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InTRODUCTION.

In an carlier paper' worked out by the author jointly with Mr. R, C. Bose the problem
of discrimination between and classification of different multi-variate normal populations
{with the same set of variances and covariances but with different scts of memns) was
sought to be tackled by defining the Studentized D'.statistic and oblaining its sampling
distribution. Dut the problem yet remained to I:e attacked when the populations differ in
the sets of variances and covariances and when it ix souzht to discriminate Letween and
classify them in the light of these sets. It is the object of the present paper to take a first
step towards answering the following question.  Can the two mulli-variate normmal popula.
tions from which two samples have been drawn be reasonably (icc. on a given probabilily
level) supposed to have the saime sct of variances and covarisnces or to have distinet sets?
For the uni-voriate case the guestion is completely answered by the sampling distribution
of s,/s, and Fisher's z,

Tn the carlier paper! by the anthor already quoted it was noted that if following Fisher
one started from a lincar compound with arbitrary cocflicients, of the variates and so chose
the compounding cocfficients as to muke a maximum the ratio between the square of the
difference of the sample means (for the compound character) and the within variance of
the samples for the same charucter, one could casily sce after maximisation that this ratio
is proportional to the studentised D-statistic referred to in that paper. In the
present paper starting from a similar linear compound of the varistes and so choosing
the compounding coefficients as to make a maximum the ratio of the variance of the first
sample (lor the compound character) and the variance of the second sample for the same
character one finds that the quest for the maximised value of the ratio spoken of above, leads
one in the case of p-variate populations lo as mauy as p studentised statistics instead of 1o
merely one studentised slalistic os in the previous case. Of these statistics it is fonmd
that one is a true maximum, another is a truc minimum and the rest are what are known
in amalysis as stationary values. The invariance under lincar transformiations of these
statistics is then shown, Next a geometricel interpretation is given of these pestatistics
connecting them up with the p critical angles between two definite hyper-planes, one of
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p dimensions and the other of n'—1 dimensions (where n'—1, is of course greater than
P, ' Leing Lbe size of one of the samples).  Finally, partly with the help of the geometrical
interpretition nnd partly with the help of carlier results derived by the outhor jointly
with Mr. R. C. Bosc in two previous pzpers™3 the )mm sampling dx;lnbuuon o( the
statistics is worked out for the case where the two pe in are i 1in
the scts of variances and covariances. The statistic cor ling to the i vilue
of the ratio is here called the maximum statistic and that for the minimum value the
minimnn  stutistic.  Either  the i or the inii statistic or another
specificd  -statistic  would  serve according 1o circumstances to  be sct  forth
in the concluding section of this paper, 10 distinguish best between two samples drawn
from a multi-vatiate normal p.opulation. The sampling distribution of cither of these can be
obtained by considering the joint distribution ol the p-statistics and integrating out for all
the others between suitable limits.  Work has been carried up to this point in the present
paper.  New tables are needed 1o make the result available for practical purposes, i.e. for
testing the hypothesis whether the two populations from which the two samples have been
drawn are identical or distinct on any given probability level so far as the sct of variances
and covariances is concerned. The problem of analysis of variance is ofcourse closcly
connected with the above problem and both are really solved together.

In the mext paper which is 1o shortly to appear in this Journal the incomplete pro-
bability integra for the distribution of the maxi or the mini or the other ified
statistic would be given in a form which facilitates the construction of suitable tables, It
is further proposed im that paper to work out the sampling distribution of these
statistics for the non-zero case, i.e. when the two populations sampled are distinct in the
scts of variances and covarianes ; this, 100, is proposed to be given in a form suitable for
the construction of appropriate tables. As distinguished from the problem of discrimina-
tion this will, of course, solve, so far as the dispersion matrix is concerned, the problem of
classification of multi-variate monnal populations ; the nced for and significance of this
problem was pointed out in the introduction to the carlier paper by the author already
referred to.

§1. DERIVATION OP THE p-STATISTICS BY MAXIMISATION.

I shall take over now certain definitions and notations from the previous paper.

Consider two samples X and X of sizes » and w’' from two p-variate nornnl
populations IT and I” with the same sct of variances and co-variances, aj (i, j=1,
..... p) where aij=p,. ai. oj, a and o) being the standard deviations for the i and j*
charnclcrs respectively, and py the corrclativns between the i and the §* character.
The matrix || ay | | will be said to be the common dispersion matrix for the two
populations, Let ai, o’y (i, j=1, 2,............p) denote the respective variances, and co-
variances of the samples X and X' so that |{ay||and [)a% ]| are their respective
dispersion matrices, Let ay, a’ (i=1, 2 p) be the mean for the i character for
the poputations IT and T’ and let a; and a% denote corresponding quantitics for the
samples ¥ and ¥, Let the sample readings for the sample = be xa (i=1, 2
k=1,2, .n) and those for the sample ¥/ be x'i. (i=1, 2,.
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Then
= ¥ a0, 2 ) i
L L LT ——
. } [(B))]
ay= E. (Ya=a) (xp—a)/n (i, j=1, 2 iicnnnf)
du= 2 (Vaemd) (Em a0 G2 2 ) !
Let the ling co-effici b2 (i=1,2 P); from the point of view of

. v

the compound character the sample X is now represented by the n readings < 4 xar
=1

{k=1,2,...

»
1) and the sample I' by the o' readings X L x'n. {¥'=1,2, N
=t

if we now demote by b and ¥ the variances of the samples £ and ¥ for the compound
character then it is easily seen from (141) that

,
b= X Mhay
)

1
3 b |
and 4 (12
b= N Wy oy J
[
Let us set the ratio of b/Y=K? . (13)

Then maximising this K with regard to the arbiteary co-eflicients & (i,=1,2,......p)
weare casily led on 1o the system of p equations.
»
X uy (ay=K? a’y) =0, (i=1, 2ierssercnenp) e (104)
J=)
Eliminating % (j=1, 2, ) between these p cquations we get the following
p-fold det erminantal equation in K* whose p roots give the stationary values for K
| ay=K*a'y | (1°5)

It can be shown from algebra as well as from certain geometrical considerations
to be given in a later section that of these p roots one corresponds to the maximum K,
the other to the minimum K and the rest to stationary values of K

§2. INVARIANCE OF THE p-STATISTICS. .

As in the previous paper we shall now show that if from the primary p statistical
variates we obtain a new sct of p variates by linear transformation with matrix | | &y | )
of rank p, then the p-statistics given by the p-roots of the equation (1°5) remain
unchanged

If ajj gues over to by, it is casily scen that

LIS YR YR TR SRS THS TEp ey, VRS VARS VA5 VI PHSOINUN | TRERS YRS FIFS PRFURS " MR
')

Ploall =l danl )l [13alg o (22)
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where || 4y || is the matrix obtained from || iy || by interchanging the rows and
colutms.  Rimilarly if @’y goces over to % then we get o fonnula similar to (271}, A
similar relation holds fur the corresponding determinants.  Thus

Tbu | =layl. IMII’}
Ibul=layl. [w]*

From (2 1) we casily sce that if K be any arbitrary quantity, | | by—K?® b’ | | trans.
forms to 8, |ay=Ka'y | §,, where 8, denotes the transformation matrix | | Xy | |, and ,
the matrix obtained from it by interchanging the row and coiumns. ’l‘hcrclorc
| by~K* by | transforms to | ay=K> a%|. ]2 | *; it should be noted that K* is the
same in all these expressions.  1lence the p roots of the equation | by—K b% | =0 are
both formally and numerically the same as the p roots of the ecquation | aij—=K* o'y | =0.
Hence the p-statistics arc invariant under any linear transformation.

(23

§3.  GEOMBYRICAL INTERVETATION OF TIE p-STATISTICS,
The sample = with the readings xu (i=1. 2,u....p; 1, 2,......n) can be represen-
ted in the usual Fisherian space Sa of » dimensions by the p points with co-ordinates.

(Xhyy Xigporarans Xindy (i=1, 2,00 ceiiap) e (31)

or by p vectors x; joining the points to the origin. We may take another space S’
of ' di jons absolutely orthogonal to the former space. and represent in it the
sampic X' by p other similar vectors . Let

yx=xm—an 3= i~ 2’ . (32)

weeen’ and & and a’t have Dbeen

where i=1, 2, p
ulready defined in (1°1)

Let yi, 1 denote the veetors, with components (yi, ¥tgyererrean¥i) and (3, ¥,
.} lying in the spaces Sa and S respectively. Then it is casily scen from
(J 2) that the vectors yi lie in a flut space &, of »—1 dimensions, perpendicular to the
cyuiangular line in S..  Similur considerations apply to the vectors y%i.  Denoting now
the scalar product of y; and y; by yi. y; we have clearly

ay={y.y)/n, ay=1y1y'")/n' w (39

Let us form the resultant of the vectors yi and y' and call it w (=1, 2,......p).
The p vectors vy form a flat of pdimensions which makes with the flat &..., contain-
ing the pvectors yy, p eritical angles which let ns call & (i=1, 2,.... .M. The
significance and properties of these eritical angles are, of course, well known to students
of hyperspace geomcetry, we shall show that the p roots of the equation (1°5} are also
cqual to »’/n times the squares of the tangents of the p critical angles.  That is to say,

Ki= tan ¢ yo'/n (i=), 2,eeess o ) . {3)
where K% (i=1,2,., p) are the p roots of the cquation {1'5). This can he shown
as follows.
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Let us denote the flat space containing the vectors wi by Sp.  Then it is well knowa
that if we take a line in S, and any line in S then a stationary value of the angle
between these lines, obtained by taking appropriate positions of the two Jincs, is called
a critical angle.

>
Any veetor in the flat S; is given by X A o, where ),'s arc arbitrary co<cficients.
=N

. . - N . > .
The projection of this on the flat §,.., is clearly equal to X Ay and that on the flat
1=
P . 4 .
.y which is absolutely orthogonal 10 &,.., is X ), y,; therefore, if the angle between
=1

»
the vector £ A, v, and the flat 8., is ¢, then it must be given by
tay

3 ®
Ly I hay
tantg = 7 no A from (33 36
= - == - rom (3'3) . (38)
LYy Xy
Uglu)/ny e ) Ty

Differentiating this with the regard to ))'s we casily see that the critical anglas are
given by the p roots of the p-fold determinantal equation.

ay — al tan? ¢.a" 13:6)
[t -8y

’
Thus it is scen that the p roots of the equation (3-¢) in } tan? ¢ arc the same us

the p roots of the equation (1'5) in K? giving the p-statistics. Let us denote the vectors

® ’ 3 .
X 4o, S hy, 4y, by L, M, N, respectively.  Then there are p such triads,
= ‘=t =1

eacl trind, of course, determining one ordinary plane; it is well known and can also
be very easily proved that cach such plane i3 perpendicular to all other planes, i.e..
L, M, Ny, are cach perpendicular to cach of Ly, My, Ny (i), i, j=1, 2,......0).

§4. Tug DISTRIDUTION O TVE p-STATISTICS K, (i=1, 2,..... p) FUR THRB CASE WIERE
Tie "Two POPULATIONS SAMPLED IIAVR IDENTICAL DISFERSION MATRICES
In an carlier paper® published by the author jointly with Mr. R, C. Bose the joint
sampling distribution of a,'s for o sample X drawn from a p-yariate normal population 1
was given in the form

LI ST n=—p=2)/2 (41
const.e 2 nymi v ay tn=p=2) Tda, “n
where T dayy is the product da,, dag,......day, da, da,.,,, ondl a" is the minor of ag

in the determinant | ay | divided by the determinant itself. By an cntirely different
method this distribution was also obtained by Wishart® in an carlier paper.
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Similarly the joint distribution of a’y’s for the sample ¥ would be given by

avaly | (i’ =p=-2)2 . (42)

const. ¢ 24 )m1 |’y  da’,
Thercfore the joint distribution of a,, and a’y would be given by

—1 % agenal) (n-p-2)/2 ('=p=2)/2
const. ¢ =t {ay | oy | 1 day M dat,,

- (1)

In the Nat S, let us refer the vectors v, to p orthogonal axesalong the dircctions
of the critical vectors L, (i=1, 2, «..p)s Jet us call the projections of the vectors
v, along these directions, v, (j=1, 2 P)i the vectors v, are now replaced by the
p! component vectors vy (i, j=1, 2,......... )i where the first suffix refers to the veetor
and the second suffix to its component along the axis in the direction of the critical
veetor L. The projection of v, in the direction of L, when regarded as a vector shall
be denoted by vy and its magnitude will be denoted simply by . It new (ollows
from the coosiderations given at the end of Scction 3 that

y\=nprojection of v, on &'y,
=vector sum of the projections of vy (j=1, 2,......... pyon S,
» . .
= Xy, cos 9 (the summation being of course a vector summation)
1=t e (44)

the different vectors vy cos ¢; being in the orthogonal dircetions N,

Similarly y, = S vy sin g,
lal

w (1)
the summation being a yector summation and the different vectors vy sin ¢, (j=1, 2,
veewe weP) being in the orthogonal dircctions M. Iience it is casily scen from (3'3)
(4'4) and (4'5) that

ay= (y"y‘)/"=.§. T v sint 9/ ,
! . (16)
»
aly={\y) ' = ‘l;' e T €Os” ¢y /0! ]

Therefore, n ay+n’ a’y which occurs in the density factor of the distribution (4'1)
is casily scen to be given by

3
naytn aly = IEI T Th v (4°61)
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GENERALIZATIONS IN ANALYSIS OF VARIANCE
In the joint distribution (4:1) Jet us now transform from g, and a’y to the new
variates vy (6, j=1,2 .op) and ¢ (j=1,2,.......p). It should be noted that the total
nomber of variates in the previous case is L‘;l)'z and in the latter case it is

PHp=p (p+1). They are, therefore, the same as they should be.

»
From (4'6) |a,} = | .! Ta o sin? ¢y /n |
=

= (sin 9, i gy cereesen sing,)'. |

»
=11 sin’ g | vy | */n® . (462)
V-t
and »
layl = I, va cost /' |

190 »
= (COS P COS Py .urenesns cosy). | ,2 e v | 7
=l
®
= Il cos’ g | vy | *fn"® o (1463)
-t

Again from (4'6), the Jacobian
M G J=1,2, wnis i ag=uy, a'y=2a'y, but 1y3vy)

9 (vy, »
is casily scen to be given by the determinant.
ary, o'y, i o'y,
const. | @y, : ] Yoy o,
9& S A, du'y 3.1_.. o'y
T T oovy, - %, 2
&,y . 3.,
By, CIM. &
kLT B, B By
dv,, : By 8, ¥,
s e B g
oy, T, ov, O -
‘ a‘_’vL a"r_" . a"_".
C. el PO o)
=] (Supposc) e (4°64)

Therefore, by virtue of the rclations (4'61), (4'62), (4°63) and (4°68) the joint distri-
bution (4'3) now reduces to

w e
- -

T sine T cosa) T i vy 1 e, (4°65)
[1-3) fmt Dymy ‘=Y

e

const, ¢
where J is of course given by (4°64)
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Let us for convenicnce put
sing, =5 and cos g=¢; (i=1, 2,uccuuen. M — (4°86)

Then (4-65) reduces to

-4 £ .:’ T
o =
T T ™ T S O s »
const. ¢ | vl (I (1 e, WL duy T da e

We have now to calculate J given by (4:64)

From the relations given by {4'6) the determinant J is casily seen to reduce ta

const. | 2v,,¢", . . 2w, O L 0 .. ] =2v,%, s, C =203,
1.-,,c‘,' . v,,c-,,' 0 'l.',..c.' 'u.,'c’, —21~,,’ . :—21-,. oSy
0. o 0 . 2'(‘;,('.' 21-;, ¢! —Zv’,‘.c,s. —21',,"£,:,

2u6" . . 2u,50 0 . 0 .. 0 2va8, . 2u708,
v,,;‘,’ 1',,3;’ 0 v..‘s.’ v,,. 55t 21'..‘1‘,.1‘.:.‘. D2 ,:p,‘,;,;,

6 0 0 21';,3.’ .‘ Zv.,,x,’ 2'.‘,,":,1. 27.-,,":,\‘,

This is a determinant of the order p* + p. Now udding to the first row the
{&;—l + l}lh row, to the sccond row the {sz;”*' 2 }lh row und so om, and

taking common ¢, s, out of the (p*+ 1) column, ¢, 5, out of the (p*+2)" column and
so on this deterntinant J {by virtue of the relation a'+s'=1) reduces to

0. o . 0 0 .. 0

con:t, [ vy, A »
. . . L. . .o . . N . ey
. . . . lal
Yo . !
T 0w L3 0 0
.., 0 0 g A 0 .0
st L e 0. 0 L 0 v,.f IO
st 2T v st o S Vs 201y, - . 2Uptw
0 P O T A e 1-,'; L Top

This Jacobian determinant might be reduced jn an clegant manner by~ the use of
the advanced algebra of determinants and matrices. Dut in the present paper 1 purposely
adopt more elementary and pedestrian methods to make the whole derivation simple and
obvious, though rather lengthy. [ reserve the more elegant and condensed treatment for
a later paper where a purely geometrical method will also be given of deriving the
distribulion in view. With this remark I take to the more clementary method proposed,
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To illustrate the method by which this determinant may be reduced Iet us take
for simplicity the case of three variates.  The method s, of course, perfectly general
and it would be obvious from whut follows that we could immediately generalise from
3 to p variates. In thie case of 3 variates let us set down for convenience

TSN Ty =An V= a,
Tu=¥np 'n=yn ¥n=n o (4°69)
Ty =2 Taa= 3 Vas=2

Rearrange the rows as if the Jacobian determinant had been laid out by differentiat.

ing (s, @) row after row in the following order: @'y, @'y, @'y, @'y, @y, @y a4y, 839,

3 @y @4y, d35. Then the determinant J is casily scen to be given in the preseut
casc by

)
J=const. 11 ¢, 5,
=

X, Xy Xy 0 0 0 0 0 0 0
x| O 1] 1] ¥ ¥1 ¥ ] 0 0 0

0 [} 0 0 [} 0 z, z, 2, 0
LI PR O Xy Xy N 0 0 0 0
2z, 2 z, 0 0 X, Xy X, 0
0 [i 0 2z 3 H N 3 %0 (4:69)

ME st ng' 0 0 0 0 0 0
0 0 0 357 38" s’ 0 0 oy
0 0 0 [ 0 2,57 st st ot

FICIE ST AN SRR YR SEAE ST R 0 0 2y,

z.‘x.l’ z,’:,” z:x..' 0 U x8, a8’ oags? 2xz,
[ 0

0z 25 &'yt NS’ e’ 2ne 2y 2n5n

The reduction of this determinant will be shown in some detail as it will ifime.
diately make ohvious the reduction in the general case of p-variates. Denote the columns
by (1), (2), (3), (4) cte. now multiply (2) by x, and subtract from it x,. (1); thaltiply
{3) by x, and subtract from it x,. (1); trcat the colurns.(4), (5) (6) similarly, taking
the mltipliers to be (¥, ¥y ya)i then the columns (7), (8), (9) taking as ultj
(2, 23, 2a)  To keep the determinant unaltered in value cach multiplication will have
to b2 halanced by a corresponding division. In all that follows sucl divisions will
always be understood to have been made. The determinant {leaving out the fuctor

I ¢ s) now reduces to
Imy

const, ———
ES AL

x 0

a¥s ax.f 2y1) (xay1) 0
(yev))  (x (h()) ) rd. o e

(2304) {237y
) 0 (EXD] (223 (221} (y:21)
X6asn® ANasa' 0 0 0 0 X
0 0 YT NidsTn 0 Y ¥
0 0 0 o 2,225", 2,2,8%, 22
(%1557 (anass?) (ops™y)  (vaysh) 0 0
(2: X ,'J (!:«\‘.‘-':') 70 " o (03287 (012,87) 2v,z
0

2042y
(zys®)  (Gnst) (hash) (st 20 2nn 2

389



Vou. 4] SANKIYX: THE INDIAN JOURNAL OF STATISTICS (Paxt 3

where®

P A N ]

(¥ X)) stands for yy x;—xy 3, and similar meanings altach to (y, x,) cte.

(O shy) stands for yx,sh=x, 3s%, and similar meanings attach to
(ysx, %) ete.

... (4°6085)

Adding to column (1), columns (3) and (5), and to columm (2) columns (4) and
(6), and taking out the factor {s;?—s,*) from tlic first column and (s,* -5, from the
second column, the determinant reduces to

const.

d 0 0 [EN N EW A 0 0 0 0 0

0 a (1] 0 (x,3,) {xa2)) 0 0 0

0 Y ) Gy) ea) s 0 0 0

s XN [ 0 0 [ o o a4

Y R Fnsat s 0 0 ¥ ¥ ™

2z 2,2, 0 0 2,55%  nas,, 2, 2 2
(x5) (3] (™) (oye®) O o 20 23 2650
(%2 [na) (] 0 (x22,87)  (0:2,8%)  2x,z,  2xyz, 24,z
() [na)  (Hyst) Gnd (nast) (haf) 20 202 25

where [x, 3] stands for x, y, + 3, x5, and similac meanings attach to [, z,) ete. (4 696)

From row (7) subtract row (1) multiplicd by s,?, from row (8) subtract row (2)
multiplied by s,.% and from row (9) subtract row (3) multiplied by s,*.  The determin.
unt now hecomes

const. Su'sn’
X
x 0 o (xayd () 0 0 0 0
0 0 0 0 () (62) 0 0
0 0 (ar)  (ard ha) () 0 0
FREPREE N 0 0 0 0 x,? x*
ES TR TS S A3 2 TR UY PO 0 0 ¥ '
EX ) 0 0 EEANE XX 2 N
L) [om]l ways® xyesa® 0 0 2%,y 26,5
[xi2a]  [x2) 0 0 Hant nast an 2un 2nan
[1n5) [nal fHyen’ znsd smEse’ was’ 2050 265 2nn

* These abbreviations are introduced to keep withiu the available space.
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“1e 21 23} the co-factors of (x,, Xp X0 X Y ¥

Denote by (¥, ¥y Ty Fuu Fao
2, 2, 3) in the determinunt D given by

D= x X Xy
k2l ¥ Y
2 2, 2,

Then in the 9th order determinant just preceding it multiply column (4) by -z,
and columu {6) by 7 and subtract from them respectively column (3) multiplied by
3, ond column {8) multiplied by —§. The determinant D then becomes, by virtue of
the relations X, 3, —X‘,;,:,-,D and %,§, =5,§,=2,D,

const, LD

Xy
0 [ 1 1 0 0 0
W] A X B 0 ~ 0 ES ay x'y
F¥ B =yash — %t 0 ¥ M
nf nd zfas" +2afas™y) 2 2
2030 2% 244y

- LA
= X328 —Na2asy,
o HnaFsta 202 242, 262,

[13s)  [x03s)
BFista A nisty 202 2nn 20z,

] (vl 0
[3im) [na]l  —aash -zt
Subtracting now column (4) from columm (3) this is easily scen to reduce te

' %, D

const. n
X[ XXy X, ] Xty x'y x*
FIE —pazaslsy = aTast o
2,2, 2,2, EEITANEE RS 2%, 2% 2"

205 2y 2050

2385

e ?
—x3258yy =

—Xafasty —XaFasTy 202, 27 2va2y

2507, 2y,

[xi] [xi)
[%:z)  [x:2)

[23) [va] (i sdls’ -z yddfa 2ng

Subteacting from column (3), column (2) multiplicd by {s*;—s%)), and adding to
column (3), column (1) multiplied by (57— ;) the determinant is easily scen to reduce to

const. sty s'); s%, D

x xX)X; Xy XyXy X, Ny
s ¥i¥s ¥a¥s ¥ b
2,2 22, 232 ', B
(van] (o] (xas) 2v,y, 202y,
{x:2,] [xi=5) [x:2,]) 2x,2 2x,2,
(12)  [na) () 2v,2, 24,2,
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Multiply columns (2), (3), (4) and (5) respectively by X N5 X, and fubtract
from thewn respectively colmmn (1) multiplied by ay, i, i also maltiply column (6)
by x, and subtract from it co.umn (2) multiplied by x,. The above expression then
reduces (after substitution from 4695 and 4°696) 1o

(8", = s%) (s%, = s™) (s =s%) D).

const. = »\'1-\:
* »
-5, EPrY
X2, =Xy —xsy
=g ¥afa X3¥y
na-ynd ~nnty =275+ %5,

Multiply column (2) by y, z, and subtract from it colwnn (1) multiplied by ¥, 23,
wultiply columns (3), (4), (5) respectively by z,, —z,, ¥, and subtract front them Tespec.
tively column (1) multiplicd by 73, columa (2) multiplicd by z, and coluimn (2) multiplied
by yu

Remembering?® the property (2) that a minor of the order »m formed out of theinverse
constituents is cqual to the compl, y of the corr ding minor of the vriginal
determinant D multiplied by the (m=1)th power of D, the above expression is casily

scen to reduce 10

const, =" (" = s%) (1= 6). D
Yoxeyy 242%
x [} 0 0 1]

yizfaz —nnnd E E

+2y2,2, 0 0 +z,4

R N ]
T N T A )

e. to
const, L= ") (s~ st} (7 = o7). I

BRI FTICH

x ;.—.\',z,_\'.D 2 2y
- z_,z,;. 0 0
~2,5,Fy = Xy32x, D xn £

Finizy=piysnaD noon
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ie to
const, LEh=s") s =) (%= ") D?
X)¥a2s
x 2, 2 Y,
00 g3
NN —fa
ETRE %

Multiplying column (4) by =z, and subtracting from it colunn (1) multiplied by z,
this casily becomes

(5,1 =8%) (s, = s%) (% = s",)D*
Ay

const.

z, 2,

x -I
x, Xy 0
EXRNE A

Or, const, -w—'-&w DY (§,2,— 1a5a)
Or, const, (s, —",) (s*, — Is‘-) (-4 D
{absorbing everywhere the negatives into the const)
Thercfore, from {4:69) the determinant J would be given by

3

J=const. Ill as (2= s%) (s =) (s, —s%,). D* e (7
=

From what has been given above it would be obvious that this method of evaluating

J and* finally reducing it to the form (4'7) is perfectly general and in the case of p-
variates, J would be cvidently given by

J=const. n'l 65 (s = 8%) {5t = 58) (P = ) (s = ) (e = 6% | 1y [—
=

TFrom the relations (4°61), (4'62), (4 63) and (471), the joint Jistribution (4-3)
transforms to

X 2
-} X % X v
"

=t [ reped
const. e [E™Y] | 7y | I"I A ot
33 »
% (57 = 8" (8% = 8 (P = 8 (s = ) (s = s | 7y | . l‘l as
» »
x 1 dvy 1 dg, . (472
a1 =
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Or to
»

4 T at X mavn s »

const. e =t ke | oyl I ot gt
L3
P
* (3% =570 (87 = 5% (57— st ("= "), (s%py—s%) T dwy 1-1 dy,
ftysiy it

o (4°73)

Integrating out over v,’s we have the joint distribution of ps in the form
»
conat. Il ¢ gt
[ty
»
X (% = s") . (57 = s) (57— %) (s = 5T (6T, — 57,) 1T dy, . (474)
-

where of course ¢, and s, are given by (4'66)

Thercfore from (3+4), (4°60) and (7 74) the joint distribution of K,’s (where K,’s arc
the roots of equation (1°S) and are accordingly our p-statistics) is obtained in the form

const.

* (K - K?,)...(K*, = K?,) (K*, = K%)..(K;? = K?%)...(K%, = K%). 1{1. dK, e (4775)
where ¢? = ajn’ e (4°76)
It should he noted that if we put p=1 then the above can be shown to reduce

as it should to
K2 dK . (477
const. [+ 7K oo
§5 CONCLUSION.
The hypothesis to be tested is that the two samples £ and =’ have come from two
populations IT and T’ with the same set of variances and covariances. With that end
in view we proceed as follows.

It has been noted at the end of section 3 that of these K/’s, one is a true maximum,
one is a true minimum and the others are stationary. It is evident from (I'5), (4-3) and
from the geometrical considerations in section 3 and section 4 that K’s might each be
taken to vary from 0 to .

Let us assume that in any particular case K, is the maximum statistic, K;, the
minimum and K, is the one nearest to unity. In any given case all these can of course
be calculated to any desired degree of approximation by any suitable method, say,
Horner’s method.

To obtain the sampling distribution of K,, the maximum statistic, we integrate out
(4'75) successively over K,, K,...... K, each from O to K,. This will be done in the
second paper which is to appear shortly in the next issue of this journal. Suppose this
distribution is

const. F (K,) dK, . (5°1)
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‘To obtain the sampling distribution of Kp, we procced otherwise j changing the order
of integration, i.c., integrating out {4-75) successively over Ky, Ki, wovonnee. Kooy cach from
K, to o, the distribution of Ky, the minimum statistic would Le obtained, say, in the form

const. )(K,) d(K,} w (32)

The sampling distribution of Ay, the statistic which or whose reciprocal is nearest to
to unity can Le similarly obtained by integrating out over the others between suitable
limits. Suppose it is of the general form

const. ¢(K,) dK, w {53

The suitable limits involved in the derivation (5:3) as well as the general forms of F(K,),
JK,) und ¢(K,) given in (5, (52) and (5:3) will be shown in dctail in the next paper.
Liach of the functions F(K,), J(K») and ¢(K,) is the sum of a number of terns each of which
involves the product of incomplete I-functions.

(N To accept the hypothesis with safety (on any level of significance) we use either
K, and (51}, or K, and (5:2) according as K, is greater or less than 1/K,. The underlying
logic is that we now look at the samples from a point of view which puts them farthest
apart. If even from such a point of view tie difference looks insignificant we are
entitled 10 assert with safety that the difference is in fact really insignificant (on a certain
fevel of course). What is preciscly implied is this. When we assert in such a situation
that tie difference is insignificant on the 5% level we are really putting a maximun limit
to the margin of crror involved in our assertion, which is here 5%. The error may be in
fact less than this,

(1) To reject the hypothesis with safety (on a given level of course) we have recourse
to K, and its sampling distribution given in (5:3). The underlying logic again is that we
now look at the samples from a point of view which puts them closest to cach other. If
cven from such a point of view the difference looks significant then it is in fact really
iani More ly sneaking, when we assert in such a situation that the difference
is significant on the 5% level we are again putting a maximum limit to the crror involved
in our assertion, which is here 5%. Hcre also the crror may in fact be much less than this.

For {5'1) ,(52) and (53) a transformation to a new set of variates has been found
to be mathematically convenicnt, the new variates being defined hy

Z(i=1,2, - - (54)
e

=
Tn prastice these new variates and their sampling distributions should be preferred to the

“'s. The changes consequent upon this transformation will come out in the next paper
already referred to.

Starting from the joint distribution of K,, N, K given in (475) we can, how-
ever, tackle the problem of testing of hiypothesis in an entircly different way, by considering
is a space of p dimensions (such that a point in it has the co-ordinates Ky, Ky, ...cu. K,)
the family of cquifrequency surfaces p=const, where n is given by the relation

T+ K

» 1
p=const. 1l
s-

* (K2, = K%}, (KT, = K) (K% = K2

w (5.5)
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The expression on the right hand side of 55 is really the density factor in (4°75).

Tius latter method of testing of hypothesis will Le dealt with in a later paper,
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