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InTRODOCTION

The techniques of nnalysis of varinnce and of covariance developed by R. A. Fisher
are well understood in their application to ficld experiments especially of such orthogonal
designs as randomized blocks and Latin squarcs. Lven & rescarch worker with scarcely
any p i to much math ical knowledge can easily analyse and interpret the
data from such experiments without taking help from a professional statistician, This

ion on the ¢ ional side is a striking feature of Fisher's contributions
to the statistical craft.

The procedure is particularly simple when the various factors involved are orthogonal
to one another. Thus in the ordinary randomized block experiment, blocks and treat-
ments are orthogonal to onc another on nccount of the fact that in every block there
is one and ouly one plot for every treatment. For the Latin square, in every row end
every column there is one snd only one plot for every treatment, so that rows, columns
and treatments are mutually orthogonal in their effects.

But accidents sometimes happen which destroy the orthogonality. Such ere cases
of missing and mixed-up plots. The former is of more common occurrence, and is usually
due to extraneous causes not within the control of the experimenter. The latter type of
accident occurs only through negligence.

Both types of accidents entail loss of information (in a technical sense) or of efliciency
of treatment comparisons. If the additional time rcquired for the analysis of such
experiments is also taken into consideration the total loss (in a popular sense) will be still
greatet.  Missing plots may sometimes be unavoidable, but there is little excuse for
allowing the plots to get mixed-up. However this actually happencd in the case of an
agricultural experiment in India; and S. S. Bose and P. C. Mahalanobis solved the
problem of reconstructing the individual plot data following a method developed by
Yates in the case of missing plots. % &

The straight-forward method in such cases is that of fitting of coustants. Yates
evolved a technique by which the labour of fitting of constants was avoided in the case of
missing plots, and this technique was used by S. S. Bosc and P. C. Mahalanobis in the
case of mixed-up plots,

BaRTLETT's METHOD FOR MISSING PLOTS

Bartlett recently suggested an alternative method of tackling the problem of missing
plots, by introducing pscudo-characters on the observational side of the experiment'; ond
was thus able to overcome the difficulty due to the nown-orthogonality of the design by
changing over from analysis of variance to analysis of covariance in the case of a single
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observed character and by sn extension of analysis of covariance if there are more than
one observed character. The number of ‘observed' pscudocharacters is made equal to
the number of missing plots ; and Bartlett’s technique has the advantage that it sgain
mechanises the process of apalysis.

Suppose there are k missing plots. He then introduces k pseudo-variates x,, Zy,...xn
and in the k missing plots these variates and y, the observed character will be assigned
values as shown in Table ().

Taslx 1. Vatves ASSIGNED 70 YuR PSaupo- AND Onsaaven CHARACTLES 1IN KacH: BMissixe Prot.

Observed
Aiosiog Psendo-character character
Plot
x| n 0 w| y
1 [ Y 0 0 w 0 [
2 o 1 o 0 0
3 o 0o 1 0 )
i b : :
Pt H H H
k jo o o 1 0
In the retuaining plols, which are (ected, 21l the k pseud iates will have:

value 0, and y will assume its observed velues in those plots. A Multiple Covariance-
Table con be constructed and if by, by, -+~ by 8re the partial regression coelficients of y on
Xy, Xy, 2y calculated from the Error line, the value of y in each plot after adjusting for-
variations in x;, x,...xx may be taken as ¥’ given by

¥ = y=bixi~bnr— . . —hn . ()

In the k missing plots the values of ¥ will be

and in the other plots there is no adjustment to be made, so that y'=y.

‘The treatment sum of squares of y for test of significance is, as is well known for
covariance gnalysis, obtaiped by getting the adjusted sum of squares of y {rom the
Treatment + Error' line and from the ‘Error’ line of the Covariance Table acod by finding
their difference. The adjusted sum of squares of y got from the Error line of the Covari.
ance Table will be the same as the Error suin of squares of the Varience Table of the
reconstructed data, namely, of ¥

The treatment sum of squares of 5 got trom the recoastructed data will be In excess
of the one obtained above. It will be convenient in practical work to know whnt exactly
this excess is, so that after getling cstimates of missing values, one need not do further
calenlalions from the Covariance Table. Dut clegant expressions for this excess is
available only in the case of a single missing value.
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Tanzx 2 ANALysis of Variaxce axp Covimmxer.

Due to — 8(x) S(w) SO
Treatments ... A c D
Error .. At c n
Trealmenls |
Hhmor Ll cie BD

If Table (2) is the Covariance Talle for the pscudo-variate z and ihe
observed variate v, the sum of squares of ¥ due 1o trealinents from the reconstructed data
is oquivalent to adjusting B with the regression coeflicient ¢'/ A’ giving the result

_ ¢ CA,
B A + A (@)
whereas the valid measure of the treatinent sum of squares is
B (o o7 SR vk
LA v R @
subtracting (3) from (2) we get
A(e_ey
A+A VA TN )]

which is a posilive quantity.
Covariaxce TrCuUNIQUE rOR MIXep-up Prors

The general problem faced is of k plots getting, mixed-up, leaving a knowa total,
say u. Introduce k—1 pscudo-variates x;, x,, . . . « xx-1 all having value o in the
unaffected plots and the values shown in Table (3) for the & affected plots.

Tantx . VALCEIS ASSIGNED YO THE PStino- AxD OrsrrvsD CMARACTIRS IN E«CH MixeD-ur [ror.

Observed
Mixed-up Prendo-chameter character
Tlot T I—w_'
S T R I AN y
1]
1 101 1 1 u/k
2 Tk 11 . 1 ufk
3 11k 1 . 1 u/k
k 1 1 1 . -k u/k

The observed character y is given value u/k in cach of the k affected plots and its
known values in the unaflceted plots,  Next, construnct a Multiple Covariance Table. I
by, b by are the partial regression cocflicients, calculated from the Error line, of
1 the adjusted value of y say ' is given by

(s)

y—bini—buy— e heane

19 583



Vou, 4] SANKIIYA: THE INDIAN JOURNAL Ol STATISTICS [Parr 4

The values of ¥ in the k offected yilots supply the cstimates of the individual yiclds of
those pluts and are given in Table (4) in terms of b, byve-buars In the unaffected
plots ¥=75.

Taeex 4. VsTiuarep VaLvx oF YNk Omsgrvin Chamacrax i sacn Mixven-ur Pror.

Mizedup Vatimated valae of y
1 (k) = by = bim
2 (/) + (k= 1) b = b— = beny
3 (0/k) = by + (k = Dby o = buuy
x {ufk = by —b, vk (= Db
Total u

The treatment sum of squarcs of y for test of significance should be done in the way
usnally followed for covariance analysis as explained before.

In the case of two mixed-up plots there is only one pscudo-variste x, with values
+1 snd =1 in the two plots; and the correction to be given to the swin of squares
of treatments in the Variance Table of the reconstructed data can be easily found,
using (4).

STANDARD TIRROR OF DIFFERENCES RETWEEN TREATMENT EPrrcts

We have considered the test of significance of all the treatiment effects taken
together when k plots are missing or get mixed-up. There is still the problem of testing
the difference between any two treatment effects. The caleulation of the variance of this
differcnce is a complicated process from the point of view of ‘fitting of constants’ and
Yates' mmethod does not open out any simplification. It will be presently scen however
that great simplification in this process can bhe achieved by mcans of the technique of
covariance.

Thus in the case of k missing plots If %, 2y, xyr+ . . . Tw ore the means corres
pronding to the i-th trcatment and vy, xy), %ys . . . . 2 those corresponding to the

Sth the ad, | means » and 37,0l y ore given by
Fi = 5i=bfu—bT— .. .. —h¥a w ®
¥y = H—bTy—b¥y— .. .. —bh%y )]

so that the difference between the two treatment effects is
Fi=¢ = Gi=3)=blta—m)= ., =& —T)) w (8
The geneml expression for the variance of ¥, —y'; has been worked out by Wishart.*

If none of the plots of the i-th and {or) the j-th treatments is missing, x,, xy, ct¢.,
and (or) x,;, ;.,, ete., will be zero.
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L0ss OF INFORMATION WITH A SINGLE MISSING PLot or wITIL TWO MIXED-UP PLOTS

‘Amount of iuformation Las a techmical meaning in Fisherian concepts of statistical
theory. The amount of infe i ined in a ficld exper is defined to be
proportional 1o the reciprocal of the mean variance of compurisons between all possible
pairs of treatment cffects.

With a single missing plot or with two mixed-up plots, we have to iutroduce only
one pseudo-variate x, so that (§) reduces to

Fi=5) = Gv—5)-¥(®—x,) . (9
where b'=C/A’ of Table ().
Tue variance of ¥~ is given by

o) l . (10)

V=T I=VE =g+ (B =T Ve) = o H+

where v is the number of replications of cach treatment ju the origimal lay-out and s*
is the error variance calculated from the reconstructed data.

If ¢ be the number of trcatmeuts there are ¢ (¢—1)/2 possible comparisons and the
mean variance of all these comparisons is

1 . ,(,-1) PR }#’ . (1)
Now,
£ S@momy = im-= A eeTabled) .. (12)
=1 et i 1= P

so that (11) reduces to

2 { 14— A }
r —A (13)
If the experiment was free from any sccident and remained orthogonal the mican
variance would have been 25*/r, s buing the error variance from its analysis.

Ignoring the possible differences in s and &, the loss of information due to a single
missing plot or due to having two mixed-up plots can be expressed in the form

1
1+{t~DAT7A )
The values of A and A’ will depend on the lay-out and in the case of mixed-up plots,
on the distribution of the plots as well,
(i) Single Missing Plot
‘Thus for a randomized block experiment with a single missing plot

A = 15— 1/
(15)
A = 1=1/b=1)1+1/(01)
so that the Joss of information is
1
1+0—1Xt—1) t(16)

585



Vo, 4] SANKHYX: THE INDIAN JOURNAL OF STATISTICS [Pawr 4

For a Latin square experiment having » rows and n columns (i=n) and ome plot
missing,

A = =1
bt ! W (19)
A = 1=3mtafnt
so0 that the loss of information is
1
TFa—1u—2) e {18)

(ii) Two Mixed-up Plols

Tu the case of a randomized block experiment there are three possibilitics, namely,
the two plots may belong to (1) different 1ocks aad diferent treatments, (2) same block,
aud (3) same treatment. The values of /.1 in the three cases and the mean value of
A/’ are given in Table (5).

Taeex 8. VaLues or AJA’ ror RaxpoMisth BLock EXPERIMEXT witnm Twa Mixenup Provs.

[£Y) {2} 3 Mean

LY 2. - _1 0 R b_
bt—b—t b=1 3(d—1) (bt~b—1)

As ali three possibililies may be taken as enually probable we can substitute for
A’} A in (14) the reciprocal of the mean value of A/A’. The average loss of information
will therefore be

1
17 S TN— TR —b=1)_ e Q19)
2(t—b—1)+b
In the case of a Latin square experiment thero are four possibilities, namely, the two
plots may belong to (1) diffcrent rows, different col and diff (2) same

row, {3) same column, and (4) same treatment. The values of A/A' in the four cases and
the mean value of A/A’ are given in Table (6).

TabLx 6. Vatvzs or A/A’ yor Livin SQuanz EXPERIMENT WITH rwo Mixep-up Prors.

o | @ | @ ) | Mean
AN 1 _1 1 0 __ 3 3+1 _
-3 n—2 n=2 4{n—=2)(n~3}

Sustituting for A’/ in (14), the reciprocal of the mean value of A/A' as before,
we get for the average loss of information

1
1+ 4= Nu—3) e (200
3(r—3)+1

In Table (7) are given the percentage losses of information in a randomized block
experiment, for select values of b and {. The upper Ggures indicate the loss due to a
single missing plot and the lower figures the loxs due to two mixed-up plots.
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Table (8) gives similar values for a n x n Latin square experiment for sclect values of .
1t is interesting to sce that with increase in size of the experinicut the loss of
information with twe mixcd-np plots becomes less than the loss with o single missing plot.

Tante 7. Loss o D Dlock Exrtmivisy witg oxg Missixe
ot (urrix m;unu) AXD No thnrvr PLoYs {Lowrr rroumes),

o |
0| ? | 3 | 1 ! s ] . 7 | ) | o | 10
T | sooo| 333 | 2500 | 2000 | 1667 | 1420 | 3250 | 1131 1000
% |1o000 | 4543 | 5077 | 2340 | 1892 | 1580 | 2070 | 3204 ] 207
T |'ssss| 2000 | 3420 [ 1311 | d00| 769! s67| oes| 528
% | vooo| 2000 | 134 | 3016 | s18| ssz| see su} 4357
T 2w | vz | woo| Tes| e23| s28] 455, 400| 3t
Y ason| rze2| ser| ess| s12| a2l ver| son| 2
T 2000 3in1| 7e0| 588| 4761 4c0, 343| so3| 270
® | asis| o e8| ver| s72| 310} 266 z-:ul 201
1067| 09| 625! at6| 385 323 218, 24a| 217
| aeas| 22| el sea| 201 240 208f 183 162
1420 | 160 526 400| 823| 270 283| zo04| 182
" arre| sea| sor| 200] 23 zoo\ 1] vso| 133
NERKEEEEE ?W|W 175 | 166
1000| 504| 37| 25¢| 203 ves| 118] 12| 113
11| 588| 400| 03| z44| zoa| 13| 134| 137
® | s70| «as| zea| z20| v1s| rar) 128] 110| o8
1o | 00| w26] sa7] 270 |27, 1s2) 1s6] 1:11 122
reo| s81) 280 ws‘ vse xs0' rir| oss) o1

In Table (7), the loss of information due to a wissing plot remains symmetrical with
respect to b and {, but the loss due to the mixed-up plots decreases wmore rapidly with
increase of ¢ than of b. From the same table jt can be scen that given the total number
of plots (b.2) for a randomized Llock experiment the losscs of information by both the
accidents will be a minimum if the number of treatments {t) and number of blocks (b}
remain as vearly equal as possible. For a randomized block experiment with b=t the
losses of information by both the accidents are snialler than that in the case of a Latin
square experiment, witli same number of plots, as is evident from a comparison of the
diagonal line, corresponding o b=1, of Table {7}, will the entrics of Table (8).

Tancg 8, Piscxnrace Lass of INFORMATION N Lavin SQUARE EXPERIMENY WITH
oxg MissiG Pror aND Two Mixxp-ur PLOTS.

" [ 2| s | « | s |8 718 | o ‘ 10
Missing Plot | 10000 3333 | 1420 | 769 | 476 | 323 | 2 175 | 137
10000 (10000 | 1420 | 680 | 400 264 i 187 108

‘

Mixed-up Plols 130
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If there nre more than one plol missing or more than two plots getting inixed-up
the loss of information will be greater still.  The calculations of Tables (7) and (8) were
done simply 1o give the quantilutive measure of the part of the information which it is
impossible for the statistician to recover even with small accidents to the experiments ay
considered there and (o focus the attention of the ogricultural ficld experimenter on the
fact that the part of the inf ion that can be 1 wil} go on sleadily decreasing
with Ligger nuuber of plots missing or getting mixed-up. In conclusion, therefore, I have
to stress that the experimenter should not lead himsclf into the belief that he can miss
or mix-up bis obscrvations on the plots with impunity.
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