2.11), and (iii) the natural fitrations of (Z;) and ()

colncide.

Kleptsyna et al. (2000) derived the following Girsanov type formula as a consequence of

the Theorem 2.2,

Theorem 2.3: Suppose the assumptions of Theorem 2.2 hold. Define

, f
@ 17) Au(T) = el [ Qutyarf - 5 [ Qhit)auf!).

Suppose that E{(Ag(T)) = 1. Then the measure P* = Ay(T)F is a probability measure and

the probability measure of the process ¥ under °* is the same as that of the process V' defined
by

t
(2. 18) v, =f B(s)dWH 0<t<T.

0

3 Estimation by the method of sieves
Let us consider the linear stochastic system
(3. 1) dX(t) = 8(t)X(t)dt + dWH X(0) =1, 0<t<T

where 8(t) € L%[0,T],dt), W = {W{ ¢t > 0} is a fractional Brownian motion with Hurst
parameterH and 7 is a gaussian random variable indeopendent of the tBm W. In other words

X ={ Xt >0} is a stochastic process satisfying the stochastic integral equation

(3 2) X() =7+ [ 0s)X(s)ds + WOt <T
Let
(3. 3) Colt) = 8(1) X(£),0<t<T

and assume that the sample paths of the process {Cy(t),0 < ¢ < T} are smooth enough so that

the process

(3. 4) Duplly ==

t
—= | kp(t,s)Ce(s)ds,0<t <T
di‘!?rn./q; H{ q}["g{q} s,0<t=

4



is welldefined where w{! and ky(t, s) are as defined in (2.8) and (2.6) respectively. Suppose
the sample paths of the process {Qu(t),0 < t < T} belong almost surely to L?([0, 7], dw’).
Define

t
(3. 5) 7, =f k(t,8)dXs, 0<t < T,
0
Then the process Z = {4, 0< t < T} is an (F;)-semimartingale with the decomposition
t
(3. 6) Zj= ﬁ Quo(s)duwl + MH
(
where M* is the fundamental martingale defined by (2.9) and the process X admits the
representation
t
(3. 7) pa =x"+f Kn(t,s)dZ,
0

where the function Ky is as defined by (2.11) with f = 1.. Let PE be the measure induced by
the process {X;,0 <t < T} when #(.) is the true "drift” function. Following Theorem 2.3, we
get that the Radon-Nikodym derivative of PE with respect to P is given by

dpPr T T 4 :
(3. 8) ﬁ = exp| A Quols)dZ, — é f“ Qire(s)dwl].
1]

Suppose the process X is observable on [0,7] and X;, 1 < ¢ < n is a random sample of n
independent observations of the process X on [0, 7). Following the representation of the Radon-
Nikodym derivative of Pg with respect to HT given above, it follows that the log-likelihood
function corresponding to the observations {X;,1 <i < n} is given by

(3. 9) La(X1,..., X0 = L.(0)
i T 2
= ([ Queazi() - 3 [ QRN

where the process QE;}]:H is as defined by the relation (3.4) for the process Xj. For convenience in
notation, we write (J; 4(s) hereafter for QE}}Q s). Let {V,,n = 1} be an increasing sequence of
subspaces of finite dimensions {d,} such that U,=1V; is dense in L*([0, 7], dt). The method of
sieves consists in maximizing L,,(#) on the subspace V,,. Let {e;} be a set of linearly independent
vectors in L([0, T), dt) such that the set of vectors {e1,...,eq,} is a basis for the subspace V;,

for every n = 1. For f € V,, 6(.) = Z?;l #;e;(.}), we have

(3. 10) Qi) = f{f f ki (t, 5)0(s) Xi(s)ds

- d.u”f kn(t, -;}[ZH ei(8)] X:(a)ds
dn

- Z I~ Hf ki (¢, s)ej(s) Xi(s)ds

= Zaj- Lij(t) (say).

i=1

i |



Furthermore

T dn
(3. 11) j Qiolt)dZi(t) = f > 6, 5(1)]dZi(t)
=1
dn T
= Y0, [ Nz
=1
drl
= D _0;Ri; (say)
=1
and
3 2 H e 2 H
(3. 12) Jy Qatrastt = 71360
dn dn T
= > 3 0,60 fu T ()T k() dw)!
=1 k=1
dH. 1-IH.
= ZZHJ'H-*{R‘!'J‘R‘U“}
i=1k=1

where < ... > denotes the quadratic covariation. Therefore the log-likelihood function corre-

sponding to the observations {X;, 1 <i < n} is given by

nooT o A
(3. 13) L) = ([ @zt -3 [ Qtduf!
i=1
i dn l d-n d-n
. Z[Z 0;R; ; — B Z Z B0 < Rij, Rik =]
i=1 j=1 i=1 k=1
dl‘l. } 1 dl‘l. dﬂ. ( }
= aX 8B - 53> 6;6:47]]
1=1 7=1 k=1
where ;
(3. 14) B w1 B 1< 5,
i=1
and ;
(3. 15) AR =0 'Y < RijiRig >, 1€ 5,k < dn.
i=1

Let #7) B} and A be the vectors and the matrix with elements 0,i=1,....d,, B}ﬂ},j =

I.....d, and A;E.T._ j.k=1,...,d, as defined above. Then the log-likelihood function can be

written in the form i
(3. 16) L,(6) = n[BEﬂ}H(”} - EHL?&}-"A('H}H[??}]‘

Here of denotes the transpose of the vector a. The restricted maximmm likelihood estimator

A () of B(.) is given by
1-il‘l

(3. 17) ) =Y 6

i=1

i}



where
(3. 18) Fasgt,. 000

is the solution of the equation
(3. 19) Almlginl = pin),

Assuming that 4™ is invertible, we get that
(3. 20) g = (A"~ pln),

We now construct an orthonormal basis for V,, with respect to a suitable inner product so that

the matrix A"™ is transformed into an identity matrix as n — oc. Note that

T t t
(3. 21) A - f“ E[{% fﬂ k,r;(t,.-a}ej{.-a}X(H}:i-?}{% fﬂ ka(t, )ex(s) X (s)ds)|du

almost surely as n — oo by the strong law of large numbers. We now consider a sequence
i#j,j = 1 such that ¢4,1 < j < d, is an orthonormal basis of 1}, in the sense of the inner

product
(3. 22)
T d t d t
<hg>= [ El(gr / kin(t,9)h(3) X (s)ds) (g | (e, 9)9(5) X (5)ds) st

Let “Lﬂ},ﬁgﬂ}, s .,-1}3:} be the coordinates of ﬂ?“‘]‘(.} in the new basis 1,1 < j < d,. Then the
vector

(3. 23) A = (Y )
is the solution of the equation
(3. 24) al™hjln) = pin)

where o™ and 6"} are the matrix and the vector with general elements
(3. 25)
) =n 3 [ [ ke, sy o) Xu(o)s) 2 [ e, (o) X))t
= —r i (t, s)y (8)Xi(s)ds|— i (t, &)kl s) Xi(s)ds)]dwy”,
ik =J0 dwl o - v dwfJy 3 = :

and

nooeT g t
(3. 26) hgf”} =-;-1_1§ f m[ A ke (t, 8)p;(8) X (s)ds]dZ;(¢t).

1]

Let 8"(.) = Zﬁil'-"?i-t,-bi(.} be the orthogonal projection of #(.) onto V;, in the sense of the
innerproduct < ., . = defined above. Observe that

(3. 27) h;ﬂ} Za”m
dn
z f Qi s, (t)dZilt) - zaj,,l M

=]



=3 [ Qu, (O Qua(t)uf +

i=1
dl‘l. }
- Z a{?k e
k=1
i n T - ; - T )
Lk =1
.k e
k=1
i ik T oa -
= ZL in{”{z MG . (1) )y
i=1 =1
ke T
07t f Qi (t)d M
i=1 1]
dn
- Z ‘IET T
k=1
- [ 5 3 H
- .n._l Z_[; Qi’v‘l{?(t}{z ]?F'(;gi'_.‘?,':-‘r(t} + Z IFTQi,ﬁ[?r{t}}d'uft
o = r=dn
b T
+n7l ) f Qi (t)dMH
i=1 [1]
dl‘l

T
—n" > A QL”,‘-‘-’_f(t}Qi,ﬁl}k(t}fﬁﬂgr
k=1

n o7
=n"") fﬂ Qi (1) Qi gt (1)

i=1

n T
! Z;‘ f% Qi ()dMT

b T
=n""! Z j; lQ‘iﬂi‘j(t}Qi,ﬂ—ﬂ[H](t} = E{Qi,ﬂ,&_;(ﬂ@.g}g_g[n] (i’:}}]dﬂ.’{f

i=1
n T
'y fﬂ Qs (1) M
i=1
since
(3. 28) < —6" 4 >=10

for 1 < j < o, by the orthogonality of the basis {t%,k = 1} and the fact that

T
(3. 29) <8 — 6", ¢, >= E| _[b Qis; (1)Q; g_gem ()]
Hence
(3. 30) a™ (/™) — yln)y = )



where ") and ™) are vectors with components .1 <j<d, and

e = ‘Z fr Qi ()Qs gt (1) — E(Qig, (1)Q; g_gemy (£)) )t +m~ ‘Z f Qi (t)dM{.

i=1
(3. 31)
Let 8, = 0if j # k and §;, = 1 if j = k. In view of the orthonormality of the basis {1, j = 1},

it follows that

(3. 32) -‘1;1} - = not Zf (Qi w.,j“}'@i w(t) — ElQ;, L;(”Qi w“}]}d“"

i=1
= n 'k (say)

and

b T
(33 oY = ¥ f (Qi, £)Q; p_gtm (£) — E(Qi ()@, gt (1)) !

4zj@4wwf

i=1

= n Z ¢+t Z Gij (say).
i=1

i=1

Note that E[al")] = 6, and E((;;) = 0. Hence
(3. 34) E[al}) — 8] = Var(al})
= n 'War({iyx) (since X;,1 <i<n are iid.)
= n'E(¢H)
= 2B (Quw, (DQuun(9) ~ BlQu, (0Qu ()"

< 7B (@i, (0Qusa (D) — BlQia, (@i (O duf! u)
(by the Cauchy-Schwarz inequality)

T
= n7Y [ E[Qiy,(t)Qi, (t) — E[Qiy, 6)Qi ., (D Jdwf’) wh

[A,

w7l [ EiQu, (6Quy, () duf’
1]

Note that the process {Q ¢(t),t = 0} defined by the equation (3.4) is a gaussian process and
the fundamental martingale M is a gaussian martingale. This follows from the remarks made
in the equation (19) in Kleptsyna et al. (2000} and the representation given in the equation (15)
of Kleptsyna et al.(2000). We now prove a Lemma to get an upper bound for the expression
on the right side of the equation (3.34).

Lemma 3.1: Let f;,i = 1,2 be gaussian random variables. Then
(3. 35) E[ff3] < 32E(fD)E(f3).

9



Proof: Observe that

(3. 36) (E[ff 1) < E(fE(f3)

by the Cauchy-Schwartz inequality. But

(3. 37) E(f) < BIE|fi— Efl'+ |EfI"]
(by the Ci-inequality)

< 8[E(fi— Ef)' + (EIfi)")
< 8B(Var(£:))* + (EIf)')
(since f; is Gaussian)
< 8B(ER) +((EF)?)]
= (32)(E(F)
Hence
(3. 38) (EUFFEP < EUHER)
< B2P(E()ES))
which proves that
(3. 39) E[f{£3]) < (3DE(f})E(f)-

Aplying the Lemma 3.1 on the right side of equation (3.34), we get that
T
(3. 40)  El -5 < nlul L E(Q; v, (1) Qi (8) 2wl
< (32 tuf _/“T E[Qi (1) 1E[Qi g, (1) Jdu’
T &
= (32)n'wf sup E[Qiy(t)] f E[Qiy (1)) duy’
(=t=T 0
= (32)n'wf sup E[Qiy, (1))
=t=T

since f';f E(Q; 4, (£))*dwf’ = 1 by the choice of the orthonormal basis 1, j = 1.

Observe that E({;) =0 and E{{i-(; }} = (). Furthermore

(3. 41) E((%) = E| f“ ! Qi ()M /T

= [ Ei@, it
]
= 7l

and it follows by the arguments given earlier and Lemma 3.1 that

(3. 42) E((¢5)) < 32)wd sup E[Qiy, (1)%]]16 — 612
t=T

10



We shall now estimate E{cg.ﬂ}}?. Note that E{c}ﬂ}} = (0. Hence

(3. 43) E(d™)? = Var(d")
R War(c® +3)

< nTE(GY + )

< 2 B + BGy)Y)

< 271+ (32)wy sup E[Quy,(t)]]0 — 6™ ]
0t=T

Lemma 3.2: Let ||M]|| = sup{||Mz||,||z]| < 1} be the operator norm of a matrix M. Then
IMIE<S ;‘lj‘j?k and |
(3. 44) M7 < (1 4+ [ oM — 83 ))71%) !
ik
provided that
Y (Mji— ) < 1.
ik

Proof: See Lemma 3 of Nguyen and Pham (1982).

We now have the following result.

Theorem 3.3: Suppose V,, is an increasing sequence of subspaces of L?{[ﬂ,T],dt} of dimension

d, such that d, — oc and @ — ) as n — oo where

d t
(3. 45) = swp suwp [ty L knu(t, s)f(s) X (s)ds].
et n t
Then
(3. 46) 17 — 7™ — 0

in probability as n — oc.

Proof: Observe that
(3. 47) L B A alm) Lam)

from equation (3.30). Applying Lemma 3.2, we get that

dl‘l. 1-II‘I.

(3. 48) 1™ — N < = {33 (e — 8 Y2171

i=1jk=1
Applying the estimates obtained in (3.42) and (3.43), we get that there exists a constant Cr
depending only on T and H such that

d i dl‘l

(4d) 29 Z(aﬂ} — 0k)} < Cram ™ dyym

7=1 k=1

11



and the last term tends to zero as n — oo, Similarly

(3. 50) E||ld™|? < Cru[n"dn + n~ duyal|6 — 8]
the last term tends to zero as n — oc. Hence

(3. 51) 1™ — ™| - 0

in probability as n — oc.

As a consequence of the above theorem, we obtain the following corollary from the definition
of the inner product defined in (3.22).

Corollary 3.4: Under the conditions stated in Theorem 3.3,

(3. 52) lim Hf ky(t, s)(0™(s) — 0™ () X (s)ds = 0

ﬂ—'--':ﬂ:

in probability.

Proof: Observe that

(3.53) || — glm)2 =f o Hf kit (t, s)(67) (s) — 87 (s)) X (5)ds] 2wt
0 11

which can also be written in the form
)
k] a a
E |]' ! 'U'_‘il E ”j"
J=d,+1

The first term in the above sum tends to zero by Theorem 3.3. Since the set Uyl is dense
in L2([0,T),dt), it is also dense in the metric generated by the norm corresponding to the inner
product < ., = .

Lemma 3.5: Let A™ = {}n%ﬂ}, A.L_,ﬂ}._ SRS ,3‘;};1}} be such that
dn ;

3. Hd ) — A% as n — oo

(3. 54) 3 (A2 - a2

Then the random variable /n Zd" )\Lﬂ} [- " s asymptotically normal with mean zero and
variance A2,

Proof: In view of (3.33), it follows that

dy n dy dp "
{3 55} V'I{Ez }i;'ﬂ}cr} o _n—],."_:' Z[Z A;_ﬂ}ci_[;?} i Z«}lg'ﬂ}cij']‘
=1

=1 i=1 j=1
As in the derivation of the inequality (3.33), it can be checked that

T d-rl.

(3. 56) tiiﬂwﬂﬂmwﬁzwﬂwmw

i=1 j=1 =1

12



Note that E(¢{") =0 and
drl.

3. 57) E(vn)_ AWMy
i1=1

= Var{vfﬁz Al ety

i=1

== _1 Z I-"ﬂ.]"[z «htﬂ}c(ﬂ}

e i‘lr[z }LLﬂ}CLﬂ} (Hi.l'.I.CE X'hl E i E T are lld}

8 —IEHZ }‘(ﬂ}ﬁ(ﬂ}

=1

drl.
n~1(32wf . 3 (A1 — 0|2,
=1

14

3

The last term tends to zero since 22 < ™% _, (||# — #™|| — 0 and

dl‘l. .
3 (A2 a2

i=1
as n — oc. Hence

(3. 58) Z[Z AP R e, (1),

i=1 j=1
Furthermore
dH. fﬂ}— dH l;.n} q
(3. 59) Va-r{z J&j. Gi) = Z{.:’Lj )
=1 =1

by (3.41) and the last term tends to A as n — oo. We now obtain the asymptotic normality

from central limit theorems for triangular arrays.
As a consequence of the above lemma, the following theorem can be proved.

Theorem 3.6: Let A" be as in the Lemma 3.5. Suppose that the conditions stated in the

Theorem 3.3 hold. In addition suppose that Ef:?li — D asn — oc. Then
() ()

(3. 60) va oM @i —m)
=1

is asymptotically normal with mean zero and variance 2.

Proof:Observe that
(3. 61) o™ — plhy = o)

L3



and hence
(3. 62) i) — p) = (gm)y-1cm)

or equivalently
(3. 63) A =gt} = o) = (o)1 (1 — g™,

Denoting the operator norm and the Euclidean norm by the same symbaol |].||, we get that
(3. 64) ARV () — ) — el < (A (a2 e = 1) (1)),

Relations (3.48) and (3.49) prove that

&y
(3. 65) Ella™ - 1P < E{3Y (a{} - 6i)%)
=1 k=1
< CT__H'R_ld?q’rn

and
(3. 66) nE||le™|? < Cr.ulds + duyalld — 672,

Therefore

(3. 67)  (Ellvnlla™ =1l < nEl|d™|PE||a™ - 1|2
< COr([dn + davall8 — 6™ P (n " d2va)

and the last term tends to zero provided ﬂ_ﬂﬁ — 0 as n — oc. Therefore
(3. 68) [Ivalla™ = 1]][|c™ || - 0

in probability as n — oc. We have ohserved earlier that

(3. 69) la®™] — 1

in probability as n — oc. Hence

(3. 70) vn yiml {_ﬁ(ﬂ} _ ntﬂ'} = {_.Lﬂ}} =0

in probabilty as n — oc. but
vn yin) in)

is asymptotically normal with mean zero and variance A% by the Lemma 3.5. This proves the
result.

As an application of the previous theorem, we get the following result.

Corollary 3.7: Let h(.) be a function such that ||h|| < oc in the sense of the inner product
defined by (3.22). Suppose that the conditions stated in Theorem 3.5 hold. Then

(3. 1) vn < h,d® _gln) 5
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is asymptotically normal with mean zero and variance < h. h = .

Proof: Suppose that h(t) = 372, hji;(t). Note that

dl‘l
(3. 72) 67 — o™ = 3" (@™ —q;)p;

‘=1

and hence

drl.
(3. 73) < h 6 — 0 = 3" k(" — ).
=1
Since
drl
(3. 74) Y h% s< hh>= ||k
a1=1

by the Parseval's theorem, the result follows from Theorem 3.5.

Remarks: If in addition to the conditions stated in Corollary 3.7, we have

(3. 75) Vr(h,8™ — 8" >0 as n — oc,
then
(3. 76) v < h 8™ 9>

is asymptotically normal with mean zero and variance < h. h = .
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